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INTRODUCTION

The most cornmotilv used asset price [iroccss iti the contituiotis-tinic fi-
tiancial tlieor\ is lhe lognormal diifusioti [iroccss. llovvc\et\ asset prices
do e\periencc- price and volatility jttnips upon the arrival of itnportant
ticvv iniortnation (surj)rises). I he iniormation arrival tret|uctHy of these
surprises may also be ratidom with discrete changes. Ihc cliscotilinuity
t)f the asset price has been shown etiipirically in Ball and I'ornus ( 1985),
Other evidence- finds jump cotii[>oncnts iti the market portlolio atid ex-
change rales. Jarrov\ and i^osenieid ( 1984), with the use ol daily returns
oti a viilue-vvt'igbtt'd |>orlic)iio of aii slocks on the N't Sf'. atid AMFX irotn
Jtily i 962 lo i^cccmber i978, reject tiie nuil iiyjiotiicsis that a tnarket
portiolio bas a cotitinuous sanijile patb. Scbvvert (1989) reports actual
jumps in ihc bistory ol tiiajor slock indexes Irom hcbrtiary, i98S to tin*
end of 1988. Jorion (1988) iinds the existence ol jumps in tbc sanipic

• Ctii-r)l-\ii W. Cluing is cm Associate Projessor i)i ihe Department of iinaiiee, iaiifomia
State Universil). Fullerton.

• Jacli S. K. ( hang is a Prajessor oj iiimncc at the ( alifomia Stale L'lntcrsj/i, ios
.Angeles.

• I Ising iang is an .Associate Projess(/r in the Department of Finance uud Law.
Califomiii Staie University, ios Angeles.

The Journal of Futures fWarkets. Vol. 16, No 4. 441-458(1996)
•c 1996 t)y John Wiley & Sons. Inc CCC 0270-7314/96/040441-18



442 Chang, Chang, and Fang

palb of exchange rates and of a stock portfolio even afier allowitig for
conditional beteroskedasticity iti the diilusions, Fbese stttdics imply the
need to mcjde! asset prices usitig jump-diffusion processes.

Notwiibsiatiding tbc pressure of jutiip risks, tbe traditional ap|>roacb
ol calculating optimttm futures bedges ijobtison (1960), Stein (1961),
Edcringloii ( 1979), etc.] views investing in lulures as a way of oiisetting
otiiy potetitial diiiusion risk associated with a given spot position. Strict
stationarity assumjitions are itn[)osed tti)on tiic s|>ot and lutures jiricc
processes lo circutnvcnt the presence of jutiij) ;md carrying risk in the
markets. Such sitnplification allows the oplimitm hedge ratio to he esti-
mated using tbe sitnple OLS adjusted ior atitocorreiation atid other data
problems, and tiius has gained wide popuiarity in practice. Etnpirical ev-
iciencc has shovvti, bowever, tbal the periormance of tfiis approacb is
sometitnes unsalishtctory. Lor exampie iti iiedging liie risk of stock port-
ioiios, Figiewski (i 98S), Junkus and Lee ( i985). Bailey (i989), and Vau,
Savatiayana, and Scimeeweis (i99()) have all tound that the hedges are
oileti itielfective. and are tiiore so wheti the market is voiatiie. Botii I ig-
ievvski atid Bailey have lotuid that the standard deviations oi hedged port-
lolio rettirtis are often al an atituial rale ol lO-lS'f or higher, with the
nieati returns tiot higher thati comparable riskiess rates. Tiiey have also
loLuid in many cases tiiat ex post bedgitig effectixcness measures are
nuieh lower ibati the eorres|>onding ex ante hedging eifectiveiiess
measures.

Tbese Iiedging itieificietieies likely originate from the statiotiarity as-
stitnptiotis ihat ignore tiotistalionary price cbanges and basis behavior,
for exampie, vv ben jtunps occur, not only does tbe spot atid iutures price
volatility increase, but their reltirti correlation mii\ also cbange becattse
of jtnii]>s in liquidity and changes in arbitrage execution risk. ,A hedge
ratio based solelv on diffusion risk is not o])titnum, and conscquetitlv a
Ittlttres cotitract s iieclging eiiectixoness is suiioptimai. 1 be ciegree ol in-
eiiectiveness accentuates as tiie jtimji Ireqttency ititetisiftes, Oti tbe other
hand, as sbown iti Brennati and Sebwart/ ( 1990), stociiastie iiasis aiiects
tbe optitnum strategy oi an arbitrageur. Io tiie extent tiial basis risk is
sigtiilicatit, ibe spot atid the futures markets are tiol fully ititegrated, as
one tnay expeet. 1 bere is a signiiieatil iiterattire ciemonstrating iiovv iti-
lormation How niav iiil these two tnarkets diiierentiy, atid that tbe iutures
market is tbe niaiti source ol market iniormalion |e.g., C'bati (1992)|.
iiiereiore. the spol-ltittires price diiierenee, tbal is, lhe basis, mav' varv'
over time stocbastically. This is win practitioners oiten view beciging as
spectilaling on the basis bebavior. Tlioretore, a jiriori, a hedging tnodel
tbal cotisiders botb jirice jtunps and stocbastie basis is exjK'cted to be
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more effective than one that does not. 1 his stttdy is an attetnpl lo develop
and lest such a model. Specificaliy, an optitnutn hedge ratio in an inter-
letnporai setting is derived that takes jump risk and stochastic basis as
given.'

