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INTRODUCTION

Nonlinear options (options whose payolff, in case of exercise, is not linear)
exist under a more or less hidden form in the world of real and financial
options. Classic puts on debt instruments, such as Treasury bonds and
Treasury bills, can be viewed, e.g., as calls with a concave payoff—if ex-
ercised—of the underlying interest rate (which is the independent state
variable following a diffusion process), due to the fact that the bond price
is a decreasing convex function of the interest rate. Studying calls where
the payoff is a concave function of the underlying asset is thus essential
to the understanding of bond call pricing. Similarly, a call (put) spread is
nothing else but a call whose payolf is a concave function of the under-
lying asset. Lastly, certain structures of personal taxes can transform a
linear option into a concave one for the investor with an increasing mar-
ginal tax rate.'
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Moreover, generalized options have recently appeared in “over-the-
counter” financial markets, as the so-called “power options” where the
reward at expiry is a power of the difference between stock price and
striking price. Hart and Ross (1994) justify the existence of nonlinear
options by showing that the use of continuous strike options can result
in improved hedging characteristics.

In two recent articles, Henin and Pistre (1996a,b) study the case of
convex calls and puts. A power option where the power is smaller than
one constitutes an example of a concave option, even if it is piecewise
linear. Concave calls also exist in the domain of real options. Some types
of real investments display payoffs which are concave functions of the
underlying price, because of the complex interaction of fixed and variable
charges.

The purpose of this article is to provide theoretical results about
lower and upper bounds found on reserve buying and selling prices of
concave European calls and puts, using second order stochastic domi-
nance arguments without referring to the duplication “argument.”

Black and Scholes (1973) and Merton (1973a) have published the
fundamental articles on option valuation, followed by other seminal ar-
ticles on option pricing such as the ones by Harrisson and Kreps (1979),
Harrisson and Pliska (1981, 1983), Karatzas (1988), and El Karoui and
Rochet (1989). All of these articles assume perfect and complete markets,
where options can be replicated by self-financing strategies involving con-
tinual revisions in a portfolio containing the underlying security. A precise
value for the premium of the option is obtained by setting some properties
for the distribution of the underlying security. This allows the computa-
tion of a (unique) option price through “risk-neutral” expected cash flows
discounted at the risk-free rate. However, the impossibility of continuous
trading due to transaction costs, or more generally the incompleteness of
the market, is the relevant economic explanation for the opening of de-
rivatives markets. Actually, when continuous trading is excluded, or with
transaction costs, Black-Scholes option prices can be generated only with
very restrictive preferences (Rubinstein, 1976; Brennan, 1979). At equi-
librium derivative prices should aggregate individual demands for all the
assets, especially with respect to this hedging role toward a stochastic
opportunity environment, as Merton (1973b), and Cox, Ingersoll, and
Ross (1985) have pointed out.

A part of the literature tries to answer these questions by considering
that the Black-Scholes arbitrage argument is invalidated by transaction
costs (Leland, 1985; Boyle and Vorst, 1992; Jouini and Kallal, 1995).
Taking a new turn, Perrakis and Ryan (1984) and Perrakis (1986) use the
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equilibrium formula derived by Rubinstein (1976) to evaluate any asset;
comparing three strategies involving calls, riskless assets, and stocks, they
determine minimum necessary bounds as equilibrium values given a con-
sensus on stock price distributions. Ritchken (1985) and Ritchken and
Kuo (1988) develop bounds for option prices based on primitive prices
in incomplete markets, where state prices are not unique, by a linear
programming approach placing constraints on time preferences, risk aver-
sion, and state probabilities.

From another literature, Hadar and Russel (1969, 1971, 1974) de-
velop the notions of first- and second-degree stochastic dominance. Sec-
ond-degree stochastic dominance allows the universal ranking of distri-
butions among risk averse individuals. Levy and Kroll (1978) and Kroll
and Levy (1979) extend the use of stochastic dominance by including
riskless asset in the strategies. The notion of stochastic dominance is
particularly useful if neither the contingent claim nor the underlying asset
is traded, which can be the case for real assets, for instance.

The academic community has lost interest in the concept of sto-
chastic dominance, maybe because of the search for a unique price ag-
gregating individual preferences (at equilibrium) or independent of the
preferences (arbitrage). However, the limits of the arbitrage arguments in
incomplete markets are mentioned in the seminal article of Harrison and
Kreps (1979). The question of the diversity of transaction prices is a well-
known issue in the microstructure literature: the existence of the spread
(or of the transaction price) precludes the existence of a unique price. In
an order driven market or a price driven market, the existence of different
selling and buying prices at the same time is obvious. A traditional max-
imization of the individual utility has been developed first with a hedging
purpose (Follmer and Sondermann, 1986; Schil, 1994). Some recent
works deal with the pricing problem by determining the reserve (bid or
ask) price of an individual for an option he or she can trade or not. This
approach is employed widely in the microstructure literature, e.g., by Ho
and Stoll (1981, 1983) to calculate reservation prices for a dealer. Con-
stantinides and Zariphopoulou (1995) derive bounds for option prices
under proportional transaction costs, for a (relatively) large class of utility
functions, by stochastic control methods using viscosity solutions. The
disadvantage of this method is that calculations are rather tough and they
are done for special classes of utility functions.

On the contrary, the use of stochastic dominance arguments is very
simple, even with transaction costs, because there is no optimization
problem, and the criterion is universal among risk averse individuals when
second order stochastic dominance is used.
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Following Levy (1985), Henin and Pistre (1997) use this method to
evaluate buying and selling reserve prices of classic European calls and
found universal bounds for risk averse buyers and sellers. For a logarith-
mic Brownian motion of the underlying stock, the calculations are done
for different expectations of the mean return, and they find the spread
between the highest buying price and the lowest selling price, which is
always tight. The market maker is thus able to define the limits of his or
her potential counterparts, which do not necessarily include the Black
and Scholes price in case of incomplete markets.

The purpose of this article is to use this methodology to derive
bounds on option prices whose exercise payoff is a concave function of
the difference between the underlying asset and striking price.

The present article develops general conditions based on second or-
der stochastic arguments that such concave option prices must satisfy
under very broad assumptions, without making the hypothesis of com-
plete markets, but using the hypothesis that investors are risk averse.
Theoretical lower and upper bounds are derived for buying and selling
prices of concave calls and puts, and put/call “parity” relations are also
presented.

