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INTRODUCTION

In recent years, the time-series properties of speculative prices have been given
renewed attention. Two key issues involve the shape of the distribution that gen-
erates price changes and the relationship of price changes across time. The random
walk hypothesis incorporates both of these elements by specifying that price changes
in all nonoverlapping periods be independent and possess the same stationary distri-
bution. Moreover, the concept of market rationality, which is consistent with the
random walk theory, asserts that assets are priced by traders who use all available
information to make unbiased predictions of future prices. The collective wisdom
from earlier studies [Working (1934); Kendall (1953); Roberts (1959); Alexander
(1961); Fama (1965)] generally supports the notion that speculative prices do follow
a random walk, based on tests of serial correlation between successive price changes.
Recent studies, however, reveal contradictory evidence regarding the nature of asset
price changes over different time horizons. In particular, monthly and annual secu-
rity returns have been shown to exhibit negative serial correlation [Fama and French
(1988); Lehmann (1988); Poterba and Summers (1987); Cecchetti, Lam, and Mark
(1989)]. Daily and weekly individual security returns appear to be negatively auto-
correlated [French and Roll (1986); Lo and MacKinlay (1988)], while weekly portfo-
lio returns reflect positive serial correlation [Conrad and Kaul (1988); Lo and
MacKinlay (1988)]. The common conclusion from this evidence suggests a violation
of the random walk hypothesis in many financial markets, implying that there are
information components in past prices, beyond a general trend, that can be used by
the technical analyst to predict future prices.

Perhaps more interesting is the attempt recent studies have made to suggest eco-
nomic rationales either supporting or refuting the random walk hypothesis. These
studies include “memory” in speculative prices caused by fads [Lehmann (1988);
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De Long et al. (1987, 1988, 1989)], rational bubbles [Behzad and Grossman (1987)),
overreactions [DeBondt and Thaler (1985)], preference reversals [Slovic and Licht-
enstein (1983)], production smoothing [Fair (1989)], consumption smoothing [Black
(1989)], dividend smoothing [Shiller (1989)], market learning [Turner, Startz, and
Nelson (1989)], time-varying risk perceptions {Friedman and Kuttner (1988)}, small
sample bias [Kim, Nelson, and Startz (1988)], and nonsynchronous trading [Lo and
‘MacKinlay (1989)].

The relevance of time-series properties of speculative price movements is intensi-
fied by the recent debate on market volatility. Shiller (1981) argues that nonrandom
stock price movements may be causing return volatility which is “excessive” in that
it cannot be fully explained by volatility of the underlying fundamentals. French and
Roll (1986) also show that the return variance in trading time periods is signifi-
cantly higher than that in nontrading time periods. They argue that this phenome-
non is at least partially due to noise from traders’ overreaction to previous trades.

Compared with the financial markets literature, limited evidence exists on price
behavior in real asset markets. Pindyck and Rotemberg (1988) show that prices of
largely unrelated raw commodities have a tendency to move together. The excess co-
movement among commodity prices is puzzling since the correlation of prices can-
not be fully accounted for by correlation of underlying common fundamentals. It has
been hypothesized that the excess cross-sectional correlation is due to “herd” behav-
ior, or fads, in markets—either bullish or bearish trading on all commodities for no
explainable economic reason. Moreover, this seemingly irrational behavior could be
explained if excess correlation is attributed to pooling of the aggregate fundamen-
tals, thereby providing more information than the fundamental price determinants
for each individual asset analyzed separately. The commonality among movements in
raw commodity prices is further supported by evidence that the changes in commod-
ity prices are often indicators of future inflation [Boughton and Branson (1988)).

