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INTRODUCTION

This article illustrates the pricing of one of the most comples of modern
derivative securities, options on Treasury Bond Tutures contracts, Fhe
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intrinsic value iy itsell a derivative asset whose value depends on not
one, but several, potentially deliverable bonds. Fach deliverable bond's
value is in turn dependent on an underlving interest rate process and may
confain additional embedded options. Lastly, there is a delivery interval
rather than a single fixed date (as in Buropean options) or continuous
delivery tas in Amcerican options],

This article utilizes the Bliss and Ronn (1989 interest rate process
ter illustrate the details of the process of emploving a discrete-time
model to evaluate options on Treasury Bond Tutures and to derive
and test a trading rule hased on the mmplied thearetical values. The
Bliss - Bonn model is selected because it explicitly meorporates time-
varying parameters. There is considerable casual evidence, as well as
statistical evidence in Bliss and Ronn (19891 suggesting that impor-
tant characteristios ol the interest rate process change through time.
Since the empirtcal application in this article uses an extremely coarse
time grid, the trinemial nature of the Bliss - Ronn model is an added
advantage relative 1o a hinomial arid.

As in all models of financial cconomics. the validity of o model is
examined not by the applicability of each of the model's assumptions,
bt rather In the empirical reliability of the model's predictions. Thus,
madel values are sall)_';v(‘lvtf te two tests, In the fiest, the model is tested
to see whether it ginves vise to unbiased predictors of market prices. In
the second, “paper trading™ is used o test whether the model s uble to
detect arbitrage opportunities in existing market prices.

Vahuation ol Treasary Bond futures options begins with an as
sumed maodel of the underlving interest rate process. Arbitrage areu
ments then lead o bounds on the values ol Tutures contracts and
related options. The interest rate process used o derive the valuation
process is something of @ matter of taste. For instance, Heath. Jarrow,
and Morton 119904 used the discrete-time version of their model.!
Continuous-time models. pioneered by Con, Tngersoll and Ross (CIR3
{1983, include Vasicel (19773 Courtadon (19821 Jamshidiun (198431,
Hall and White ¢19903, Brennan and Schwarty (19791, and ongstalt
and Schwarts (19920 amongst many others, Discrete models include
Ho and Tee ¢19861, Black, Derman. and Toy (1990, and Bliss and
Ronn (19891,

Heath, Jarrow . and Morton (1990, 199240 produced diserete- and

continuous-time variations for a chiss of models and demonstrated the

Unfurtunstels HEM amitted many of the necessany detaibs of the futures and oprions valueton
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conditions under which the continusus-time maodel is a limiting case for
@ particular discrete-time model.

The advantage of discrete-time models is that they can handle
amy desired degree of complexity in the derivative security. The dis-
etd\;m[ugt' ol these models is that lhc'_\ can he L‘HIH;HIIEHi()l!il”_\' in-
tensive, especially in the case ol non-recombining paths, as the re-
finement of the tree produces an incrcasing number of nodes 1o he
evaluated. Fortunately . Tleath, Jarress, and Morton (1992h) argued
that reasonably useful results can be obtained with a relatively coarse
prids In the academic finance literature, continuous time models
appear more frequenthy in part because the stvlized securities being
addressed are amenable o analvtic selutions. In practice. however,
actual derivative sccurities are frequently too comples for continuous-
time  methods, and practitioners, ol necessity, prefer answers over
clegance,

This article attempts to contribute to the literature by present-
ing «t rigorous theoretical and empirical application ol an interest
rate maodel (o the pricing ol these contracts, as well as ouatlining
the appropriate empirical “hurdles™ o which such wodels should be
subjected.

The remainder of the article s organized as Tollows: It outhines
the valuation of the options on the T-Bond futures contract in the
context of the Bliss - Ronn model. The valuation is in the form of
no-arbitrage bounds that arise {rom the natare of the contracty’
mamy implicit options and  the  projected  state-dependent values
ol the underlving deliverable bonds. It implements empirical tests
ol the set ol no-arbitrage conditions applicable to the Treasur
Bonds {utures aption contract. 1o the final analysis, the guestion
ol whether it is the market price of the maodel value that repre-
sents the “fair value” of the option requires an examination of the
possible existence o trading  opportunities hased  on the options’

model valies.

ey b noted the empirical advantages of disercte time Tormuolaens, cating thay 700 when
computing vatues Tor interest sare dependens comtinent vl carbe esercise provisions, thiere
are o simple closed Torm solurions for these thnancial secarities.”

%H(‘g‘iu]:rlg alternative saloation madels wsed T aeademies or pracviitioners, the authors are aware
ol onbv one aod thar ane considers the pricimg of the fatores comraces. not the oprions sweitten on
these contracts, Thos, Baragui (19900 mabes the assumption thae “hond Torward prives are joinds
fognormeally distriboted” ape 1 Using his modell e reports o reduction inde inerage prediction
crraes nud the associated standard deviation an the order of 3070 and 4000 respectivelv, relitivg
to o maive miplicd repo mae CAIRBE moded sohrch assumes “delnerable bond sdcelds and the futures
vontract TRE sBife meparailel”
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VALUATION OF OPTIONS ON TREASURY
BOND FUTURES CONTRACTS

Sequence of Fyvents for Option Valuation

[his section provides for the valoation of call and put options on
Freasiry Bond futures contracts. Table T presents the thine seguence
of cvents Tor the valuation of the options on Treasury Bond futures
contracts. A an example. consider the July 3 s valuation date for the

aptons contract on u September T-Bond futares contract.

