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INTRODUCTION
- . .1

I t is widely recognized that financial futures contracts provide potential risk reduction
benefits to stock portfolios, foreign currency portfolios, and bond portfolios. The

hedging performance of financial futures contracts was first investigated by Ederington
(1976). Anderson and Danthine (1980) extended optimal hedging to portfolios involving
multiple spot and futures positions. Figlewski (1984) addressed the hedging performance
of stock index futures. Hilliard (1984) addressed hedging interest rate risk with futures
portfolios. Koppenhaver (1985) and Morgan, Shome, and Smith (1988) investigated
optimal futures hedging by banks. Kamara and Siegel (1987) studied the optimal hedging
strategy with futures contracts having multiple delivery specifications.

Hedging can be undertaken by individuals, financial institutions, and industrial
corporations. Individuals are likely to possess spot positions of small sizes to be hedged
while financial institutions and corporations are more likely to possess large spot positions
to be hedged. For instance, Grammatikos, Saunders, and Swary (1986) found that the
average monthly net position of an average U.S. bank in five currencies between 1976
and 1981 were 265.95 million British pounds, 924.49 million Canadian dollars, 5296.56
million Deutschemarks, 509,613.95 million Japanese yen, and 19,015.51 million Swiss
francs. These institutions have substantial foreign exchange risk exposure.

In general, hedging may be accomplished by using futures contracts or forward con-
tracts. Futures contracts are characterized by standardized contract terms. For example,
the size of the British pound futures contract traded on the International Money Market
(I MM) of the Chicago Mercantile Exchange is 25,000 British pounds. This poses a
problem to large and small hedgers alike in that the size of the contract may not fit
the specific hedging needs of the hedger. The advantage of standardized contract terms,
however, is the higher liquidity of the futures contract over the forward contract and the
resulting lower transactions costs.

This article investigates the effect of the standard size specifications of futures contracts
upon hedging performance. The optimal hedging model is extended by incorporating the
constraint of indivisible choices. Empirical evidence on hedging foreign exchange risk
is presented that shows that the hedger is disadvantaged by the fixed sizes of futures
contracts.
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There are two issues that motivate the investigation conducted by this article. These are
(1) whether corporations should undertake hedging activities and (2) the determinants of
a financial contract's success.

Finance literature has debated whether corporations are justified in hedging risks on
behalf of shareholders. An answer offered by Dufey and Srinivasulu (1984) is that
hedging by corporations is justified if corporations can hedge more efficiently than
shareholders. Therefore, if contrast size specifications deter small hedgers (shareholders)
but are no impediment to large hedgers (corporations); then the corporation is better
able to hedge (or hedges more efficiently) than the shareholders. The corporation is then
justified in hedging on behalf of shareholders.

There are alternatives to hedging with fixed-size futures contracts. However, these have
their own disadvantages. Small and large hedgers alike may hedge specific exposures in
foreign currency through the interbank forward market, where the indivisibility problem
is absent. Some disadvantages of this market for small hedgers are that banks may; limit
access to these markets to customers engaged in foreign trade or those with foreign
subsidiaries; insist on compensating balances (which are costly for the individual, but
part of ongoing business activities of the corporation); and charge bid-ask spreads that
are larger for small volume customers. Small hedgers may also hedge through the futures
contracts of the MidAmerica Commodity Exchange, whose contract sizes are much
smaller than those offered by the Chicago Board of Trade and the IMM. For example, the
sizes of the foreign currency futures contracts offered by the MidAmerica Commodity
Exchange are half the size of those offered by the IMM.

In the early years of futures trading, U.S. futures exchanges dominated the industry.
However, increasing competition from emerging futures exchanges in Europe and the
Far East has caused a fall in the market share of U.S. exchanges. In 1989, this dropped
to 62.21% from 69.11% in 1988 [See Kolb (1991, p. 52)]. The competition increases the
importance of determining the characteristics responsible for the success or failure of a
futures contract. The characteristics that could affect the success or failure of a futures
contract may be classified into exchange characteristics, spot commodity characteristics,
and contract characteristics. Contract characteristics include size, maturity, delivery
procedure, and others. This study focuses on the importance of the size of the contract
as it affects the performance of hedged portfolios and its acceptability by hedgers.

The next section of this article discusses the optima! hedging model under the
indivi.sible choice constraint, proposes solution methods from the optimization literature,
and compares it to the unconstrained model. In Section II, the hedging performance
of the constrained model is compared to ihat of the unconstrained model in hedging
foreign exchange risk with currency futures contracts of fixed sizes on an ex post and
ex ante basis. It is shown that if the spot positions are of small sizes, then the hedger
is disadvantaged by the fixed sizes of futures contracts. This disadvantage disappears if
the spot positions are of large sizes.

