OprimuMm FUTURES
HEDGES wWITH JumP Risk
AND STOCHASTIC BASIs

CAROLYN W. CHANG
JACK S. K. CHANG
HSING FANG

INTRODUCTION

The most commonly used asset price process in the continuous-time fi-
I]ilnfi"l[ lht‘()r}‘ 1% lht' I()}_’.n“r]na] (Iif‘FllSi(ln PFUC(.'SS. II[)\'\C\'(’.‘I'. asset l)riCCS
do experience price and volatility jumps upon the arrival of important
new information {surprises). The information arrival frequency of these
surprises may also be random with discrete changes. The discontinuity
of the asset price has been shown empirically in Ball and Torous (1985).
Other evidence hnds jump components in the market portfolio and ex-
change rates. Jarrow and Rosenleld (19841, with the use of daily returns
on a value-weighted portfolio of all stocks on the NYSE and AMEX from
Julv 1962 to December 1978, reject the null hvpothesis that a market
portfolio has a continuous sample path. Schwert (1989) reports actual
jumps in the history of major stock indexes rom February, 1985 1o the
end of 1988, Jorion (1988} finds the existence of jumps in the sample
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path ol exchange rates and of a stock portfolio even after allowing lor
conditional heteroskedasticity in the diffusions. These studies implyv the
need to model asset prices using jump-diffusion processes.

Notwithstanding the pressure of jump risks. the traditional approach
ol calculating optimum futures hedges [Johnson (1960}, Stein (1961),
Ederington (1979), ete.] views investing in Tutures as a way of offsetting
only potential diffusion risk associated with a given spot position. Strict
stationarity assumptions are imposed upon the spot and futures price
processes to circumvent the presence of jump and carrving risk in the
markets. Such simplification allows the optimum hedge ratio to be esti-
mated using the simple OLS adjusted for autocorrelation and other data
problems, and thus has gained wide popularity in practice. Empirical ev-
idence has shown, however, that the performance of this approach is
sometimes unsatistactory. For example in hedging the risk of stock port-
lolios, Figlewski (1985}, Junkus and Lee (1983). Bailey (1989), and Yau.
Savanavana, and Schnceweis (1990) have all found that the hedges are
often ineffective, and are more so when the market is volatile. Both Fig-
lewski and Bailey have found that the standard deviations of hedged port-
folio returns are often at an annual rate of 10-15% or higher, with the
muean returns not higher than comparable riskless rates. They have also
found in many cases that ex post hedging effectiveness measures are
much lower than the corresponding ex ante hedging effectiveness
measures.

These hedging inethiciencies likely originate from the stationarity as-
sumptions that ignore nonstationary price changes and basis hehavior.
For example, when jumps accur, not only does the spot and futures price
volatility increase, but their return correlation may also change because
of jumps in liquidity and changes in arbitrage execution risk. A hedge
ratio based solely on difTusion risk is not optimum, and consequenthy a
Futures contract’s hedging effectiveness is suboptimal. The degree of in-
effectiveness accentuates as the jump frequency intensifies. On the other
hand, as shown in Brennan and Schwartz (1990), stochastic basis affects
the optimum strategy of an arbitrageur. To the extent that basis risk is
signilicant, the spot and the futures markets are not fully integrated, as
one may expect. There is a signihicant literature demonstrating how in-
formation low may hit these two markets difTerently, and that the Tutures
market is the main source of market information [e.g., Chan (1992)].
Therelore, the spul-f‘uturt's price difference, that is, the basis, may vary
over time stochastically. This is why practitioners often view hedging as
speculating on the basis behavior. Therefore. a priori. a hedging model

that considers both price jumps and stochastic basis is expected to he
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more ceffective than one that does not. This study is an attempt 1o develop
and test such a model. Specifically, an optimum hedge ratio in an inter-
temporal setting is derived that takes jump risk and stochastic basis as
given.i