Ma (1989) shows that daily cash commodity prices often exhibit reversals imme-
diately following the arrival of significant information. While this evidence is con-
sistent with the overreaction hypothesis, his findings cannot be generalized since
they apply only to price behavior after significant events. Similarly, as Frankel
(1986) points out, if commodity prices are flexible but other goods prices are sticky,
a decline in the nominal money supply will raise the real interest rate and depress
real commodity prices in the short run. Commodity prices would then overshoot
their equilibrium levels to generate an expectation of future appreciation sufficient
to offset the higher interest rate. When the real rate effects eventually vanish, the
price will revert to its true long-run equilibrium. '

This study seeks to test directly the random walk hypothesis in the cash prices of
17 commodities. Three theoretical components of commodity price series are iden-
tified: a systematic component reflecting price drift or the expected arrival of infor-
mation, a negatively autocorrelated component which is attributed to the bid-ask
spread of marketmakers, and a noise term which represents the pricing of unex-
pected information. Using the variance ratio test of Lo and MacKinlay (1988), the
random walk hypothesis is rejected for daily commodity prices since many short-
term realized returns exhibit either positive or negative persistence over different
time horizons. Furthermore, the positive serial correlation between successive price
changes goes beyond the structure of the underlying fundamentals. For many com-
modities, particularly grains and other crops, there is some evidence that positive
serial correlation exists in price changes over short and intermediate time horizons.
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These results indicate that many daily commodity prices appear not to react to un-
expected information in a rational fashion in that either the adjustment process to
new information is not instantaneous, possibly because of transaction costs, or be-
cause new information is revealed in a serially correlated fashion that is not properly
anticipated. In other markets, such as livestock and gold, evidence of short-term
price reversals appears. Such price reversals may occur because farmers and ranch-
ers alter their near-term marketing plans in response to recent price changes, or be-
cause central banks try to stabilize gold price markets in the short run. Longer-term
positive price trends (possibly due to inflation changes) are apparent in gold prices,
while price reversals (possibly due to cobweb cycle effects) appear in livestock mar-
kets. Finally, in some markets such as silver and soybeans, no significant violations
of random walk assumptions are observed.

EMPIRICAL DESIGN

Variance Ratio Tests

Before investigating the nature of random walks, Working (1934) and Larson (1960)
make the distinction between anticipatory and random elements in a price series.
As pointed out by Houthakker (1934), the randomness of a process can only be de-
fined as the absence of any systematic pattern. The importance of the distinction
between the anticipatory component and the random component is also empirically
demonstrated by Conrad, Kaul, and Nimalendran (1989), who show that the individ-
ual components in the stock return series exhibit different time-series properties.
As the short-horizon realized return shows negative dependence due to the bid-ask
spread, an incorrect conclusion may be reached with respect to the time-series prop-
erty of the true underlying return process. Others argue that the systematic struc-
ture of the time series, if expected, should be deterministic. Therefore, the testing
of the random walk hypothesis should only be relevant with respect to the random
component in the price series.'

The basic idea behind variance ratio tests is that price changes following a stable
random walk will have a random variance component that increases linearly with
time. Thus, if a commodity price series tends to vary up or down with a random
variance of 0.1 over a one-day interval, the random variance component of price
changes would, on average, be (0.2 over a two-day interval and 0.5 over a five-day in-
terval, etc. Of course, estimates of variances over each interval would not be precise
if they were made from random samples of data. For instance, the one-day random
price change might be computed to be 0.09 and the five-day random price change
variance might be computed to be 0.475. Thus, it is necessary to use a test-statistic
to determine whether ratios of variances computed over different intervals are con-
sistent with the linear variance characteristics of a random walk process or differ
significantly from the results that would ordinarily be generated by a random walk
process. Lo and MacKinlay (1988) have developed appropriate “variance ratio” test
statistics for investigating the random walk properties of price series. Their test sta-
tistics are used to analyze the random walk properties of commodity price data. The
procedures are described in Appendix A.

"The serial correlation computed over the original price series may reflect mainly the time-series
property of the underlying systematic structure expected by the market.
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The variance ratio test in Appendix A is conducted over g-day intervals versus
one-day intervals. However, the test is robust for various interval length combina-
tions. For instance, if g is designated as the number of lags and the basic interval
length is designated i, variance ratio tests can be conducted for various combinations
of g and i. Thus, for values of i = 1, i.e., for one-day price changes, variance ratio
tests are run for (lag) values of ¢ = 2, i.e., for price changes over two days, 4, i.e.,
for price changes over four consecutive trading days, or one trading week, 8, and 16.
Values for i of 4 are used also (to measure the variance of price changes over ap-
proximately one week) and of 16 (to measure the variance of price changes over ap-
proximately a one-month, or four-week, period). When, for instance, variance ratio
tests are computed fori = 16 and g = 2, the variance of price changes over 32 trading
days is compared to the variance of price changes over 16 days.

