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Knowing tbe price distribution is important in financial economics.
Equilibrium models such as the capital asset pricing model, option
pricing models, and portfolio models of asset allocation are based on
assumptions abotit the distribution of prices.

Mucb research has attempted to appro.ximate the return generating
process in futures markets. Two important findings have emerged. First,
the unconditional distribution of most futures returns is leptokurtic
|e.g.. Cornew, Town, and Crowson (1984); Hall, Brorsen, and In\in
(]989)|. A k'ptokurtic, or fat-tailed, distribution has more observations
around the mean and in the extreme tails than a normal distribution.
In practice, this implies that extremely high or low returns are
more likely than with a normal distribution. Second, most lutures
returns are conditionally heteroskedastic [e.g., Connolly (1989);
Fujihara and Park (1990); Yang and Brorsen (1993)}, This implies
that current return variability can be explained by past information.
Further, the conditional heteroskedasticity guarantees unconditionally

St'ung-Ryimg Yang is a Research Scientist at North Dakota State University.

B. Wade Brorsen is a Professor in the Department of Agricidtural Economics at
Oklahoma State University.

The Journal of Futures Markets, Vol 15, No. t, 45-59 (1995)
•(. 1995 by John Wiley 8. Sons, Inc. CCC 0270-73t4/95..'0i0045-15



46 Yang and Brorsen

leptokurtic returns [Engle, (1982)]. These findings are important
in determining option premiums [e.g., Hull and WTiite (1987);
Myers and Hanson (1993)] or optimal hedge ratios [e.g., Myers and
Thompson (1989)].

While most futures prices' unconditional distributions show fatter
tails tban a normal distribution. Yang and Brorsen (1994) show that
the unconditional distribution of pork bellies futures price changes are
thin-tailed; and. even more interestingly, these priees follow a GARCH
process. These seemingly contradictor) findings suggest the simple
GARCH process cannot model the platykurtic pork bellies futures price
movements.'

A distinct feature of the pork bellies futures market is that pork
bellies prices are extremely volatile and bit price limits more frequently
than prices in other markets. Brennan (1986) argues that price limits in
futures markets are a partial substitute for margin requirements, which
ensure contract performance by controlling default risk. However, the
limits probibit futures prices from adjusting fully to new information
and reduce the number of observations in the tails. This may cause
thin-tailed distributions since price changes are restricted by limits.

The objective of tbis study is to determine whether the thin-
tailedness in pork bellies futures price changes results from price limits.
For the test, a statistical model of the sample data is first developed and
consistently estimated by incorporating the price limits in estimation.
Due to price limits, the dependent variable is truncated, and ignoring it
provides biased and inconsistent parameter estimates. This study models
a two-limit tobit process with conditional heteroskedasticity. Such a
process is called a "Tobit-GARCH" model.

Monte Carlo hypothesis testing procedures [Noreen (1989)] are
used to test the null hypothesis that the pork bellies futures prices are
generated by a Tobit-CJARCH model. Tbe null bvpothesis of a GARCH
model is also tested. The GARCH mode! is also simulated with price
limits for comparison.

Past research examining price limit effects includes Khour)' and
Jones (1984) and Ma and Sears (1989). Sutriek (1993) examines
alternative ways to estimate equilibrium prices that are subject to
limit moves, Kodres (1993) examines the effect of price limits on
tests of wbetber futures markets provide unbiased forecasts of foreign
exchange spot prices. Kodres has estimated a Tobit-GARCH model.

' Vang and Urorscn (i99-l) liiu! lb;i( f ivn a (.IctiiiU'd GAIU'M-l modiH can be r r jc i t fd as <i model tif
purk bellies kiUires pr i t f Lbjnj;t'S,
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The estimation procedure used here is simpler than Kodres. It also
goes beyond Kodres by properly adjusting the GARCH equation
for truncation in the mean process. No previous study has tested
whether price limits can explain the thin-tailedness in futures markets.
The results of this study are important for option pricing models
and optimal hedge ratios, which require exact understanding of
price dynamics.

UNDERLYING MODEL WITHOUT
PRICE LIMITS

Let p, be the daily equilibrium futures price. Suppose the data gener-
ating process ol the futures price changes is

r* - x,p + ef

e^\(-), , - NiO,hf) (I)

where r, ^ I'J^tPi ) ^ l"S(fi-i)< ^i "̂  '* vector ol predetermined vari-
ables which may include lagged endogenous variables, and (3 is the
corresponding vector of parameters, f, is the disturbance term, which
follows a normal distribution with mean zero and variance hf condi-
tional on past information (-),-]. This is the GARCH process and the
unconditional distribution of e, is leptokurtic [Bollerslev (1986)].

