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INTRODUCTION

The behavior of cotnmodity markets has been the subject of prolonged research
and controversy. Much of this controversy focuses on the behavior of futures

prices over time. The fact that the appHcation of certain technical trading systems
can lead to positive returns leads some researchers to conclude that the behavior of
futures prices is nonrandom. However, a number of economists believe that there
are no systematic patterns to futures price behavior, and that expected profits can-
not be increased by application of " . . . chart or any other esoteric devices of magic or
mathematics" (Samuelson, 1965).

Studies of the behavior of futures prices are primarily concerned with pricing effi-
ciency and hedging opportunities. A price efficient market is one that fuliy reflects
all available information (Fama, 1970). An efficient market can be defined also as one
in which a speculator can not earn an above-normal return (Panton, 1980). Much of
the work in pricing efficiency of commodity futures markets can be classified in one
of three areas: First, numerous studies test the random walk model [e.g., Leuthold
(1972); Stevenson and Bear (1970)]. In general, the evidence is consistent with ran-
dom behavior in futures prices. An efficient commodity market implies that futures
prices over the life of a contract represent a martingale process. The random walk
(martingale) hypothesis postulates that the expected futures price increments are
not significantly different from zero, and futures price increments are independent,
and thus, uncorrelated over time. Based on the several statistical tests of serial cor-
relation applied to a total of 464 commodity contracts using daily prices, Cargill and
Rausser (1975) reject the random walk model as a nonrealistic description of com-
modity markets. They conclude, however, that failure of the martingale property to
hold is not an evidence of market inefficiency, and suggest that other more compli-
cated martingale models may be more consistent with the observed data. The simple
random walk is only a special case of the much broader Samueison (1965) capital
market model.
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Second, several studies apply mechanical filters to futures prices (usually based on
the theory of normal backwardation) to determine whether profits can be realized
[e.g.. Gray (1961); Cootner (1960); Carter (1984)]. A major implication of the the-
ory of normal backwardation is that a strategy of maintaining a long position in the
futures market should earn positive profits over time. The results are ambiguous.

The third test of the efficient market hypothesis is the examination of the fore-
casting ability of futures markets. Futures prices are interpreted as reflecting the
consensus of what traders expect the price to be at a certain time in the future,
given the information currently available. Tomek and Gray (1970) view the spring-
time prices of the harvest-time futures as a forecast of the forthcoming harvest-time
price. Kofi (1973) demonstrates that futures markets perform their forward pricing
function very well, and that predictive reliability of a futures market improves as
more accurate information on supply and demand becomes available. Both studies
find that the forward pricing function of futures markets is more reliable for con-
tinuous than for discontinuous inventory models. Leuthold (1974) subsequently in-
vestigates the forecasting efficiency of futures markets using a similar approach of
regressing cash prices on lagged futures prices. In his study, cash cattle prices are
found to be more accurate predictors of subsequent cash cattle price than are the
futures prices for distant contracts. The ability of futures prices to anticipate subse-
quent cash prices appears to be less efficient as time progresses. Martin and Garcia
(1981) conclude that the livestock futures market has clearly not performed the fore-
casting function well. Just and Rausser (1981) address the question of whether fu-
tures markets are more or less accurate than the large-scale econometric ally based
forecasts. They find the evidence to be not overwhelmingly in favor of either.

The purpose of producer hedging is defined traditionally as a means to minimize
possible revenue losses associated with adverse cash price changes. Alternative mo-
tives for hedging arise from either anticipating favorable basis change or attempts to
diversify a portfolio of assets. One of the theoretical approaches to hedging most
frequently used is the portfolio analysis [e.g., McKinnon (1967); Ward and Fletcher
(1971); Rutledge (1972); Heifner (1972)]. These studies rely on traditional measures
of expected returns and risk, i.e., the mean and variance of a series of past years
prices to determine an optimal portfolio. As noted by Peck (1975), traditional mea-
sures of return and risk impose a long-run view, whereas futures markets operate in
an essentially short-run horizon. With the use of price forecasts. Peck developed a
hedging strategy which reduced risk by lowering producers exposure to unpredict-
able price variation. Brandt (1985) showed how both producers and first-handlers
can reduce the risk of unfavorable price fluctuations by combining the information
from forecasting models with a selective hedging strategy.