Several authors bave investigated intertemporai iutures bedging fol-
Iov\ing Merton's (1971, 1973) intertemporai portfolio optimization tnetb-
odology." They have, however, ignored basis behavior and jutnp risk. Ihis
study ineorporates jump risk first in a sitnple setting where the fulures
price process is exogenous and lhe correlation between spot and futures
price cbanges is constant. It is f"ound that under the assumption that
investors have unbiased estimates of the true spol and iutures price pro-
cesses, tbe derived jump-diffusion optimum hedge ratio is actually nol
differenl irotn tbe traditional pure dilTttsion optimum bedge tatio. Tbat
simpie modei is uninteresting iiecause it does not aiiow ieedi)ack betwet-n
tbe spot and lutures markets. Tbere is a large body of etnpiricai iilerature
showing tiial iutures and spot prices tend to revert i>ack toward eacb otber
iiecause of tiie pressure of ariiitrage trading [see, for example, MacKinlay
and i^aniasvvamy ( i988) or Cbung (I99i) | . ibus, tbe iaiiure oft be model
to admit sufficientiv ricb, realistic bebavior for tbe spol/fulures basis may
substantially weaken tbe hedging performance, Tberefore, tbe model is
extended by pertnilting a meati-reverting stoebastic basis witb titne-decay
volatility. The inclttsion of this reaiistic behavior endogeni/es the iutttres
price process, and leads lo an oplinium hedge ratio that exhibits a mueb
ricber set of bedging properties when cotnpared to the traditional diffu-
sion optitnum hedge nilio. i inaily the modei is extended to permit titne-
varyingjuinp arrival intensity. Speciiically, tbe arrival iiUensily value is sel
bigh lo reiiect iutn|>iness upon ibe arrivai of surprises, and reverts back
to a lower value after the news release. Ibis extension results in a patb-
dependent hedge ratio tbat is dictated iiy user in|)uts—tbe hedgcr's ability
to iiccuralely forecast tbe time-varying pattern of tbe jump intensity.

Mc-rloii { I ' l , (,i is ihc lirst ti) iiiM'siinaic I lie h('dj;inj; at jump risk iistn^ optioi
"Si 111/ ; I')K4) s iml i id oplini imi i i i r r t 'nc\ hed^e w ii l i ihc use i4' Iorward cinHrac

\vith conslant (merest rales. I ID i l'»,S4t dealt v\ilh hcdj;iiiji a prnd
s in an iiitcrieinpiiral
Jcers production e\

posiire laeinglioi i i i iu ipm .md priei' t irucrlainly in an iotcrlemporal I rallies ork wilh consiant in icn si
rafes. Hrecdcii ( 19S4) evainincd lhe hedging a ml alloc.ition rolf ul In lures markels in an inlerteiii-
ponil incomplete inarkci setting vviili ednsUini inleresl rates, \dlei and Detcnijilc i, |9SS) cvpiuifd
lhe inlertempnral heilging s i rudurc oi ;in optimum hedging di'cision wilh constani inierest rales
when in\eslors h.ild a portloliu oi Ireelv shoriahle traded assets in addition lo ,i nontradalile spoi
|)osition. ( hang and I ang M''9()| ,.\plieilK diAcloi)C(t inlerlemjioral o|i(irnnm licilgc ralios and hi'dg-
ing elleetiveni'ss measures when lhe mstantaneous risl. Tree interest rale folKms .1 me.in reverling
sijuare-rooi proii 'ssantl marking to market is preseni. \ h i T s ( l-^f'M 1 used C.AIJt I I loesi imale time
varying hedge raiios. I ie Iound. however, thai the (i.VRCi I .ippioach onlv ieads lo marginal hedging
improvemeii! when cunipared lo the traditional iip[inMc)i.
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Fhc rest (tf the articie is organized as follows. In the next section the
simple jump diffusit)ii optitntim hedge ratio is derived. In the third see-
tion lhe inodei is extended H) subsume stochastic basis and titne-varving
jiimp arrival intensity. Nutnericai analyses are conducted to illustrate the
hedging properties of tbese new hedge ratios, in tbe lourtb section out-
of sampie iiedging tesls are condueted oii a slock itidex, a long-term 1-
bond index, gold, oil, and wheat. The purpose is to find out ii tiie incor-
potation of stochastic iiasis enhances liie hedging efiectivcness oi iutures
contracts even iti an ex ante test, iti a tiiajoritv oi the cases, significant
hedging eniianceineiits are iound, especially in the case oi iiigher basis
risk. Lhe fifth section includes eoticluditig remarks atid suggestions lor
iuture researcii,

A SIMPLE MODEL FOR JUMP DIFFUSION
OPTIMUM FUTURES HEDGE

ihis simple model assttmes that the futttrcs price process is exogenous
and tiie correlation between spol and ititttrcs price changes is constant.
It isassutned tbat the movetnent of spot price, S, loilovvs a jutnp-diffusion
process ol tbe iortn

(IS/S - //,(/( + rr,,//, + ( \ - \)iln (i)

where//, anci a., iire, respectively, tbe spot contracts instantaneous ex-
peeted and standard-deviation rale of return eonditional on no arrivals of
itnportant new information; dZ is lhe standard Causs-Wiener proeess;
n(t) is the standard liomogcneous i'oissou process representing tiie arrivai
proeess oi imi^ortinit new inlormation. The arrivai irecjtteticy [parameter
is /, and dn and dZ^ are assutned to iie inciependent; .\ is the gross jutnp
size of tbe asset j)rice triggered by the l^oisson iiilorniatioti arrival. It is
asstmied thai In \ - ,'\(/^, rrj and that X is iiidependetil ol i/Z^ and dn.

In other words, the asset priee dynamics can be written as a cotn-
bination ol Iwo tvpes oi changes:

/. ihe first tyj)e is the normal vibratio)! in priee dtie to, ior exatnpie. a
temporary imbaiance i)etween stijiply und demand, changes in the eco-
nomic look, or olher tiew itilortnation that catises tnargitial changes
in the asset xalite. Ihis cotnponent ol change iti retitrti is modeled by
a standard diiiusion jirocess.

2. Ibe seconti type of chatige is the ulnioruuil vibration in priee. wbicb
is caused bv tbe arrival ol iniportatit iievv inlormation that bas tnore
tban a marginal effect on tbe asset value. 1 bis component ol cbange
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is tnodeted hy a homogeneous jitiiij) process with an inherently noti-
continuous satnple path reflecting the nontiiarginal impact of inior-
mation. Tiie exjiected iniortnation arrival rate is asstimed to be time
tttivarvitig.