Day-of-the-week dummies are included to capture the different
return and volatility for eacb day of the week. Autocorrelation in the
mean equation, if ignored, causes inconsistent estimates in the presence
of conditional heteroskedasticity. Akaikes (198!) information criterion
suggests one lagged dependent variable. Following Bollerslev (1986), a
CiARCH (1,1) process is used for the conditional variance equation.
The model in eq. (I) becomes

(2)

where D is tbe dummy variable for eacb day-of-the-week (e.g., D\j ^ 1
if Monday and 0 otherwise, and so on; D/ , Iuesday; D\\ , Wednesday;
DM. Thursday; Dp, Friday).
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MODEL WITH PRICE LIMITS

The dependent variable, r, in eq. (2) is an unobservable latent variable
because of tbe price limits. Thus, the model is not directly estimable
with conventional estimation methods. The observed return is truncated
due to the priee limits. The limited nature of the truncated dependent
variable sbould be considered to obtain consistent estimates of the
parameters.

Because of the price limits, p, is not directly observable. Instead,
the observed prices (p,) are

p, = Pt ] + L

^ pt if P( ! - L < p7 < p , - | -H L

= p,-\ - L if p; < pt-i - L (3)

where L is the limit that the price on day ( can move from the previous
days elosing price.

Let LO, = log( pf) - log( p,) be the price movement left over due to
the price limits on day t. With no limit move, pf = p, and LO, = 0. LO,
is positive if the price hits the upper limit and is negative if the price hits
the lower limit. Then, the observed return, r,, can be expressed tbrough
a simple manipulation as

if

if

if

* .
p, '-

PI i
*

Pt -

- L

= Pt-

1 + /

< P\
1 - }

r, - log(p,) - log(p, ,) - rf - LO, + LO^-i (4)

LO,- | appears to capture tbe truncation on day t — 1. Both LO, and
LO,- | are nonzero if the price hits a limit on two consecutive days ( and
( — I. Substituting eq. (4) into the mean equation of (2) yields

r, + LO, - ao + t^ir,-i + ai(LO,-i - LO.-z) + LO,- |

-I- a)Dj + a^D\\ + (14 )̂7 + cx^Df + e* (S)

LO,-\ appears in the right-band side since it is predetermined on day t.
II tbe left-over can be measured exactly, the parameters can be estimated
as a GARCH process. However, the left-over is not observable (in fact,
tbis makes the true return unobservable) and causes a measurement-
errors-in-variables problem. To cope with the econometric problem, a
proxy for the left-over can he used.

The model in eq. (S) includes measurement errors in both sides
ol the equation. Following Maddala (1977), Kodres (1993) notes that
using a proxy to correct errors in both the dependent and independent
variables compounds tbe econometric problem and. tberefore. uses a
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proxy constructed with the weighted spot price for the measurement
errors in regressors and a tobit model for tbe limited dependent variable.
This study follows Kodres s approach and uses a two-limit tobit model
in which errors lollow a GARCH proeess.

It should he noted that e, in eq. (5) is also truncated and
unobservable when tbe limited dependent variable is modeled as a tobit
process (in contrast to using a proxy for the left-over in tbe dependent
variable). Thus, c,-] in the variance equation in (2) is also truncated."
From eqs. (I) and (4),

e,* - r, + LO, - L O , - | - A-,/3 -- e, + LO, (6)

and the variance equation in (2) becomes

hf - A) + /3|(^/-i + Uh-O~ + (iihf I + a.Di + ^4Dvv

+ fi.Di + ^ J J / r (7)

As in Kodres (1988), information from tbe spot market is used for
the proxy. However, since no appropriate adjusting factor is suggested
for the pork bellies markets, this study allows the factor to be estimated
together with other parameters. Ihe left-over variahle Is constructed as