Valuation Process

Fa wabaating the Treasarny Bond futores contract, it s important 1o
evplicsth wecount For the "quabiny option” involving the choice amongst
deliverable bonds, and the “aecrued mterest option™ which permits
delivery of the hond throughout the delivery month, The Treasur Bond
futures and associated options are modeled imder the assumption of twa
alternative delivers dates Tor the Treasuny Bond: beginning and end of
the delivery month.?

Fhe Tollowing procedure s now atilized to compute the value of
the T-Bond Tirtures contract:
Step L

Vototal of T3 term structures of interest rates, cach evaluated
ab malurities Eo2 0 30 vears, are gencerated. These include the
time o term stracture, the three possible torm stroctures {o. v d} at
tinwe £y, and the 9 possible e structnees S e wd Do ol
{Ju,afu,d(ﬁ- at time oo Define the term structures of interest rates §)}
the relovant prices of m-period maturity pure discount bonds. PV,

Pt and Prftan, Whereas the P70 vadues are exstracted from the

v drrmne the snonthe o evannation

e o
MCEle i os trone thas Totooes o b defivered et o

of the defners monthe over the pernad of tie T Bond options” exsstence Broan Decemiher 1952 1o

woened e £ Pl the models

the end ol the wample perod - G npnmal debaorios e at o

predictean ol s pattern oF optin] deliveny times provudos theoretical suppott o the sork o

Hemler cpavos who Giede oowmnbo pettors o the actand delivenes agansn Bnlares comracts in e
proe annd ot TS poersad
PFurther, as noted by Brathe s

et ehe eptiinal Bond so delier b s seiper rate moch higher than <hortiomm interess rnes, it

e Be vslnable o delay deliven s Tonz s posaabibe s sinee e accred ieress i she inveice

wice e nmnibatng Listers oo the miereat foregone on tie «osh that wonhlb othemase be
bt
cebved for g debivered bondl ctlrer thaps bog ool

Clearho o the cheapest todediney ooad s o conpon vote signdicanth fower tumn e s

short perns rate of mterost, aptanad delivess s oecur s the hesnming of the defiverd ol
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TABLE |

Sequence of Fvents for Option Valuanon

1 . 1 I
i f i !
Juh 4 Vg 22 Sep | Sep 30
1t Vabue of 1 Crmnrmcarts
Judy 31st b, Dale of option vaduation
August 22nd i Option expires hiree possable stades of natore g0 ot
Seplember 1st i First date for delivery agamst futures contract same three states
of nature as on August 22nd. 4 oo
Septemizer 30t s Second (and tnal date lor debvery aganstiutures contract. Cach

state of nature At ime - has spawned three possible stales of
nature for atedal ol 9 siades iy ue wd boiny ne g oo ad

Mot tor £ (Aagust 2ndy o arcordance with the

Wie st Fraday procedinng, by aleast ve Busmess Jay:

Hogh Uninarge Bomred of Toarte

sl nnheer iy for e oo

observable prices of honds and notes at tme £, the P50 at tme

ancd Py at time £ must be venerited using

I, The values of POy,

2 The values ol the state variables implicic in PP0n: and

N

4. The estimated, regression-derned, perturbation Tunctions by

Iy addition to the fature statesspecilic term structures, the availabil-
itv o the perturbation Tunctions permits one to calculate the trinomial
risk neuteal probabilities. Thus, using the methodology o Appendiv A,
one can compute (7051 for cach of the three states at time 1 and £5, as
well s {77,:‘,‘ for cach of the nme states af tme 1.

Step 2:

Dreliverable bonds are those Us. Treasury Bondss maturing at least
15 vears Trom delivery data of the futures contract i not callable, and,
it callable, not so for ot feast 13 Ve from dk"i\{f{‘} dute. Fhe CRSP
Government Bonds File s scanned Tor the et of all bonds satishving
this requirement at date o Teis iimppmpri;;[v to include deliverable
honds which may appear between 1y and the maturity of the futeres
contract at iy oas these issues might not be in the information set at the
time the option is evaluated, t.

Deliverable bonds include issues suely as callable and lower bhonds
which contain special provisions impacting an their valuation. The {u-
ture, state-contingent, prices ol these bonds cannot be determmed solely
by discounting their cash lows under the projected, state-contingent,

term structures. Bven noncallable, nontlower bonds are potentially
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affected by idiosvoeratic liquidity and tay effects as shown in Bliss
(19931 In estimating the prices of bonds under projected Tuture term
structures, the present value of the cash flows is therefore adjusted by an
additive fauctor designed 1o capture these affects. This factor is defined
to be the 5;11‘&1(?, abserved at ume 1o, hetween the quul(*d asked pri{'v
and the present value of the cash Hows under the 1o term structure,

Specificallv. et the jih bond’s observable market price be B
and caleulate the present values of each bond's cash flows oy given
by CI i) = Z:” 0 ('fj)”(fi f’“(mf).1 The difference ¢ (1) It
CE g s an adjostment fuctor attributable to tax or liquiding effects. or
{lower and call pProvisions.