HYPOTHESES, DEFINITIONS, AND
NOTATIONS

A generalized option on a given financial instrument (security, index, fu-
ture, etc) or a real asset is an instrument that gives a reward at a given
date (expiry date), which is a function of the price of the underlying
security vis-a-vis a certain price called the strike price. An option is said
to be American if this reward can be obtained before the expiry date,
European if otherwise. A generalized call (put) is an option whose reward
is zero below (above) the strike price. This article focuses on the study of
a particular type of options: European, continuous concave calls and puts,
i.e., options with a concave reward function.

Hypotheses

H1. The options are European options, i.e., they can only be exer-
cised at expiry.

H2. The price of the underlying security is S;, at time 0. There exists
for the underlying security a probabilistic distribution of values S at time
T, the expiration date of the options. There is no particular restriction on
the underlying distribution of the security price at time T, which is only
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defined between 0 and infinity by a cumulative distribution function F
and its density function f. The expected final value of the stock and the
same expectation stopped at stock value y are defined respectively as

ESp) = [ s
E, (87 = L xfx)dx

Two other notations must be defined for values that appear in our results.
The first one is the “stopped”-at-point-y expected value of the stock di-
vided by the distribution function at this point. This can be viewed as the
mean value of the distribution until point y. The second one is the com-
plementary data; it can be viewed as the mean value of the distribution
after point y:

J: xflx)dx
E; (ST) = T}f); E}(ST) = E(SF) - Ey (S7);
* [E(ST) — E, (S7)]
EY (8¢ = Y
®0 = = =Fp

H3. The call is defined by a payoff function at expiry of the type: C
= Max(0, u(S; — K)), where u(0) = 0, u’" > 0, u" < 0; u can be a
piecewise linear option. The put is defined by a payoff function of St at
expiry of the type: Max(0, u(K — St)), where u(0) = 0, u' < 0, u" < 0.
These reward functions also have final expected values. The same nota-
tions as for the stock are defined for the call and for the put:

Y

ECH = | ute = Kifds; B,(Cr) = [ ul = Kiftwds
EX(Cy) = E/(Cp/F(y)
and

E’ (Cy) = E(Cy) — E, (Cy); B* (Cp) = B (Cp)/[1 — F(y)]

Similarly,
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K K
EPy) = J’o u(K — x)f(x)dx; E}‘(PT) — f u(K — x)f(x)dx;

Y

ES (Pr) = E, (Pp)/F(y)
and
B (Pp) = E, (Pr) — E} (Pp) B (Pp) = B (Pp/[1 — Fiy)

H4. There exists a risk-free rate r of interest during the life of the
options, and borrowing and lending can be made at this rate. These con-
ditions are very general and do not impose a given behavior on stock
prices. They just ensure the existence of finite parameters for bounding
the options. They do not preclude the existence of dividends—discrete or
continuous—on the underlying security. Moreover, transaction costs can
be included by simply calculating the expected values of gains by taking
fees into account. The hypothesis that leads all the proofs now follows.

H5. Nondominance hypothesis: If two nonlosing strategies® have the
same cost at time 0, there cannot exist a relation of stochastic dominance
of the first or second order® between these two strategies or a fortiori, a
relation of strict dominance. This last hypothesis allows us to define min-
imum conditions so that none of the two—same cost—strategies domi-
nates the other, without using the hypothesis that the market is complete
nor the duplication of the call.

If expectations are homogeneous, bounds on the price are universal
[because the SSD criterion is universal among risk averse individuals
(Fishburn, 1964; Hadar and Russel, 1969; Rothschild and Stiglitz, 1970,
1971)]. If expectations are heterogeneous, these bounds are subjective.

Some simple lemmas are used in the proofs of the article, the proofs
of which can be found in Henin and Pistre (1997). The lemmas are re-
called in Appendix A.

*It is always possible to define “losing” strategies; a losing strategy is defined as a bearish strategy if
the expected return on the underlying security is larger than the risk-free rate, and is defined as a
bullish strategy otherwise.

*If X and Y are two variables representing the gain of two assets, and F and G represent the cumulative
distribution functions of X and Y, respectively, F is said to stochastically dominate G at the second
order (F SSD G) if for all :

rf ]
J VF(.Y)[L\' = [ Gx)dx

with a strict inequality for at least one t:

1

eYEX+a+¢

with # nonpositive and E(&/X + 7) = 0.
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UNIVERSAL BOUNDS ON CONCAVE CALL
PRICE

With no particular assumptions on the shape of the distribution and the
shape of the reward function of the options, it is impossible to derive
exact formulas from hedging strategies, even if these strategies remain
feasible conceptually.

This section aims at presenting upper and lower bounds for the pre-
mium at time 0 of a European concave call from comparisons between
nondominating strategies. Strategies of the same cost are now compared
to find explicit bounds which allow H5 to be verified. In order to be
coherent, only strategies which are not dominated by a risk-free strategy
are compared, which leads to differentiation between bullish and bearish
strategies.

In case of a bullish market, selling the asset is dominated by buying
the asset and borrowing at the risk-free rate. Moreover, Arrow (1965)
showed that all investors have a positive proportion of their wealth in-
vested in the risky asset.* To solve this problem, Levy (1985) simply sup-
poses that in the Capital Asset Pricing Model framework, the asset has a
nonnegative beta. We prefer not to adopt this framework and to make the
assumption that stock buyers make their bullish hypothesis reflected in
the present stock price and the expected return (greater than the risk-
free rate), whereas sellers have the inverse expectation. The explicit hy-
pothesis that buyers and sellers of the stock have different expectations
and that these expectations lead the buying prices on the one hand and
the selling prices on the other, almost “independently,” is thus made.

H5 is somewhat similar to the nonarbitrage hypothesis. Neverthe-
less, to be really exploited, the latter needs the duplication of the call with
a portfolio of existing instrument, which means that it needs complete
markets. Here, the markets need not to be complete. If the underlying
distribution is not lognormal or if there are transaction costs, they are not
dynamically complete. In this case, minimum conditions are defined so
that none of two strategies with the same cost dominates the other. There
is no direct link with the notion of arbitrage, because the notion of risk
is integrated in the notion of stochastic dominance. The risk is not elim-
inated, as in the Black-Scholes derivation, because it is impossible. The
calculations are never made in the so-called risk-neutral probability, but
in the “real” probability. Notice that the order defined by second order
stochastic dominance is universal, if the expectations are homogeneous.
If this is the case, the bounds are universal; if investors have different

*Arrow (1953) shows that if the expected return of a financial investment is larger than the risk-free

rate, then every investor invests a positive proportion of his or her wealth in this asset.
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expectations on the distributions of the stock price, these bounds are
subjective.