Several authors have investigated intertemporal futures hedging fol-
lowing Merton’s (1971, 1973} intertemporal portfolio optimization meth-
odology.” They have, however, ignored basis behavior and jump risk. This
study incorporates jump risk first in a simple setting where the futures
price process is exogenous and the correlation between spot and futures
price changes is constant. It is found that under the assumption that
investors have unbiased estimates of the true spot and futures price pro-
cesses, the derived jump-diffusion optimum hedge ratio is actually not
difterent from the traditional pure diffusion optimum hedge ratio. That
simple model is uninteresting because it does not allow feedback between
the spot and tutures markets. There is a large body of empirical literature
showing that futures and spot prices tend to revert back toward each other
because of the pressure of arbitrage trading [see. for example, MacKinlay
and Ramaswamy (1988} or Chung (1991}, Thus, the failure ol the model
to admit sufhciently rich, realistic behavior for the spot/futures basis may
substantially weaken the hedging performance. Therefore, the model is
extended by permitting a mean-reverting stochastic basis with time-decay
volatility. The inclusion of this realistic behavior endogenizes the futures
price process, and leads 1o an optimum hedge ratio that exhibits a much
richer set of hedging properties when compared 1o the traditional diffu-
sion optimum hedge ratio. Finally the model is extended to permit time-
varying jump arrival intensity. Specifically, the arrival intensity value is set
high to rellect lumpiness upon the arrival of surprises, and reverts back
to a lower value after the news release. This extension results in a path-
dependent hedge ratio that is dictated by user inputs-—the hedger's ability
to accurately forecast the time-varying pattern of the jump intensity.

"Merton (19760 is the Bl o investigate the hedging of jump risk using options contracts.

*Stuls LR studivd optionues correney hedge with the nse of Torsand contricts in an intevtemporal
framewark with constant interest rites. Ho (19841 dealt with hedging o producer’s production ev
posare facing both output and price uncertaingy in an intertemporal [rames ork with constant interest
rates. Breedeo (19840 examined the hedging and allocation role of Tutures markets in an intertem-
porab incomplete market setiing with constant interest rates. Adler and Detemple (19881 explored
the intertemporal hedging structure of an optimum hedging decision with constiant interest rates
when investars hold o portlolin of freely shortable traded assets in addition 10 a0 nontradable spot
position. Chang and Fang 019905 eaplicitly deseloped intertemporal optinvam hedge ratios and heeg-
ing cffectiveness measures when the instantancous risk-l'ree interest rate foflows o mean-ret eritng
squatre-rao process sd marking o market is present. Myers (1991 nsed GARCH 10 estimale tme-
varving hedpe ratios. Fie tound. however. that the GARCH approach only leads to marginal hedging
improvement when compiired 10 the traditional approach.
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The rest of the article is organized as [ollows. In the next section the
simple jump-diffusion optimum hedge ratio is derived. In the third sec-
tion the model is extended to subsume stochastic basis and time-varving
jump arrival intensity. Numerical analyses are conducted to illustrate the
hedging properties of these new hedge ratios. In the fourth section out-
of-sample hedging tests are conducted on a stock index, a long-term T-
bond index, gold, oil, and wheat. The purpose is to hind out if the incor-
poration of stochastic basis enhances the hedging effectiveness of lutures
contracts even in an ex ante test. In a majority of the cases, significant
hedging enhancements are found, especially in the case ol higher basis
risk. The fifth section includes concluding remarks and suggestions for
future research.

A SIMPLE MODEL FOR JUMP-DIFFUSION
OPTIMUM FUTURES HEDGL

This simple model assumes that the futures price process is exogenous
and the correlation between spot and Tutures price changes is constant.
ttis assumed that the movement of spot price, S, follows a jump-ditfusion

process of the form
dS/s = podt + a df, + (N — Ddn th

where M and a, are, rcsp(‘a‘liu‘l}‘. the Spot contract’s instantaneous ex-
pected and standard-deviation rate of return conditional on no arrivals of
important new information: dZ is the standard Gauss-Wiener process:
1) is the standard homogencous Poisson process representing the arrival
process ol important new information. The arrival [requency parameter
is j, and dr and dZ, are assumed to be independent: X is the gross jump
size of the asset price triggered by the Poisson information arrival. Tt is
assumed that In X = N, 7)) and that X is independent ol dZ, and dn.

[n other words, the asset price dvnamics can be written as a com-
bination of two types ol changes:

. The tirst type is the normal vibration in price due to. for example. a
temporary imbalance between supply and demand, changes in the eco-
nomic look, or other new inlormation that causes marginal changes
in the asset value, This component of change in return is modeled by
a standard dilfusion process.