Step 3:

Procecding vin the method of stochastic dvinimic programming,
consider the value of the futures contract il deliveny takes place ot
time L Gihven the si;m'-dcp{';)dt'nt term structure P20, it s pnssi?)h'
to compuie the cheapest-to-deliver bond. For cach bond at 1y, first
caleulate the fined (‘l‘\,\g{!;i‘ and then Morecast™ its market price as

leg{l\-i Cl \,‘!Eh? coegttg) Let ) represent the acerued interest
on bond 7 ot time 10 and € the comversion factor of the hond Tor
purposes of delivery sganst o Treasury Bond Tutures contract.

Then the vadue of the futures contract in cach of the nine possible

terminal states o time s given by

P inin
i iyl
Step 4

Now consider the valuation of the futures contract ot cach of the
three states ot time 0 P00 < € Jaadl Tnothe absence of the carly
delivery option. i cach state. the Tutores contract price would equal
the expected value, under the trinomial rish-neutral valuation, of the

(,‘}'u,‘;ipvslvlw(lc%i\'cr bond at time 1.

e Z oy i1

D [FTRFTE
“Lorvullabb Bondas the gsaed conventinn is sdapred of 3 Pk o, g et o the Ties ol dates
b O el calenhanod ,aus»?'dmu?%. converely B o pEos sl b the ottty Jdate
T ennmes that the tas liadine el B o wolk e, L [RETIVUNN FTRR PR STRTTRNE FIN

ssbimest Lactor steceeds o redueing sianticande the deviasn of 1

prodicted price CF - w00 rom the absersed market prive. B bor a detaited aadvans of thes

Bopothosis, s o

cmpirh o resadts . sev Appendio B
Veois well hoowon e cnsiversion fuctar for s given e soath s onpon vate o, and maatuniin dote e
i the prwce per dadlar of Beee sadue ab s bond sielding s componnded semeannualls with cnupon

tate o, and mariny dare e
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where Z.,r ey ) s not discounted sinee a Futures coniract
docs not require anv outlay of cash at time of initiation,

The carly delivery option, however creates an ahternate valuation
bound. Specifically, the Tutures price must recognize the buv-and-deliver
arbitrage strategy: hence, the futures price must be no greater than the
adjusted price of the then-current cheapest-to-deliver bond:

150 (2)

Farther, the fatures contract price at tme 1, s also constrained
by another arbitruge strategy, namely, o policy of bay-now, debver-at-
month's-cnd. This vields the following mequalits constraint:

Bioald + et = e
Fris) = mis\j ! 1 ! | (3
| ey [

I

where rI(z;] is the time i, ‘n'i1Il('-*(|(‘])L‘I1L§L‘l}E deannualized interest rate on
a one-month maturity instrument. Combining the constraints implied in

egs. LH- 030, the Tutares price at time 13 must satishy

1Y
Fo) = min L) min et
R ST

f € s ]

Step 5:
Fhe carrent tume-fo vadue of the Tutures contract, | gl is given In
the undiscounted, risk-nevtral probabiliy weighted value of the futures

contract at the end of the current month, time ¢
RTINS -

As was the case for the state-contingent Tutures prices I, the
time fo lutures price must satisly the no-arbitrage condition that this

price be no greater than the mintmunm value of 01y huv-now, deliver at

bewinning of delivery month: and (29 buv-now, and deliver at end of

delivery month investment strategies. Thus,

B[ 1+ rite Fi
Iy = mmJ min - l o | M
] ' (J'U_;}

Hffl{g}{] ?':“{s}l f_JH;)

{(vi
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where £, U are the deannuadized interest rates for month me a1,
Note that while relations ¢y and 130 are drsven by the maodel. the
incequalitios 41 and (o1 follow from additionad no-arbitrage conditions
outside the framework of the model. An examination of whether the
fatures model vadoes satisfy these two §nt‘(§n;|!i{évs thus becomes an
additional implicit 1est of the maodel
Step O
s necessany 1o nntke one important modification to the fitares
contract s model valaes Trom the discussion in Bliss and Bonn (19591
and Appendis A n Tollows thar ofl interest rate-contingent assets must

satishy the nosarbitrage condition

Pl = 11 Pathid 2 Promn

In words. an asset’s Lirvadue equads s discounted expected value, using
the risk-neutral probabilities.
Ihe P are adjasted 1o €700 1o satishy the analogous no-

arbitrace constrammt s hich aceounts for the costless nitiation of the

futares contracts > el i [t This resolt is accomplished by
setling € it Moo Vhis provedure s designed 1o west the

proposition that the option price is correcthy priced relative to the Futares
contract prices even il the Tutures el is incorreeth priced.