Common practice is to deal with indivisible fixed sizes of futures contracts by rounding
the solution to the unconstrained choice problem to the nearest integer and initiating a
position in the rounded number of futures contracts. The hedging performance of the
constrained model is, therefore, compared to that of the rounded unconstrained model
both on an ex post and ex ante basis. As expected, the constrained model performs as well
or better than the rounded unconstrained model on an ex post basis. The performance
of the constrained model depends on the size of the spot position. The lower the size
the better the performance of the constrained model. Parameter instability reduces the
superiority of the model on an ex ante basis.
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OPTIMAL HEDGING MODEL WITH INDIVISIBLE CHOICES

Hedger^s Integer Constrained Choice Model versus Unconstrained Choice Model

The Anderson and Danthine (1980) model is used with a few modifications to that of
an individual agent's choice among n futures contracts of fixed size which differ in
delivered commodity, delivery location or delivery time. It is assumed that there are two
dates, time 0 and time 1. It is assumed that the spot positions Cj to be sold (or bought)
at time 1 in the m cash goods are known with certainty at time 0. At time 0 the agent
chooses the number of futures contracts Â , of fixed size Xi to buy (or sell) at time 0.
The agent's profit at time 1 is a random variable given by

m n

•fr = ^QiS^.i - 5,,o) + X^ '^ ' (^ ' . i - ^'-o) (1)
1 = 1 ( - 1

where

Si,\ = spot price of the cash good i at time 1 (a random variable)
•S,,o = spot price of the cash good / at time 0
F,-,t = futures price of the ith futures contract at time 1 (random variable)
^1,0 = futures prices of the /th futures contract at time 0

The hedging agent's problem is to minimize the variance of profit V (ir) with respect
to Ni, i = l . . . « , subject to the constraint that Ni = an integer, i = l...n. This is
called the constrained choice problem.

The problem may be recognized as one which involves integer nonlinear optimization.
There is no closed form solution available to the above problem as there is for the
unconstrained choice problem, which is to minimize V (TT) with respect to A';, i =
! . . . « , whose solution is obtained by solving the following system of n linear equations,
for _/ = 1.. .rt.

( = 1 ( = 1

where ,
o'si.Fj = covariance between the ith cash price and the jih futures price

at timel
o'Fi,Fj = covariance between the /th futures price and the yth futures price

at time 1

The constrained choice problem is much more difficult to solve than the unconstrained
choice problem. This may partially explain why it has not been attempted heretofore.'

Solution Methods of Constrained Choice Mode)

There are three possible methods of solving the constrained choice problem. Tbese are

1) Enumeration of all of the possible integer solutions. This becomes infeasible if the
number of decision variables is large and if they could take on large values.

'Integer Programming has been used in the finance literature in capital budgeting [Pettway (1973); Rychel
(1977); McBride (1^81)], in leasing |Capettini (1981)], and in credit investigation [Stowe (1985)]. However, all
of the above applications were confined eilher to the solution of integer linear programming or lo the solution
of problems with binary 0-1 decision variables. The solution of nonlinear optimization with integer variables
(not confined to binary 0 - t decision variables) has noi heretofore been applied in the finance literature to the
author's knowledge. <
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2) Transformation of the integer variables Ni into binary variables which take on
values 0 or 1. This is described in detail in Rao, pp. 557-568 and Appendix I. This
transformation will effectively change the objective function into a linear function
of the binary variables. However constraints are to be added. The transformed
problem may then be solved using integer 0-1 linear programming which has
been more commonly used in the finance literature and is already readily solved by
optimization packages such as LINDO.^ This method is infeasible if the variables
Ni can take on large values. For example, if A', < 4, ( = 1...« and n = 2, the
number of constraints added in the transformation process will be 132.

3) Transformation of the objective function by adding (1) a penalty function, which
is a function of A', and its two neighboring integer values, (2) a function of
constraints and use of iteration to solve for the A'̂  This is described in detail
in Rao, pp. 557-568 and Appendix I. The advantage of this approach is that it
can handle large values of Â , and could quickly lead to an optimum solution. The
disadvantage is that it could settle down at a "false optimum" which is a solution
other than an integer solution, and steps have to be taken to recover from this
situation.

The optimization and recovery processes are briefly described below. The transformed
objective function is given by

Transformed
Objective = V{if) + r*. Function of Constraints + j j . Penalty Function
Function

The function of the constraints is designed to have very large values when the constraint
boundary is approached. For instance, to minimize the optimization time one might wish
10 specify upper (Ui) and lower (L;) limits for ^V,. The function of the constraints would
then be given by 2, {/{Ui - Ni) + \/{Li + Ni).

The penalty function is designed to have large values when the Af, take on noninteger
values and 0 if the A', take on integer values.

rt and 5* are arbitrary weighting factors and k stands for the iteration number. Details
of the choice of r* and Sk are described in Rao, pp. 557-568.

The transformed objective function is minimized. It is checked If the process converges
to a minimum value of V{ir). If not, r* and .ŝ^ are updated and the above process is
repeated.