2. The second tvpe of change is the abnormal vibration in price. which
is caused by the arrival of important new information that has more

than a marginal effect on the asset value. This component of change
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is modeled by a homogencous jump process with an inherentiy non-
continuous sample path reflecting the nonmarginal impact of infor-
mation. The expected information arrival rate is assumed to be time
LnVarving,

Similarly, the futures price, F. follows a correlated jump-diffusion
process:

ARV = pedt + o, dZ; + (Y — Ddn (2)

where gy and apare, respectively, the futures contract's instantaneous ex-
| ! I 3

pected and standard-deviation rate of return conditional on no arrivals of

important new information: dZ; is the standard Gauss-Wicener process:
(1) is a Poisson arrival process as in eq. (1). It is assumed that beth the
spot and the lutures abnormal price changes are caused by the same
information arrival process: the jump size of the futures price is repre-
sented by a lognormal distribution Y, that is, In'Y — N, a.% the in-
stantaneous covariance between dZ, and dZ; is denoted as a4 and tha
between In X and In Y is denoted as a,,. Both covariances are assumed
to be constant.

Itis assumed that the hedger holds a long-spot position and intends
to short futures such that the variance of the hedged position over a
certain hedge horizon, T — 1 is minimized. The hedge ratio, h, is defined
as the dollar amount of futures short per dollar of the long-spot position.
With the assumptions of 100% margin on spot trading, 0% margin on
futures trading, and no marking to market [see Chang and Fang (1990),

for the hedging impact of marking to market|, the price dynamics of the

hedged portfolio position is simply
dP/P = dS/5 — hdF/F = (u, — hup)dt
+ oo dZ, = hapdZ, + [(X = 1) = h(Y — Dldz  (3)
The investor's hedging decision is to choose an optimum hedge ratio, Ji;.

that minimizes the variance of the portfolio return measured using log
relative over T — t; that is,

Min Variln R,)) = > Tinliel + h"]()“f = 2ho /(T — 1)

h n=0
+ nla} + Wa? — 2ha ).
= (g7 + hPaf — 2ha )T — 1)

+ J(T — gl + ho] ~ 2ho,). (+)
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where Ton = e "1 O[T ~ 1" is the Poisson probability mass
Function.
The hirst-order condition leads to the following optimum hedge ratio:

hy = (o, + jo )6l + jo7) (5)
The second-order condition is
2T = 1) + j(I = DQ2a)) = 0

which ensures minimization.
When j = 0, that is, no jumps are expected to occur over T — £ h
collapses to the traditional one-period optimum hedge ratio of rf\f‘/qf.
The hedging ellectiveness measure, HE, defined as 1 minus the quo-
tient of the variance of the hedged portfolio return, Vardn R}, divided
by the variance ol the spot portfolio return, Vartln R, is

FE = 1 — [ta] + hio} — 2hay)

3 _;'(‘o'f + h"nf — lhan)l/mf + jrf‘}) (6)

When j = 0, HE reduces to the traditional one-period HE measure.

Now SUPP()SL“ thll[ an investor uses lhl’ lri‘ldilil)nlll ilp[)l‘();t(‘h [R8] h(‘dg(,'
a portfolio by assuming that the spot and futures price changes lollow
pure dilfusions even though the true spot and futures price processes are
ol the jump-diffusion tvpe. In other words, the investor ignores the hedg-
ing of jump risk. How does jump arrival affect the investor's degree of
mishedge and bias his or her measure of hedging elfectiveness?

As in Merton (19760, it is assumed that this traditional investor has
available a long enough price history so that unbiased estimates ol the

true covariance Elﬂ(l variances (ll. li](.‘ processes q4re ]\‘ﬂ()\\ n, l]ill‘ﬂt’l}‘k
Varlln B} = o7 (T — 1) + jiT = 1o}
Covlln R In R = o (T — 03 + (T = ta,

With the use of these estimates, the investor constructs the optimum
hedge ratio with the traditional approach:

I = Coviln B In Rp/Varin R} = (o, + _jrr\.l)/(ﬂ_f + jar)

[t turns out that £° is not different Irom i, the jump-diffusion optimum
hedge ratio. Thus, given the unbiasedness assumption, the jump-
ditfusion approach does not offer any actual improvement over the tra-
ditional approach. The intuition is that the basis for the jumps are two-
fold: the expected on information release davs, and the unexpected
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because of random jump arrival. The unbiasedness assumption stipulates
the former, and therefore, the traditional hedge may well be adjusted to
capture an alternative jump correlation level. The resulting optimum
hedge ratio thus becomes identical to the jump-dittusion optimum hedge
ratio.