All price changes are measured as log price relatives, i.e., as In(P,/P,-,;) where P,
is the closing price on day ¢ and P,_, is the closing price of gi days earlier. If a stable
random walk process holds, once the price change series is detrended and other regu-
larities in price movements are taken into account, the random variance of the price
change series should grow linearly with the length of the time over which the price
changes are computed.

However, if the error component of price changes tends to cumulate rather than
to vary randomly over some specific time interval, then the variance of the price
change over large intervals would be greater than expected. The expected long inter-
val price change variance should equal the variance of the short-interval price
change multiplied by g (the number of short intervals in the long interval). However,
if random price movements are positively correlated so prices move continuously in
the same direction, the price change would cumulate in that direction, and would
not be systematically offset by random walk movements in the opposite direction.
One factor that could cause cumulative price movements would be a failure of the
market to incorporate all new information in current prices instantaneously. Thus,
prices might move in the same direction for several days or weeks in a row. Another
factor generating price trends could be the sequential release of information that is
not fully anticipated. For instance, in a drought, it may rain on any given day, yet,
each day that goes by without rain will cause escalating crop damage at some point.
As the next day comes and goes without rain, prices may continue to adjust to the
ever increasing possibility that crop damage will be severe. Conversely, every day in
the fall that goes by without frost may increase the chances for obtaining a bumper
crop. As the weather information is revealed day-by-day, crop prices may continue to
adjust in the same direction to reflect new supply possibilities.

Conversely, price changes may also move inversely over various time intervals. For
instance, high hog prices one year may cause farmers to breed more hogs for the
next marketing season, at which point prices are likely to fall. Similarly, high cattle
prices one day may induce more farmers to ship their cattle to market in the next
day or two so cattle prices will fall. Corn-hog cycles and cobweb cycles are well
known in agriculture, and cause large price changes over one interval to be offset by
significant reversals over longer intervals. Such processes also violate random walk
assumptions since random price changes in one period are inversely correlated with
price changes over a longer interval rather than being independent. If such phenom-
ena exist, the variance of price changes over long intervals will be less than would be
expected if short interval price changes are merely extrapolated to the longer pe-
riod. Thus, if the variance ratio tests are significantly negative, evidence exists that
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the random walk hypothesis is rejected in a manner that would be expected if price
reversals occurred. However, if variance ratio tests are significantly positive, this
will be consistent with the evidence of persistence in price movements.

Return Adjustments for Holidays, Weekends, and Nontrading Periods

Before performing the variance ratio tests as described in the previous section, the
sample must be examined to determine the transaction type of the daily prices (bid,
ask, or variable transaction prices), thin trading, and the impact of nontrading peri-
ods. Each of these issues are relevant for the current topic. For example, if actual
transaction prices are used, a seemingly negative autocorrelation may be produced
since actual transaction prices often fluctuate between bid and ask prices. For this
reason, the daily prices in the sample are obtained from dealer’s offering quotes or
ask prices. The selection of prices of the same type allows elimination of the bias on
variance ratios from the negatively correlated component in the transaction price
series—if the process of the bid-ask spread is stationary. A further bias in esti-
mates of serial correlation can be introduced if the prices are taken from thin or
nonsynchronized trading. This is mainly attributed to the fact that for a less actively
traded instrument, the price may reflect new information after a lag. However, the
slower adjustment speed to information, while it may exhibit nonrandom walks, does
not suggest opportunities for profit since the instrument is not often traded. Leh-
mann (1980), recognizing both the problem of bid—ask spreads and of thin trading,
suggests that using weekly returns from Thursday to Thursday may significantly re-
duce both biases. This is due to the fact that the impact of bid—-ask spreads or infre-
quent trading will be insignificant when returns are computed over a longer time
horizon. Therefore, to reduce the possible biases, the variance ratios over price
changes are measured on longer time horizons as well as short horizons.