The central hypothesis of this article is that potential positive returns are avail-
able to traders who are able to outperform other traders in predicting price move-
ments. The objective of the study is to show how price forecasts can be effectively
used to formulate a hedging strategy which will increase profits from hedging. Cash
and futures prices, or, alternatively, basis, are forecasted using an approach to mod-
eling vector-valued time series based on linear systems theory. Hedging strategy
based on price signals from these forecasts is described, followed by an overview of
state-space procedure for modeling the vector-valued stationary time scries. Finally,
an example of the selective hedging strategy based on price forecasts applied to the
soybean meal inventory is presented, and the results are compared to those obtained
by routine hedging and cash marketing strategies.
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METHODOLOGICAL FRAMEWORK

While examining the forecasting ability of futures markets, most previous studies
compare cash prices with lagged futures prices. In this study, the forecasting ability
of futures prices is exploited differently. As new information emerges or events oc-
cur, futures and cash prices are affected simuhaneously. However, this does not im-
ply that the previous prices were in error. It means only that they were based on a
different information set than that subsequently available. Therefore, this approach
uses contemporaneous cash and futures prices, estimates the parameters of the mul-
tivariate time series state-space model, and then generates out-of-sample forecasts.
Thus, rather than using futures market prices to forecast future cash prices, the pro-
posed method exploits dynamic relationship between contemporaneous time series
of cash and futures prices, and forecasts them simultaneously.

It has been shown that the routine hedging strategy (forward pricing of the entire
cash position) reduces risk [Peck (1975)]. However, this strategy frequently results in
foregone potential positive returns from the correctly predicted movements in
prices. A more sophisticated strategy, which incorporates the information from fore-
casts, can conceptually both increase expected utility and reduce risk relative to
strictly cash marketing or routine hedging.

Based on Brandt (1985), a simple rule for selective hedging is utilized. The pro-
ducer (seller) hedges and stays hedged as long as the current futures market price is
greater than the forecasted cash price, or lifts the hedge and remains unhedged as
long as the cash price is forecasted to be higher than the current futures market
price. However, any analysis which compares futures prices with cash prices must
also adjust for the basis, particularly if the hedger has no intention of delivery. Basis,
defined as the difference between the futures price and cash price, is traditionally
more stable over time than cash or futures prices and is, therefore, easier to forecast.
Additionally, hedging is not costless. The costs of hedging include broker's commis-
sions and opportunity costs of capital tied up in the form of initial margins and
margin calls. Therefore, as an operational rule for selective hedging, the producer
(seller) hedges and stays hedged whenever:

f, - (S*Hi, + CH)> P^X\, (1)

Using the definition of the basis, expression (1) becomes:

f, - [iFr.i], - pr.i\.) + CO] - pu > 0

F.> F*.,^ + CH ' (2)

where Ch is the cost of hedging, F, is the period t quotation of the selected futures
contract price, F* i\, is the next period forecast of the same futures contract price,
P,* III is the next period forecast of cash price, and B^n\, is the next period basis fore-
cast; all forecasts based on information available at time t. The intent is to evaluate,
ex post, whether sellers (producers), by exercising the above selective hedging strat-
egy, could receive a higher price for their commodity compared to sellers who use a
routine hedging procedure or cash marketing strategy only.

Although analytically equal, expressions (1) and (2) can lead to three distinct fore-
casting models. To use hedging rule (1), forecasts of basis and cash price in period
(/ -I- 1) are needed. Two-channel time series may consist of cash and futures prices
to give the basis forecasts indirectly as the difference between futures price forecast
and cash price forecast. Alternatively, historical data for a particular location basis
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can be calculated by subtracting cash from futures prices, and then modeled to-
gether with cash prices. Using this approach, basis forecasts are generated directly
along with the cash price forecasts. Finally, the third alternative, based on expres-
sion (2), involves univariate time series model of futures market prices only.