H} ASKLHTPTON, the realized state of natore ot tme 1 is the same
one realzed at time 0 benees 1o ) Hor all w0 The pavolts
to g call option o state s wre mand0 0 o KN and the seloe ol an
Vmerican call at time £ois cqual to the mavimum of zeros the intrinsic
vittoe, and the diseonnted expected coning the askoneatral probahiling
distributiont valae of the pinofts o time o

o " , N o maniocE N l

CUtRy a0 g - K : {
| RS i
where fugd s the Tutares contract’s market price and rizgr i the
deannualized three week interest rate.

Analogoos formulie, using man{il A Porgrs and  madO R

Frocg obtain for the put options.

EMPIRICAL RESULTS - OPTIONS
ON T-BOND FLTURES

A natural procedore Tor testing the validity of the option pricing maodel

presented herein is te examine the Biasedness of the model value against



Valuation of Options

605

the observed market price: thus for the call options, one might examine

Catht o = BV K)o+~ €,
where CptR T is the market price. ViR the model value, tor a K
exercise price option at time toand €, is a random prediction error,
A regression Tramework could then be nsed to test the null hypothesis,
Floo e = 008 = 1. Such an olwious test unfortanatels Lacks power, as
the tohservabled intrinsic vadoe man{o! firg) K} is common 1o botly
Criht and VR and will vield a high 825 even i the model had no
ability to predict the option's time value.

A more rigorous and ceonomically meanmglul test of the model is
toveri whether the model is able to explain the time value remaining
Cuthy mano L uat  Kwhere £
is the current price of the futures contract. Similarlv, computing the

in the call option: ¢tk

maodel’s remaining time valoe as v 0k oV IR 0L f ey~ R
regress ¢oon vy Gnd o constantn Analogous calculations, wich appro-
priate modifications ol the manimization operstor, are performed for the
prat aptions.

The regression-hased tests of imbiasedness are

Cop oy ™oyl [T E_H
P oy gy b €y
where unhiascedness implies ay o 0, ) = 1.

Given that vyond e, are measured with error, the standard
error-in-variables THIVY problem may conse the OFS a4 to be doswnward-
biosed. The instrumental variables approach presented i Johnston
19720 a5 used o address this FIV problem™ The empivical results are
summarized in Table 1 helow.

A comparison of the mean ¢, and  values indicates that the model
understates interest rate volatiliny relitive 1o market prices, resulting ina

dovwmward hins of the model's eull option vadues relative to market prices.

N\gh'x Wically, dhie pros cdire calls for sorting the observations b the e ol the il pe nelent varndsde

fyovr o Phens detine

where the vovarablos are the vyt deviatnns smbhed by sives This velds the Dnstrament

variables TIV estinae b+ 227\ ot i o iuded s BT e G aniee s
a0 The TIV estimator b then oo unbiesed alicrnative 1o the biased O %

coctherent estimiate
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TABLE &
Comparison of Marker Prices and Model Values

f i it & B fhoT i, £,
N {a0) V.o fh N Rh AN {83 v BN md
(i s iy TN A OF s 1 (HN A
e {3 501 [t 0345 0343 0 507 {1501 4.320 1319
A 00447 [SRHI3ISIE 01568 01377 01003 {0930 01827 01674
{487 {4.28) i 32 KRN 1509 4 3% 1341 4 04}
A (19535 0.9878 08377 1 H9G3 0.9426 0.9914 0.7898 (18346
[EARcYS] oran LR 10) {10h 0B S A {165 {16
Mean o, 20 (LAP6 0orad 343
Meaan v, (gt U147 .32 0160 1330
Sid ¢ SRCYE {13768 0322 3l
Std v g (.23 o83 Gral 0264

Bates (11N
wath sthetly po

(3 1Y Instrmenial Var

e ophions

[0 s PO PR |

Fhis is in part attributable to the results of the time-series cmpirical
tests of the perturbation functions Lt o the Appendis (Preliminary
Regression Resultsd, where evidence showed that the interest rate
variables do not explain 1007 of the subsequent shifts in the werm
structure of interest rates. As is well known, fitting the T and 7 functions
is a smoothing Process which nvccssalrily results in the loss of some
mlormation.

Afthough the intercept terms dy in the regressions are signilicanthy
positive, the slope coctficients q; do noc differ significanthy from unity.
Morcover, the instrumental-variables methodology does cause the point
estimates ol the slope coellicients to increase towards unity. as would
be expected i an error-in-variables problem existed. Tinally, the results
demonstrate that the model explains between 30% and 509 of the
variation in the observed time values of the option premiums. Fhus,

the above resubts are broadly supportive of the model.