If the process converges to a minimum, it is checked to determine if the A', are integers.
If yes, this is the solution to Ihe constrained choice problem.

If no, this is a "false optimum." A false optimum results if one of the discretization
points lies very close to the constraint boundary but on the infeasible side. The solution is
to move away from the constraint boundary to the true optimum, by increasing the value
of the weighting factor r^ on the function of the constraints. This is done recursively
until the true optimum (a discrete optimum solution) is reached.

Note that if a closed form solution to the constrained choice problem were possible,
one could theoretically compare the optimal position in the futures contracts under the
constrained and unconstrained approaches as well as their hedging performance. For the
present however, all that may be said is that the reduction in risk of the cash position

^LINDO (Linear interactive discrete optimizer) is a mathematical programming software package, designed
to solve linear programming problems which can be used on the IBM/PC. The copyright (1984, 1985) is owned
by Undo Systems, Inc. Portion.s of the copyright (1981) are owned by Microsoft Corporation. Information on
the use of LINDO is provided in Schrage (1986).
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possible under the constrained choice cannot be higber than that under the unconstrained
choice. At best, the reduction in risk under the two approaches would be equal, if the
unconstrained choice naturally gives rise to an integer number of futures contracts in the
solution anyway, which is highly unlikely. Note that tbe solution to the unconstrained
choice may be implementable, in reality, because of the size constraint. Tberefore, the
agent is worse off, in reality, due to having to conform to the institutional requirement
of fixed sizes of futures contracts.

Rounded Unconstrained Choice Model versus Constrained Choice Model

The optimum number of futures contracts under the constrained choice problem need
not necessarily be the same as the rounded solution to the unconstrained choice problem,
when the spot portfolio has two or more commodities and futures contract on two or
more commodities are used in hedging. This is illustrated below with an example and
then explained.

Assume the hedger holds a currency portfolio of C| = 24,156 British pounds and
Cj = 95,783 Deutschemarks. The sizes of the futures contracts are Xi = 25,000 British
pounds and X2 = 125,000 Deutschemarks. The following parameters are input into the
hedging decision.

(75i = standard deviation of the percentage return on British pounds
= 0.05

o"5j = Standard deviation of the percentage return on Deutschemarks
= 0.017

(Tfi = Standard deviation of the percentage return on the British pound
futures contract

= 0.054
(Tpj = Standard deviation of the percentage return on the Deutschemark

futures contract
= 0.017

Ps^s^ = correlation between the return on British pounds and Deutschemarks
= 0.8851

PS\F\ = correlation between the return on British pounds and the British pound
futures contract

= 0.9946
PsxFx ^ correlation between the return on British pounds and the Deutschemark

futures contract
= 0.8918

PSiF\ ~ correlation between the return on Deutschemarks and the British pound
futures contract

- 0.9036
PSiFi = correlation between the return on Deutschemarks and the Deutschemark

futures contract
= 0.9982 ' "

p/TiPj = correlation between the return on the British pound futures
contract and Deutschemark futures contract 1 • -

= 0.9131 1 '- •

The bedger's problem is to minimize V(flf), where I
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Viir) ^ C f o - i , 4- CI<TI + 2 p s , s , s , s ,

lal^ + 2X,o-f.(C,p5.f,^5, + C2PS,F,<TS,)N,

) -fr,NiN2 (2)

Substitution of the numerical values above, the objective function is

V(if) = 759.16 + 182.25 N[ + 451.56 A/| + 721.61 Ni

+ 1148.56 Af2 + 523.89 A'iA'2

Minimizing the objective function with respect to Â j and N2, leads lo the unconstrained
solution

Ni^u = optimal number of British pound futures contracts under the unconstrained
choice

= -0.91
I^2.u = optimal number of Deutschemark futures contracts under the unconstrained

choice
= -0.74

The rounded solutions to the unconstrained choice problem are N\_, = - 2 and ^2 , =
- 1 . The value of the objective function at these values of Â i and N2 is Viir) = 46.69.

Minimizing the objective function with respect to A''i and A'2, with the addition of the
constraint that N\ and Â2 he integers, leads to the solution

A'l.r = optimal number of British pound futures contracts under the
constrained choice

= - 2
^2,.: = Optimal number of Deutschemark futures contracts under the

constrained choice
= 0

The value ofthe objective function at these values of N\ and Â2 is V(7f) = 44.94, which
is lower. This illustrates that the rounded solution to the unconstrained choice problem
need not be the same as the solution to the constrained choice problem.

When the hedged portfolio contains one spot commodity and futures contract on one
commodity, the rounded solution to the unconstrained choice problem is the same as the
solution to the constrained choice problem. This is shown mathematically in Appendix II.
Figure 1 illustrates this result. A''^ is the value of A î, which minimizes Virr; N\) which
is a function of A'l alone. /Vi% is the rounded value of Ni* „. A'j^ is the solution to the
integer value of N\., which minimizes Viif-; N]).