Since the variance ratio test is used to compare return variances, computed over
periods of different lengths of time, the ratio will be biased if the time-series used is
not homogeneous in terms of time periods covered for every price change. When-
ever there are many types of institutional nontrading periods, such as holidays and
weekends, the price change will cover more than the standard daily period, i.e., one-
day trading session and one evening nontrading session. Thus, the variance ratio
specified by equation (4) will be biased. Another subtle but significant issue with re-
spect to uneven lengths of time periods over which price changes are computed re-
sults from the fact that return variances are higher in the trading session than in the
nontrading session [French and Roll (1986)]. For instance, the Friday close to Mon-
day close seemingly does not cover three standard daily perlods since there is only
one day trading session and two day nontrading sessions in that period.

Therefore, it is important to adjust for both the uneven length of time and the un-
even mix of trading and nontrading periods over a given interval. This can be con-
ducted by first computing the daily return series, R,, by the difference of logarithms
of the original daily price series, P, i.c.,

R, = LOg(P;/qu) (1)

Note that while the time horizon of R, generally covers one day trading session and
one night nontrading session, it may also include more than one trading and non-
trading periods if day ¢ is a day following a nontrading day session, e.g., weekday holi-
days or Monday. To assure that the price series being tested is homogeneous in
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terms of the length of trading/nontrading periods, the daily returns immediately fol-
lowing a nontrading day session are excluded from the sample. That is, all Monday
returns and returns following holidays are discarded. Using the rest of the sample,
the revised price series, P’ can be generated by

i=0

P = P0<1 + exp fl(l + R}) — 1) 2)

where P, is the base price on the first day of the sample. Equation (2) computes a
revised price based on the continuously compounded daily returns from a base price.
This way, daily prices are generated based on daily returns which all have the same
length of trading and nontrading periods. Thus, the simulated time series of daily
prices, P/, has the property that each price change from the previous one covers the
same number of trading and nontrading hours. Since all Monday returns are taken
from the sample, the weekly return (Tuesday to Tuesday return) measured over the
P/ series is equivalent to Lehmann’s (1988) weekly return adjusted for bid-ask
spreads and thin trading, and four trading days comprise one week.

EMPIRICAL RESULTS

The sample includes daily cash prices for 17 commodity prices. The data used in the
sample are described in Appendix B. All commodities have futures contracts traded
during the same sample periods. Most commodities have more than 4000 daily ob-
servations which range over at least 15 years. To eliminate weekend and holiday ef-
fects, all price series are modified, as shown in equation (2), to eliminate returns
ascribable to trading days that immediately follow a trading halt. Thus, each daily
return represents only one full day’s return. Based on the procedure described in the
previous section, the variance ratios and their test statistics for various trading inter-
vals and lags 2 through 60 (g = 2 to 60) are computed for each price series. For the
sake of brevity, only the variance ratios of daily returns for selected lags with repre-
sentative values are reported in Table 1.2

The intervals over which returns are calculated for Table I include daily returns,
with lags approximately equal to one week (four trading days), two weeks (eight
trading days), and four weeks (16 days). Because holidays also are omitted, a month
of trading contains approximately 16 trading days, and a year of trading contains be-
tween 12 and 13 such “months.” The use of lags and intervals of approximately one
week, one month, etc., in length should help reduce or eliminate possible systematic
price patterns that recur on regular calendar-day intervals. Regarding the variance
ratios presented in Table I, for all commodity price series combined, more than half
of the variance ratios are significantly different from one at the 10% level or better
as indicated by the Z values in parentheses. The data suggest that the random walk
hypothesis is rejected for the daily price movements of most commodities since at
least one variance ratio is significantly different from zero at the 10% confidence
level for every commodity except silver and soybeans. The variance ratio for lag 2
can be approximated by 1-y, where v is the first-order autocorrelation. For example,
a variance ratio of 1.014 for soybean oil implies a 1.4% positive serial correlation
between successive daily prices. Therefore, based on the one-to two-day variance