Sitniiarly, tbe ititures price, / , follows a correlated jutnp-diffusion
process;

ili'/L - fifitt + (7,dZ.f + (V - ])dn (2)

wbere//, and rij are, respeetiveiy, tiie futLires contract s instantaneous ex-
pected and standard-deviation rate of return conditional on no arrivals of
important new information; dZf is tbe standard Clauss-Wiener process;
71(0 is a Poisson arrival process as in ecj. (1). it is assumed tbat botb tbc
spot and tbe ftittires abnormai price ebanges are cattseti i)y tbe same
iniormation anivai process; the jutnp si/e of tbe futures price is repre-
sented by a Iognormai distribution V, that is. In V - /N'(/f,, T,); tbe iti-
stantaneotis covariance between t/Z., and dZf is denoted as a,, and tbal
between In X and In Y is denoted as a^,. Botb covariances are assutned
to i>e constant.

It is assumed tiiat tbe hedger boids a iong-spot position anci intends
to sbort futures sucb tbat the variance of tbe hedged position over a
certain iiecige bori/on, T — t. is minimized. Lbe bedge ialio, h. is deiined
as tbe doiiar atnount of iutttres sbort per cioiiar of the long spot position.
VV̂ ith the assumptions of lOO r̂ tnargin on spot trading, iVi margin on
lutures trading, and no marking to tnarket [see C'hang and Lang (i990),
for the hedging impacl of tnarking to market|, the price dynamics of lbe
heciged portfolio position is simply

dp/p = ds/s - h di/F - (jii, - imf)dt

+ a,dZ^ ~ imjdZi + | (X - II - biV - \)\dn {^)

Tbe itnestor's bedging deeision is to eboose an optitnum bedge ratio, lii.
tbat minimizes lhe variance of the portlolio rettirn tneasured itsing log
reialive over T — (; that is,

Min VardnH,,) = 2 F(»)i(fT: + Irrrf - 2ba,,){T - t)

+ nial + b'a~

f - 2/ifT,,-

(4)

= {rrf + Iraf - 2/ifT,,-){T - t)
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where fin) = c ' ' ' "1/17' - t)\"/nl is the Poissoti probability tnass

fctnction.
The first-order condition leads lo the following optimutn bedge ratio:

/ j | ^ [a^f -h /fT^/)/(f7: + jaf) (S)

lbe secoiut-order condition is

l a f C r - t) + j ( i - t)(2r7~) > 0

whieb ensttrcs mitiitni/atioii.

When ;• - 0, that is, iio jtiiiips are expected to occiir over / ~ t. h ^

eoilapses to the traditional one-period optitnum hedge ratio oi fT.^j/aj'.

File beciging eiiectiveness tneasure, HF, defined as i tninus the c|uo-

lient oi" tbe variance of liie iiedged poitfoiio return, \ar( ln R,,), divided

by the variance of the spot portfolio return, \ a r l ln RJ, is

I IF - 1 - K^: + Irrrf - 2ha^,)

+ j{rfi + h'rr; - 2/;a,,)|/(r7: + jrr;) (6)

Whenj — 0, HL reduces to the traditional one-period HL measure.
Now suppose that an investor uses the iraditiotial approach to hedge

a portlolio by assuming that the spot and Iuttires price changes follow
l)ure diffusions even tbough the true spot and Iuttires priee processes are
of the jutnp-dilltision type. In other words, the investor ignores the hedg-
ing of jump risk, iiovv does jump arrival aiiect the investor's degree oi
mishedge and bias iiis or her measure oi hedging eileetivenessr

.As in Merton I i976), it is assumed that this traditional investor has
avaiiabie a long enotigb price bistorv so tbat unbiased estimates of lhe
true covariatice and variances of the processes are known, namely,

V a r d n R , ) = nf {T - t) + j i T - t)cTj

Covdn R., In R,) = f7,,(f - /) + jlT - /)a,,

With the use of these estimates, the investor eonstructs the optimum

hedge ratio with the tradilional approach:

ll- - C'ovdn R,, In R,)A'^ardn Rj) = (a,,- + jrT,.,)/(a;^ + jn;)

It turiis out that W' is not different from b\. the jump-diifusion optimum

hedge ratio, ihtis, given the ttnbiasedness assutnption, tbe jutnp-

diffusion approach does not offer any actual itnprovetnenl over the tra-

ditional approacb. Tbe intuition is that tbe basis for the jutnps are two-

fold: lbe expected on iniormation teiease days, and the tinexpected



Jump Risk 447

because of randotn jumj) arrival. The unbiasedness assutnpticm stipulates
tbe iortner, and therefore, lbe Iradiliona! bedge may well be adjusted lo
capture an aiternative jump correiation ievei. lbe rcsultiiig optimum
bedge ratio thus ijecomes identicai lo the jump-diffusion optimum bedge
ratio.

in generai, tbe model is unitUeresting because it tises a very sim[>le
setup tbat d(fes not permit ieedback i>etween tiie spot and iutures mar-
kets. Tbere is a iarge iiody ol empirical literature that sbovvs ibat iutures
and spot prices tend to revert i>ack toward eacb other iiecatise of lhe
pressure of arbitrage trading [see, for exampie, MacKinlay and Ratnas-
wamy (1988) or C:hung (1991)]. riuis, the failure of lbe model lo admit
sufficiently rieb, realistic bebavior i'or the spot/futures basis tnay substan-
tially weaken tbe Iiedging perfortnance. Tbe lollow ing section extends tbe
tnode! by incorporating basis bebavior.

OPTIMUM FUTURES HEDGE WITH
STOCHASTIC BASIS

Brennan and Scbwartz{ 1990) bave iiivestigated oplimuni index arbitrage,
vvitb tbe use of ibe stochastic evolution of the iiasis as a given. Tbe same
is cione here. First, the earr\itig rate process is conslructed. I iie itistati-
taneous rate ol the net eost of carry, (, is assutneci to be tbe iactor thai
determines the basis and ioiiows a mean-reverling ()rnsteiii-Uhletii>eck
process. A sciuarc root proeess is not em|>ioyed beeause tiiat prticess
would not pertnit a negative net cost of carry. So, tbe rate process is

di = ijini - i) dt + v dZ, (7)

wbere ij denotes tbe speed ol adjusttnent, m the lotig-tun mean rate, and
v~ tbe instantaneous variance. Tbese parameter vaiues are dictated i>y tbe
nattire of the cost oi carrv, anci so are asset s|)eciiie.