Figure 2 explains why in the two commodity case, the rounded solution to the
unconstrained choice problem may not be the same as the constrained choice solution.
The figure graphs Viif; N\ \ N2) as a function of N]. Fixing the value of A'2, we can find
the value of A'l which minimizes V(ir; A'l \ N2). By doing this for all possible values of
A'2, assume that we determine that the solution to the unconstrained choice problem
is given by A','«, Nl^. Curve A represents V(#; A'j IA'2) with N2 = Nl^, Curve B
represents Viir; A'l lA'2) with A'2 = Nl, where A'2% is the rounded integer value of
Nl^. In this case, the optimal unconstrained value of A'l = A'l*''̂ , which could be quite
different from A'j'.u since curve A and B are different curves. Therefore, the closest
integer value of A'',, will not be the same as the closest integer value of A'"«. Extending
this analysis to values of A'2, other than rounded values of A'^y, it is quite possible that
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Figure 1
Rounded unconstrained versus integer constrained in the single commodity case.

the solution to the constrained choice could have values of Â i and A'2, which are quite
different from the rounded values of N'_u and A'2.M-

Appendix II explains mathematically the conditions under which the rounded uncon-
strained choice solution and the constrained choice solution in the two commodity case
could be the same and the conditions under which they could differ. It should be noted
that "natural hedges" provided by negatively correlated cash currencies in the portfolio
are implicitly accounted for in choosing ^1 and A'2 by the respective correlation of the
spot currencies with the different futures contracts, in the sixth and seventh terms on
the right-hand side in eq. (2).

Variance of
hedged

portfolio
profit

V( TT ; N N )
1 2

1.U 1.U

Number of futures contracts N

Figure 2
Rounded unconstrained versus integer constrained in the two commodity case.
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Instability of Parameters of the Hedging Decision

Note that the parameters on which the hedging decision is based in both the constrained
choice approach and the unconstrained choice approach are those contained in the
variance-covariance matrix of spot and futures price changes over the hedging period.
In practice, the parameters are estimated over a past period, termed the estimation period,
and the hedge is initiated in the future. The performance of the hedge may not be as high
as forecasted due to the instability in the parameters. The instability is due to various
reasons, such as, the difference in the maturity of the futures contrast in the estimation
period and hedging period.

There is a wide literature on testing the stability of the hedge ratio and adjusting the
hedge ratio for instability, with respect to a hedged portfolio of one spot commodity and a
futures contract on one commodity. Grammatikos and Saunders (1983) use three different
procedures for testing if such a hedge ratio is stable. They find that, in general, when
hedging foreign exchange risk with currency futures, there is evidence of shifts in the
hedge ratio, though the shifts are not statistically significant for all currencies. Malliaris
and Urrutia (February 1991) use two different tests to determine if the hedge ratio and
measure of hedging effectiveness follow a random walk. They find that currency and stock
index futures contracts do follow a random walk. Malliaris and Urrutia (June 1991) study
the effect of the length of the estimation period and the hedging horizon on the hedge
ratio and effectiveness of the hedge. On an ex post basis, the hedge ratio and hedging
effectiveness are not affected by the length of the estimation period. On an ex ante basis,
the hedging effectiveness increases when the length of the estimation period is reduced.
On an ex post basis, the hedging effectiveness is higher the larger the hedging horizon.
On an ex ante basis, the effectiveness of hedges improves as the hedging horizon is
reduced. Castelino (1990) argues that since the volatility of the basis is high far from
contract expiration and low close to it, the minimum variance hedge ratio should depend
on when the hedge is lifted and provides a model to calculate such a hedge ratio.

This model is more complicated than those in the above cited papers because more
than one spot commodity is considered. In the case of the constrained choice approach,
the optimal number of futures contracts cannot be adjusted for instability. The hedge ratio
was adjusted in the above papers, using some sort of regression procedure such as random
coefficient regression. The optimal number of futures contracts has to be solved for using
quadratic integer programming. The variance-covariance matrix has to be adjusted to
recognize that the variance-covariance matrix differs between the estimation period and
the hedge period. However, since the hedge period is in the future, the adjustment can
only be estimated. While there is evidence that the volatility of the futures contract falls
as expiration nears, one cannot be sure of what happens to the volatility of the spot
commodities, or the covariability of a spot commodity and a futures contract on another
commodity. The issue of instability is addressed in the empirical tests by considering
ex post and ex ante tests in order to determine the significance of parameter instability
on the results.