Only a few variance ratios of the 59 are reported for each of the commodities. The other results
may be obtained from the authors upon request.
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ratios, with an interval of one day and a lag of 2 reported in Table I, the (log-) prices
of soybean meal, oats, coffee, sugar, heating oil, pork bellies, and copper are posi-
tively autocorrelated, and the day-to-day price changes of corn, feeder cattle, live
hogs, and gold are negatively autocorrelated.

Over longer periods of time, from one week to one month, most of the commodity
price changes exhibit positive persistence. For instance, when price changes are
compared over one- to four-day intervals, thereby roughly comparing weekly to
monthly price changes, price changes for soybean oil, wheat, cotton, coffee, sugar,
heating oil, live cattle, live hogs, and copper all exhibit significantly positive serial
correlation, while only pork bellies exhibit significantly negative serial correlation. A
large proportion of the 17 commodities analyzed also show positive serial correla-
tion when the variance of daily price changes is compared over four-, eight-, or 16-
day intervals, or when four-day price changes are compared over two consecutive
four-day periods. These results suggest that trending prices frequently occur in com-
modity markets; thus, there may be some validity to using trend-following technical
analysis techniques in various commodity markets.

However, several commodities exhibit significantly negative serial correlation.
Feeder cattle price changes usually exhibit significantly negative correlation patterns,
while pork belly prices also exhibit decreasing variance ratio patterns except for very
short intervals. In addition, gold exhibits negative serial correlation over relatively
short intervals but positive serial correlation over longer periods, as variances com-
puted over two to 12 lags are compared for 16-day return intervals. A possible expla-
nation for these results might be that there might still be some systematic
component remaining when the price series are differenced using small ¢’s. Thus,
variance ratios different from unity, observed at the shorter lags, may only reflect
the serial correlation of the underlying systematic process of the commodity prices
rather than the structure of the noise component per se. However, if the noise com-
ponent, &, truly follows a random walk, the variance ratio should follow a U (or a
reversed U) shape as the level of ¢ increases.’ That is, A(g)* = 1 when g = 1 and ¢*
and that does not appear to be the case. Thus, it is also possible that some markets
do not respond efficiently to short-run random price shocks. For instance, farmers
may bring more or less livestock to market with a lag, in response to past price in-
creases or decreases, respectively, thereby causing negative correlation in price
changes. Also, central banks may move to stablilize gold prices after sharp short-
run price changes occur in gold’s dollar price, etc.

Overall, in the cash price series of most of 17 commodities analyzed, most series
exhibit autocorrelated random components. A few commodities exhibit a negatively
correlated component over some variance intervals. Positive trends may reflect seri-
ally correlated releases of unexpected information— such as the unanticipated wors-
ening of potential supply shortages or of droughts over time. Negative serial
correlation might reflect the unanticipated lagged effect of supply adjustments or
storage adjustments in response to previous price changes as, for instance, when
more feeder cattle are sent to the meat packer rather than being kept on feed if
prices are temporarily high, and the market does not anticipate the increased supply.

The findings of this study sharply contrast with other evidence in financial mar-
kets. Conrad, Kaul, and Nimalendran (1989); Ma (1989); Fama and French (1987);

*As pointed out by Fama and French (1986), the variance ratios would follow a U-shape if the under-
lying return generating process is composed of a random process and a mean-reverting process. The
duration of the U-curve depends on the relative magnitude of each process.
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Lehmann (1987); and Lo and MacKinlay (1987) all show that the daily, weekly, and
monthly realized returns for stocks are negatively serially correlated. However, Con-
rad et al. (1989) find that while the bid-ask spread exhibits negative serial correla-
tion, the expected return component is positively autocorrelated. To the contrary,
this study suggests that the noise term, which represents the price reaction to unex-
pected information, exhibits positive long-term serial correlation for many commodi-
ties, particularly for most agricultural crops, heating oil, and gold and silver.

