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INTRODUCTION

Knowledge of the underlying distribution of futures price changes is required in
several applications in the fields of finance and marketing, such as hypothesis

testing, option pricing models, and risk management studies. For instance, portfolio
analysis based on the assumption that asset returns have a constant finite variance may
give misleading results if this assumption is false. Also, option pricing models are often
derived assuming returns are distributed normally with constant variance. Yet, research
on the distribution of futures and stock price changes indicate that price changes are not
distributed normally, but are leptokurtic; i.e., they are characterized by a higher peak and
thicker tails than the normal distribution [Cornew et al. (1984); Fama (1963); Hudson
et al. (1987); Mandelbrot (1963); Officer (1972)].

Fama (1963) and Mandelbrot (1963) first suggested the family of stable paretian
distributions to describe the distribution of stock and futures price changes.' In this
family, if the variance is finite, the sum converges in a normal distribution. All non-
normal distributions have infinite variance. Other research has proposed alternatives to the
stable distribution that explains the observed leptokurtosis yet maintains finite variance.
Much of this research has described returns as mixed distributions using subordinated
stochastic processes, with returns generated independent of past returns. For example,
Clark (1973) describes the distribution of returns to be subordinate to a normal distribution
conditioned on its variance. Similar tests of subordinated stochastic processes of prices
and trading volume are presented by Epps and Epps (1976), Harris (1987), Morgan
(1976), and Westerfield (1977). Other subordinated stochastic processes include Press
(1967) compound events model and the students' r-distribution proposed by Blattberg
and Gonedes (1974) and Praetz (1972).

'Gribbin et al. (1992) argue that futures prices are not stable paretian distributed. But, Liu and Brorsen (1992)
argue that Gribbin et al. have shown that futures prices are not identically independently stably distributed, but
that a stable distribution with time varying scale parameter cannot be rejected using Gribbin et al.'s approach.
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Several researchers have attributed the observed non-normality explicitly to non-
constant variance. For example, tests using the stability under addition property of stable
distributions performed for stock returns [Fielitz and Rozelle (1983)] and futures returns
[Hall et al. (1989)] suggest that price changes are not independent and the most likely
reason is serially correlated variances. Similar results are reported by Perry (1983), using
tests for successfully larger sample variances of securities. Likewise, Bollerslev (1987)
and Taylor (1986) suggest that adjacent price changes are not independent. Much of
the above research fails to take into account the conditional dependence in the second
moments [Bollerslev (1987)]. Several models have been advanced which recognize this
dependence and allow for changing conditional variance as a function of past returns.
These include the autoregressive conditional heteroskedastic (ARCH) [Engle (1983)],
generalized autoregressive conditional heteroskedastic (GARCH) [Bollerslev (1986)] and
the exponentially weighted moving average (EWMA) [Taylor (1986)] models.

If the departure of futures price distribution from the normal distribution is entirely due
to changing conditional variance, then correction for the heteroskedasticity will result in
a normal distribution and thus permit the use of familiar statistical tools. Taylor (1986)
suggested that standardized (or rescaled) returns would possess a reasonably homogenous
variance. Previous research with futures prices have considered rescaiing with ARCH
or GARCH models [Brorsen and Yang (1989); Fujihara and Park (1990); Randolph and
Najand (1991); Baldauf and Santoni (1991); Yang and Brorsen (1992)]. This past research
has generally found that GARCH models can be rejected as a model of futures prices.

This article standardizes futures returns using the EWMA model suggested by Taylor
(1986) and tests the standardized returns and the raw returns for convergence to a normal
distribution. Taylor's EWMA model has been ignored in recent research. The data
for the study consist of daily futures prices for 31 commodities including agricultural
commodities, livestock, metals, and financial instruments. For both the raw and rescaled
returns, the test is performed on the entire data set and also on a subset (1981-1988)
of the data. If the departure of daily futures returns from normality is due only to
changing variances, and the EWMA model is able to correctly forecast the conditional
variance, then correction for heteroskedasticity using the forecasted conditional variance
will result in a normal distribution. If the rescaled returns are still non-normal, then
alternative models for forecasting conditional variance and additional causes of the
observed leptokurtosis must be considered.