EVIDENCE OF HEDGING PEREORMANCE OF CURRENCY FUTURES

The Data

Daily data on futures settlement prices and the corresponding spot prices on five
major currencies—^the British pound, Canadian dollar, Deutschmark, Japanese yen, and
Swiss franc—for the period 1986 through 1988 are from the Quotes data tapes of
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the IMM. These contracts have fixed sizes of British pounds 25,000, Canadian dollar
100,000, Deutschemarks 125,000, Japanese yen 12.5 million, and Swiss francs 125,000,
respectively. Currency futures contracts have delivery dates in March, June, September,
and December. To eliminate the confounding effect of having time series of futures
prices with different times to maturity, the time series of futures prices for each contract
is ensured to span the same maximum time to maturity.

For each contract maturity the time series of futures prices is divided into two periods
with the same number of observations in each. The first and earlier period, Period I, is
used to estimate parameters such as the variance-covariance matrix of spot and futures
prices. From these, the optimal futures position is determined. The ex post risk under
the constrained choice is compared to the unconstrained choice. There are, therefore,
12 sets of parameter estimates (4 contracts maturing in each of 3 years). The second and
later period. Period II, is treated as an out-of-sample period, to initiate the hedges and
compare the ex ante risk under the constrained and unconstrained approaches.

Tests and Results • '

It is assumed that the agent holds portfolios of two foreign currencies, whose value at
time 1 are to be hedged. Ten such portfolios of the five currencies is investigated. It is of
course possible that the agent could have short positions in the two foreign currencies,
whose values at time 1 are to be hedged. Results for this would obviously be similar
to the one for long positions in the two currencies, though the optimal positions in the
futures contracts would be opposite in sign. A third possibility is that the hedger lakes a
long position in one currency and a short position in the other. Though not obviously so,
the results are similar to those of the long positions in the two foreign currencies. Only
the results of the long positions in the Iwo foreign currencies are reported.

An objective of the empirical tests is to determine if the size of the agent's spot
positions infiuences the magnitude of the disadvantage of having to make the constrained
choice. Therefore, the empirical tests are conducted for spot positions in different size
categories one through eight. The size of futures contracts is used as a benchmark to
classify the spot position size categories. Size category 1 refers to spot positions of size
< 1 X size of the corresponding futures contract. For example in size category 1, the spot
position in British pounds would be less than 25,000 British pounds, the spot position
in Canadian dollars would be less than 100,000 Canadian dollars, the spot position in
Deutschemarks would be less than 125,000 Deutschemarks, the spot position in Swiss
francs would be less than 125,000 Swiss francs, and the spot position in Japanese yen
would be less than 12.5 million Japanese yen. In size category n, the spot position would
lie between (n — I) and n times the size of the corresponding futures contract. The
spot positions are generated by picking random numbers from uniform distributions
with ranges (n — I) io n times the size of each futures contract using a random
number generator. For example, in size category 1 for the British pound-Deutschemark
combination, the agent's spot position consists of 24,156 British pounds and 95,783
Deutschemarks. Under each size category, there are ten possible combinations of the five
currencies. Since 12 sets of parameters are estimated, there are 120 sets of comparisons
in each size category of the constrained choice and unconstrained choice approaches.

The optimal number of futures contracts under the constrained choice and the
unconstrained choice is calculated. Table I provides the results for the March 1986
contract. For 36 of the 80 combinations (45%) reported in Table I, the optimal futures
position under the constrained choice approach is not the same as the rounded (to the
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nearest integer) optimal futures position under the unconstrained choice approach. This
indicates that using the unconstrained choice model to solve for the optimal futures
position and implementing the hedge with rounded values of the solutions for the number
of futures contracts, would lead to suboptimal decisions for a substantial proportion of
cases. Assuming that the hedged portfolio is terminated on various days in Periods I and
II, the optimal futures position under the constrained choice and unconstrained choice
approach are then used to calculate the variance of the profit of the hedged portfolio in
Period I (termed the ex post test) and in Period U (termed the ex ante tests). An F test
is used to determine if tbe variance of the hedged portfolio profit under the constrained
choice is significantly higher than the variance of the hedged portfolio profit under the
unconstrained choice. Since there are 96 data points in each of Period I and Period II.
tbe cut off value of the F statistic is given by ^95^5 ^ 1.69. Table II shows the standard
deviation of the hedged portfolio profit under tbe constrained choice and unconstrained
choice for the ex post and ex ante tests, and the associated F statistics for the spot
positions corresponding to size 1 and parameters estimated for the March, 1986 contract,
for various currency portfolios. It may be observed that for this size of tbe spot position,
the risk of the hedged portfolio is significantly higher for the constrained choice than
for the unconstrained choice for all the combinations, except for the ex post test of the
Deutschmark, Swiss franc combination.

Table III compares the relative hedging performance of the constrained choice and
the unconstrained choice approaches witb particular emphasis on the influence of tbe
size of the spot positions. The results of Table III shows that for the ex post tests,
there are only two types of outcomes—either the constrained cboice approach performs
significantly worse than tbe unconstrained choice approach in reducing risk or there is
no significant difference in risk of tbe bedged portfolio under the two approaches. In
the ex ante tests, where the optimal hedge positions are calculated with the parameters
estimated from Period I data, wbile the hedge is assumed to be terminated in various days
in Period II (out-of-sample data), it is shown that there are cases where tbe constrained
choice provides hedge portfolios with significantly lower risk than the unconstrained
choice. The number of cases where this occurs is not large. This result is due to the
parameter instability previously described and the effect of being unable to foresee the
future perfectly. However, In this case, there are three possible types of outcomes.