In general, the model is uninteresting because it uses a very simple
setup that does not permit leedback between the spot and futures mar-
kets. There is a large body of empirical literature that shows that futures
and spot prices tend to revert back toward each other because of the
pressure of arbitrage trading [see, for example, MacKinlay and Ramas-
wamy (1988) or Chung (1991)]. Thus, the failure of the model to admit
sufficiently rich, realistic behavior [or the spot/futures basis may substan-
tially weaken the hedging performance. The following section extends the
model by incorporating basis behavior.

OPTIMUM FUTURES HEDGE WITH
STOCHASTIC BASIS

Brennan and Schwartz (1990} have investigated optimum index arbitrage,
with the use of the stochastic evolution of the basis as a given. The same
is done here. First, the carrying rate process is constriucted. The instan-
tancous rate of the net cost of carry, i, is assumed to be the factor that
determines the basis and follows a mean-reverting Ornstein-Uhlenbeck
process. A square-root process is not cmployvd because that process

would not permit a negative net cost of carry. So, the rate process is
di = glm - dt + vdZ, (7)

where g denotes the speed of adjustment, m the long-run mean rate, and
v? the instantaneous variance. These parameter values are dictated by the
nature of the cost of carry, and so are asset specific.’

B. the relative basis, is defined as B = S/F, then BB denotes the pres-
ent value of $1 net cost of carry at the futures” expiration. Because in this
one-factor setting B is a [unction of i and the futures maturity, 7 — t [with
the use ol a result in Vasicek (1977, egs. (27) and (28))], the solution of
B is derived as

Tor example, for commodity Futures contracts, the net cost of carmy inchudes domestic interest rates,
warchouse costs, and a convenience vield on iventory: for cureency futures contracts, the et cost
of carry includes domestic and Forvign interest rates, et cetera, A recent relerence explaining basis
variation with the use of the net cost of carry is Brennan (19911, Bailey and Chan ¢ 1993) have taken
an alternative approach to explain basis varimion with the use of a ser of common macroeconemic
information variables,



448

Chang, Chang, and Fang

Bit — 1) = phid-n fvbiiiy i (Ra)
where

G = (1 — e 1Ty,
ko= m + vdlg — (/)2

M,
b = (4 Rix)—m + ST

R{=) is the basis's limiting vicld, and ¢, the market price of carrving risk,
is assumed to be constant. Then, by lto's lemma,

dB/B

w0 de + (1) d7; (8hi

i
where gty =1 + (I — ¢ 97 R - m + 1/2 1'l/c]“’|, ayit) = v,
r — ©is the Tutures maturity, and R{=) is the basis’s limiting vield. The
process has the desired property that the absolute basis, § —~ F, tends to
return to zero and is zero at maturity with probability 1, that is, when the
relative basis B approaches 15 g,,(1) is stochastic because of the carry risk;
and @,{1) is time varying to exhibit the time decay of the basis volatility.

A jump component is added o incorporate the facts that, when a
price jump arrives, the basis may also jump duce to liquidity and the exe-
cution risk may also jump.

dB/B = () ot + ap(ty dZ; + (W — 1) dn, (9

where W is the gross jump size such that In W — N[0, g, (r — 1)]. The
assumed zero mean is to ensure that, a priori, the basis jump is neutral,
and the time-varving jump standard deviation is consistent with the time-
decaying behavior of the basis volatility.

Because F' = S/B, by the generalized lto's lemma, the futures price
process becomes

dF/F = pp(D dt + o dZ, + (Y — D dn L
where

uelt) = g = () + ap) = dgaapn.

a4+ e+ 28,0.0,01),

ﬁf_(t)l L7 RN
dZ 7.,

()-“‘ d!
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and

In(Yy — N, a0, 1, = g, and

o, = [a2 + adir = 1) = 20, [(x - 0]'"

The price dynamics of the hedged portfo]io is now

dP/P = dS/S — W dF/IF = (u, — hup di + odZ, — hapdZ;  (11a)
+ X = 1) = Y — D]dn
= {1 — I, — hl =) + afit) — dgaauit]} di
+ (1 — el + hlopt)
2h(1 — W d,aa,0]! ‘dé + (V= Ddr (1Hh)
where

InV — Nlg.a) u, = (1 — hu,, and

je,

a. = [(1 — gl + Ilaiic — 0 = 2k} = Wd,a0, 7 — t

The investor's hedging decision is to choose 4 sequence ol optimum in-
tertemporal hedge ratio hy(t), which minimizes the variance of the port-
folio return that is measured with the use of a log price relative over
T -1,

Min Var(n R, = Hiy, {2

hir)