DERIVATION OF ARBITBAGL PROFITS
FROM “MISPRICED” OPTHONS ON
TREASURY BOND FUTURES CONTRACTS

Ultiniately . any deviation between the murket prices and model val-
nes - for the futures contracts as well as the options must be subjected
to an exawmination ol whether such discrepancies give rise to trading

opportunities,
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Phe empirical results reported herein can he interpreted in two
wavs. I there exist economic agents who can triade at Fama - Bliss prices,
then thes analvsis will indicate the eistenceabsence of arbitrage oppor-
tunitics. Alternatively, ' the results indicate “arbitrage”™ opportunities,
these can be interpreted as indicating that the model’s values better
approvinuate “fair valoes™ than do their market prices, perhaps reflecting

il!}i)(‘l‘l‘{'(‘[l‘(lllh in th_‘ lI‘IHTi\L‘% ar fE‘i(‘lii)l].‘i not tl{'k'(){lill(‘d i'f)f in l;](‘%(‘ Lesls,

Calcalation of Option Replicating Portlolios

For the purposes of examining arbitrage apportunities in call and put
option prices. a portlolio of three fincarhy independent interest rate-
contingent assets is required. The Tutures conteact is o natural choice
lor one such asset. to hold constant whatever "mispricing” mav exist in
that contract.” In addition, the threcweek bill has a known pavolland is
also mcluded. Finally, the five-svear annuite Ay = S 1 received for vears |
through 3 = 277 Pt s inchuded as an asset with o low correlation
with the longer-maturity futures and. by delinition, sero correlation
with the puvolfs to the three-week riskdess asset. Thus, the replication
portfolio is composed of o Tutures contracts, 3 units of the sy, 1y
annaity and v units of the three-week Bifll A the option’s expiration
date, tnweeh 3, the replicating portfolio should mimic the pavott o the
option. The analysis now proceeds to examine the arbitrage opportaiics
i call options: naturally, inalogous results obtain for the puts. Thus,
fora call option, C i manO e b0 = R This option’s replicating

portfolio is thus constructed as the selution 1o

CHro = mand0el ") o Ky alel i faal 4 BAL L Y

Crtg) = man0,eb () Ky = alel ™0 fua] 2 gL WL ¢ Y
ey maxiQ, el ") - K celed fud]+ A \‘f\r Lty
(M3

AL noted above, the bacrape strateps dor the ool option can be implemenced with oy three
linearhy ll!iil';\('llil!‘l‘ii interest vl dviwm!rni aseets Hhis 8 maturtios s Tty and e B been

utitized. the hedpe partioln wanld be
O N R P

where O R is the models valie Tor the call option, eq. 70 By using the futures contract i the
hedge portdoling one mas more confudenthy adntraet Trom the option of delivering the borad widiin
the oty mionth, siee ths aption s likels 1o afocr the Tong shors calb el the short ong-

Farbires froseblont 1 n“'srt(iuu Wik
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where

Ctepr s the state-dependent valoe of the call option at 1)

St is the current g value of the Tutures contract:

e bty s the statedependent value of the futures comdract ar the

aption’s maturits date 107 and

Viv o is the projected vadue ol the state-continuent fve-vear. one-
Veorw E :

|
month anouity three wecks Lter !

Fhe solution to 0800y denoted b ‘[uh:,ﬁ“‘:. }". ;
Ve the Futures contract imvahes noindtial cosh imvestiment. the time
to vakae of the repheating portfolio— R the calb opion’s Titted value

Ut 1y ds ehven by

CUR e BT ey P

Phe nest step is to calenbate the realized profits Trom o rrading
stratews hised on the call option’s carrent market price. ctrg), and the
rarhet 5;(&&‘{* ol the |'u‘:!;:v pn%‘l]lealiu Hoettgr - COVilky short the eall and
buy the replicating portdiodios the realized profics an the three week-henee
option maturity date 1 are:

citd B Yy a oy Pag) i y
...................... X ”m\i“. ‘f E-“ | ;\
j' AR

N

H§{§!i {Ai;’u” - [_f:il Yay, 1wk }‘:V

where ‘f“.fgk and ‘\-;\E_;\,u\ dente the realized values of these assets at
week 3.

Comverseh, il et = C AL by the call and short the hedge
Ems'!fnl%u; the vealized pa‘nE‘EE.\ at the call up!énu\ turi diate are the
nevative of eqo 9 Onee aeain, anadogons caleulations are used in
cualuating arbitrage strategios Tor put options,

[his process s orepeated at the cod of Jainuary . Aprile Julv. and
October when the <hortest T-Bond Futares option has three weeks to
exvpivation. Portdolios are formed for each available siriking price for

which there s positive open interest and trading volume.

e f .
Pl v~ fonires PG Do venit wah the coreerm et o vt the o Projue it < Priee s

sre bty Iy freoe. H:Eé=- :En LREAIATEIA IS Y \.Lheui IR HIEISTRTE E?n Pordures cantdiad Pt e iy i!wr;xiur:niu;

hE RN

sort it dncredients st thai these propec tons

Pooiionel tr o whiore e en By fonge D

.
.
Fhe wonration of b0, \ [ERTELE T ST ]

TR
H

scennnt tor b e ehl vl o s oireemoenthy projedtion secod that they be arhorage Tres

ander the risk newread probuiilieg measores 500 Boilhy abie Tives are acoomphisined e contacting

the portnrlnen function. I e comtorcted shrengh wulophoation nothe e 20000 whiers