The null hypothesis that the outcomes are equally likely is tested. The probability
of each type of outcome according to tbe null bypothesis is p, = \/k wbere k = the
number of possible types of outcomes. The expected number of each outcome of type i
is given by Ein,) = np,, wbere n = total number of outcomes and ny = number of
outcomes of type /, where 1 varies from 1 to A:. A xfk-i) '^s' statistic is used to test
the null hypothesis, where

[See Mendenhall and Sheaffer (1973)].
Table III shows the actual number of each outcome, proportion (%) of each outcome

and the results ofthe ^ ' test. The x^ test determines wbetber a particular type of outcome
is favored. Considering the ex post tests, it is concluded that agents with spot positions of
sizes less than 2X size of each futures contract would be clearly disadvantaged because
of having to apply the constrained choice approach, lf, however, the spot position is of
sizes greater than 3x tbe size of each futures contract, the agent is reasonably certain
of not being disadvantaged because of having to apply the constrained cboice approach.
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Considering the ex ante tests, it is concluded that agents with spot positions of sizes less
than 1X size of each futures contract would be clearly disadvantaged because of having
to apply the constrained choice approach. If, however, the spot positions are of sizes
greater than 3X size of each futures contract, the agent is reasonably certain of not being
disadvantaged because of having to apply the constrained choice approach.

Table IV compares the relative hedging performance of the constrained choice and
the rounded unconstrained choice approaches with particular emphasis on the influence
of the size of the spot position. For the ex post tests, there are only two types of
outcomes—either the constrained choice approach performs significantly better than
the rounded unconstrained choice approach in reducing risk or there is no significant
difference between the risk of the hedged portfolio under the two approaches. The number
of outcomes and proportion of outcomes are presented in the table. Again, the null
hypothesis that the different types of outcomes are equally likely is tested using the x\
test statistic. The x^ it̂ l̂ statistic indicates that the two outcomes are not equally likely.
There is a greater chance that the two approaches will give similar results as indicated
by the proportion of outcomes. It is found that in size category 1. 35% of the constrained
choice cases perform better than the rounded unconstrained choice cases. This superiority
of the constrained choice approach falls off as the size of the spot position is increased.
The x^ statistic indicates that the two outcomes are not equally likely. Its more likely
that the two approaches are equally effective. Ihe agent is reasonably certain that the
two approaches will lead to the same result especially in the higher size categories.

Regarding the ex ante tests, the three possible types of outcomes are that the
constrained choice approach has significantly lower risk, the two approaches are equally
effective, and that the constrained choice approach has significantly higher risk. The xl
test statistic indicates that the three types of outcomes are not equally likely for all size
categories. The proportion of cases indicates that it is more likely that the two approaches
will lead to similar hedging results. At size category I, the proportion of cases in which
the constrained choice approach performed better is 19.17% and seems to fall as the size
of spot positions increases.

It should be noted that the ex ante tests, in size category 1, and the proportion of cases
in which the constrained choice approach performs worse than the rounded unconstrained
choice approach is 10% and this diminishes as the size ofthe spot positions increases. The
possibility in the ex ante test of finding that, in a few cases, the rounded unconstrained
choice approach performs better than the constrained choice approach is due to parameter
instability and the impossibility of foreseeing the future with 100% accuracy.

CONCLUSION

This article investigates the effect of the standardized size specifications of futures
contracts upon hedging performance. It extends the optimal hedging model with the
constraint of indivisible choices, and proposes soiutions to the resulting nonlinear
integer optimizing problem. The model is applied to hedging of foreign exchange risk
with financial futures contracts. The results show both ex post and ex ante that if the
hedging agent's spot positions are of small sizes, the agent suffers the disadvantage of
significantly reduced hedging effectiveness due to the fixed sizes of futures contracts.
This disadvantage disappears if the spot positions to be hedged are sufficiently large.
The performance of this mode! is compared to the common current practice of rounding
to the nearest integer. The results show that, ex post, this model performs better than or as
well as the common practice. This performance depends on the size of the spot positions.
As the agent's spot positions increase, for a greater proportion of the cases, the model
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performs as well as current practice. Parameter instability reduces the effectiveness of
the model in the ex ante test. However, as the agent's spot position increases, there are
a larger proportion of cases where the performance of this model and current practice
are the same.

The above findings hold on an overall basis. The above implies that large hedgers are
not disadvantaged by fixed sizes of futures contracts and could use the common practice
of rounding with little loss, but this is not valid if differences in hedging effectiveness
are measured at the margin. It then becomes necessary for all hedgers to pay attention
to and recognize the fixed sizes of futures contracts in hedging practice.