Bullish Strategies

Studying bullish strategies allows us to determine bounds on buying
prices for risk averse individuals willing to buy the underlying asset and/
or the call option. If the investor has the following expectation:

E(Sr) > (] + T)S() (])

then he or she adopts bullish strategies. Only bullish strategies are com-
pared. Effectively, condition (1) should be satisfied for potential stock or
call buyers; if it is not satisfied, investing in the risk-free rate would sto-
chastically dominate any bullish strategies on a single stock and its
options.

Three equal-cost strategies are defined to make some comparisons
and derive bounds on the call premium.

At time 0, strategy 1 (s1) consists in buying one unit of the under-
lying security at price Sq; strategy 2 (s2) consists in buying calls at price
Cy for the same amount, i.e., a quantity S/C; and strategy 3 (s3) consists
in buying a calls with a < S,/C;, and investing the remaining amount (S,
— aCyp) in the risk-free asset with a yield of r until expiry. The three
strategies have the same initial cost, S,,.

At time T, the final value of s1 is S, the final value of s2 is S/Cou(St
— K), and the final value of s3 is au(S; — K) + (S, — aC,)
(1 + r).

The above strategies are now compared two by two to derive condi-
tions of no stochastic dominance by using H5.

Comparison 1: between sl and s2

In order to prevent strict dominance from sl over s2, the distribution
functions must have at least one intersection point (see Fig. 2). As u is
concave, this implies that there exists a point at which s2 yields a larger
value than s1, which can be expressed as

Max [(%) M] =]

0 Sr

or
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S0/C0.u(xg-K)

S0/CO.u(xA-K)

= >
K XA XB
FIGURE 1
Final values of s1 and s2.
u(S+ — K)
CO < SO Max |:_I.‘— (2)
Sr > K St

which gives a trivial upper bound. As u is concave and increasing, there
are one or two values of the underlying security where both strategies
give the same final value, i.e., So/Cou(Sy — K) = Sq. These points cor-
respond to A and B, the intersection points of both distribution functions,
of coordinates (x4, F(xs)) and (xg, F(xp)). x4 and xp are the fixed points
of the function So/Cou(St — K) as shown by Figures 1 and 2.

There is only one intersection point if

lim & w' (x — K)>1 (3)

x—e L

In this case, xp is infinite. It depends, in fact, on the form of the function

u(+).
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Distribution function of the final pay-off of s2

F(xg)

- = >
XA Xg

FIGURE 2
Distribution functions of s1 and s2.

By using the hypothesis of no dominance (H5) and lemma 1 of Ap-
pendix A, it is possible to define conditions which prevent s1 from domi-
nating s2. This condition, obtained at point B (B can be infinity if there
is only one intersection point), creates bounds on the call price. Notice
that despite the comparison between two distributions, there is no need
to know the distribution of the underlying security, to derive theoretical
results. Effectively, it is possible to compare state of the world by state of
the world the respective gains of the strategies, whatever the probabilities
of the states, because the payoffs of the option strategies depend directly
on the underlying asset value. Now sl and s3 can be compared in the
same manner.

Comparison 2: between s1 and s3

If one compares s1 and s3, one gets the following: There can be one, two,
or three intersection points, but to avoid strict dominance, the existence
of at least one intersection point is necessary. Notice that in order for s3
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to lie above s1, for a final value of the underlying security equal to K, it
is both necessary and sufficient to have:

(S() =e (ICU)(I 3 i‘) > K
This implies that

This condition is impossible for options very much out of the money, i.e.,
when S is small compared with K. For options very much in the money,
it becomes feasible as the numerator increases with an increase in K and
the denominator decreases. When this condition (4) is not satishied, there
is always one (or more) intersection points as s3 cuts s1 before value K.
When this condition (4) is satisfied, there cannot be more than one in-
tersection point because of the concavity of the options. In this case, as
both strategies must intersect, one must have:

o' () < 1

This condition can be made as strict as possible by replacing a by its
upper bound in eq. (4) to yield:

K
Co > u' (=). (SO = r)

However, because a < §y/Cy, the condition reduces to
Co > u' (). S (5)
For
(So (1 + 1) — K){(Cq (1 + 1) < a < S/Co (6)

there is at least one intersection point. There is a unique intersection
point if for any x > K:

(S — aCp)(1 + 1) + aulx — K) <x &

& < Min x — Sy (1 + 1)

x>K u(x - K) = CU (1 + r) (7)

If this last condition is not respected, there are two intersection points if

au' (=) > 1 (8)
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and three points otherwise. Setting &', the possible values of « [verifying
eqs. (4) and (5) or egs. (6) and (7)] such that there is a unique intersection
point, C(x¢, Flx¢)), ' |verifying eq. (6); eq. (8) without eq. (7)] for two
intersection points, C(x¢, F(xc)) and D(xp, F(xp)), and finally o [veri-
fying eq. (6) without eqs. (7) or (8)] for three intersection points, C(xc,
F(x¢)), Dxp, F(xp)), and E(xg, F(xg)). The intersection points between
the final values of s1 and s3 are such that the first coordinate is a fixed
point of the function: au(x — K) + (Sy — aCy) (1 + r). If there is only
one intersection point, it implies that xp, is infinite and it does not in any
way affect the validity of the results obtained in the two intersection
points situation. Figure 3 shows the two intersection points situation in
the final payoffs and Figure 4 shows the three intersection points situa-
tion. As can be seen in Figures 3 and 4, the option strategy dominates in
this case the stock strategy for small final values. Thus, the expected value
of s3 must not be too high, unless s3 dominates stochastically s1. The
constraint is thus the inverse of the one obtained in the previous com-
parison, which implies that lower price bounds are also obtained.

Theorem 1 (Proof in Appendix B)

The buying price of a concave call verifies:

Cn < SO E&\'B (CT)

9
E’xB (ST) ( )

with xp eventually infinite (if there is only one intersection point), and

Co > Max [Max So(l + 1) +r' o' E} (Cr) — BX, (ST);
&« o (1 + r)F(xD)

Max So (1 + r) + & E(Cy) — E(ST)] (10)

o a (1 + 1)

[50(1 + 1) + & E,, (Cp) - E,, (S

Cy > Max Mi :
. I anlennes a” (1 + r)F(xp)

o

(11)

So(1 +r) + o E(Cy) — E(S«r)]
" (1 + r)

Note that the lower bound of the call premium makes the stochastic
dominance of the option upon the stock impossible, while the upper
bound of the call premium makes the stochastic dominance of the stock
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(So-aCo)(1+r)+ou(xp-K)

(So-aCp)(1-+r)+au(xc-K)

7 — -
XC K XD

FIGURE 3
Final values of s1 and s3. Two intersection points.

upon the option impossible. To derive numerical results, it is necessary
to make some hypotheses on the underlying asset distribution. Equation
(9) is then a simple computation, because the intersection point is found
easily. Equations (10) and (11) can be calculated by iteration: Each po-
tential price C, must verify these relations and is rejected if this is not
the case. For numerical results in the “linear” case, see Henin and Pistre
(1997).