\’Vht‘rt'
t
Var{ln R, = J Ois) ds
f

and O}, the instantaneous portfolio variance of return, equals
(0 = hisn?a? + his)\Papls) — 2O — W) Sua.omis)]
+ 01 = hishia? + his la;(r — )

2hisi] = WMo o0, T — slh

With the use of the techniques of stochastic dvnamic programming,
the following Bellman optimality equation is derived:

)= Min{O{t) + dlT)/dt} {13
The first-order condition for a regular interior minimum is

d6idh = 0

which vields the following intertemporal optimum hedge ratio:
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TABLE |

hott) = ol + daoa(t) + jlot + d.m0, (T — tlAa} + jo))

A Numerical Hiustration of :(1), Optimuem Risk-Minimization Hedge Ratio
When the Basis Follows a Mean-Beverting jump-Diffusion Process:

T — feagt} i Lot v hyit}
.25 0.9232 4 0.8970 0 09723
020 (1.9343 20 (0.9782 0Qg1 09712
015 (9461 40 09712 0.02 0.9700
010 0.95M &0 (0.9674 0.03 0.9689
005 0.9740 80 0.9651 o4 0.9677
0.00 1 100 (.9636 005 0.9660
Motes a. = Q 1.4, =002 g~ 036, =001, 4 =024, = -0.1 When determining 2,41 as a lunclion of ¢~ f =

aDand v = DUT as o function ot )«

futures matunty as a fraction of a vear

= 005and v =001 asafunctionof v r — ¢+ = 00%and; — a0 ¢ - tdenoies

hyty = |al + d,o0,() + jlal + 8,06, \V/T — I}!/(q,{r)l + ja )

where
gty = vplty = v(l — ¢ 47 My,
a = gl + g, + 20,000,
and
ol = 6l + aile — 1) — 290,60, \\(Tfﬁi

The second-order condition is
) . ki
lof + ja7y =0

which ensures minimization.

{4

This intertemporal hedge ratio differs from the traditional one-period

constant hedge ratio by incorporating the basis behavior and the spot

price and basis jumps. To examine its properties, a numerical analysis is

conducted. The following set of parameter values is used: g, = 0.1, 0, =

0.02.4 = 0.3.v = 0.00-0.05, g, = 0.01,5, = 0.2,d,,

~0.1.j =

0-100, and 1 — 1 = 0-0.25 vears. The results are reported in Table 1.

The Andings are

. Except at maturity, all the hedge ratios are smaller than | because of

the imperfect correlations between spot and futures price changes,

that is, basis risk, and the assumption that the correlation between
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the spot price change and the carrving rate is positive. This assumption
makes the futures volatility larger than the spot volatility. When the
correlation is negative, it is possible lor the hedge ratio 1o be larger
than 1,

[ 0]

As the maturity is shortened, the hedge ratios increase to approach 1.
This is due to the time decay of the basis volatility,

U

As the jump arrival intensity increases, the hedge ratio decreases. This
is because the absolute jump correlation is assumed to be smaller than
the absolute diffusion correlation.

4. As the basis volatility increases, the hedge ratio decreases. This is
because, given the positive correlation between the spot price change
and the carrving rate, increasing basis volatility causes increasing fu-
tures volatility, ceteris paribus.

Therefore, as expected. the incorporation of basis behavior enriches
the hedging analysis. The resulting intertemporal optimum hedge ratio is
capable of explaining more realistic hedging situations than is allowed
when using the traditional constant optimum hedge ratio.

Next, the analysis is extended to permit time-varying jump arrival
intensity, Intensity will be high at the time of the arrival of important
news. After the release of the news, intensity reverts back to a lower or
more normal level. For case of exposition, it is assumed that there are
only two states, high and low intensitics, denoted as j, and j. respectively.
The analysis, however, generalizes naturally to the case of multiple states.
The optimum hedge ratio can be easily shown to be

hat) = (a2 + duaopity + j(Ot02 + duaa, (T — Difta} + jhad)
(15)

where ji1) equals either j, or .