LO, = yoJ, + yxd,{lc, ~ /p,J (8)

where dt is one if the p, hits a limit on day ( and is zero otherwise. Ic,
is the log cash price and /p, is the log lutures price, and y s are lactors
adjusting the diserepancy between the futures and spot markets. The
left-over variable is not subject to upper or lower limits. A symmetric
response is assumed. Substituting eq. (8) into (5) and (7) yields tbe
model to be estimated as

r, + LO, = au + « i r , - |

hf - ^0 + P\[et ] + rod, -I

fi + P^D, + /34Dw + fi-.Dj + ^^^DF (9)

-Kodrt'S (I'mS] does not correct lor tbe measurement error in c, i in Lbf variance ciiuation,
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Kodres (1993) uses a bivariate normal distribution in the likelihood
function to model more than two consecutive limit moves. The resulting
likelihood function implies that unexplained returns (i.e., error terms) of
two consecutive days are correlated if the previous day's price also hits a
limit. Intuitively, information remaining from the previous eonsecutive
limit days affects the current "mean ' price path if it is still important.
Further, if the proxy variable represents the left-over correctly, special
treatments for multiple day limit moves are not necessary.3

The Tobit-GARCH Model

The mean equation in (S) can be rewritten as

r, + LO, = z,5 + e^ (10)

where z,S = Xi(i + LO, \. Since c* is assumed normally distributed,
tbe probabilities of upper, no, and lower limit moves are, respectively.

prob(upper) = prob(r, - z,8 < e*) = I - 4>[(r, - ZtS)/h,]

prob(no) = \/h,4>[{r, - z,S)/h,]

probdower) - prob(r, - z,S > e*) = a>[(r, - z,S)/h,] (11)

where <Pi) and 4>{-) are. respectively, the distribution and density
functions of the standard normal. Therefore, the log-likelihood function
of the Tobit-GARCH model is

L - 1,UL,[\ - O((r, ~ z,S)/h,)] + l,LL,^{(r, - z,d)/h,)

+ ^ , ( ! - L'L,)(1 - LL,)[(27r/in-'^^ exp(-(r, - z,d^

(12)

where UL, = 1 if the price hits the upper limit and 0 otherwise, and
LL, = I if the price hits the lower limit and 0 otherwise. If all of UL,
and LL, are zero, then the log-likelihood function in (12) becomes that
of tbe GARCH process. When UL, or LL, is not zero but ignored in the
likelihood function, then tbe ClARCH estimates would be biased, even
asymptotically.

Since tbe first order derivatives of the Tobit-GARCH likelihood
function are highly nonlinear, an iterative numerical method must be

l o r complelcncss, this sluily ;ilso models muiiiple limil moves in the iefi-oMT variabif, "i"he

variables represenling the multiple limil mo\es a r t not signiCitiint at all.
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used. This study uses the algorithm developed by Berndt et al. (1974)
and is written in FORFI^N. This quasi-Newton method estimates the
I lessian at each iteration using the cross-product of the first derivatives.

TEST PROCEDURES

The estimated model is simulated with and without price limits. Thus,
simulated values of r, and r, are obtained."^ Under tbe null bypotbesis
that the Tobit-GARCH model is tbe true model, the moments of actual
and simulated r, should be the same. Tbe testing procedure is a Monte
Carlo bypotbesis testing procedure and uses the first four moments as
the test statistics.

The approach obtains the distribution of tbe test statistics under
tbe null hypothesis (i.e.. the Tobit-GARCH model) using Monte Carlo
simulation. First, samples of r, and r, of si/e equal to the original data
are obtained with the estimated parameters and stochastic simulation.
Ihe initial conditions are the same as with the original data. Then, the
first four moments of both simulated r, and r, are computed. These
steps are repeated 1000 times to obtain 1000 estimates of tbe four
moments of both r, and r, . Tbe distribution of eacb of the four moments
under the null hypothesis is then obtained using the 1000 estimates ol
the tour moments,

Ihe Monte Carlo hypothesis testing procedure is a nonparametric
approach, which makes no assumption about tbe distributions t)f the test
statistics. Tbe 1000 estimates of each moment are sorted by ascending
order to construct confidence intervals. The Tobit-GARCH model is well
calibrated if tbe four moments of truncated returns (i,e., r,) contain
those of the actual data within 9S^^ or less confidence intervals. Finally,
if the observed thin-tailedness of the return in ec|. (I) is due to the price
limits, then the kurtosis of r, should be less tban zero (i.e.. thin-tailed)
while that of r, should be larger than zero (i.e., hit-tailed).