B, tbe reiative i>asis, is defined as B = S/F. tben B denotes the pres-
ent vaiue of $ i net cost of carry at tbe iutures' expiration. i3ecause in this
one-factor setting B is a iVtnction of; and the futures maturity, r - ( [with
the use of a result in Vasicek ( 1977, eqs. (27) and (28))], the solution of
B is derived as

'l or example, lor ciitnnioditv futures contracts, the nci cost oi carr\ includes ildnicstii; interest rales,
warehouse costs, and a con\eiiience yield on in\entory; lor currency lutures eontrai t-i. the net cost
oi carry intitules domesiic and Inreinn interest rales, et cetera. A recent rcicrcme explaining hasis
\arialiiin with the use of the net cost oi carrv is Brennan ( h'"-'! i. iSailcy and C han ( I '(4.1) have taken
an allerniiti\e approaeh to explain hasis variation w\lh the use »i a si'l ol toniniiin niacroecononiic
inlormation variahles.
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bere

ct - (I - e *'""")/(/,

/ ; — ) ? ( + v(f)/n - [V/L

(b — iif/i'

R(x) is the basis's limiting yield, and (/>, the tnarkct price of carrying risk,

is assumed lo be eonstant. I hen, by Ito's lemma,

dB/B - //,,(/) W/ + cTj,(t)dZ; (8b)

where//,,(() - / + ( I - c ' ' ' ' ")lR(x) - ,„ + \/2 v^/cf\. a^it) - fO),
r — / is lbe lutures maturity, and R(x) is tbe basiss limiting yield. Tbe
process bas tbe desired property that the absoltile basis, S — F. lends lo
return lo zero and is zero at maturity vvitb probability i, tiiat is, when lhe
reiative basis U approaehes i;///,(() is stochastic i>ecause of the carrv risk;
and iT/,(/) is titne varying to e.xhibit the time decay of tiie iiasis voiatiiity.

A jump component is added to incorporate the facts tbat, wben a
price jump arrives, the iiasis may aist) jump due to liquidity and tbc exe-
eutioti risk tnay also jump.

dB/B = //,,(/) J/ -h oi,{t)dZi + (VV - \)dn. (9)

where W is the gross jump size such thai In \V - j \ ' | 0 , r7,,.;(r - / ) | . I he
assutned zero mean is to ensure tbat, a priori, the basis jump is neutral,
and lbe Lime-varvitig jutnp standard deviation is consistent vviib tbc time-
decaying bebavior of the basis volatility.

Because F - S/B, by tbc generaiized ito's iemma, the lutures price
process becotnes

dF/i- = /ifit) dt + Ofit) dZj + [Y - i) dn (iO)

wbere

fifit) = M. - /'/-U) + alit) - (\,a^a,,{t).

rjjit)' - a : -h f7,,{t)~ + 2r)\;fT,a,,(/),

(\, dt = dZjZn



Jump Risk 449

anci

a,) , / / , , = //, and

a, - {a; + ai(T - t) - 2a,.,, ; ( r - O ] ' ' "

The price dynamics of the hedged portfoiio is nov\

dP/P - dS/S - hdF/F = ( / / , - h^,)dt + a4Z, - ba,dZj ( i i a )

+ [ ( X - i ) - / i ( V - \ ) ] d n

= { ( i -

- 2h{\ - h)(\^a,ai,{t}\^'-tiZj, + {V - I) dn ( l i b )

wbere

In \ ' - N(;/,.. (7,.),//,, = (1 - h)/.i^, and

The investor's iiedging deeision is to ciioose a sequetice oi optimutn in-
tertemporai hedge ratio htit), which minimizes tiie variance of the port-
folio return that is measured with lhe use of a log price relative over
T - ),

M i n V a r d n H,,) - / ( / ) , ( 1 2 )
/MM

hevvnere

Var(in R,,) - j O{s) ds

and 0(.s). the instantaneous portfoiio variance of return, ec|uais

{ [ ( i - h{s))~G: + h(s)~fTf,{s) - 2 / . ( . s ) ( i - h i s ) ) <\,a^a,,{s)

With the use of tbe technicpies ol stochastic dynamic programming,
the foiiowing i?eilman optimaiity equation is derived:

0 - Min{()(/) + dliT)/dt}

The first-order condition for a reguiar interior minimutn is

de{t)/db = 0

which yieids the ft)iiowing intertemporai optiniutn hedge ratio:
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TABLE I
A Nutnericai Illustration of/iiC). Optimum Risk-lMinimi/ation i"{edge Ratio

When the Basis Foilovvs a Mcan-Revt-rting jtinip-Oiifusion Process:

T - I

0 25
0 20
0 15
0 10
0 05
0.00

0,9232
0 9343
0 9461
0 9591
0.9740
1

0
20
40
60
80
100

0 9970
0 978?
0 971?
0.9674
0.9651
0 9636

0
001
0.02
0 03
0.04
0 05

0 9723
0,9712
0 9700
0 9689
0,9677
0.9666

Notes o_ 0 i . ^ . = 0 0 ? (( -- 0 3 o,, -̂ 0 0 1 . d -- 0 ? .).,, - - 0 l Wtiei i delermiciing/T,(f) a& a funclion of : I i =-

dO and V - I.) U l , as ci *unciiO(i ol (, r l - 0 05 .^nd î  ^ 0 0 1 as a kincl ion oi v r - ' - n ( ) f i a n d ; - 4 0 r - rdo'notes

lulures matunly as ft Iraciion ol

where

t)\/{f7,{t)-

(14)

= ( T : -H ) - + 2(

and

a: = \a:

The second-order conciition is

- t) - 2S,.,,a,a,, ,,

+ Ja;) > 0

wiiich ensures tninimi/atioti.
This intertetnporal hedge ratio differs Irom the tradilional one-period

eonslant hedge ratio by incorporating the basis behavior and the spot
price and basis jumps. To exatnine its properties, a numerical anaiysis is
conducted. The follow ing set of parameter values is used: a^ — 0.1, â  =
0.02. (/ = 0.3. r = 0.00-O.OS, rr,,, - O.Oi, (5, - 0.2, ri,,, = - 0 . 1 , ; " =
0-100, and z - t = ()-().2S years. The resuils are reported in Tabie I.
Tbe findings are

/. F.\cept at tnalLtrity, ail lbe bedge ralios are smaller than I because of
tbe imperiect correlations between spol and iutures priee changes,
thai is, basis risk, and the assumption tiiat tbe eorrelation betweeti
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the spot price change and the carr\ ing rate is positive. This assumption
makes the futures voiatiiity iarger than the spot volatility. When lhe
correlation is negative, it is possible for the hedge ratio to he larger
than I,

2. As the tnaturity is shortened, the hedge ratios increase to approacb i.
This is due to the time decay of the basis volatility,

.i. As the jttmp arrival intensity iticreases, the hedge ratio decreases. This
is because tbe absolute jump correlation is assumed to be smaller tban
the absolute difftision eorrelation.