FORECASTING WITH THE STATE-SPACE MODELS

An approach to modeling multivariate time series based on linear systems theory is
provided by Aoki {1987, 1990). Several other studies use applications of the method,
as well as theoretical extensions of the original state-spaee technique. Aoki and
Havenner (1989b) provide a comprehensive review of the system-theoretic time
series. In Aoki and Havenner (1989a), the relationship to two other methods for
Markovian model construction is established. Havenner and Aoki (1988) give an in-
strumental variables interpretation of the linear system theory estimation. Havenner
and Criddle (1989) present an application of state-space modeling of time series to
California cattle inventories and beef prices. Cerchi and Havenner (1988) use the
method for modeling stock prices. Dorfman and Havenner (1991) apply the state-
space technique to the problem of modeling cyclical patterns in supply and demand
for California olives.

Consider the problem of fitting an approximate model to 7 observations on the m
series of a zero-mean, weakly stationary vector-valued Gaussian stochastic process,
{y,}, with the covariance sequence: T, = E[y,^iy;]. It is assumed that>', is a finite-
dimensional process in the sense that it can be realized by passing the white noise
through a finite dimensional linear system:

x,.n\, = Ax,\,-i + Be,

y, = Cx,\,.i + e, (3)

where the first equation is called state equation; the second equation is called obser-
vation equation; and {n * n) matrix A, (m * n) matrix C, and (n * m) matrix B are
the coefficient matrices to be estimated. The input, {e,}, is a white Gaussian process
with: E[e,ei] = S,,% where 5« is Kronecker's delta defined by S,, = I ii t = s, and
6» = 0 otherwise, x, is an (n * 1) vector of unobservable states that are minimal suf-
ficient statistics (optimal carriers of information) for the history of the process y,.
The subscripts on J: refer to the conditional expectation of j : in the period of the first
subscript, given the information set at the time of the second subscript.

The stochastic model in eq. (3) is called the innovations model. By definition, the
state vector ^, | , , contains all relevant information for the past history of the series y,
up to time / - 1. To ensure that the next period state vector j;,ti|f is a set of suffi-
cient statistics fory,+i, the new information contained in e, (innovation vector) must
be incorporated into the states. Matrix B accomplishes this task in a manner that
preserves the minimal sufficiency of the states. The procedure for estimating the pa-
rameters of the state-space innovation model is explained in the Appendix.

With estimates of the system matrices .4, B, and C of the innovation model, state
and observation equations can be solved for in- and out-of-sample forecasts. One
way to proceed is to construct one-step-a head forecasts. The expected value ofy, in
observation eq. (3) is:

= y< = Cx, (4)

since, based on the assumption that e, is independent of x,, the expected value of e,
is zero. Predicting e, is equivalent to predicting a random selection from a distribu-
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tion with zero-mean and finite variance. Upon substitution of the observation equa-
tion into the state equation, the state equation becomes:

x,^i = iA - BC)x, + By, ' (5)

Multiplying both sides by C, advancing the time in the previous equation by one, and
combining the two expressions, gives the one-step-ahead forecast:

>*,+, = C{A - BC)x, + CBy, (6)

which can now be compared with the actual value of y,n to calculate the one-step-
ahead forecast error, e,+i = y,-^\ — y,+\. Next, this data point is added to the exist-
ing pool of data points to update the system matrices, and so on. Alternatively, the
same set of estimates may be kept while additional data points are incorporated, or
the system matrices may be updated each time after several new data points are pre-
sented to the model. Rather than using a sequence of k one-step-a head forecasts,
one A:-step-ahead forecast may be constructed as follows:

y.,,,, = CA%A - BC)x. + By,] ^ - 0 , 1 , . . . (7)

Clearly, ifk = 0, the above equation reduces to a one-step-ahead forecast as in eq. (6).
Both approaches require an initial value of J:, to begin the solution. Its effect de-

clines as / increases, provided thaty, is weakly stationary and that/I is asymptotically
stable. To estimate Xi, some scheme of smoothing or backforecasting (backcasting)
may be used. The one employed here is based on Abraham and Ledolter (1983).
State and observation equations from (3) have to be slightly modified to give:

= y, - y. r = 1,2, . . . , 7

=Ax, + Be, (8)
• I

The system of equations in (8) can be solved forward in time, using the assumption
that;ci = 0, to obtain an estimate of J:I-+I. Inverting the timing, the last equation in
(8) becomes: , "̂

X, = Ax,^i + Be,^\ t = T,T - l,...,l • (9)

which is then, together with the first two equations in (8), solved backward in time
to obtain an estimate of.r]. With an estimate of Xi the system in (8) is solved for-
ward in time again to obtain forecasts>'i,y2. • • -yr- The last.«, obtained is again JT^+I

(generally different from the previous one where the solution is started withxi = 0),
which can be used to generate out-of-sample forecasts for which the actual values of
y, {yT-y]yyr*2, • • •) are not yet observed. Clearly, in this situation, forecast error e,
can not be computed, and A:-step-ahead forecasts can be generated using the formula
obtained by substituting expression (5) into (7):

y,,A,, = CA'x,^i + /A • (10)

and adding back the mean of the series /JL.

PERFORMANCE OF THE FORECASTING MODELS
The soybean meal data for the analysis presented here are obtained from various is-
sues of The Walt Street Journal. Data used cover the period between June 1, 1989
and May 31, 1991, for a total of 506 data points. The cash price refers to 44% pro-
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tein grade meal and represents the midpoint of the observed daily closing market
quotation in Decatur, Illinois, in dollars and cents per ton. The futures data are
daily closing prices for the Chicago Board of Trade soybean meal December con-
tract. The trading unit is KM) short tons, and prices are quoted in dollars and cents
per ton, with a minimum fluctuation of $0.10 per ton ($10.00 per contract), basis
f.o.b. railcars, bulk, Decatur, Illinois. There is only one deliverable grade of meal
with a minimum of 44% protein content. The December contract is chosen because
it is the most actively traded soybean meal contract for which the continuous series
of prices exists throughout the year. The first trading day in December is used as
the switching point between the expiring and the incoming December contract.

As mentioned earlier, the proposed methodological framework leads to three dif-
ferent forecasting models, two of them being multivariate (two-channel), and one
being a univariate (scalar) time series model. In the first model cash price and fu-
tures price are modeled together (m = 2). In the second, cash and basis are mod-
eled together, and the third models futures prices alone (m = \).

The method briefly outlined in the Appendix applies only to stationary time series.
Since economic data frequently have trend components due to inflation, growth,
technological progress, etc., an important step in accurate modeling of time series is
the transformation to stationarity. Available methods exist for stochastic and deter-
ministic trend removals [Aoki and Havenner (1989b); Cerchi and Havenner (1988)].
However, in studies like the present one which is concerned only with short-run
forecasting, the appropriate procedure should utilize shorter periods (two to three
years) for estimation purposes to avoid possible structural shifts that might occur.
Under such circumstances, the likelihood of having a time series dominated by a
trend is considerably smaller. The visual inspection of the plots of cash price, fu-
tures price, and basis series does not indicate the presence of a trend. Moreover, the
poles of the system, i.e., the eigenvalues of the transition matrix^, are in all mod-
els; and, all runs are estimated to be inside the unit circle (moduli less than 1),
which confirms the validity of the assumption. Only eigenvalues of the matrix/I of
unit magnitude, or very close to it, require the implementation of procedures for
trend removal.

All three models are initially estimated with the first 128 observations, and one-
step-ahead-out-of-sample forecasts are generated using expression (10).' In the fol-
lowing step, an additional actual observation (number 129) is added to the existing
pool of data points to update the system matrices, thus generating the new one-step-
ahead forecast. The same procedure is repeated 378 times. Both the bivariate and
the scalar model in each of the 378 rounds are estimated with the most distant pre-
specified autocovariance lag of k = 2. The decaying pattern of the diagonal matrix
of singular values X suggest the number of states (the rank of the Hankel matrix) of
n = 2. The resulting forecasts are plotted against the actual data in Figures 1-3.