The GARCH process is accepted in the literature as a promising
model of most financial price cbanges. However. Kodres (1993) is the
only other study using a GARCH model which takes price limits into
account. To demonstrate the consequence of ignoring price limits, two
sets of returns are generated from the simple CiARCH (1,1) model: one
set which completely ignores the price limits and another set which

• .̂'Mlouing price limits in simiikitiiin should hf distinfJiii^^hed from that in estimation. In fstimalion
the price limits enter into the log-likelihood function of the rohit-GAKC'ii model. In simulation
the simulated price is truncated if ils change is larger than the licnits, and ihf left-over is added
to the next day's priee change.
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allows the price limits in simulation. Using the same procedure of
validating the Iobit-GARCII model, the null h\'pothesis that the pork
bellies futures price data can be appropriately modeled as a GARCH
proeess is tested.

DATA DESCRIPTION

Tbis study considers the pork bellies futures market. Thin-tailedness is
found also in otber livestock futures markets in which price limits are
frequently binding |Yang and Brorsen (1994)].^ However, the percentage
of limit moves is the largest with pork bellies.

The price cbanges are defined as the first differences in daily
logarithmic closing prices. To maintain a continuity of data and minimize
differences in the maturity of contracts, the data set consists of the
changes in logarithmic prices of futures contracts until the third Tuesday
of the month prior to deliver)', after which the logarithmic changes in the
next nearest delivery month are used. Since differences are taken before
splicing, no outlier is created at rollover. The data are from the Dunn
& Hargitt Commodity Data Bank. This is a commercial database tbat is
routinely checked for errors and thus should be reasonably error free.

Table I reports tbe summary statistics of the sample data. The
sample period for the analysis is January, 1985 to December, 1988.
The sample data are not skewed but have tbinner tails than a normal
distribution at the 1% significance level. During the sample period, the
closing price is at the limits 142 of 1012 trading days or 14% of the
time. I h e upper limit is hit 65 times and the lower limit is hit 76 times.

TABLE I

Summarv Statistics of" Pork Bellies Futures Price Changes

N

1012

Mean

-0.080

Variance

3.744

Skewness

-0,037

Kurtosis

-0-553^

Limit

Upper

65

XUnes

Lower

76

Note. Kurtosis is the relative measure. If normal, it is 0. R, = llogip,| - log(p, - \p,)] - 100. It is multiplied by 100 to
avoid the scaling problem and to express the return as a percentage term. The daily price iimit is two cents per pound
(or $800 per contract) above or below the previous day's closing prtce.
^Denotes reiectson of the null hypothesis of a normal distribution at the 5% level.

distrihutions of feeder cattle, li\e ciittle. iind lumber futures prices are ;ilso thin-lailed.
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TABLE II
Estimated Tobit-GARCH and CAHCH Models

Intercept
O-1
DT

Dw
DH
DF

Df-1
Dr- i ( 'C/ - i - Ip, ^)

Intercept
(0,-1 + LO,-^f

hU
DT
Dw
DH
DF

Log-likelihood

Day-of-the-week effects'̂ :
Mean
Variance

Tobit-GARCH

-0-366^
0,077^
0.180
0,447^
0.336
0,486^

-^0.175
0.165

0.945^
0.054'̂
0.933''

-0,524
-0.969
-0.700
-1.935^

-2071,447

Mean
( 2.49)

(2.07)
(0.85)
(2.11)
(1.57)
(2.38)

(-1.41)
(0.19)

Variance
(2,02)
(2 87)

(33,17)
( - 0.64)
(-121)
(-1.09)
(-2.54)

27,80''
6.82

GABCH

-0,291^
0.069^
0,125
0,369^
0.239
0,408^

0.597
0.048^
0,909"

-0.324
-0.414

0.631
-0.842

-2080.474

(-2-24)
(2.14)
(0.67)
(1.97)
(1.29)
(2,22)

(1-32)
(2,27)

(18,14)
(-0.44)
(-0.55)
(-1.00)
(-1.22)

21,65^
7.52

Note Numbers in parentheses are f-values.
"Significance at Ihe 5% level,
"Significance al the 1% level.
^Log-likelihood ratio test stalisiics for the |Otnt hypotheses of the day-of-the-week effects (Ho D,
Wednesday, Thursday, ano Friday}.

0. tor all / = Tuesday,

RESULTS

Estimated Results

Table II reports the estimated Tobit-GARCH and GARCH models. The
GARCH model is estimated without the left-over variable because tbe
model does not consider the price limits.