Bearish Strategies

Bearish strategies involve the selling of calls or stocks. In order not to be
dominated by a lend at the risk-free rate, the following inequality must
hold for the seller:

E(St) < So(1 + ) (12)

The three former strategies are dominated by an investment in the risk-
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(Sp-aCo)(1+r)+ou(xg-K)

(Sg-aCo)(1+r)+au(xp-K)

(Sg-oCo)(1+n)+ow(xc-K)

—= - —w >
XE

A *D

FIGURE 4
Final values of s1 and s3. Three intersection points.

free rate and must be replaced by the reverse (selling) strategies to obtain
bounds on the selling price of the calls.

At time 0, s1’ consists in selling one unit of the underlying security
at price Sy, s2" in selling So/C, options to get initially the same amount
So, and s3" in selling @ options with @ < §,/C,, (for an initial amount
aCy) and borrowing (Sq — aC,) at the risk-free rate to start with the
same initial amount S,. The final values are, respectively, for s1’, — S
with a distribution function F’, for s2', —S,/Cy-u(Sy — K), and for s3’,
—au(St — K) — (S5 — aCp)(1 + ).

Comparison 3: between s1" and s2'

If one notices that F'(x) = P(—Sy <x) = P(Sy > —x) = 1 — F(x),
there are one or two intersection points of the same coordinates as in the
bullish situation, (—x,, F(x,)) and (—xg, F(xg)) (see Figs. 5 and 6).

To understand the intuition of the results for selling prices a general
remark applies. The bearish strategies are the exact symmetry of the bull-
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XA XB
-S0/Cp.u(xA-K)
-Sp/Co.u(xB-K)
FIGURE 5
Final values of s1' and s2’. Two intersection points.
Distribution function of the final pay-off of s2'
A
F'(-xa)
Fr
F'(-xg)
= - >
-XB =XA

FIGURE 6
Distribution functions of s1” and s2'.
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ish strategies. However, the symmetry in the results is not trivially ob-
tained. In the case of two intersection points, the strategy which tends to
dominate for the smallest final payoffs in the bullish case (for instance,
sl in comparison 1) is dominated (in its bearish form) for the smallest
final payoffs in the bearish case (s1’ in comparison 3). In addition, be-
cause of the short positions, those smallest final payoffs are obtained for
the highest value of the underlying asset. In this case, the inequality
between the expected values of the two strategies is inverted, but because
of the negative sign of the final values, the bound on the price is finally
obtained on the same side as in the bullish case. In the case of an odd
number of intersection points, the strategy which tends to dominate for
the smallest final payoffs in the bullish case still dominates (in its bearish
form) for the smallest final payoffs in the bearish case (s1’ in comparison
3 with only one intersection point). In this case, the inequality between
the expected values of the two strategies is not inverted, and because of
the negative sign of the final values, the bound on the price is finally
obtained on the opposite side of the bullish case. In this bearish situation,
an upper bound is thus obtained for the call price if there are two inter-
section points in order to prevent the dominance of s2', and a lower
bound if there is one intersection price in order to prevent the dominance
of s1’. Notice that the second intersection point is (—x4, F'(—x,4)).

Comparison 4: between s1' and s3'

Here again, to obtain at least one intersection between the strategies, to
prevent strict dominance, one has the same upper bound (2) as for com-
parison 2. The same three cases happen, depending on the chosen value
of a: o', o', &". The previous remark applies: The bounds are obtained
on the opposite side of the bullish case except in the case of two inter-
section points, where a lower bound is obtained again.

Theorem 2 (Proof in Appendix B)

The selling price of a concave call verifies:

. o w B2 (Cy)
Co < 8 L_\((T:) (13)

with x4 infinite if there is only one intersection point. For every ', o,
defined previously:

e

and o
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Max[sn(l + 1) + o EXx* (Cp) — E*c*(ST)}
- (1 + 1)
%= Gy % Min[s"(1 ¥t Eop - E(ST)} (14)
" (1 + 1)
Co < Min Max[Sn(] + r) + a’mmEx“* (Cp) — E*o* (S‘r);
e a"(1 + r)
So(l + 1) + " E(Cy) — E(S—r)}
(15)
a”(1 + r)

In this bearish situation, the upper bound of the call premium makes the
stochastic dominance of the latter upon the stock impossible (the call
must not be sold too high), while the lower bound of the call premium
makes the stochastic dominance of the stock impossible (the stock must
not be sold too high).

BOUNDS ON CONCAVE PUT PRICE

Bounds can be obtained for concave puts as they were obtained for calls.
The comparisons still use either bullish or bearish strategies depending
upon the expectation on stock returns. This implies that, in the strategies,
stock buying is always associated or compared with put writing and vice
versa.

In case of a bullish market, two strategies (s4 and s5) are now de-
fined, which are compared successively with s1, which stays identical.
The following hypothesis is made:

Py < u(K)(1 + ) (16)

That is, the price P for insurance is, of course, smaller than the certain
cash flow u(K) (the best case with certitude).

Bullish Strategies

Strategy 4 (s4) consists in buying one share and buying y puts and bor-
rowing yPy with y < 1/u'(0), in order for the gains of the strategy to be
strictly monotonic. In strategy 5 (s5), one writes d puts and invests (0P,
+ S,) in the risk-free asset. For

9o = So(l + r/u(K) — Po(l + 1) (17)
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sl and s5 have the same final value for S = 0, i.e., —dou(K) + (5P
+ So)(1 + r) = 0. Strategy 5 is considered with " < J, then with §" >
do.

Lemma 4 (Proof in Appendix C)

The gain at point S = 0 decreases when ¢ increases.

The final value of s4 is yu(K — S¢) + Sy — yPo(1 + r) and the
final value of s5 is —du(K — S¢) + (0Py + Sp)(1 + ).