DATA AND PROCEDURE
The data used in this study are the first differences of natural logarithms of the daily
closing futures prices which may be interpreted as the returns to futures contracts held,
for a day under continuous compounding. The data set has 31 commodities including
agricultural commodities, livestock, metals, and financial instruments. The number of
years of data available vary with the commodity, but data for each commodity are
available through 1988 (Table I). To maintain continuity in the data and minimize
differences in maturity, the log changes in closing prices are used from the contract
with the nearest delivery month, until the third Tuesday of the month prior to delivery,
then the next delivery month is used. This procedure is repeated as each nearby contract
approaches delivery. The differences are taken before linking the contracts together.

Taylor (1986) suggests that rescaled daily returns are more likely to be independently
and identically distributed than the actual daily returns itself, and thus have a reasonably
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Table I
COMMODITIES INCLUDED, TIME PERIOD, AND NUMBER OF OBSERVATIONS

Commodities

I. Agricultural commodities
Cocoa
Coffee
Corn
Lumber
Oats
Orange juice
Soybean meal
Soybean oil
Soybeans
Sugar
Wheat (Chicago)

II. Livestock
Feeder cattle
Live cattle
Live hogs
Pork bellies

III. Metals
Copper
Gold
Palladium
Platinum
Silver

IV. Financial instruments
British pound
Canadian dollar
Deutsche mark
European dollar
Japanese yen
Swiss franc
Treasury bills
Treasury bonds
Treasury notes

V. Miscellaneous
Crude oil
Heating oil

Period

1960-88
1979-88
1960-88
1974-88
1960-88
1968-88
1960-88
1960-88
1960-88
1960-88
1960-88

1974-88
1966-88
1970-88
1965-88

1960-88
1975-88
1977-88
1969-88
1965-88

1977-88
1977-88
1977-88
1982-88
1977-88
1977-88
1976-88
1978-88
1983-88

1984-88
1980-88

Number

All Data

7229
2510
7302
3794
7299
5269
7300
7300
7315
6872
7302

3783
6044
4786
5790

7246
3437
2968
5151
6240

3026
3028
3028
1768
3027
3029
3251
2814
1679

1422
2259

of Observations

1981-1988

2009
2007
2022
2020
2020
2010
2022
2022
2021
2007
2022

2022
2023
2021
2021

2015
2017
1997
2005
2010

2022
2022
2022
1768
2021
2023
2021
2022
1679

1422
2005

homogenous variance.^ The rescaled series {U,} is given by

ix, - n)
Uf =

V,
(1)

^For a more detailed description ofthe procedure, readers are referred to Taylor (1986), particularly chapters 4
and 5. Readers may find it worthwhile to note that the notation used here differs slightly from that of Taylor;
i.e., 0 is used for S, and p is used for ff.
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where u, is the true rescaled return, x, is the actual return on day t, fi is the population
mean over the entire period, and v, is the actual conditional standard deviation of the
return on day t. In (1), u, is a strict white noise distributed normally with zero mean and
unit variance, and is independent of v, and all x,-j, for J strictly greater than zero. As
V, and fl are not observable, u, is approximated by

. = ^ (2,

where x is the sample mean and v, is an estimate of the actual conditional standard
deviation on day t. The approximated rescaled return will be similar to the true rescaled
return if v, is a good forecast.

Noting that one cannot observe the forecast v,+\ at time t or calculate the forecast
errors (v,+ i - v,+i), Taylor (1986) defines an alternate forecast m,+i of an observable
series as

m,+\ = U,+i - fJi\ = V , + I | M , + I | (3)

and lets in, + i provide information about v, + |. Drawing upon the classical result in
statistical forecasting which states that optimal forecasts are expected values conditional
upon the available information /,, (3) can be written as

£(/n, + i I /,) = £(v,+, I /,) . £(!«,+, I I /,) (4)

The expected value of |M,+I| in (4) is its unconditional mean, 6, whatever the available
information /,. Equation (4) can thus be rewritten as

E{m,+i \I,) = e • E{v,+ \ I/,) (5)

Since u, is assumed to be distributed normally, 6 = 0.798. The best forecast of v,+i can
thus be indirectly obtained using forecasts of m, + \ and using the relation

V,.. = ^ (6)

Taylor compared the forecasts of m,+i for each of 40 spot and futures series derived
using six different forecasting methods. Five of these forecasts, namely, the mean, two
versions of product process forecasts having log-normal, AR(1) conditional standard
deviation and two ARMACH models were obtained using the stationarity assumption.
The sixth method, the exponentially weighted moving average (EWMA) model, allowed
non-stationarity of the returns generating process.