To discuss alternative models it is necessary to have a criterion by which the per-
formance of the predictors is measured. The usual criterion is the mean square error
(MSE) or root mean square error (RMSE). However, to compare the models which
attempt to model different processes (time series), the mean absolute percentage er-
ror (MAPE) is used, which is the measure of the average percentage deviation of the
forecast from its corresponding actual value, and is therefore dimensionless. The
model which generates forecasts with the smallest statistics is, according to these cri-
teria, the most favorable one. The comparative forecasting statistics are presented in
Table I. According to MAPE criterion, the best result is obtained with two-channel

'The program code written in MATLAB is available from the author upon request.
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Figure 1
TVo-channel (cash and futures price) model: daily soybean meal Decatur cash price and

CBOT sc^bean meal futures price for the June 1, 1989 to May 31, 1991 period.

cash and futures model in the case of futures price series. The average percentage
deviation of the forecast from its corresponding actual value is less than 0.8%. The
forecasts of cash price are equally good in both multivariate models, with MAPE
being less than 1%. The basis forecast yields more modest results, with a mean abso-
lute percentage error close to 9%.

However, from the perspective of this study, a more valuable criterion for fore-
cast evaluation is their usefulness for different hedging strategies. This issue is ad-
dressed next.
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Figure 2
Two-channel (cash and basis) model: daily soybean meal Decatur cash price and Decatur

basis for the June 1. 1989 to May 31. 1991 period.

COMBINING FORECASTS WITH HEDGING
Although the data on cash and futures soybean meal prices are available from June 1,
1989, the actual trading simulation starts on December 1,1989 (the first 128 observa-
tions are used for initial estimation), and ends on May 31, 1991. The entire trading
period is divided into six three-month long subperiods (see Tables II and III). At the
end of each subperiod all outstanding cash and futures positions have to be liqui-
dated. On the first trading day in each subperiod, a hypothetical feedstuffs dealer
buys 100 tons of soybean meal at the prevailing spot market price, and sells its inven-
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Figure 3
Scalar (futures price) model: daily CBOT soybean meal futures prices for the June 1, 1989

to May 31, 1991 period.

tory on the last trading day of the same period. To keep the problem tractable, the
possibility of selling the inventory at any point in time between the two specified
dates is ruled out. Since storage and handling costs are ignored, the difference in
cash price between the two dates multiplied by the quantity (100 tons) is considered
as profit from cash marketing.

During the period when a dealer is long in the cash market, the dealer faces three
options: (i) to remain unhedged throughout the period; (ii) to hedge the entire in-
ventory and remain hedged throughout the period (routine strategy); or (iii) hedge
selectively using the operational rule specified in expression (1). For the sake of sim-
plicity, it is further assumed that opportunity costs of capital (interest payments) are
negligible and that hedging costs consist of only fixed costs per contract (brokerage
fees). Because of the intraperiod price variation, margin calls present a distinct pos-
sibility and could potentially cause a cash flow problem for the hedger. However,
since the likelihood of margin calls cannot a priori be considered any greater than the
likelihood of margin surpluses, which would yield a favorable return to the hedger,
the above assumption is probably not too restrictive.

If the dealer decides to remain unhedged (i), he assumes the entire risk of price
variation, and his end-of-period total profit consists of profits from cash market-
ing only.

Routine hedging strategy (ii) involves selling short the entire inventory. The hedge
is placed (one December contract is sold) on the first trading day of each subperiod,
and lifted (one December contract is bought back) on the last trading day of the
same period. Under the routine scenario, the profit per one round of hedging is equal
to the difference between the futures market quotation on the day when the hedge is
placed and the day when it is lifted, multiplied by the quantity hedged (1 contract =
100 tons), and corrected for the fixed cost of hedging per one contract, and per one
roundturn.
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Selective hedging strategy (iii) also involves selling short the entire inventory.
However, the hedge is placed only when the action is signaled by the forecasts, i.e.,
when the condition specified in (1) is fulfilled. More specifically, every trading day
the parameters of the model are estimated, the prices for the next day (cash, futures,
basis) are forecasted, and the decision whether to hedge or not is made. The follow-
ing day, the previous day prices are added to the pool of the existing data, the pa-
rameters of the model are reestimated and the new one-step-ahead forecasts are
made together with the new decision.