Comparison 5: between s1 and s4
Because of eq. (16), the value of the gain of s4 for Sy = 0 is higher than
the gain of s1 and there is a unique fixed point x;; of the function: yu(K
—x) + px — yPo(1 + 1)

Thus, the distribution functions of sl and s4 have a unique inter-
section point, M(xy, F(xy)), and a condition in order s4 not to dominate
sl can be found (see Figs. 7 and 8).

Comparison 6: between sl and s5

For 0" > 4, there is at least one intersection point if there exists x < K
such as —d¢" u(K — x) + (0"Py + Sp)(1 + r) > x, which implies the
following necessary condition:

x + & wlK —x) — Sp(l + 1)

P > M Diin ST 7

(18)

In this case, there are two and only two intersection points between the
distribution functions s1 and s5, N(xy, F(xy)) and P(xp, F(xp)), and xy
and xp are the fixed points of the function —d"u(K — x) + ("Py + Sy)(1
+ r) as shown in Figure 9.

For 6" < dy, there is at least one intersection point, but there are
either one or three intersection points, depending on the form of u(-), as
shown by Figures 10 and 11.

Theorem 3 (Proof in Appendix C)

The selling price of a concave put verifies:

E(S1) + &' E(P,) — So(1 +
Py < Max[Min (1) ‘ "E(pr) ol r);
Ei 0 (1 o l")
E5(S7) + 0" E5(Pr) — So(1 + r
Min ""(gT) O"E‘\P(pl) of r) (19)
a () (] + T)

with xp eventually infinite if there is only one intersection point”:

’In this case, the two expressions in eq. (17) are identical.




Stochastic Dominance 647

u(K-xp)+xm-yPo(1+1)

= >
XM
FIGURE 7
Final values of s1 and s4.
* + &" EX(Pp) — So(1 + E(P+
Py > Max[Max Ey(Sz) + 0 .,I,le( L0 ol r); Er) ] (20)
& (1 + r) (1 +r)

Puts are sold in both s4 and s5; eq. (19) shows that they cannot be sold
at too high a price to prevent the dominance of the stock buying strategy
by s4 but also at a price sufficiently high (20) to prevent them from being
dominated by the stock buying strategy. In case of bearish expectations,
one can make the following comparisons for selling prices.

Bearish Strategies

In this case, the following (inverse) strategies are defined. Strategy 4’ (s4')
can be defined but gives a trivial result. Strategy 5’ (s5") consists in buying
d puts and borrowing (6P, + Sg). This strategy with é" < J, and then
with 8" > d; is again considered. Both strategies, as well as s1’, which is

used for comparison, have an initial positive flow of S;. The final value |
of s5" is ou(K — Sp) — (0Py + Sp)(1 + ).
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Distribution function of the final pay-off of s4

()

XM

FIGURE 8
Distribution functions of sl and s4.

Comparison 7: between s1' and s4'

This comparison is the exact symmetry of comparison 5. Thus, the dis-
tribution functions of s1’ and s4’ have a unique intersection point,
M(—xpg, F'(—xp)), and a condition in order s4’ not to dominate s1’ can
be found. A lower bound is obtained for the buying put price.

Comparison 8: between s1" and s5'

The conditions for the existence (and the number) of intersection points
are those of comparison 6. For 8" > 6, the condition (18) must be verified
and the two intersection points of the distribution functions s1’ and s5’
are N(—xp, F'(—xy)) and P(—xp, F'(—xp)). For &' < d,, there is always
at least one intersection point and there may be one or three intersection
points, depending on the form of u(-) as in the bullish strategies. The
same general remark applies with respect to the symmetry of results (to-
ward bullish results) depending on the number of intersection points.
These strategies give only lower bounds on the buying price of the put.
Another strategy must be defined to find an upper bound.
Strategy 6'(s6') is to buy one put and sell f shares with
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(Sg+8"P)(1+1)-8"u(K-xp)

(So+8"Po)(1+r)-8"u(K-xN)

XN xp

FIGURE 9
Final values of s1 and s5 for §" > 4.
ﬁ — (P() o o S(])/S() (2')
in order to again have an initial positive flow of S;. The final value of s6'

is —u(K — S¢) — Sy

Comparison 8: between s1' and s6'

In order for s6' not to be strictly dominated by s1’, there must exist x <
K such as

u(K — x) — fix > —x
Because of the value of f§ defined by eq. (21), the put price must verify:

K — x
p, < Min “K =% (22)
x X

which gives a first (trivial) bound. In this case, there must be one or two
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(So+8'Po)(1+r)-8'u(K-xpN)

FIGURE 10
Final values of s1 and s5 for 0" < d,. One intersection point.

intersection points, U(—xy, F'(—xy)) and V(—xy, F'(—xy)) (see Figs.
12 and 13).

Theorem 4
The buying price of a concave put verifies:

E*u (PT)

— 7
E\L: (ST) (-—3)

Py < §g

with x,, eventually infinite if there is only one intersection point, and

E(Sy) + & E (Py) — Sp(1 + r)
o (1 + r) ¥

Py > Max[l\‘lin
&'

(24)

B (8;) + & EW* (Py) — So(1 + r)}

Min —
5 o' (1 + r)

with xp eventually infinite, and
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(Sp+8'P)(1+41)-8'u(K-xQ)

(Sp+8'Pp)(1+1)-8'u(K-xp)

(Sp+8'Po)(1+1)-8'u(K-xN)

- - — L
XN Xp XQ
FIGURE 11

Final values of s1 and s5 for ¢’ < dy. Three intersection points.

EW* (§7) + &' E™* (Pp) — So (1 + 1)
&+

Py, > Max (25)

All of these bearish strategies dealing with puts involve buying puts and
selling stocks. The upper bound guarantees that the put does not domi-
nate and the lower bound guarantees that the stock does not dominate.

A PUT/CALL RELATION

As minimum relations holding at each time between call and stock prices
(or put and stock prices), minimum conditions existing necessarily be-
tween call and put prices at each instant can be defined. Setting u.(x —
K) the final gain of the call, which is null if x < K and increasing and
concave otherwise, and u,(K — x) as the final gain of the put, which is
null if x > K and decreasing and concave otherwise. In order for the put

and call to be comparable, u.(x — K) = u,(K — x) forx = K + h and

p
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Y

~u(K-xy)-p ST

—u(K-xy)-p ST

FIGURE 12
Final values of s1" and s6’.

x" = K — h, with 0 < h < K. Two new strategies are now defined for
bullish expectation.