One way of doing this is to use the model proposed in this study to hedge in futures
markets. An alternative would be to use the unconstrained choice model with futures
prices to determine the hedge, use the futures markets for the rounded integer position,
and hedge the residual (positive or negative) in the forward markets. The second approach
assumes that futures and forward prices are indistinguishable. While most of the empirical
research on foreign exchange has provided evidence consistent with this, it has to be
remembered that published forward price quotes available for research are confined to
maturities of 30, 60, and 90 days which may weaken the grounds for substitutability of
futures and forward prices.

The findings of this article should be useful for research on the factors responsible for
a futures contract's success or failure and to the designers of new futures contracts.

Appendix I
The constrained choice problem could be generalized by the following: Minimize

^aixf + Y^biXi 4- ^^CijXiXj (A.I)
(=1 1=1 i=lj=\

with respect to x,, / = I .. .n subject lo the constraint x, § 0 and x^ = integer for all /.
This nonlinear integer optimization problem may either be solved by (1) Method I.

Transform the problem into a 0-1 linear programming problem or by (2) Method II. Use
the concept of penalty functions. These methods are explained below and are adapted
from Rao (1984), pp. 557-568.

Method I

Let Xi = Xil ~ ^i2 for all i, where xa and Xji both > 0 for all i. Let u,^ be the upper
limit of Xij, for / = 1 . . . n, and j = 1,2. Then

.̂y = i2V!*' (A.2)

where _y,y , yij , yij ... denote binary numbers which can take on a value of either 0 or
1 and Nij is the smallest integer so that

Substitute (A.2) into (A.I). Note that after substitution there will be squared terms [yL ?
in the objective function which could be replaced by y^j . There will be cross product
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terms yij yrs which are to be dealt with before the problem can be transformed into a
0-1 linear programming problem. Let

and write i

•^\.' J. -yC) _ y < 1 ' f A Ti

. -ylf - yi'} + 2yp ^0 '• , (A.4)

yp =0 or 1 (A.5)

Equation (A.3) and (A.5) will ensure that yp = 1 when _y,j and yr's are both 1. Equation

(A.4) will ensure that if yij = yr.^ = 0 or if one of >',;̂  and yrs but not the other equals
0, the yp = 0.

Adding eq. (A.3) through (A.5) as constraints to the problem and substituting for
cross terms _y,j yn in the objective function by yp, the problem is transformed into a
O-I linear programming problem.

Note that if the original problem has two decision variables and the upper limit for
each Xij is four, the number of constraints added to the problem would be 132 constraints,

and the number of 0-1 variables to solve for would be 78 (12 binary variables y.y
plus 66 binary variables yp). I

Method II I

The problem may be formulated as follows: Minimize ;
n n n n ' I •

(=1 (=1 1=1y=i

subject to the constraints gjiX) > 0, for _/ = 1, . . . m where gjiX) is given by

' _ , ' "„ for all I = 1, . . . n

where Ui and Li are upper and lower limits of Xi and x, § 0 and integer, and X is the
vector of -t,'s.

This method uses a generalized interior penalty function approach to define the
following transformed problem. Minimize

m 1

(bkiX, rii, si) = fix) + ri. 7 —-.—- + SiOidX)

The second term ensures that once the minimization is started from a feasible point, the
point remains in the feasible region always. The third term is a penalty term which gives
a penalty whenever some of the variables Xi take on other than integer values. We use

where yi and z, are the two neighboring integer values for the value of Xi, and v, ^ Xj
and Zi ^ Xi.

The (f>k function is minimized for a sequence of values of r* and s* such that for
k —• oo, the optimum integer solution to the basic problem is obtained.
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The following algorithm is used.

Step I. Let A: = 1
Choose initial feasible values X\ of JC,, I = \ ...n
Determine rj, si, and /3| (For details see Rao).
Step 2. Formulate 4>k{X).
Step 3. Find the unconstrained minimum Xk of 0t(X, r*. Sk)- We used a subroutine in
the IMSL library, which uses a quasi-Newton method and a finite difference gradient.
Step 4. Check the stopping criterion.

fix:) - fixt-o ^
fiX'k)

where e = I0~^
If it is satisfied go to Step 6, otherwise go to Step 5.
Step 5. Set X^ = X^. Update the values of r̂  + i, Sk + u and Pk + \- Go to Step 2.
Step 6. Check if X̂  is an integer solution. If yes, take X* = Xl and stop. If not update
the recovery cycle number / to i -I- I and go to Step 7.
Step 7. If this is the first step of the application of the recovery process, set (r)^^^^ =
rjt-,-1 and (s)ncwi = 2ji+,^2- Execute Step 3. If this is the second step of the recovery
process, set (r)new2 == fk-i and (s)new; = 2sk+i-\- Execute Step 3. Check the stopping
criterion. If satisfied go to Step 6. If not, update the recovery cycle number i to i -t- I,
and go to Slep 7.