Taylor (1986) found the forecasts from the EWMA model to be marginally better
than those obtained using the other five methods. In addition to this, the EWMA model
has two other advantages. First, it requires fewer parameters to be estimated compared
to the other methods. Second, the model does not require the stationarity assumption.
Therefore, if non-stationarity is introduced due to the changing unconditional variance,
the forecasts obtained using this model can accurately reflect this change. Hence, Taylor
(1986) recommended that v,+i be determined using the forecast of m,+\ which was
obtained by using an exponentially weighted moving average of the present and past
absolute returns. In other words, he used an EWMA model. Following Taylor (1986),
(6) can therefore be rewritten as

S ^ ( 1 - py\^t-\ - x \
<=o "

(8)
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where p is a smoothing parameter. Taylor (1986) derived an initial value for v, as
20 I - 1

- 20 ' '

The V, in (9) is the conditional standard deviation of the 21st day. The forecast of
conditional standard deviation from the 22nd day onwards is given by (8). Q is 0.798
as defined earlier.

Taylor (1986) derived the best back-optimized estimate for p for each complete series
by minimizing the criterion,

n - l

Z (.,./. .£. ^2 /-I ^ \

\mj.\.\ — wi/+i; W")
(=21

where /n,+i is a function of p . For the futures series in this study, the estimated p
ranges from 0.04 in the case of treasury bonds to 0.19 in the case of coffee. Based
on the estimated values and the realization that the best past p is not necessarily the
best p for future forecasts, Taylor (1986) recommended p = 0.1 for all futures series.
The average Root Mean Square Error (RMSE) in Taylor's study, showed that setting
p = 0.1 for all futures series was as accurate as seeking an optimal p for each series.
In the present study, the characteristic exponents, the a 's , are obtained first by setting
p = 0.1 as recommended by Taylor. Following this, p is estimated individually for each
commodity and the a ' s recomputed using the estimated values of p . Results obtained
in the two cases are then compared.

The raw data series and the rescaled data using (i) p = 0.1 and (ii) using the
value of p estimated individually for each commodity, are tested for convergence to
normality using the stability under addition property of stable distributions.^ The stable
distributions are characterized by four parameters, namely, a, p,y and 8. The parameter
a is the characteristic exponent of the stable distribution and determines the rate at
which the tails of the distribution taper off [McCulloch (1986)]; )8 is the skewness or
symmetry parameter of the distribution, y or c, where y = c" is the scale parameter
of the distribution and 5 is a location parameter. The ranges for these parameters are
0 < a < 2, - 1 < ;8 < 1, y > 0, and -00 < 5 < 00 [Fama (1963)]. When a = 2.0,
the resulting distribution is normal, with mean 8 and variance 2c^. When 1 < a < 2,
the variance is infinite, but the mean ofthe distribution is still equal to 5. However, when
a -^ \, the tail(s) are so heavy that even the mean does not exist [McCulloch (1986)].

Stable distributions are invariant under addition. In other words, the distribution of
sums of independent observations from an identical stable distribution will also be stable
with the same value of a and p. This is referred to as the stability under addition property
of stable distributions. The convergence to normality can be tested by estimating a for
the entire sample and for non-overlapping sums from the sample. From the central limit
theorem, if.?,-, is the return for commodity / on day t, and i,i,x,-2, • • • ,-?IT is a sequence
of independent random variables, then the distribution of the sum

T

Si = X^" (11)
(=1

will converge to a normal distribution as T tends to <» [Feller (1958)].
The test for convergence is performed on the entire data set and also on a subset of

the data (1981-1988). Under this test, the individual adjacent returns in each series is

'since v, is available only from the 21st day onwards, the rescaled series have 20 observations less than the
original series.
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summed into non-overlapping groups of 1, 5, 10, and 20 observations. Sum size one is
the initial rescaled data series and represents one-day continuously compounded returns,
and so on.