Pt s s he oneomonth Bl peoces and s e tiree seek prosent vabie operatar



Valuation of Options

Empirical Resualts

The ecmpirical resulis of these arbitrage-based tests are reported in
Lable T These calealations give the average profit for the Al Calls”
andd TAH Puis” categories as well as sub-eategorios thereol. The choice of
these sub-categories is dictated by the desire to demonstrate the model's
performance for options with positive time value (e = 0 and i
0, sero model value (V=L and market price exceeding am
arbitrary lower bound (€ = 1716, P, 22 1716). The empirical results
demonstrate convineingly thae the model values can, at Teast to market
mahers trading with close 1o sero transaction costs. generate arbitrage
profits wnd therefore represent more accurately the “fair value”™ of

these options,

SUMMARY

Phisc article illustrates the application of discrete time term structure
models ta the problem of valuing Treasurny hond futures options. The
VArIOUs (‘\;1|i¢'il and isnplérit options wid contract details that peed 1o e
accounted Tor are carelulby laid out. The test procedure is implemented
using the Blisse Bonn trinomial, time varving pavameter maodel.

The empivical results vepresented herem disphin statistically sig-
pificant power inevplaining the time series crossesection prices of
Treasury Bond Tutures contracts and options on these futures contraets.
Lurther. the model appears to have some power 1o detect “arbitrage”

apportanitios, But onhy Tor Tow transaction-cost agents able 1o trade at

TABLE LIl
Analysis of Arbatrage Profis i Option Contracts

et Vio Proti Lot sz

Cuiteonrios AN Profitedie Septicn Yoo Proji
Al Calls 85 A8 a8
[ 0 T4 (ST ls} 401
o] 0.C, - 116 115 AR 109
s 0 V. G 55 (r T {1 87
Co OV 0.0, - 1016 £5 0471 077
All Puts 179 S 1) 218
i o] 173 05673 218
(27N VY S PR P L 113 0865 218
e 0.0y [CR R R L) 42 15 6 30

MNotes (1N number of ohisees atons 00 0070 e cat et g

o Rl as e bmie viio oy the Xl il oph

il npnon
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market prices and borronc lend rishiesshos alternatvely ) one can interpret
these results as vielding asset values closer to the arbitrage-free values
ol these instruments.

The model’s successtul abilits o price Treasony Bond futures
contracts and their options s indicative of its more general property
as a mechanism for generating hedue ratios for arbitrary interest rate-
contingent caims. This nonstationany trinomisl model thus constitutes
important evidenee on intertemporal changes in the riskless terim struc-
tures of interest rates,

The methodologios developed m this article can be applicd using
alternative term stracture models, thus constituting a test ol the use-
fulness of those models. The methodology is also generally applicable,
with apprepriate modifications. 1o ather comples interest rate derivative

SeCUTiies !\Ht'!! BAY 'H‘{i\lll'_\ Note ;illl“'('\ HPH(I{]S.

APPENDIN A: THE BLISS —RONN
INTEREST RATE MIGDLL

The interest mite maodel used in this article s avariation ol the Bliss and
RBonn 1959 model This appendin suminarizes the model and notes the
maodiltcutions made to the original methodelogy Tor the purposes ot this

;ap;)iéagziima

Fhe Trinomial Lattice

Let £, denote the ps*;{w of an m'nmim'il\ pure discount homd at tme
AL time 1 - b consder an cconomy i which the term strocture of
iterest rates can adopt one of three alternative forms m the nest period
(period 0 These possible term sirvetures arve determined by the current
h

and I the three states are delmed as the 7up” “down” and "no

{1 Prorerm structure ad the three possible pertarbations L 007

chanue” states. The furaee pure discaunt bond prices are determined

as Totiows:
i IS

where "3 denotes the state realived i, or o By the detinition of @
Sotate ol mature,” the stare reabizations are the same across all nwaturitios,

m. fon ST e Ewrimi H
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H riskless arbitrage opportunities are to be prectuded. the pertur-

hation functions i o

, o ool L2
s e and Iy must satisv the conditions:

oo " e d o _d
h!m“l J'I“”?F! i h(u: o= Vo thi
A
m' o ow + o ! (123
O § S ¥ 4% (13

Derivation of cqs. (1110130 consists ol constructing a portlolio
ol three distinet matarities which has the same pavoll in each of the
three states and s therefore riskless. The solution 1o this problem is
equivalent to solving o svstem of equations in the 7's. Intuitively, note

that under no-arbitrage valuation with spanning, the price of any interest

rate-sensifive asset is cqua| te the disconnted (‘.\i)(‘i'l(‘d [rresent vafue of

the pavolfs, using the rick-neutral probability distribution to generate

expectations. Thus, Tor a time-0 pure discount bill ol matarity & 1,

Potw = 1) l’”llJZ e A RIS

Pn{.l]z ol ;

which. apon simplification. implics that there exists (PREIVENTR

imlv;wnd(-;'xl paramelers. o, such that the cross-sectional constraing,
ci. L obtaing Tor all matunites we In words, under the risk-neutral
probabilities, the expected vilue of the perturbation s Uiy,

State dependency is mtroduced into the trinomial model Iy making
the perturhation functions dependent on a K2 1 vector of state vari-
ables, a0 This permits time-variation ol the pertarbations with the level
of interest rates tamongst other variables:, thus potentially alleviating a
situation in which these perturbations give rise 1o an unreasonably low
or high fevel of interest rates.