A numerical example is used to illustrate its implementation. The
following parameter values are used: 6, = 0.1, 0, = 002, ¢ = 0.3, v =
0.01, 3, = 001,38, =028, = —0.1,j,=5j, =28 andr ~t =
0.00 — .25 years. Assume that, at the initialization of the hedge, the
intensity is low. The results are

0.9359 0.9475 09602 09747
hi: 0.9086 < >}
0.9214 0.9353 (0.9506 (.9684

T— 025 0.20 015 0.10 0.05 0

Because of the intensity shift, the hedge ratio process is binomial
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during each time period with two possible states until the last period.
when the hedge ratios converge to 1. Initially, the hedge ratio when there
is 0.25 year remaining is 0.9086. At the end of the period, when there is
0.20 vear remaining, the intensity either remains low or shifts to the high
state if information release is expected. The hedge ratio for the nest period
given the low/high state is 0.9214/0.9359, et cetera. For each period. the
larger (smaller) hedge ratio corresponds to the high (low) state for the
intensity in the next period. Any hedge ratio path starting at 0.9086 and
ending at 1 is possible and is dictated by the hedger's knowledge of the
time-varyving pattern of the jump intensity.

When j = 0. that is no jumps are expected to occur over T = ¢, the
ratio collapses to

hy) = la + 30,0 a7 (16)

The difference between this intertemporal hedge ratio and the traditional
hedge ratio is the incorparation of the stochastic basis hehavior,

EMPIRICAL TESTS

The hedging performance of a hedging model that takes stochastic basis
as a given (stochastic basis hedging model herealter), that is, eq. (16), is
compared to one that ignores stochastic basis, that is, the traditional
approach. An ex ante analysis (out of sample) is emploved in liea of an
ex post test (in the sample), because the latter assumes perfect foresight
in determining the optimum hedge ratios. In an ex ante. test the actual
hedging effectiveness for a sample period is determined with the use of
actual returns of unbedged and hedged portfolios with the prescribed
h(’(lg(’ ritios (I(‘{Crn]in('d \\i{h lh(_' Lse 0[. lht‘ pl'i()!‘ Pf_‘ri()d‘ﬁ d'd{'d. lth is a
more reliable methodology because there may be little correspondence
between expected and actoal risk-reduction performance because of basis
risk. Because the hedging of basis risk is considered in neither model, a
priori, one would expect the impact of basts risk to be significant.

The testis applied to the SP-300 stock index, the Lehman Brothers
long T-bond index, gold. oil, and wheat, with corresponding june 93 (on
the SP-500 index, the T-bond index, gold. and oily and Mayv 93 (on wheat)
tutures contracts, for the sample periods, 6/22/92-6/17/93, 6/22/92-6/
17793, 6/22/92-6/17/93, 5/18/92-5/19/93, and 5/18/92-5/19/93, respec-
tively, The daily futures settlement prices are taken [rom a data disk in-
cluded with Kolb's investments textbook (Kolb publishing, 19941, and the
daily closing spot prices are taken from the Wall Street fournal. The 3-
month T-hill rate, collected from the Wull Street Journal, is used as a
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proxy for the carrving rate because of the data availability problem. Al
though the interest rate risk may be the important component of the
carrying risk. there are other sources of carrving risk that may also he
important. These other sources may include seasonals in agricultural and
oil futures, the quality option in T-bond futures, dividend uncertainty in
index futures, and other possible realistic features. Therefore, this test
only serves as a weak test ol the hedging effectiveness ol the stochastic
hasis hedging model.

Because tracking errors (caused by nonsynchronized trading among
the instruments) become relatively more pronounced when their values
are measured on a daily basis, the test uses weekly returns, Weekly returns
are computed using logarithmic price relatives. The ex post hedging of-
fectiveness is computed as the actual percent variance of return reduction
on the unhedged position during the hedge duration via hedging. During
the hedge duration, the daily value of the hedged portlolio s computed
as the corresponding unhedged value plus/minus gain/loss from marking
to market the futures position, established based upon the optimum
hedge ratio determined in the prior period and the initial spot value.
Following the convention, margin rates for trading the spot and the fu-
tres are assumed to be 100 and 0%, respectively.

For each spot contract, three consecutive thleal'lL‘rl)-‘ hcdgcs are con-
structed with weekly updates of the hedge ratios based on a quarterly
window. The first quarterly data in the sample period are the lirst esti-
mation period. One-vear futures contracts with matuarities matching the
sample periods are used to avoid rolling-over risk. For the stochastic basis
hedging model, the hedge ratio is updated weekly with the use ol eq. (16)
and a quarterly moving-window scheme 1o allow consideration of weekly
basis behavior. The moving window is implemented by dropping the first
trading week in the quarterly window and adding the subsequent trading
week until the entire sample is employed. Thus, the futures position is
rebalanced weekly to reflect a new hedge ratio and a new corresponding
spot value of the stock index. For the conventional model, a dyvnamic
hedge is implemented with the hedge ratio updated weekly by reestimat-
ing the hedge ratio with the use of rolling regression with the same moving
window.