Appendix II

When the hedged portfolio contains one spot commodily and futures contracts on only
one commodity, the rounded solution to the unconstrained choice problem is the same
as the solution to the constrained choice problem. The conditions to be fulfilled for
the rounded solution to the unconstrained choice problem to equal the solution to the
constrained choice problem are shown using two spot commodities and futures contracts
on two commodities.

Futures Contracts on One Commodity

The variance of the profit on the hedged portfolio of a single commodity and the futures
contract may be written as

V = NfX^al + 2^, X, C,o-5,F. + C?(7-J,

where

N] = number of futures contracts

X] = size of each futures contract

ajr = variance of the return on the futures contract

Ci = number of units of the spot commodity

o-jif, = covariance between the return on the spot commodity

and futures contract

crl = variance of the return on the spot commodity
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The variance of the hedged portfolio may be written as

V = aiNf + a2Ni + a^

where

02 =

The unconstrained optimum A^LO is given by solving the following equation

av . ..
(II.l)

2a,

= 2ai > 0. . • -« !> 0 (\^-2)

Consider two integer values of A'l, above and below A'l.o, respectively, given by A'l./,
and A'l./, such that Nij is the rounded integer value of A'l.o.

A'l.o - ^ 1 . ; < ^i.fi - /Vi.o (11-3)

it is proved below that

Vi < Vh .

where

V/ = var iance of the hedged portfolio with A'l = N]j

Vh = var iance of the hedged portfolio with Ni = N\h

}i + a2N\j + a3 - a\N\j, -

From (11.3)

V, - Vh = (A'l./ - Ni,h)[2aiNi_o + ai^i +

where Ki is a positive constant = (A'l./, + N\j) - 2A'i.o
Using (II.l)

V, - V, =(A'i,/ ~ yVi

The first term on the right-hand side is negative and the second term is positive.

This process can be repeated by comparing A'l./ with other integer values of A'l.;,
satisfying (II.3) lo show that the variance of the hedged portfolio at the rounded integer
solution N\j is the lowest of all integer solutions. ,
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Futures Contracts on Two Commodities

The variance of the return on the hedged portfolio of two spot and futures commodities
can be written as

V = axN^ + ajNx + a-^N^Ni + aA.Nl + a

\, N2 = number of futures contracts on commodity 1

Solving the unconstrained choice problem

dV
. — = 2a,A', + aj + a^Ni = 0 (II.4)

dV
2a4N2 + as + a^Ni = 0 (II.5)

> 0

a4 > 0

02, 03. and as can be positive, negative, or zero.
Let Nio, A'2,0 represent the solulion to the unconstrained choice problem. Let Nij and
/Vi.ft represent integers below and above A î.o, respectively. Let N2.1 and N2,h represent
integers below and above A/2.0, respectively. Ut A'l.,, A'2j represent the rounded solution
to the unconstrained choice problem. Then

A'l.o ~ Nij < A'l.ft - A'l.o (11.6)

A'2.0 - A'2./ < N2.h - ^2.0 (11.7)

Let Vij represent the variance of the hedged portfolio with V̂, = A'l,, and A'2 ^ Nzj.
Under certain conditions

V,j could be greater than V,.;,, V^j and V;,./,.

j +

+ 05
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From (II.7)

2^2.0 < A 2̂./ +

A'2./ + N2.h = 2N2

where '' .,

iti > 0

where

••• Vi.i - Vi.h = (A'2./ - A':

From (II.5)

The first term in brackets in the right-hand side of (II.8) is negative. The second term
is positive if 04^1 - 03^2 > 0-

04, kx, and ^2 are positive, 03 could be positive or negative.

If 03 is negative, then

Vu < Vi,k

If fl3 is positive, then

V;.; < V;.A

only if :

04 ^ ^2

«3 *i *
I

In a similar way, it can be shown that

Vu < V,j

only if

' axkj — 03^4 > 0

where : .̂ -- ,
r

2/^,.O = A',.; + Nx.h + k2

N2.t = A'2.0 - *4

where :

INDIVISIBLE CHOICES / 257



Comparing Vij and V̂  ,,

Vi.i - VA.A = aiNlt + a2Nij +

- 02^1,A -

It can be stated that the first term and the fourth term are negative. However if 02 < 0,
^3 < 0 and as < 0, the second, third, and fifth terms would be positive. This would
make Vij > V ,̂,,.

The above comparisons could be applied to other integer values of A'l and N2 to
make the same points. The above shows that if futures contracts on two commodities are
used for hedging, the rounded solution to the unconstrained choice problem would under
certain conditions (which are possible) not be the same as the solution to the constrained
choice problem.

The above proof could be extended to a hedged portfolio of n commodities and
futures contracts on n commodities.
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