The empirical evidence also suggests that the long-term price dependence between
successive daily commodity prices is significant enough to reject the random walk
hypothesis. The level of serial correlation indicates that there is a component in
prior prices which can be used to predict future prices. If asset returns reflect the
arrival of information, the systematic component represents market pricing with
respect to the expected component of the information set, and the noise term repre-
sents the reaction to the unexpected information arrival. Consequently, the evidence
of a positively autocorrelated random component for most commodities, and nega-
tively correlated price changes for some others, suggest that the dependence between
successive prices goes beyond the level expected by the market.

Under the current structure, one can only speculate on the sources of the non-
random walks. One possibility is that information may arrive sequentially, so that
market participants are not equally informed at the same point of time [Copeland
(1976)]; or, given the same information set, the analytical ability differs among mar-
ket participants [Heiner (1983); DeLong et al. (1987)]. Either explanation, while se-
riously challenging the basic assumption of market efficiency, does not necessarily
reject economic efficiency because trading costs are not considered. The findings
also provide a strong argument for the possibility of market irrationality, since the
market price does not fully adjust to unexpected information instantaneously. This
may be a result of fads or trading noises, as suggested by previous authors. Undoubt-
edly, the design of this study is unable to provide a direct test on the causes of non-
randomness in commodity prices.

Potential traders may be able to use random walk tests to determine which com-
modities tend to exhibit random walk behavior, and which do not. More intensive
studies using trend following trading rules may be justified for markets that exhibit
positive price change persistence over some intervals, while trading systems that try
to exploit price reversals might be usefully investigated if negative price persistence
(significantly low variance ratios) are found to exist. However, even if random walk
conditions are violated, it is possible that no trading rules will be able to exploit such
“inefficiencies” profitably if market monitoring (information) and trading costs are
high. This may particularly be the case with cash markets, which are investigated
here. The findings only suggest that market inefficiencies exist, but evidence is not
sufficient to show that excess profits can be earned as a result.

In particular, caution should be exercised in concluding that significant statistical
relationships necessarily imply significant excess economic profit. Predictable rela-
tionships in time series can be stable and significant by some statistical criteria, but
not meaningful in obtaining economic profit. The necessary requirements to achieve
significant economic profit depend on more than the identification of predictable
and repetitive patterns. Further, the statistical relationship needs to be specific
enough to suggest operational trading rules and the profit generated must be high
enough to cover both transaction costs and the risk premium associated with trad-
ing. Therefore, the mere evidence of serially correlated price changes does not guar-
antee the existence of excess economic profit.
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CONCLUSIONS

In this study, the random walk hypothesis in the cash prices of 17 commodities is
tested. Using variance ratio tests, it is found that the time-variance relationship
generally does not hold for returns of short- and longer-term holding periods, as ex-
pected by the random walk hypothesis. This implies that the returns are not inde-
pendent and intertemporally uncorrelated. The evidence further indicates that there
is a positively autocorrelated random component over intermediate time intervals for
many commodities. In the short run, a negative serial correlation may result from
price overreactions that cause realized daily returns to exhibit a mean-reverting
process for some of the commodities. However, when the holding horizon is longer,
the realized returns exhibit positive serial correlation for almost all commodities
except some livestock-related commodities.

The implication from the findings suggests that in the price series there is a com-
ponent, independent of the underlying fundamentals, that can be used to predict
future prices. This implies the possibility of market irrationality since positive de-
pendence of prices may be a result of fads in the market. This may also reflect some
type of market rigidity in the form of traders’ noninstantaneous adjustment to unex-
pected information, the speed of information releases, serial correlation in informa-
tion disclosures that are not fully anticipated, or institutional restrictions which
prevent the market from being cleared immediately. The sources of the nonrandom
walks is left for future research.