The performance evaluation of the forecasting approach to hedging under two
different cost scenarios for the period from December 1, 1989 to May 31, 1991, is
summarized in Table IL Initially, trading is simulated with a fixed cost of $50.00 per
contract per roundturn, and then the entire exercise is repeated using a cost of $30.00.
Notice, however, that once the hedge is in place, it is costless to continuously remain
hedged in the same number of contracts afterward. In this case, in the evaluation of
either condition (1) or condition (2), C>, = 0 is required. Only after a disruption of
the continuous sequence of HEDGE signals occurs (hedge is lifted), the establish-
ment of the new position in the futures market requires additional expenditure. Or,
if the position in the futures market is already established, the cost of retaining the
same position continuously through time is zero. Costs of hedging in this simplified
model are associated only with changing the position in the futures market or enter-
ing it for the first time.

Measured by the percentage of correct signals, the results indicate no significant
difference between forecasting models. In fact, both multivariate models yield exactly
identical results, and, measured by the combined percentage of correct HEDGE
and NO HEDGE signals, slightly outperform the scalar model. The hedging cost re-
duction from $50.00 to $30.00 per contract per roundturn, resulted in an increased
number of HEDGE signals. As seen from expressions (I) or (2), the reduction in
hedging cost affects the signal-generating formulae by softening the restrictiveness
of the conditions for positive signals.

Measured by the amount of trading profits generated, both multivariate models
perform equally well, and generate higher profits compared to the scalar mode!. As
seen from Table III, the profits generated by either one of the multivariate models
are 86% larger than those obtained by the routine strategy. The scalar model gener-
ates profits 84% in excess of those obtained by routine hedging. The number of round-
turns per period is relatively small. In fact, for both multivariate models, the futures
market is entered only once in four subperiods and zero times in the remaining two.
In the case of one roundturn per period, the number of days a hypothetical trader is
hedged corresponds to the number of HEDGE signals from Table II. For example,
it turns out that in the $50.(K) cost scenario, during the period from March 1, 1990
to May 31, 1990, the trader using forecasts from the two-channel cash and futures
model enters the futures market once and remains hedged for 24 consecutive trading
days. In the case of the multiple entry-exit, as in the scalar model, the average dura-
tion of the short hedge can be calculated as the ratio between the number of HEDGE
signals and the number of roundturns.

The hedging cost reduction causes the difference between the selective and the
routine strategy to be even more pronounced. In the $30.00 cost scenario, the results
show that the hypothetical feedstuffs dealer can increase his profits by 117% above
the routine strategy by hedging selectively using either one of the vector-valued time
series forecasting models. The application of the scalar forecasting model earns him
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profits 110% over the routine hedging. As intuitively expected, the reduction in cost
contributed also to the increased number of roundturns per period.

CONCLUSIONS

Numerous simplifying assumptions are made in this study. A simple decision rule is
used; no attempts are made to determine the optimal hedging ratio in the static
framework, let alone in the intertemporal framework; and opportunity costs of capi-
tal and cash fiow problems are ignored. Also, no attempt is made to incorporate
hedging strategy into the broader framework of optimal inventory management. Ad-
ditional work of this type is needed to find out whether these modifications would
substantially alter the basic conclusions.

The main goal of the study is to show the usefulness of one of the state-of-the-art
time series forecasting techniques in marketing agricultural commodities for which
established futures markets exist. The study illustrates how agricultural commodity
dealers (producers, sellers), even in the presence of substantial hedging costs, can
significantly increase their profits by combining the information from the forecast-
ing models with an appropriate hedging strategy.

The study also shows the superiority of the multivariate time series approach over
scalar time series modeling. The forecasts generated by the models which exploit a
dynamic relationship between contemporaneous time series of cash and futures
prices (or cash and basis) and forecast them simultaneously, when combined with a
simple decision rule, result in larger profits than those generated by the competing
scalar forecasting model.