If the underlying distribution is stable and normal, a will be equal to two. However, if
the distribution is stable with infinite variance, the estimated value of a will not converge
to normality; d will be less than two and remain relatively stable over the sums. On
the other hand, if the underlying distribution is a mixture of distributions with finite
variances, the d 's will converge to normality (i.e., a —• 2.0) as the sum size increases
[Fama and Roll (1971)]. The stability under addition test is valid only for independent
random variables. Since the raw data series are not expected to be independent due to
serially correlated variances, the raw series may not converge to normality even if the
underlying distribution possesses a finite variance. However, if the rescaiing results in
an independent data series, the resulting series will converge to normality.

Most prior empirical studies have obtained the parameters of the stable distribution
by using Fama and Roll's (1968, 1971) methodology. In this method, simple functions
of predetermined order statistics are used to obtain consistent estimates of 8 and almost
consistent (i.e., with at most a small asymptotic bias) estimates of a and y. However, this
method is restricted to the symmetrical case, i.e., where y8 = 0, and is further restricted
to a values in the range [1,2].

McCulloch (1986) provides a generalization of the Fama and Roll (1971) approach to
provide consistent estimators of all the four parameters, with p in its full permissible
range [-1,1], and a in the range [0.5,2]. This method eliminates the small asymptotic
bias in the Fama and Roll (1971) estimators of a and /3 and at the same time relaxes
their restrictions on a and yS. The maximum likelihood approach of Brorsen and Yang
(1990) is not used because it is restricted to symmetric distributions and is considerably
more difficult to compute.

Let Xp be the pth population quantile, so that S(xp;a,P,y,8) = p. Let Xp be the
corresponding sample quantile, suitably corrected for continuity.'' McCulloch (1986)
maintains that Xp is a consistent estimator of Xp. McCulloch (1986) then defines an
index v^ to be

^"^^ ~ ^""^ (12)

Let Va be the corresponding sample value, i.e..

V. = !"-̂ ^ !°°^ (13)
J^OTS ~ -'^0.25

where Va is a consistent estimator of the index v^. McCulloch (1986) defines another
index vp to be

-̂ 0.05 ~ 2jro.5 . , ..
(14)-^0.05

and lets vp be the corresponding sample value, vp is a consistent estimator of index
Vj3. Va and v^ are both functions of a and /3, but do not depend on either y or 5. In
other words, v^ = ijj\(a,li) and vp = (//2(a,/3). The values of the indexes v^ and vp
expressed as functions of a and yS are tabulated in McCulloch (1985). This relationship
can be inverted to obtain a = (l>{va,vp). The a values for given values of v^ and vp
are presented in Table III in McCulloch (1985). Hence, the value of a corresponding

I

''For details of the correction procedure, readers are referred to McCulloch (1986).
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to the computed values of (>„ and vp is obtained from Table III [McCulloch (1985)] by
linear interpolation of presented values.^

RESULTS
Tables II and III present the estimated characteristic exponents, d's, for the entire data
set using raw and rescaled data, respectively. Results for subsets of the data for raw
and rescaled returns are presented in Tables IV and V, respectively. Descriptive statistics
such as tests of normality of underlying distributions, skewness, and kurtosis, are also
presented in each table. McLeod-Li's chi-square is used to test the null hypothesis of
no correlation in squared returns.

In the case of all raw data (Table II), 19 of the 31 commodities have a skewness
statistic significantly different from zero at the 5% significance level. In the case of all
rescaled data, (Table III), 23 commodities have a skewness statistic significantly different
from zero at the 5% significance level. In the case of subsets of raw and rescaled data, the
skewness statistic is significantly different from zero in 16 and 18 cases, respectively.
In other words, the underlying distributions are not symmetric either before or after
rescaiing the data. In general, positive skewness appears to be more prevalent than
negative skewness.