To compute the stochastic basis hedge ratios, the parameters of the
carrying rate processes need to be estimated. For empirical purposes, the
mean-reverting process of stochastic interest rates is replaced by the fol-
lowing discrete approximation:

= oy = gqlm =i, )+ ok {17}
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TABLE Il
Lstimates of the Parameters ol the Mean-Reverting Carry Rate Process:
'l - ja' | ‘f('” _ir i.) + i

Orearter
(Y2931 W ¢ v

Q1 0.0303 (0.0013) 0.3253(0.1617) 00352

Qz 0.0318 {0 0029) 01327 (0.0625) 0.0336

Q3 0.0244 (0.0003) 0.3011(0.1058) 0.0145

Q4 0.0285 (0.0007) 02466 (0.1135) 0.0225
MNotes ta) modenotes the (ong-ren mean ntarest rale g the speedd of adjusiment, and v thie standara deviation of the

changes of wilerest rates () The rembers in the parentheses are standard arnrs

The maximum-likelihood estimators tor the parameters wi. g, and v are
reported in Table [1. The parameters of m and ¢ are significant in all
cases, and as expected, the long-run mean rate (m) is stable over time,

In Table 11T the weekly optimum hedge ratios for hoth approaches
are reported. As expected, the stochastic basis hedge ratios are much
more stable and revert back to | as the Tutures contracts approach their
expirations. In contrast, the conventional hedge ratios often significantly
deviate from 1 even at the expiration. This is especially conspicuous for
oil and wheat. In these two cases, the conventional hedge ratios are very
unstable and signiticantly over- and underhedged relative 1o the corre-
sponding stable stochastic basis hedge ratios.

[n Tuble IV the ex ante hedging effectiveness of the futures contracts
under the two models are reported. The findings are

[. In 73% of the cases (11 out of 15) the incorporation of stochastic
basis significantly improves the futures contracts’ hedging effective-
ness. In the four cases where the conventional approach prevails, the
differences are very small.

tw

The stochastic basis hedge performs better for commodities than for
financial investments. For oil and wheat especially, the stochastic basis
hedges significantly outperform the conventional hedge by as high as
10%. Also, in these cases, futures contracts are not very effective hedg-
ing vehicles. The HEs range from 63.7% to 92.9% with one outlier at
26.8%. even though the corresponding stochastic basis hedge ratios
are stable.

These results seem to suggest that the larger the basis risk, the bhetter
the performance ot the stochastic basis hedge, and for oil and wheat the
hedging of basis risk itself is warranted.
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TABLE Il
Weekly Optimum Hedge Ratios: The Conventional Model versus the
Stochastic Basis Model

S&P Gold Oil Wheat T-Bond

h, h, h, h, h, h, I, h, h

-

0.929 0.962 0.9 G250 1.552 0.936 1513 0.984 0.931 1.105
0.934 0.974 0.984 0.954 1.555 0.939 1.536 0986 0.936 1.112
0.932 0.953 0.980 (0.941 1527 0.937 1.480 0.880 0933 1121
0.947 1.048 0985 0.927 1.259 0940 1.651 0.982 0967 1.108
0957 1.026 0.980 0.958 1.283 0.948 1.469 0.979 0.9C3 1.107
0.959 1.025 0.978 0.955 1318 0.951 1.425 0.968 0.888 1.096
0.953 1.021 0.978 0.962 1.285 0972 1.378 0.983 0.921 1.152