4. .'\s tbe basis volatility increases, tbe hedge ratio decreases. Ihis is
because, given tbe positive correlation between tbe spot price ebange
and tbe carrying rate, increasing basis volatility causes increasing lu-
tures voiatiiity, ceteris paribus.

1 bereibre, as expected, tbe incorporation of basis iiebavior enrieiies
tbe beciging anaiysis. The resuiting interlemporai optimum bedge ratio is
capaiiie oi explaining more realistic bedging situations than is ailowed
when using the traditional constant optimum hedge ratio.

Next, the anaiysis is extended to permit time-var\ing jump arrivai
intensity, intensity wiii he high at the time of the anivai oi itnportant
news. Aiter the release of the news, intensity reverts back to a lower or
more normal level. F()r ease of exposition, it is asstimed that tbere are
only two states, high and low intensities, denoted as /„ and j , / , respectively.
T lie anaiysis, however, generaii/es naturally to the case of multiple states,
i he ojJtimuni hedge ratio ean be easily showti to be

(15)

wbere j(/) ecpials eitber j , , or J,;.
A ntimerical exampie is used to iiltistrate its impietnentation. Ihe

folkming parameter values ate used: a., - 0.1, a, - 0.02, q = 0.3, t —
O.Oi,fT,, - O.()l,.:i,, - 0.2, ^)\,, - - 0 . l , j , , = 54, j j - 28, and r - / =
0.00 - 0.25 years. .Assume that, at tiie initiaii/ation of the hedge, the
ititensity is iow. fiie resuits are

0.9359 0.9475 0.9602 0.9747
/(̂ : 0.90S6 < > 1

0.9214 0.9353 0.9506 0.9684

r - (: 0.25 0.20 0.15 0.10 0.05 0

Because of the intensitv shift, lhe hedge ratio proeess is binomial
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during each lime period witb two possibie states until the last period,

when the hedge ratios converge to 1. initiaily, the hedge ratio when there

is 0.25 year remaining is 0.9086. M the end of the period, when thete is

0.20 year remaining, the intensity either remains low or shifts lo the high

state if iniormation reiease is expeeted. 1 he hedge ratio for the ne.vt period

given the low/high state is 0.92 1 4/0.9359, et cetera, ibr each period, the

larger (smaller) hedge ratio corresponds to the high (lov\) stale for the

intetisity in the next period. Any hedge ratio path starting at 0.9086 and

ending at i is possiiile and is dictated by the hedgers knowiedge oi tiie

time-varying pattern of tbe jutnp intensity

When j - 0, tbat is no jumps are expected lo occur over T - /, tbc

ratio collapses to

b^(t) =- [a: + t\,a^a,,{t)]/rTf (16)

1 he diiierenee iietween tiiis ititertemporal bedge ratio and the tradilionai

hedge ratio is the incorporation oi the stochaslic basis beliavior.

EMPIRICAL TESTS

i he bedging perlortnanee of a bedging model tbal takes stochastic basis
as a given (stoebastie basis bedging model berealter), that is, ec|. (16), is
eompared to one ibal ignores stochastic basis, that is, the traditional
approach. .An ex ante analysis (out of sample) is empioyed in iieu of an
ĉx post tesl Un tbe satnple), because the latter assumes pcHect ibresighl
in determining tiie oplimtim bedge ralios. In an ex ante, lest tiie actual
hedging effectiveness for a sample [H'riod is determined vvitb lbe use of
actual telttrns of unbedged and hedged portfolios with the ptescribed
hedge ratios delermitied vvitb lbe use oi the prior periods data. Ihis is a
more reliable metbodology because tbere mav be little correspondence
between expected and acttial risk reduction pcrlormance i)ecausc oi ijasis
risk. Because tbe hedging of iiasis risk is c()nsidered in neiiber modei, a
|>riori, one vvouici expect tiie impact oi iiasis risk to iie significani.

i be test is appiied to the Si*-50() stock index, tiic i.ebman ilrotbcrs
long I bond index, gold, oil, and v\heat, wilb corresponding |uiie 93 (on
the SI'-5()() index, tbe T-bond index, gold, and oil) and May '93 (on wbeal)
futtires eontraets, for lhe satnple periods, 6/22/92-6/17/93, 6/22/92-6/

17/93. 6/22/92--6/i7/93, S/| 8 /92-S/I9/93, and 5/1 8/92-5/i 9/93, respee-
tiveiy. l be daily futures settlemetit |irices are taken irotn a data disk in-
ciuded wilh i\C)ib's investments textbook (Kolb publisbing, 1994), and tiie
daily el{)sing spot priees are laketi from tbe Wall Street Journal. Tbe 3-
tn(tntb l-bill rate, collected irom the Wall Street Journal, is used as a
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proxy for tiie carrying rale hecause ol the data availability [jroblem. \\-
tbotigh lbe interesi rate risk may be the important component of lbe
carrying risk, tbere are otber sourees of carrying risk tbal mav also be
important, i iiese other soLirces may include seasonals in agriculttirai and
oii ftitures, tiie c|uaiity option in i -bond ititures, ciividetici tincertaitity in
index futures, anci other possible realistic Icatures. T liereiore, tiiis test
oniy serves as a weak test oi lhe bedging effeetiveness ol the stochastic
basis bedging model.

iiecause tracking ernirs (caused by nonsynciironi/ed irading aniotig
tbe instrtitnents) become reiativeiy more pronounced wiien tiieir vaiues
are measureci on a daily hasis, tbe tesl uses weekly returns. Weekly returns
are computed using iogaritlnnic price relatives. I he e\ post hedging ei-
iectiveness is eom|>uted as the actual percent varianee ol return reduction
on the tirihcdgcd position during the bedge durati<m via hedgitig. During
the Iiedge duration, tbe daily value oi tiie Iiedged [iortiolio is eomputed
as the corresponding tmiiedgeci vaiue pitis/minus gain/loss Irom markitig
lo inarket the lutures position, establisiied i)ased tipon the oj>timtim
hedge ratio determined in tbe prior period and tiie initial sjiol value.
Foiiovving tiie convention, margin rates ior traciing the s|iot and the iu-
tures are assumed to be i 00 and ()''/, respectively.