Practical implications of non-random walks are not absent, however. In particular,
in a market characterized by positive serial correlation in price movements, trend-
following technical analysis may provide traders with useful insights into future mar-
ket direction. Also, in such a market, option prices may need to be increased for
more distant options to allow for the possibility that accelerating price trends may
develop over time. Conversely, in markets characterized by overreaction in daily
price changes or long-term negative serial correlation, fair prices for long-term op-
tions may be somewhat lower than prices determined by employing a variance mea-
sure calculated from the standard deviation of log price changes over daily intervals
or other short-term (weekly) intervals—as is commonly done.

Appendix A

VARIANCE RATIO TESTS

To separate the random component in the price change from the systematic compo-
nent reflecting the changes of an underlying economic model, the variance ratio test
first developed by Tintner (1940) is used, as well as the corresponding test statistics
developed by Lo and Mackinlay (1988). Specifically, let P, represent the asset price
at time ¢, and L, be the natural logarithm of price. The continuously compounded
return, R,, which is the difference in successive log-prices, should contain two com-
ponents: a systematic component, ¢,, which is differentiable with respect to time
and determined by the underlying price trend and systematic price movement fun-
damental of the asset, and a random innovation &,, generated by unexpected random
causes. Therefore,

Log(P./P) = ¢ + & (A1)

where cov(¢s, &) = 0, and E(e;) = 0. In equation (Al), it should be noted, how-
ever, that the systematic component can be serially correlated due to the nature of
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the economic determinants which may be time-path dependent. That is,
cov(¢,, ¢.-1) is not necessarily equal to zero. Based on the specification in equation
(A1), the & are said to follow a Gaussian random walk if and only if the noise com-
ponent is independent of time, and normally distributed with an expected value of
zero and variance equal to o2

It is necessary, therefore, to isolate the noise component from the entire series.
This can be accomplished by taking finite differences of the price series. When a
lag, g, is used to finite difference the log of the price series, any systematic pattern
of ¢, that exists between P, and P,, should be irrelevant in determining the variance
ratios. For instance, a constant geometric (percentage) drift at rate pt will merely
cause the mean of the log relative, log(P,/P;-,), to be adjusted by a constant term
equal to g* In p, but will not affect the variance of the log relative. Furthermore, for
systematic price behavior that follows a regular cyclical pattern, as the time interval,
q, lengthens, regular harmonic processes such as day of the week effects will tend to
net out and, therefore, have less effect on variance measures. Thus, the finite differ-
encing of a lagged price series will eliminate drift effects and either eliminate or, at
least, reduce the importance of other systematic components without also eliminat-
ing the random component (Powers, 1971). On the other hand, the random compo-
nent of a price series over various differencing intervals cannot be reduced by finite
differencing since it is not ordered in time.

Variance ratio tests are often considered superior to traditional white-noise tests
or autocorrelation tests for random walks, since they do not require that the underly-
ing economic model, ex ante, be specific. The traditional autocorrelation method as-
sumes either that there is no systematic component in the underlying process
(martingale), or that the economic model be specified ad hoc to distinguish the ran-
dom component &, for testing. In either case, the hypothesis is always a joint test for
both the validity of the model and the independence of the &,.

However, the finite difference method can effectively eliminate a large number of
functional forms as possible candidates for the underlying systematic component
without actually specifying the true relationship.* Equation (A1) produces the famil-
iar stochastic differential equation:

dL(t) = uedt + (o + 04)dZ(1) ' (A2)

where dZ(t) is a Wiener process with mean of zero and variance equal to ¢. u, and
o’y are the mean and variance of the systematic component, ¢,. Two important
properties of equation (A2) are first, that the “drift” in log-price over a given time
interval is proportional to the length of the interval, i.e., a drift of u4At, and sec-
ond, that the variance of the random error term, o?At, is also proportional to the
elapsed time. The variance ratio test will facilitate the testing of the time-variance
property implied by a random walk—if the elapsed time between observations is At
and the variance of the associated noise term is o2, then doubling the time between
observations will imply a variance equal to 202, tripling, a variance of 30% and so
on. This can be demonstrated by the gth differencing of equation (A1) where there