0.945 1.027 0.971 0.963 1.059 0.975 1.425 0.975 0.e27 1.154
0927 1.024 0972 0.974 1.051 0.984 1.420 1.015 0895 1.163
.91 1.020 0.996 0.97¢ 1.056 0.964 1.348 1.007 0.894 1.1156
0.920 0.988 1004 0.998 1.326 0.981 1.363 1.007 0.879 1.107
0.906 0.987 1.004 0,895 1.340 0.989 1.305 1.006 0.865 1.115
0924 1.014 0.998 0.990 1.306 0.988 1119 1.011 0826 1.066
0917 1.012 0.988 0983 1.316 0.838 1.166 1.007 0.858 1.077
0916 1.015 0.989 0976 1.330 0.986 1072 1.008 0.836 1.102
0913 1.01¢ 0.989 0977 1273 0.995 1.118 102 0.820 1.062
0.801 0.955 0.980 1.000 1.407 0.996 0.853 1.012 0.795 1012
0.902 0987 0.987 0978 1.431 0.988 0.848 1.025 0.782 1.028
£.915 0982 1.009 0.e77 1.327 0.9g7 0.880 0.975 0818 1.029
0913 0.987 1.009 0.977 1.353 0998 0.921 1008 0826 1.024
(3929 0.970 1.001 0.976 1.318 0.988 0.875 0992 0795 1.013
0.958 0996 0987 0.963 1.340 0.989 0.751 0.965 0.793 1.012
0.956 0.997 0.9¢64 0975 1.362 0.996 0.926 0.990 0.892 1.006
0980 0.998 0.975 0.977 1.366 1.001 1.048 0.990 0.884 1.002
0.981 0.296 0.875 0.890 1.361 1.000 1.032 0.991 0.888 0.997
0.970 0.996 0.966 0.993 1.368 1.001 1.067 0992 0805 0.996
0.976 0995 0.975 0.997 1.348 0.989 1.029 0.994 0 906 09897
0.976 0.995 0.975 0.999 1.200 0.999 1.084 0.996 0.913 0.998
1.044 0.999 0.982 1.011 1205 G998 1.080 0.999 0.821 0.999
0.990 1.002 0.981 1.013 1,145 0996 1.077 +.000 0.959 1.004
0.996 1.000 0983 1.013 1.147 0.897 1127 0.999 0.969 1.003
0979 1.000 1.014 0.990 1.181 0.996 1.043 1.000 0a7m 1.008
0968 1.002 1.022 0992 1.147 0.996 1.050 1.000 0.970 1.007
0978 1.002 1.014 0993 1123 0.998 1.061 1.000 0978 1.005
0971 1.002 1.026 0.924 1.060 0.899 0972 1.000 0.978 1.006
0.973 1.000 1.013 0.996 1.083 0.999 0.667 1.000 0.964 1.00%
0.947 1.00C 1.006 0.998 1.063 0.998 0.561 1.001 0.957 1.002

0.959 1.0C0 1.013 1.000 1.059 0.999 0653 1.001 0.957 1.000
1.041 1.000 0.730 1.000

Note A, and h, denole the optimum hedge ratio denved with the use of the dynarmic conventional hedge and the stochasuc
basis hedge, respeclively
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Fx Ante Hedging Effectivencess

TABLE IV

: The Conventional Model versus the
Stochastic Basis Model

SeP

Gold il Wheut I-Beosd

Quarter
(92-93+  HE, HIE

5

HE, HE, Tk, HE, i, 1, HE HE,

¢

Q? 09892 08773
Q3 09901 0.9916
Q4 (39904 0.9908

09640 09680 056995 06370 06743 07687 48972 09062
09855 09856 09335 09293 07829 07893 09477 09465
09984 09392 07888 08011 G631 02681 09756 09748

Mot HE and HE | dencig the e ante hedging effectiveniess of the dynannic convenhonal nedpe and e stockast basis

hedye respectively

CONCLUDING REMARKS

An intertemporal Tutures hedging model is derived with mean-reverting
basis, time-decay volatility, and price and basis jumps. The resulting in-
tertemporal optimum hedge ratio is capable of explaining a much richer
set ol realistic hedging behaviors than the conventional approach. The
results of vut-of-sample hedging tests based on a version of the model
that focuses on the stochastic basis behavior is quite positive. In the
majority ol the cases, the model outperforms the conventional approach.
I'he more significant the basis behavior, the better the performance. How-
ever, the {ull model is not tested and only stochastic interest rates are
considered, so it is impossible to sav how closely the full model describes
actual hedging behavior, Resolution of this issue awaits Tuture rescarch.

It is found, however, that in the cases of wheat and oil, the Tutures
contracts” hedging ellectiveness is unsatisfactory. Tt ranges from 63.7%
1o 92.9% with one outlier at 26.8%, even though the corresponding hedge
ratios are stable. The reasons are probably twolold: 1.1 the T-bill rate is
used as a proxy lor the carrying rate, the model’s implementation does
not capture seasonals in the commodities. 2. The basis risks are so sig-
nilicant that lht‘y also need to be hcdged. For the latter, the lechnique ol
using the vield curve as suggested by Jarrow and Madan (1992) may be
emploved.

On the theoretical front, because the model assumes deterministic

jump arrival shifts and zero costs of hedging, further improvements may

e made by allowing for random jump arrvival and by incorporating the
\ =S | \ &
costs ol setting up and managing a hedge.
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