For eaeli spol contract, ibree consecutive quarterly betiges are con-
strueted wilh weekly ujidates of the bedge ratios based on a cpiarterly
window. Ibe iirst quarterly data in tbe sample period are tbe lirst esti-
mation period. One-year Itttures contracts witb maturities inatciiing the
satnpie |>criocis are used to avoid rolling-over risk. I tir the slocbaslic basis
bedging model, lbe Iiedge ratio is u|>dated weekly vvitii the tise oi ec|. ( 16)
and a cpiarteriy nioving-vvindovv scheme to allow consideration ol weekly
hasis hehavior. ilie mov itig vvinciovv is itn[}ietnenteci i)y dropping the lirsl
trading week in the t|uarlerlv window and adding the subsec|tit'nl trading
week until the entire sample is employed. Thus, the futures position is
rebalanced weekly to refleet a new hedge ratio and a new corresponciing
spot valtic of lbe stoek index. For llic conventitina! model, a dynatnic
hedge is iiiiplemenled with the hedge ratio updated weekly by reestimat-
ing tbe bedge ratio with tbe use ol rolling regression wilh tbe same moving
window.

To cotnpute the stocbastic basis hedge ralios, lhe jjarameters o! the
carrying rate processes tieed to he estimated, f t)r empirical |>urposes, the
mean-revertitig process oi stochastic interest rates is repiaceci hy the iol-
lovving discrete approximation:
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TABLE II

llstiitialc's oi the Paramc-tcts oi tiie Mcim-lU^vcrting C arrv Rate

01
02
03
04

'̂  (a) '71

0 0303(0 0013)
0 0318(0 0029)
0 0294 (0 0003)
0 029E: (0 0007)

03253(0 1617)
0 1327(0 0625)
0.3011 (0 1058)
0 2466(0 1135)

0 035?
0 0336
0 0145
0 0225

ll^e lotuj-run medii irsforeBi ''die q the speeU cif di i justmeni, and v :he staridato ileviation Q\ WW-

ie"̂ . (h) The numl ie 's in the parentheses aro st:iririard i."'irorf.

1 he maximutn-Iikelihood estimators for the [>aratneters m. q. and r are
leported in Table M. Tbe paratneters of in and q are significant in all
cases, and as e.xpected, tbe long-run mean rate (IH) is stable over time.

In Fable 111 the weekly c)ptinnim hedge ratios ior iioth apjiroaches
are reported. As expected, the stctchastie basis hedge ratios are mticb
more stable and revert back to i as the iulutes contracts approacb tbeir
expirations. In eontrast, the conventional hedge ratios often significantly
deviate frt)tn I even al the expirati()n. Ihis is espeeially eonspicuous for
oil and wheat. In these two cases, the conventional hedge ratios are very
unstable and significantly over- and underhedged reialive lo the eorre-
sponding stable stochaslic basis bedge ratios.

In Table IV tlie ex ante liedgitig effectiveness ol tbe iulures contracts
under tbe two modeis are reported. The fitidings are

/. Ill 73'/ oi lbe cases (i i out ol i5) tbe incorporation of stochastic
basis significantiy itnproves lbe futures contracts' hedging effective-
ness. In the four cases where the conventional approach prevails, the
diiierences are very small.

2. lhe stochastic hasis hedge performs better for eotnmodities than for
finaneiai investments. Ibr oil and wbeat csi>ecially, tbe stocbastic basis
bedges significantly outperlortn tbe conventional bedge by as bigb as
1 iV'r. Also, in tbese cases, ititures contracts are not very effective bedg-
ing vehicles. I be I IFs range irom (y?t.l% to 92.'^7r witb one outiier at
26.8%, even tbougb tbe corresponding stocbastic basis hedge ratios
are stable.

These results seem to suggest that the larger the basis risk, tbe better
tbe performance of the stochastic basis hedge, and lor oil and wheat the
bedging ol basis risk itself is warranted.
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TABLE III
Weekly Optimum Hedge Ratios: The Conventional Model versus tbe

Stocbastic Basis Model

S&P

0.929
0.934
0,932
0,947
0.957
0.959
0.953
0.945
0,927
0.921
0,920
0,906
0.924
0,917
0.916
0,913
0,901
0.902
0,915
0,913
0 929
0,958
0,956
0 980
0,981
0 970
0.976
0.976
1.044
0.990
0.996
0,979
0,968
0,978
0.971
0,973
0,947
0.959

0.962
0.974
0.953
1.048
1.026
1,025
1.021
1.027
1,024
1,020
0.988
0.987
1.014
1,012
1.015
1 019
0 955
0,987
0,982
0.987
0,970
0 996
0.997
0.998
0.996
0.996
0,995
0,995
0.999
1.002
1 000
1.000
1.002
1.002
1.002
1.000
1,000
1 000

Gold

hr

0,991
0.984
0.990
0.985
0.980
0.978
0.978
0,971
0,972
0,996
1 004
1.004
0.998
0.988
0.989
0,989
0,980
0,987
1,009
1,009
1,001
0,987
0.964
0,975
0.975
0,966
0,975
0,975
0,982
0 981
0 983
1.014
1.022
1.014
1.026
1.013
1 006
1,013

0.950
0.964
0.941
0,927
0,958
0,955
0.962
0.963
0.974
0.976
0.998
0,995
0 990
0,983
0,976
0,977
1.000
0.978
0.977
0.977
0.976
0.963
0 975
0,977
0.990
0 993
0.997
0.999
1 Oi l
1.013
1.013
0.990
0,992
0,993
0,994
0.996
0,998
1 000

Oil

K

1.552
1.555
1.527
1.259
1,283
1,319
1,265
1,059
1 051
1.056
1.326
1.340
1.306
1,316
1,330
1,273
1 407
1 431
1.327
1 353
1.318
1.340
1.362
1.366
1,361
1,368
1 346
1,200
1 205
1,145
1.147

1.161
1,147
1 123
1.060
1,083
1 063
1,059
1,041

' ' .