The 7 are indireet functions of v, through the fee) Tunciions:

T,
u 1 i Y i
IO o) e Ry TN S T VI T i
anidd
S T RS Tt B I
T, T, H
T prout. sec Blise and Rono c1osty Uhe dorncaine of v T LA preclinde singlhe et

arthitrawe npporonitios. Thinever, thew eprtaiiens abocreare that the price of any bond Dollows o
martngale process dulined with respect to the vish neatead probubiliies The canditia suthioes 1o

goaraiter the medod s also b frec over maltiphe peiods
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Paia

his wrticle saplements an extension of the procedure used in bama
and Bliss 11987 (o estimate termn structures of interest rates, The
resulting term structures are used 1o construet o monthlby series of
vaqumiixg'nnn% bond prices for matuaritics extending to 30 vears, for the
poriod 197910 195811 20 These pseudo-bond prices inturn are vsed to
calibrute the term stroctare model For the tests in this article.

The varrent applications of the Bliss -Bonn interest rate: model,
(ft’xignvcl Lo prrens ide the value ol rraded OPHIONS. Fegures the specilication
of the state variables” values i cach of the possible different states of
nature in futare pevtods, The state variables are, therelore. deliberately
chosen 1o be endogenons (o the model. <o that their Tuture values,
conditional on the states of the world in subscequent periods, can be
projected. This permits one 1o propagate forward the trinomial tree for
multiple periods as needed. The variubles chosen include the following:
I, The threc-month -8Bl rates
20 Phe term prenism cdefined as the A-vear govermment bond vield

fosws the three-maonth T-Bill vields
. " £

3008 measure of the §nm;;1” i RS in the term structure:

4. 1The onc-month chunee in the three-month T-Bill rate.

The threc-month C-Bill vate captores the near-term inflation expecta

tions and the near-term fevel of the real interest rates, while the spread
of the long-tenn rate over the shorteterm and the “hump™ in the term
sructure captures the information inherent inthe slope and curvature of
the term structure of interest rates. Finallv, the change in the short-term
interest rate measures the solatility in short-term rates of interest.

The ase of these variables Tinds significant support in the literatuee,
Fonva and rench 19590 note that the Mterm spread is o closely related
to the short-term bosiness ovele 07 These interest rate variables have
also been empiricallh Tound o explain a significant portion of the
volatility in interest rates. For instance, Fitterman. Scheinkman. and
Weiss (1991 estimated

anodel inowhich future short rates depended on th today s short
rote. (23 the Jevel toward which the short rate was ('\Iu'('l{'d. as of

toduv, to converge  which we call the "long™ rate—and (31 the

b 'hem:;w” i vm;)ssuuzi?\. detined as e isaatmm esoess, b aon of the atevmediaie lenm
Intereer Fates ol matorties 20 50 0 2T 280 2 vearst oner the neeaneon of the three-maonth

Bl roate nnad the 30 soar spot sate nnndOomandis o roay, s o,
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volatility of this “long” rate. A They] confirmed that. bistoricalls
vierlations in these three variables satisfactortly explain the past

movements of the vield curve,

I a Tarther slud) Littermuan and Scheinhman 019910 consider three
factors, "level, SECCPIIEesS and curvaltre i(-mpilaax‘i\ in e‘;rigisl(l?\.“ ared note
that these “eaplain=—at o minamum - 90 of the variabilits of cxcess

retarns of oy zere” coupon bond.

Empirical Tests
Classification of Tine Periods

Fotest the maodel it iy necessary 1o elassifv cacls time-period’s term
structure realization as either an “up.” o "down ™ or oo change” state.
Fhe  hypothesized  tand  estimatedy perturbations are chanuing
through time, precluding o lived clissification scheme. A mavmum
liketihood approach, based on the predicted outcomes, is used 1o I
cich observation 1o one of the three omtcomes. The reader is relerred
to Bliss and Bonn 6 1989 for details of the procedure used. ™
Application  of this methodology 1o the 1TT0-month period
FOTO 10198512 results in 21 up™ months. 37 oo change™ months,

=

and 32 “down” months,

Prefiminany Beeression Resalis

Constder the Tollowing rearessions of the realized pertarbation, v, at

tme t lor maturity e assigned by the clissification procedare toa given

stidde s,
[
~ v i .\ N - M i 5
Yoo Wy, & Z TR € th4
b2
) ol s el .\ i I 1 o KR I . "
Note that the redression cquatian v, iy, E_;\, DAL Vs €

alfows the "no change” state to have pertarbation Tunctions b+ 1.

For maturitios o ane to 29 vears, (H S FOgressions are [w;'l'e»rnu'(!

for caocli state ener the period 197910 198812 Across the individual

L tion oblamed vy shighih depending on the muitarinng, e used in the adaeorithng Blise
ated Hotro based thens cassificanion on only the fve year natarite, To manimize poterstial problos,
e chassificatioms ased i the stody e obtained usiog noatarities tgiog from 1o month e
Ginal o Bssilication is based on the mdal chissitication across muaturiticn.