Bullish Put/Call Bounds

Strategy 7 (s7) is to write k puts, buy k calls, and invest (kP, — kC, +
So) in the risk-free asset. This strategy has the same cost S; as s1. The
final value of s7 is

for x > K; ku.(x — K) + (kPy, — kCqy + Sg) (1 + 1)
FOI' x < K: —kH’,(K - .\") + (kPn = k(:“ + S()) (l = r)

Setting kg such that the final gain of s7 if S; = 0 is 0, k, verifies:

_ _S“ (l = r)
[—u, (K) + (Pp — Cp)(1 + 1)]

ko
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Distribution function of the final pay-off of s6'

1

e F'(-xy)

o F'(-xv)

Xy “Xu

\j

FIGURE 13
Distribution functions of s1’ and sé'.

Notice that the final gain of the strategy at point Sy = 0 is decreasing in
k; i.e., for k' < ky, it is positive and for k" > k, it is negative.

Lemma 5

There exist some values of k', such that there is only one intersection
point between sl and s7.

Proof
If So(1 + r) > K by taking, if (Cq — Py > 0):

S() (l + T) p— K
k' 27
S{Co = P ¥ 1 (73

or any value of k' otherwise, it follows:
(k’ (po - (10) + S())(l + T) > K (28)

if k'u, > —1, the s7 gain is always higher than the sl gain between 0
and K. And there is only one unique intersection point. If there exists a




654

Henin and Pistre

Xw

FIGURE 14
Final values of s1 and s7. One intersection point.

point such that k'u;, is not >1, setting R the point such that —u,’(xp)

= 1/k, ; xp is also decreasing in k. In this case, to have one unique
intersection point, the following inequality must hold:

< = ¥ o= PRI sl
If the denominator is positive or any value otherwise.
If So(1 + r) < K, if (Cy — Py < 0) by taking k' verifying:
¥ < T G0
or any value of k' otherwise, it follows:
(k" (Py — Cp) + Sp)(1 + r) <K (31)

If k'u¢: < 1, the s7 gain is always lower than the s1 gain for S; > K. And
there is only one unique intersection point. If there exists a point such
as k'ug is not <1, setting R’ the point such that u,, (x;) = 1/k’. In this
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\J

FIGURE 15
Final values of s1 and s7 for k" > k,. Two intersection points.

case, to have one unique intersection point, the following inequality must

hold:

So (1 + 1)
k' < (32)
I‘(?(K - xn') i (Cn - P())(l + 7)

if the denominator is positive or any value otherwise.

As illustrated in Figures 14 and 15, a constraint must hold, so that
the put/call strategy s7 does not dominate the stock strategy s1.

For k" > kg (33), to prevent strict dominance of s1, there must exist
x such that

R ux — K) + (K" (Pg — Cp) + So)(1 + 1) > x (33)

x — S (1 +
P, — Cy < Min £ = Spil + 0

x tx — K) + (Py — Co)(1 + 1) (34)

The following results are obtained.
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Theorem 5

The spread between the buying price of the call and the selling price of
the put verifies:

EX (Pp) — EXCp) + EXSD _ So

I\/jl:nx z T +0 F<PU*C0
. E (Py) — E(Cy) + E(Sp) S
< fin Y * (35)

Bearish Put/Call Bounds

Defining the inverse strategy s7' [buy k puts, write k calls, and invest
(—kPy + kCqy — Sy) in the risk-free asset] in case of bearish expectations
implies the derivation of two lower bounds.

In order to get an upper bound, it is necessary to exhibit a strategy
which is dominated by s1’ for small values of gains (very negative). This
is possible if

1

K> lim ———— 36
o e (& = K) o)

Such a value is finite only if

limu. (x — K) # 0 (37)

X—

In this case, there is a unique intersection point, L(—x;; F'(—x;)), of the
two strategies (see Figs. 16 and 17) and a constraint must be defined, so
that the stock strategy s1’ does not dominate the put/call strategy s7'.
This comparison gives a bound on the other side.

Theorem 6

The spread between the selling price of the call and the buying price of
the put verifies:
E(Pr) — E(Cy) + E(S7) S

= iy = - — 38
P, Co Nlleax 1+ o & (38)

If eq. (37) is verified, by taking k" verifying eq. (36), it follows:
E(Py) — E(Cy) + E(Sy) S

P() = CU € Min (39)
kr«

(1 + 7) K
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= >
FIGURE 16
Final values of s1" and s7' for k".
|
_— 3
Distribution function of the final pay-off of s7'
F'-x)
F' ‘
- >
XL

FIGURE 17

Distribution functions of s1’ and s7".
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CONCLUSIONS

The present article offers some general properties for generalized concave
options. All the conditions obtained depend solely on the first moment
of the distributions of the options and the underlying security, without
even including the variance. This is purely formal, as the whole distri-
bution is included from the asymmetry in the reward function of the
option and from the fact that its expected value is an intrinsic part of the
constraints. When the yields are normally distributed, the Black-Scholes
formula makes the variance appear explicitly. In a more general fashion,
computing the expected value of the call under real probability and com-
paring it with the distribution and expected value of the underlying se-
curity really captures the whole distribution, any eventual asymmetry be-
ing put forward by their comparison.

The bounds presented here are very general. The payment of divi-
dends on the underlying security easily can be taken into account, be-
cause it can be directly included in the final expected value of the stock.
The payment of dividends simply affects the distribution of the stock
prices at expiry, thus resulting simply in a modification of the function
u() to be used in the results. This is an important extension which comes
from the fact that only final distribution of the stock price is used in the
bounding conditions. Similarly, there is no difficulty in taking transaction
costs into account, since there is no duplication strategy in our method.
Once again, these costs simply affect the initial cost of the strategies (in
the bullish case, S; plus the transaction cost) and the expected payoffs
of the strategies (decreased by the transaction cost).

The practical use of these results is clear even if a unique price is
not found for the option. Consider a market maker on options. This mar-
ket maker is able to determine the highest price at which a bullish investor
will accept to buy the option and the lowest price at which a bearish
investor will accept to sell the option. The bullish higher bound on the
option price can thus be calculated with respect to the actual price of the
asset, i.e., the ask price of the market maker. Constraints on the spreads
on options can thus be defined vis-a-vis the spreads offered on the un-
derlying security by simply replacing the share price by its bid or ask price,
depending on the sense of the transaction.