0.936
0.939
0.937
0.940
0.948
0.951
0.972
0.975
0.984
0,964
0,981
0.989
0.988
0.838
0.986
0.995
0.996
0.988
0,997
0 998
0.988
0.989
0.996
1 001
1 000
1.001
0.999
0,999
0 998
0 996
0 997
0.996
0.996
0 998
0,999
0.999
0.998
0,999
1 000

Wheat

K

1.513
1.536
1.480
1,551
1,469
1,425
1.378
1,425
1.420
1.348
1.353
1 305
1 119
1,166
1,072
1.118
0.863
0.848
0 880
0.921
0.875
0 751
0,926
1,048
1,032
1,067
1.029
1.084
1.080
1,077
1 127
1,043
1 050
1 061
0 972
0.667
0,561
0 653
0 730

' ' ,

0.984
0.986
0.980
0.982
0.979
0.968
0,963
0,975
1,015
1 007
1,007
1.006
1.011
1 007
1.008
1 012
1.012
1.025
0.975
1 008
0.992
0.965
0 990
0.990
0,991
0,992
0,994
0,996
0.999
1.000
0,999
1.000
1 000
1,000
1,000
1 000
1,001
1,001
1,000

T-Bond

K

0.931
0,936
0.933
0 907
0.903
0.888
0.921
0.927
0 895
0 894
0.879
0,865
0 826
0 858
0.836
0.820
0.795
0.782
0,818
0 826
0,795
0,793
0.892
0.884
0.888
0 905
0 906
0.913
0,921
0 959
0 969
0 971
0 970
0 978
0.978
0.964
0.957
0 957

K

1.105
1.112
1.121
1.108
1.107
1.096
1.152
1,154
1.163
1,115
1,107
1.116
1,066
1,077
1,102
1 062
1,012
1.028
1.029
1.024
1 013
1,012
1,006
1,002
0,997
0,996
0 997
0,998
0.999
1,004
1 003
1,008
1.007
1,005
1,005
1,006
1 002
1,000

Note h and h, denote the optimum hedge ratio derived wilh the use ot tlie dynamic conventional hedge and the stochastic
basis hedge, respecttveiy
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TABLE IV

[-\ Ante i k ' J g i n g b^lfectiveness: I he C'ot ivenl ionai M o d e l versu.'. t h e

S t o c h a s t i c Basis Mode l

S&P (;nU Oil Wlu'iil i-lin,ul
Qiiiirter '

192-')^ i Hi, Hi, HL, Hl\ tu. Hi, Hh, Hi, Hi, I / / . .

Q2 0 9892 0.9773 0 9640 0 9690 0 5995 0 6370 0 6743 0 7687 0 897? 0 906?
Q3 0 9901 0 9916 0 9855 0 9856 0.938b 0.9293 0 7B29 0.7893 0.9477 0 9465
Q4 0 9904 0 9908 0.9984 0 9992 0 7889 0 801 1 0 1631 0 2681 0 9755 0 9748

Nfili,' HT ;inil HE d(.-(ir;tiv !hr r.'i, antr hrv l̂qinq ettortivRnesf. n' Uie iriynatmc convfinimnai hedrie and lhe atorhastn b,"i'".i'"

CONCLUDING REM/VRKS

.\n intertempt)ral lulures hedging model is derived wilb meiin-reverting
basis, time-decay volatility, and price and basis jumps, lhe resulting in-
tertemporai optimum hetige ratio is capable oi explaining a mucb richer
set ol realistie hedging i)ebavi<)rs tiian lhe eonventionai a[jproacii. Tiie
resuits oi out-oi-sample bedging tests l)ased on a version of the model
that ioeuses (tn tiie stochastic basis behavior is quite positive. In tbe
majority ol tbe cases, the model outperlorms liie eonventionai approach.
I he more sigriii'ieant the i>asis beiiav ior, the iietter tiie periormanee. i iow-
ever. tiie lull mode! is nt)l lesled and only stoehastie interest rates arc
considered, so it is impossible to say bow closely lhe lull model describes
aeUial bedging behavior, l^esoiution ol liiis issue awaits iulure research.

ll is Iound. however, thai in the eases ol wheat atid oil, the iutures
contracts' iiedging eiiecliveness is iinsatisiactory. il ranges irom 63.T*"*
to 92.9'r vv ilii one outiier al 26.K'^, even iboiigb tbe corresponding iiedge
ratios are stabie. Fiie reasons are proi)ai)l\ tvvolold: I. U the l-bill rate is
uscti as a jiroxy ior tiie carrying rate, the motlcTs imjilementation does
nol ea[JtLite seasonals in the eomtnodities. 2. T he basis risks are st) sig-
nihcant thai lliev also tieed lo be hedged. Ior the latter, lbe teebnique oi
iisitig tiie yieltl eiirvt- as suggested by {arrow and Matian ( 1992) may be
employed.

On lbe ibeorelicai ironl, because tbe model assumes deterministic
jump arrival shiits and zero eosls ol iiedging, liirtber improvements may
be made by aiiovving lor random jutnp arrival and i)y incorporating the
costs ol setting up and managing a iiecige.

BIBLIOGRAPHY

AJILT. M . . .intl Detempie. J. H. U^JHSl: "On ihc Oplimutn lledfifof a Non iradcd
C ash i'osilion,"/(Hirn^J o/ iinaiice. 43:143—I S3.



Jump Risk 457

Bailey, VV. (1989): "Ihe Markel lor Japanese Stock Futures: Some Prelitnitiary
Evidence," The Journal of iutures Markets. 9:283-29S.

Bailc'v. VV., and ('han, K. C. ( 1993): "Macroecotiomic Influences and the \aria-
hilily of the C'ommodity Futures Basis," lournal oj Einauce. 4S:555-573.