In the Tobit-GARCH model, the estimated ARCH and GARCH
terms are significant at the 5% levels and indicate wide-sense stationarity
[Bollerslev (1986)]. Monday returns (intercept in the mean equation) are
ihe lowest and Friday returns are the highest followed by Wednesday
returns. These results confirm the "Black Monday" or weekend anomaly
in the pork bellies futures market. Though not significant as a whole
from the log-likelihood ratio test, the day-of-the-week effect is indicated
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also in volatility. Monday returns are the most volatile while Friday
returns show tbe least variability.

Neither yo nor y\ is statistically significant at conventional levels.
In addition, the log-likelihood test statistic for the joint hypothesis (not
reported) is 2.5 indicating that the lagged left-over variables are not
important in explaining the mean process. These results imply that the
market responds so quickly and information left from the previous limit
days has little or no effect on today's closing price.'' While considering
the truncation in the dependent variable is important, worrying about
inclusion of the left-over term in the mean and variance equations is
shown to be relatively unimportant.

Ignoring the limited nature of the dependent variable would lead to
biased and inconsistent estimates. The GARCH process tends to under-
state the parameter estimates (Table II), i.e., all parameter estimates
are smaller in absolute magnitude than those of the Tobit-GARCH
counterparts. The standard errors from the GARCH process are also
larger than those from the Tobit-GARCH estimation. Ihe results imply
that when price limits are important, ignoring them provides biased
inferences.

Hypothesis Test Results and Model Validation

Tbe simulated results for r, and r* from tbe Tobit-GARCH model
are reported in Table III. The simulated r, contains al! of the first
four moments of tbe original data within the 95% confidence inter\al.
This is also true for tbe number of limit moves. Thus, the Tobit-
CARCH model cannot be rejeeted as a model of pork bellies futures
priees. Except for variance and skewness, tbe other two moments
are even included within 50% (25 percentile to 75 percentile) or less
intervals. The percentile of the actual skewness is 17.3%. However, the
simulated measures of skewness contain zero at the 44.6 percentile.
This implies that the skewness generated by tbe Tobit-GARCH model
is not statistically different from zero. The result is consistent with the
original data, which distribute symmetrically around zero (lable !). The
Tobit-GARCH model is well calibrated and successfully approximates
the sample data generating process.

The average kurtosis of simulated returns with price limits (r,)
is —0.778 indieating ihin-tailedness, and, in 858 out of 1000 cases

'' I hf rfsulis may result also irnm the failure of the cash price as a proxy lor the equilibrium Juturfs
price. 1 he pork bellieij futures markci mii\ not l.ic ;is closely tied lo the cash market us other tuiureb
markets.
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TABLE III
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71)%
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100'-.,
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iQi j
iniediiin)
(035

iniax )

1

0 44b

0 2b3

0 21 b
0 1 bO
0 (^76

0013
0 Obb
0 090
0 34 7

48 3'=.̂
:>3 2"':

4 888
6 103
6 532
7 274

8.480
9 801

! 1 4 7G
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24 226
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0 700
0 13b
0 131
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0 001
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iS->.S';-) the relurns h.i\c' kurtosis less than /t-ro- On ihe othiT hafid.

du ' i iu 'Ji ; i i i ki ir losis o! siniul. itctl r/ is ().4,-^0 i ru lk ' i i t in^ Icplokurlosis.

I nr l luT, the jHTCCiUilc ol the nornuil kurlcisis l /c ro i is '.()'', aiui, in

"TO out oi [()()() casi's. r,' has kiuiosis i;r(.Mi<.T than zero, Ihc liNpotht'sis

ihal r,' l()l!ov\s uiHuiul i i i tmalK' a imri i ia! d istr iht i l ion is rcjct tud ;i^aiiist

ihc a lk ' rn . i l i \c lupothcsis ol k'jitokiirlosJs nl the ".{)'• siunil icaiu'c lc \c l .

in smn, tlicse rcsnlls suggest thai th<' t l is t r ihnl lon DI t iaik pork

b f l l i f s i i i t i i rcs pric I- chan^ifs uon ld ha\ i ' had iat tails u JthoLit prit c

hii i i ts. Ihc thin-t .ul fdncss ohscrvrti in the orii^inal dat.i rcsiii is Irom

h i l imits.
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