“The finite difference method cannot eliminate all possible forms of the systematic structure. For
example, if S, follows a recurring format, such as a sin or cosine function, the variance ratios will also
follow a U-shape repetitively with respect to the lags for the differences. However, typical patterns
(daily, weekly, monthly, seasonalities or trends), that are related to fundamentals or institutional ar-
rangements, can be removed by finite differences.
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exists a strictly positive integer, g, such that the ¢, systematic component vanishes
from the variance calculation after the differencing. Since the bid—ask spread is not
time additive over longer time periods, the left-hand side becomes Log(P; /P-,),
which represents the holding period return over g periods, and is equal to the sum
of the random component, &, from¢ = j — g to ¢ = j, the net drift components at
time ¢ and ¢ — q that is,

Log(P /Pi-g) = i gk T qlnp,

k=0

and the variance of the g-period return is:

V(Izq) == i V(e) + i i Cov(er-i, &-)

i=0 j=0
where i # j.

The random walk hypothesis would require that the & be independent and identi-
cally distributed (i.i.d.). Therefore,

V(R,) = qV(e:) (A3)

which reduces to V(R,) = gV (e,) = go’. Thus, the familiar unit-root variance ra-
tio, and the following necessary condition for random walks must hold:

AMg) = V(g)/[V(1)q] = 1 (Ad)

where A(q) represents the variance ratio of the finite difference log-price series,
V(q) equals the variance over an interval of length, g, and V(1) represents the vari-
ance over an interval of unit length. The variance ratio test compares the variance of
a g-period return to that of the product of g and the variance of a one-period turn.

To test the null hypothesis that the time-variance relationship in equation A4
holds, finding A(q) significantly different from unity is sufficient to reject the ran-
dom walk hypothesis. Lo and MacKinlay (1988) derive efficient estimators for V(g)
as well as the asymptotic distribution of A(g). Their test is more powerful than
similar previous tests since they allow the use of overlapping data, which results in
significantly larger sample sizes, particularly for large g*. Therefore, consider the ob-
served log-price series Lo, L, . .. L., where the total number of observations equals
n + 1. Define the unbiased estimators of u, V' (1), and V(q) as u,v(1), and v(q), re-
spectively. Then

u=1/(n - 1)21 (L — Li-y)
v() = 1/(n - 1) i (Lx — Li-y — u)?

W) = 1/l(n — g + (1 ~ /)] 2 (Li = Lucg — quy

As shown by Lo and MacKinlay (1988), the test statistic, z(g), is asymptotically nor-
mal with a mean of zero and variance of unity with the following:

z(q) = n**(Mg) — 1)(2(2q - 1)(g — D/39)™"
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where the variance ratio is estimated by

X(q) = v(@)/[v(1)q]

The estimations on the variance ratios of different lags, A(g), and their associated
test statistics z(g) allows one to determine whether the variance ratios are signifi-
cantly different from unity. The random walk hypothesis will be rejected if X(q) is
significantly different from unity. Furthermore, an estimate of A(g) greater (less)
than 1 for ¢ = 2 would suggest significantly positive (negative) serial correlation be-
tween prices.’ '

To determine whether a nondrift systematic component in the original price series
is contributing to the price dependence measured by the variance ratios, the length
of the differencing interval, g, may need to be large. However, the variance ratio
would start from one (¢ = 1) and exhibit deviations from one as ¢ becomes larger,
and eventually resolutes back to one when q equals g% where g* is the number of dif-
ferences needed to eliminate all systematic effects and randomize the original series.
As g* is unknown if the underlying model is not first estimated, the evidence of de-
viations from unity for a given q only indicates the rejection of random walks relative
to the holding period being investigated.

The variance ratio tests can also be modified by altering the “unit” interval over
which price changes are calculated. Then, g refers to the number of such intervals
used in the analysis. For instance, this study uses the “unit” interval lengths of one
day, four days, and 16 days. Thus, when g = 12, for a 16-day interval, the variance of
price changes over 192 trading days is compared to the variance of price changes
over a 16-trading-day interval.

Lo and MacKinlay (1988) demonstrate the relationship between variance ratios and n-order serial
correlations.
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