The independence of adjacent returns up to lag 12 are tested in this study, using the
McLeod-Li x'^. All x^ values in the case of all raw returns (Table II) and subset of
the data (Table IV) are significantly different from zero at the 1% significance level.
This indicates that returns up to lag 12 are not independently distributed in the case
of raw data. In the case of rescaled data however, the results are slightly different. In
only 16 commodities, when considering all data, (Table III) and 7 commodities, when
considering a subset of the rescaled data (Table V), are the x^ values significantly
different from zero at the 5% level. This indicates that rescaiing the returns reduces
dependence in adjacent returns. Thus, the returns in 15 commodities in the all rescaled
data and 24 commodities in the case of the subset of the rescaled data, are independently
distributed. However, Taylor's rescaiing procedure is not entirely successful in elimi-
nating dependence of adjacent returns. Yang (1989) found a GARCH process removed
conditional heteroskedasticity in a similar percentage of futures price series.

The d's, are first obtained using 0.1 as the value of the smoothing parameter, p, as
suggested by Taylor (1986). Following this, the value of p is estimated separately for each
commodity, using the procedure described in the previous section. The estimated values
of p for the entire data set and for the subset of the data, for each of the commodities
are presented in Table VI. The d 's are then recomputed using the estimated values of p .
The d 's estimated using the two methods are identical in 107 of the 124 cases (86%),
supporting Taylor's claim that using p = 0.1 for futures series is as good as using
the values of p estimated individually for each commodity. Hence, only the results for
rescaled data using p = 0.1 is used and presented and discussed and used in comparisons
with the results obtained for raw data.

The d 's for the raw and rescaled data for the entire data set, are presented in Tables II
and III, respectively. In the case of all raw data, d = 2.0 in only 4 out of the 124 cases
(3.2%) and d is sl.9O in 7 cases (5.6%). The d 's range from 1.128 to 2.00 and show a
slight tendency to converge to two as the sum size increases from one to 20. In the case

^Following McCulloch (1985), if the computed value of Va for a given value of vp is less than the lowest
value of VQ given in the table, the value of a is treated as two. Similarly, for a given value of v^,' if the value
of Vp exceeds its maximum value of one, it is treated as being equal to one.
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of rescaled data however, there is a marked increase in the values of the d 's (Table III)
compared to the corresponding values for the raw data (Table II). The rescaled data have
a greater tendency to converge towards normality as evidenced by their larger values
of d's. In 123 out of 124 cases in the rescaled data, d is greater than or equal to the
corresponding values for the raw data (Table II).

"ftble VI
ESTIMATED VALUES OF ONE MINUS THE SMOOTHING PARAMETER"

Commodity

I. Agricultural commodities
Cocoa
Coffee
Corn
Lumber
Oats
Orange juice
Soybean meal
Soybean oil
Soybeans
Sugar
Wheat (Chicago)

II. Livestock
Feeder cattle
Live cattle
Live hogs
Pork bellies

III. Metals
Copper
Gold
Palladium
Platinum
Silver

IV. Financial instruments
British pound
Canadian dollar
Deutsche mark
European dollar
Japanese yen
Swiss franc
Treasury bills
Treasury bonds
Treasury notes

V. Miscellaneous
Crude oil
Heating oil

All Data

0.949
0.885
0.901
0.978
0.912
0.867
0.897
0.929
0.904
0.900
0.900

0.916
0.950
0.947
0.948

0.900
0.900
0.827
0.900
0.900

0.900
0.900
0.934
0.952
0.900
0.924
0.969
0.959
0.962

0.886
0.900

1981-1988 Data

0.960
0.875
0.897
0.974
0.900
0.882
0.915
0.944
0.924
0.922
0.900

0.938
0.956
0.965
0.934

0.953
0.900
0.900
0.936
0.900

0.925
0.900
0.959
0.952
0.905
0.962
0.981
0.962
0.962

0.886
0.900

"The null hypothesis of an i.i.d. normal distribution is rejected for every commodity r
1981-1988 data.

-all data and
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For the rescaled data (Table III), only 10 out of the 124 estimates (8.1%) have an d
value less than 1.6. However, the corresponding number for the raw data (Table II) is
77, or 62.1% of the estimates. The estimated value of a for the rescaled data (Table III)
reaches the value of two for 24 out of the 31 commodities included in the study, compared
to just 3 commodities for the raw data (Table II). The average d for one-day rescaled
returns in Table III is 1.76, compared to 1.89 for the 20-day rescaled returns. Thus, for
the rescaled data, the 20-day returns are closer to a normal distribution than the 1-day
returns. This implies that there could be some short-run changes in variance (e.g., day of
the week effects) which the rescaiing procedure fails to capture. However, the rescaiing
procedure may be well suited for fortnightly or monthly data.