PHowould clenrl be deaabie 1o evanine e pesturbutons functons” cocficents by aliernae
~uls p:';imf‘«. and or o ane an “espandbing wandow” regression v o predict et pereod’s
perturhations based onbo an pasc date Unfortanateh . dhos posadnline o precladed by the sebnnoels
sl tmber of months avalable for the Top and Cdouwn” classiliotiens in the saniple period
[AEALER EY B RIE O B
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maturities, the B2s ranee from 120657 lor the “up” state, from
235 359 for the “doswn” state, and from 377 847 for the "no change”
state. I total, the state variables explain 66,57 ol the vartation in the

¥

. [ !
realized E)(‘r%tls"hz%isnns, Ve LTSS Al states and maturitios.

Itinnation of the Nonstationan
Privemriad Probabilitios

The Blise Bonn (1959 derivation of the trinomial model Tor shefts in

the term structure of interest rates demonstrated that the 7's are defined
i terms of W b R I practice. the nonlinearity ol the defintions
of the #'s as given w eq. 1200 of that article ss extremels cumbersome
1o iplement. Fortmnatel s another problen vields the same solation Tor
the 75 and simndtanconsdy Tends isell (o a more tractable imposition

of the constraints. Using two benchmork maturities, sy and s define

f
\ h fz::i_ Il
N
A L A

Phe solution o Ax o oo is dentical 1o eqo 200 1m0 Bliss and
Bonn 1984

In practice, the parameters of the perturbation functions, i, are
cnobsenvable and must be estimated, Lsing the regressions og. (145,
set the prelimunary estimates of the perturbation functions, iy equal
to the regressions” Dtted values 37,0 M cach point in time 10 obtain

sreliminary estinates of the 75, g0, as solutions the weighted least-
| ) by =

SOHRETOS |'(‘§_‘,!'(“shj(!l!

1 St 1 EETI i it
! {?hfm [RRA ' Uhinz{?”f !Fham L] Crm
o . , ,
where i is assumed that Narte,,,) - mar to account for the het-
[

croscedasticity of the perturhation Tunctions iy
The om)s obtained from this regression procedure do not neces-

sarilv have the desired properties swhich allow them 1o be interpreted as

i e aabiinee ity el dut the regronn bovord 200 venes vegunres extrapolating to estimate
spod interest rates i that mnnts tezion, Thic causes the esthisated segression coeffiownne in this

Musterity v o e dos seluble



Valuation of Options

615

trisk-neutraly probabilities. To generate a set o 7 which are nonnega-
tive and sum o unity, these variables are then standardized by setting

max| ), g7, ‘
"“;*I‘ - 1 ISl g”i .! £“§~ 5 = {“_ ;;‘(I}
max| O, g7 | = max[ 00,7 4 manlo, 7'

Lsing the above methodolouy. values of the 7 can be calculated
for the entire sumple period. For most months in the overall sample
period October 1979 November 1988, all three o) are positive, so that
mas[ O, g7 = ym) and the nonnegativity constraint does not have to be
explicithy applied.!

Having satislicd the nonoegativity of w, and the equalit of > w
to unity, the cross-sectional constraint, cq. (11 s guaranteed to obtain

. . N . " N if i
for the adjusted 7 by sewing by, equad wo Wby, /307 I

APPENDIX B: ANALYSIS OF ADJUSTMENT

FACTOR I'OR BOND PRICES

In the empirical analysis ol futares contract pricing, the projected
price of the deliverable bonds is adjusted Tor tnliquiding effect.
This appendin documents the results that such an adjustment does
indeed succeed in reducing the mean squared forecast crror in the

bonds™ prices.

TABLE BI
Pricing Lrror, ¢y By~ Ch,oin Bond Prices Per 100 Face Value
Vi i Naosduer of haies 3
Viean [ oroo Meanr Sygrared orvor
Fted Vdposted Fitted Vdpnsted
M 1516 0178 [ERCEE] O CHOD
hary 2481 GRS i G4 1083
LOER 47 896 15880 2306 4482 S0 TEd
Poachoting Flower Bowds Nuwber of Doanees 33
Vewn brror Mewn Synared frror
Fitted Audpisted Patied Vdpristed
M 1 E164 1788 [ERSIFEAS] G000
Mean (.4246 00417 FoaBag £330
YD 3 87G8 0 4452 IREYARE 1.51HG
Note Fetted reders to the present values of the rash: fows R, wioroas Adisied refors to CF. - ¢
"l he tonnegativity constrant s setisficd 70 e o the time, the vinlutions in the remaimong monghs

do o constitute significant evidence agzmnst the model, sinee relutively mmmor Changes o the

estimated perturbation, wht, wive Tise to postiine o
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e should be noted that a proportional medel for o0 = 1701,
was tested also This resulted o vietoadhy identical resules i terms of
redncing the Titted crrors for noncallable honds. but signiticantly worse

results Tor callableMower bonds,
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