Ball, C. A., and Torous, V\. A. ( 1985): "On Jumps in C'ommon Stock Priee and
Their Itnpacl on C-all Option Pncin^. Joumal oj iinance. 40:155-173.

Breeden, D. 1. ( 1984): "Futures Markets and C'otntiiodity O|>lions: Hedging and
Optitiialily in Incomplete Markets," yniinui'/ oj Ecrniomic ilu'or\. .^2:275-

Brennan, .\1. ]. (!99|): "Tiie Priee ol C'onvenietice and the Valuation ol Com-
modity contingent C laims," in Stochastic Mitdels and Option Values, Lund,
D.. and Oksendal, ii. (eds.), Amsterdam; F l̂sevier.

iirennan. ^F J.. and Sehvvart/, ii. S. (1940): "-\i hit rage of Stock Iiulex Futures,"
loumal oj Husiness, 63:S7—S3 I.

C'hang. J. S. K.. and ianji, ii. (1990): \n Interteinporal Measure oi iiedging
iLiteclivcness," ihe foumal oJ iutures Markets. 10:^07-32 I.

C'iian, K. C. ( I 992): ",\ Further Analysis oi the i_ead-Fag Bi'iiitionshi|> helween
the Ciasii Market and lbe Slock Index Futures .Market." Dw Review oj li-
nancial Studies, 5:123-152.

C hung, Y. P.. (I9'H): \ Iraiisaeliotis Data Test of Stoek index I utures Market
F^iliciencv ;incl Intlcx Ari)itrage Profilabililv," /oiiriKi/ oj Einance. 46:179]-
I 809.

Lderin^lon, i,, I 1979): The I ledginj; IVriormatice oi lbe New lutures Markets."
Journal oj iinance. 34:157—170.

Figiewski, S. (198S): "Hedging with Stock Itidex 1 utures: I heotv and .'\|ipiication
in a New Market," ihe Jour)uil of iulures Market. 2:183-199.

Ho, T. S. \. ( 1984): "Intertemporai C'ommodilv Futures Hedging ;uid liie Pro-
duction Deeision."/o!(rn((/(.1/ Iinance, 34:35 1-376.

iarrovv, B., and Madan, i).. (1992): "Oplion Prieinjj Using lhe Term Slruelure
of Interesi Rates to I ledge Syslemalie Coiilinuities in Asset Returns," Math-
ematical Einance. 1:31—\A.

Iarrovv, B.. and Bosenleld, F. (1984): "Jump Risks atid the inlerleniporai Capilai
.Asset Prieing Modei," /nnriKi/ oj Husiness. 57:337-35 I.

Johnson, L. L. (I 960): "I he i'heory of Hedoing and Speeulalioti in C t)mmociilv
I i t lu res . Review of i.conomic Studies, 2 7 : 1 3 9 — 1 5 1 .

J(jrion. P. ( I 988): "On Jum[) Proeesses in tiie Foreign iixehatij^e and Stock Mar-
kets," Review oj Financial Studies, 1:427—f46.

iunkus, i., and i ee, C. 1., (19K5): "Use ol liiree Stoek index Fulures in Hedging
Decisions,"' lhe foumal of Futures Markets. 5:201-222.

Koll), R. VV. (1994): iutures. Options, and Swaps. Miami: Kolb Publishing
C'otn|>any.

Maekinlay, A. C. and Bamaswamy, K. ( I98H): "Index-Iiilurcs Arhitrage and llie
Behavior ol Stock Index Futures Priees," Review oj Financial Stiulies.
1:137-158.

Merton. B. C'. (1971 ): "Optimum Consumption and Portioiio Bules in a C'ontin
uous iime Wo(\v\." foumal oj Economic llieor\\ 3:373—H3.

.Merlon, B. C. 11973): "An Inleriemporai C^apital Asset Pricing Modei," Eco}io-
metrica. 41:867-888.



Chang, Chang, and Fang

\ h ' i ' i n n . 11 i ] ' ' " ( ' > : " i h f ! n i j i . K 1 u l ( > | I 1 H M ; P i K i l i ! . ' . n l S | ! C ( i l l i , ! i I n n [ r t n t -. t n

H s r I ! k ! r i l \ in; , '^ S l i H k P i " K H ! U ' t i i ! " i i - . limi u.ii nj ! ni,i!.'< i'. -'• ] , ^ '. ^ ^ "»* >

M \ r r s , V. I • I ' ) ' ' I =, " [ "•,! i n 5 . i [ i n < j , 1 n t u \ , n \ i n - j , O p u n u ^ H r d i i f i L t l i n ' - u n I n i n i «•-,

S i h \ M i 1 , S .. W . I'^ih'! " \ \ h \ I ) i H ' s S i u i k \ l , n k r l V u L u i l i U ( h . m ^ i ' < i v r r 1 i n u - " '

S h ' i n . | , I ' * i . I , " l l u - ] h r n r \ n { H r U ' j j n : . ' . . n u i S | K * u L i f i i m i n ( u n n i i u i h u i n

h n '. ^, ' \-iUi'i u nil I i'^nhiniu I I . M / r u '< i -4 ' V , ' J

S M J I / , n M . I ' ' ^ 4 •: ••( l p [ i n U H n I i c d u u i c P u t u ' i t A . ' jnnnit'l ni I nuiII- i,!I •.luJ

O a a i i i i t i i t i i ! X n . i h . - , ! - ^ . \ ' > \ 1 ~ I + 0

\ . f-K t '^. n , \ , I n "•'•"', • \ n i i i n i h b n i n n ( h. i r .u let i / . iUun nl ; I K ' I c r n i Si I u r h i i r.

jnnn!.!! Ill I iihiiii i-.il I I fiiiiitnc-.-. "i I I '^ '^,

\.\i\. I . N . t \ . ! n , r \ . n s . i , I .. . n u ! S i h i U ' i ^ s t ' i ' . , \. ' l ' i ' ' O > \ M X n . i K ' - ! ^ n l i h r i ( l r i

I !\ i - f n ' s - - u l I I K \ i k k c i . ' J ^ I n i n i T ^ . ( o u t ! , u : ^ u ! i l i s k n r U i r n M j n j u ' M n c n l ,

f . l n l H i l i i n . u i r , h . i - . n u i l \-''^ ' M