The rescaled returns show a greater tendency to converge to normality than the raw
returns, as evidenced by the larger values of the d 's for the rescaled returns. The rescaled
returns, though not normal, are less leptokurtic than the raw returns. The failure of the
rescaled returns to be perfectly normally distributed can be attributed to several reasons.
For instance, there may be factors in addition to the changing variance (e.g., presence
of fewer observations in the tail than in the normal distribution and non-stationarity of
scale) that contribute to the observed leptokurticity in the data. Also, rescaiing the data
using the conditional standard deviation obtained using Taylor's EWMA model may not
be an appropriate rescaiing factor for all commodities tested. Similar results have been
obtained by other researchers. For example, McCulloch (1985) estimated values of the
characteristic exponents ranging between 1.614 and 1.714 for six selected financial assets
using monthly data and an adaptive conditionally heteroskedastic (ACH) model, implying
that the ACH model did not correct the observed leptokurticity completely. Similarly,
Bollerslev (1987) concluded that the ARCH or GARCH models with conditionally
normal errors do not fully capture the leptokurtosis of the distribution of speculative
price changes. Yang and Brorsen (1992) found that the GARCH with a conditional
f-distribution can be rejected as a model of futures prices.

A comparison of the rescaled (Table IV) and raw (Table V) subset data reveal a similar
relationship as that observed in Tables II and III, i.e., the rescaled returns for the subset
data, though not perfectly normal, converge to the normal distribution more often than
the raw returns (Table V). In 90 (72.6%) of the 124 cases, the d 's in Table IV are greater
than the corresponding values in Table II (and are closer to two) and hence more closely
approximate normal distributions. Similar patterns are observed in the case of rescaled
data. Thus, the estimated d 's in the subset data, have a greater tendency to converge to
two compared to the entire data.

Changing conditional variances appear to be an important factor in the observed
departure of futures returns from the normal distribution. However, results obtained in this
study indicate that there are additional factors contributing to the observed leptokurticity
of futures returns and/or models other than the EWMA model may be better choices for
rescaiing for some commodities. The study results also indicate that the rescaled data
used in this study are an improvement over using the raw data.

CONCLUSION
This article corrects for heteroskedasticity in daily futures returns data following the
procedure suggested by Taylor (1986). Daily futures returns data for 31 commodities are
used in the study. The raw data are corrected for heteroskedasticity by dividing each
observation by its forecast conditional standard deviation generated by an exponentially
weighted moving average (EWMA) model. The raw and rescaled data series are tested for
convergence to normality using the stability under addition test of the stable distributions.
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The EWMA model seems to work about as well as the GARCH models considered in
past research.

The results indicate that the underlying distribution of the rescaled returns, corrected
for changing conditional variances, are less leptokurtic than the raw data but are still not
normal. In only 16 commodities when considering all data (Table III) and 7 commodities
when considering the subset of the rescaled data, can the null hypothesis of no
conditional heteroskedasticity be rejected. This indicates that rescaiing the returns reduces
dependence in adjacent returns to a great extent. Thus, the returns in 15 commodities
in the all rescaled data and 24 commodities in the case of the subset of rescaled data,
are independently distributed. The remaining conditional heteroskedasticity suggests that
the model is misspecified for some commodities. Even though the procedure used in this
study is not able to fully correct the observed leptokurtosis, it provides a more appropriate
data series than the raw data and thus yields more accurate results.

There may be factors in addition to the changing conditional variances than contribute
to the observed leptokurticity in the data, for example, the day of the week effect and
non-stationarity of scale [So (1987)]. An investigation into these factors is a possible
avenue for further research. A stable distribution with time varying scale parameter [Liu
and Brorsen (1992)] is a possible model for some commodities. But, the stability under
addition tests on the rescaled data suggests that a finite variance process is appropriate
for most commodities.
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