This represents a theoretical spread, of course, adjusted for the pur-
pose of competition. In most cases, there are no analytical values of the
bounds, because the various intersection points depend on the price of
the option itself. For a given possible price of the call, one must check
that the relations are verified. If not, one must proceed by iteration until
a price is not rejected. The computations of the bounds for various con-
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cave payoffs constitute a further research development. Because pricing
is not the only objective of investors, one other important research de-
velopment will be the derivation—analytically or numerically—of the sen-
sibility of the bounds with respect to various parameters, e.g., price and
volatility of the underlying asset, and time to maturity.

APPENDIX A: LEMMAS OF SECOND ORDER
STOCHASTIC DOMINANCE

Lemma 1 (Hammond, 1974)
When there exits A(x,,F(x,)) such as

Fx) < G(x) Vx < x5, F(x) > G(x) Vx
> x5, Flxa) = Glxa) (Al)

(i.e., F intersects G once and only once from below at point A), F sto-
chastically dominates G if and only if

Lemma 2

If
IB(xg, F(xg)), and C(x,, F(x.))
with 0 < xp < x¢ such as
F(x) < G(x) Vx <axgand x > x,; F(x) > G(x) xg < x < x,
F(xg) = G(xp) and F(xc) = G(xc)

(i.e., F intersects G twice, first from below at point B and then from above
at point C), F dominates G in the SSD sense if and only if

X

Jr.\-(' Foode < J»x(- G(A)dx . J’\( xf(x)dx = J xg(x)dx (AZ)

—c0 —oo

i.e., if condition (A1) is satisfied at the second intersection point C.

Lemma 3

When F intersects G more than twice, the first time being from below, F
dominates G in the SSD sense if eq. (A2) is satisfied for all even-num-
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bered intersection points, infinity being considered such a point [i.e.,
condition (A2) applies to the mean if there is an odd number of intersec-
tion points].

APPENDIX B: PROOFS OF THEOREMS
OBTAINED FOR CONCAVE CALLS

Proof of Theorem 1

Comparison 1

For x < x, and x > xp S¢/Cou(x — K) < x; this implies that F(x) < G(x)
and, for x4 < x < x, S¢/Coulx — K) > k; hence, F(x) > G(x). This
implies that the conditions of lemma 2 are satisfied. Thus, if E, (s1) =
E,,(s2), then s1 DS, s2: hence a contradiction with H5. Therefore,

E,, (s1) < E,, (s2)

WhiCh lmp]leS
E (§) < E — u(q — K)
xg \“t xpg C() e

and thus:

E. (Cp

XB

Cp < S T’)

E.IH
If there is only one intersection point, xg is infinite and this relation
becomes:

. E (Cp)
Co < S ) (S;

From this eq. (9) is obtained.

Comparison 2

Three different cases can be obtained according to the number of inter-
section points. The first two cases are similar because one intersection
point is equivalent to two intersection points, with the second one infi-
nite. The case of two intersection points C and D with D eventually in-
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finite gives the following result. When x < x¢, then Final Value(s3) >
Final Value(s1) and if H is the cumulative distribution function of s3,
H(x) < F(x) and for x > xp, H(x) < F(x). Choosing " verifying eq. (7)
without verilying eq. (6) to obtain two intersection points and using
lemma 2 to prevent stochastic dominance of s3 gives, for every o

J” Flx)dx < J“ H(x)dx

—oo

jxu xf(x)dx > (8o — o' Co)(1 + r)F(xp) + o' J:D ulx — K)f(x)dx

Thus:

(So — & Co)(1 + nF(xp) + o Ey, (Cp) < E,, (S7)

xp
and

So(l + NF(xp) + «'E, (Cp) — E (Sy)
o (1 + r)F(xp)

<C0

With a' such that there is one intersection point, xp becomes infinite,
and this last equation becomes, for every a':

So(l + r) + a' E(Cy) — E(Sy)
a (1 + 1)

< Cyp

From these last two results comes eq. (10).

With o such that there are three intersection points, C, D, and E,
when x < x¢, then Final Value(s3) > Final Value(sl) and H(x) < F(x),
whereas for xp < x < xp, H(x) < F(x), and for xo < x < xp and x > xp,
H(x) > F(x). Using lemma 3 to prevent stochastic dominance of s3, the
following inequalities are obtained for any o

fc Flx)dx < f E H(x)dx
or

f " Fldx < j " Hdx

—

Thus, the following relation holds for any o
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So (1 + T)F(XD) + o E_\D (Ct) - E-\'r,) (ST)

a" (1 + r)F(xp)

C0> M]n[

So (1 + 1) + o E(Cy) — E(ST)]
o" (1 + 7

From this comes eq. (11).

Proof of Theorem 2

Comparison 3

Depending on u(+), there are one or two intersection points. If there is
only one intersection point, a condition to prevent the dominance of s1’
on s2' can be obtained. As there is only one intersection point, even by
inverting the strategies, F' lies under the distribution function of s2’ for
the most negative values of the strategies at T, and then above it, starting
at point A. Thus, if E(s1’) = E(s2’), then s1' DS2 s2’: hence a contra-
diction. It follows that E(s1') < E(s2'). This yields:

0

and

E(C
Co > 8y E((T;))

If there are two intersection points, lemma 1 can be used again for the
value of —x,, which is the higher value of intersection. Thus:

j_“ (1 ~ B{—s))de < JA (1 — Gl—=x))dx

@0 — i

which implies:
r (1 — Fx))dx < f (1 — G

X A
XA

Thus:
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o

oo XA S
J ) — f o < 22 [ f e
. ;

—0

- K)fix)dx — J‘jj ulx — K)f(x)dx}

and finally:

E* (Co)

Comparison 4

In comparison 4, there are three cases. The first case is when « is such
that there is one intersection point, which happens exactly for the same
values of @' and Sy as in comparison 2 (only the signs of the final values
of the strategies are inverted). However, this time, the dominance of s3'
on s1’ must be prevented. This implies, for every a":

—a' E(Cp) — (Sp — & Co)(1 + 1) < —E(Sp
Thus:

So(l + 1) + o E(Cp) — E(Sp

G
“ a (1 + 1)

The second case is when « is such that there are two intersection points,
which happens exactly for the same values of o and St as in comparison
2. However, the signs of the possible final values of the strategies are
inverted. When x > —x¢ or < —axp, then Final Value(s3’) < Final
Value(s1'). Moreover, —xp < —x¢, which is important for the application
of the lemma. When —xp < x < —x¢, the opposite relation holds. Be-
cause there are two intersection points, the stochastic dominance of s1’
must be prevented again. Lemma 2 can be used for the common final
values —xp and —x¢. However, the less negative gain is for —x¢. The
following relation is necessarily obtained for every o":

o0

f (1 — F(o))dx >J (1 — He))dx

xe:

Thus:
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E (s3") — E,, (s3") < E (s1) — E,_ (s1")
J xf(x)dx — j fx)dx > (S — ' Co)(1 + (1 — Flxo))

+a(L x — K)fx)dy — J ulx — K)ftx)d )

So(l + r) + o EX* (Cy) — E** (§)
o (1 + )

< Cy

The third case is obtained for the same strategies but in taking «” in order
to have three intersection points. In this case, when x < —xj or —x;, <
x < —xg, then Final Value(s3') > Final Value(s1’) and the opposite re-
lation holds for x > —x or —xp, > x > —xp. This time the stochastic

dominance of s3" must be prevented. For every ", the following relation

holds:
Co < Max [SUUL* 1) + " B (Cp) = B (Sp)
a" (1 + 1)
So (1 + 1) + & E(Cy) — E(ST)]
aﬂf(l + r)

APPENDIX C: PROOFS OF THEOREMS
OBTAINED FOR CONCAVE PUTS

Proof of Lemma 4

At point St, s4 has the value (6Py + Sy)(1 + r) — du(K). The derivative
of this expression is Py(1 + r) — u(K), which is negative.

Proof of Theorem 3

Comparison 5

If y verifies eq. (16), s1 and s4 intersect each other at point M(xy;, F(xy))
and for x < xy, F(x) is above the cumulative distribution function of s4.
To prevent s4 from dominating stochastically, it is necessary that

E(ST) - }’E(pr) = }’Pu(l + r) = E(S{)

Then:
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Comparison 6

With 6" > &, the strategies have two intersection points, N(xy, F(xy))
and P(xp, F(xp)); lemma 2 can be applied. To prevent s1 from dominating
s5, it is necessary that

Ltb xfl)dx < J . [(So + "Po)(1 + 1) — du(K — x)|fix)dx = E,(S7)

0
< =8 Ey(Pp) + (So + & Po)(1 + nF(xp)
which gives:

E_‘.p (ST) 4= (5" Exp (PT) - So(l + r)F(xp)
d"(1 + r)F(xp)

P(]>

and thus:

*

E. (Sp) + & E. (Py) — So(1 + 1)

>
Fo (1 + 1)

With é" < dy, if the strategies have one intersection point, N(xy, F(xy)),
lemma 1 can be applied. To prevent s5 from dominating s1, gives:

E(8y) + 6 E(Pp) — So(1 + )
o (1 + r)

Py <

With 8" < &y, if the strategies have three intersection points, N(xy, F(xy)),
P(xp, F(xp)), and Qlxg, F(xQ)), lemma 3 can be applied. To prevent s5

from dominating s1, it is necessary that

E(Sy) > —d' E(Py) + (Sp + &' Py)(1 + 1)

or

E.(S1) > =0 E,, (P1) + (So + &' Po)(1 + r)F(xp)
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E(SJ) + (5' E(PT) - S()(] ~+ 'r)

P, < .
v o1 + 1)

or

Ey, (87) + 0" E,(Pr) — So(1 + r)F(xp)

Py <
! d'(1 + r)F(xp)

Proof of Theorem 4

Comparison 7

With 6" < ¢, if the strategies have one intersection point, N(—xy,
F'(—xy)), lemma 1 can be applied. To prevent s5' from dominating s1’,
it is necessary that

J{: —[(Sg + &' Po)(1 + r) — &' u(K — x)]|fix)dx < —ﬁ: xf(x)dx
which gives:
—6" E(Py) + (S¢ + &' Po)(1 + 1)

E(Sy) + & E(Py) — So(1 + r)
o' (1 + )

> E(S7) = Py >

With 6" < 4y, if the strategies have three intersection points, N(—xy,
F'(—xy)), P(—xp, F'(—xp)), and Q( —xg, F'(—xg)), lemma 3 can be ap-
plied. To prevent s5' from dominating s1’, it is necessary that

—d' E(Pr) + (So + &' Po)(1 + r) > E(Sy)
which implies:

E (ST) + (5’ E(p[) re= Su(] + Y')
o' (1 + r)

P, >
or with L the distribution function of s5:

fﬂp (1 = L(—x))dx > f T = F(—x))dx

—w —=

= [0 - Lenay> [0 - Fes

Xp

which implies:
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E(ss) — Exp(sa) > E(s)) — E;x,,(sl)
(So + &' Py)(1 + r)(1 — F(xp)) — &' (E (Py) — E,‘,,(PT))
>E (§p) — ExP(ST)
and thus:

E** (§7) + 8" EX* (Py) — So(1 + 1)
d (1 + 1)

P, >

With 8" > J,, the strategies have two intersection points, N(—xy,
F'(—xy)) and P(—xp, F'(—xp)), lemma 2 can be applied. To prevent s5’
from dominating s1', the same condition as in the above case is obtained,
but at the point xy;, instead of xp.

Comparison 8

The strategies have one or two intersection points, U( —xy, F'( —xy)) and
V(—=xy, F'(—xy)). If there are two, lemma 2 can be applied. To prevent
s1' from dominating s6', it is necessary that

fvxu(l — il f_x”(l — F(—x))dx

= [0 - 1 < [ (- Fs

Thus:
E(Sy) — E,(S1) > »E(Sy) — E,(S1) — (E (PP — E, (Py).
and

Ex[_; (p_r)
b{) - S() EYU—(SI)

which becomes, if there is only one intersection point:

E(Py)

Ps < 8p ——

¢ =" EGD

APPENDIX D: PROOFS OF PUT/CALL PARITY

Proof of Theorem 5

With k' such that there is only one intersection point, the dominance of
s7 over s1 must be prevented. Thus:
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k' E(Ct) + (k' Py — k' Cy + Sp)(1 + r) — k' E(Py)

Pr) — E(Cp) + E(Sp) _ So
(1 + r) k'

With k" such that there are two intersection points, the dominance of s7

< k' E(Sp) = Py — Cp < =%

over s1 must be prevented. The condition is expressed at the second point,
Z. Thus:

k" E.(Ct) + (k" Py — kK" Cy + So)(1 + r)F(xz) — k" E,. (Py)

- . Ex- (PT) . Ex (C7) + E.\— (SO) . S(
> k E.x‘:(ST) = P() CO > £ (1 _i r)F'(-x:) Z “En!

Proof of Theorem 6

The proof of theorem 6 relies on the same relations for bearish strategies.
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