Since the basis is traditionally more stable over time than cash or futures prices,
most researchers feel that it should be easier to forecast the basis than either cash or
futures prices. However, the results of this study do not confirm this hypothesis.
First, the two-channel model, with cash and basis modeled together, do not generate
more profits than the cash and futures prices model. Second, the mean absolute per-
centage error for the one-step-ahead out-of-sample forecasts of the basis of 9% is
significantly larger than MAPEs for other forecasted series which are all under 1%.

Finally, the forecasts from the state-space models of time series are relatively easy
to generate once the computer program is written. Decision makers could generate
their own forecasts using this type of model on a microcomputer, without the neces-
sity to understand relatively complicated sections from the underlying linear systems
theory.

Appendix

To get zero-mean time series and autocovariances of the same order of magnitude,
the original time series has to be centered and scaled. This is accomplished by sub-
tracting the mean of the time series from each individual observation and dividing it
by the series standard deviation. In terms of the original data, the state-space inno-
vation model (3) becomes:

x,^y\, = > 1 J : , | , - , + BD'^De,
(A-1)

Diy, - M) = DCA-,1,-, + De,

where ft is the m series mean vector and D a diagonal (m*m) matrix of .standard
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deviations. It is convenient to stack the observations, temporally defining the follow-
ing vectors:

y<-\

(A-2)

Now consider the (mk*mk) matrix H formed by arranging the first k autocovari-
ance matrices of observations into a block-band counterdiagonal matrix called the
Hankel form:

H = E(y,^y,-i) = E

The sample estimate of the lag / auitocovariance matrix is:

(A-3)

and the Hankel matrix becomes:

/ = 0 , 1 , 2 , . . . , (A-4)

r,

r2 A - 1

{A-5)

where {2k - 1) is the maximally distant autocovariance lag to be modeled. ; '
The Hankel matrix (A-3) can be regarded as the {mk * mk) upper left corner of

an infinite by infinite Hankel matrix over all time. Assuming that k bounds the
model order (i.e., for sufficiently large k)., the theoretical rank of the Hankel matrix
in (A-3) is the same as the rank of its underlying doubly infinite population counter-
part; and further, by the Kronecker theorem, this rank represents the number of
states required to characterize the past history of the system [Kailath (1980)].

A computationally accurate method of determining the rank of Hankel matrix is
provided by the singular value decomposition (SVD):

H = U XV

where S is diagonal matrix of singular values arranged in descending order:

and the associated vectors are orthonormal:

UV = K'K = /

The essence of the procedure is to approximate the space spanned by the Hankel
matrix of autocovariances by the subspace spanned by those singular vectors asso-
ciated with nonzero singular values. This can be viewed as an approximation of the
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observed autocovariance sequence arranged in H by the rank h matrix Hi, with the
following singular value decomposition:

H, = ud,h (A-6)
where the subscripts indicate that only the largest n singular values are included in
the approximation. Estimating model parameters with truncating the Hankel matrix
by excluding those singular values and singular vectors beyond h is analogous to the
usual exclusion restrictions of other time series modeling procedures. The differ-
ence is that the exclusions are imposed on the singular values rather than on lagged
y's and errors.

The covariance of the states with the observations is defined as follows:

n = E{X,,xy',)

Post multiply ing the observation equation in (3) by successive lags ofy and taking ex-
pectations establishes that:

'H; I = l,2,...,2/t - 1

and the Hankel matrix then becomes:

c n CAQ •

H =

CA" '

CA'il

(A-7)

Recognition of this pattern allows another factorization of the Hankel matrix into
its observability and controllability matrices, O and K:

H -OK =

c
CA
CA'

CA'-^

(A-8)

Note that the (m*n) coefficient matrix C is visible in the observability matrix, i.e.,
J'O = C; where / ' = [I0...0]; and / is an (m*m) identity matrix. Similarly, the
(n*m) covariance matrix, 11, is visible in controllability matrix, i.e., KJ = il.
Therefore, the first block row of the Hankel matrix can be defined as:

Hr = J'OK = CK

Similarly, the first block column (m columns) of// can be defined as:

r,
r-i = OKJ = o n =

(A-9)

(A-IO)
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Next, define a time-shifted autocovariance matrix:

H = OAK =

c
CA

CA''-'

(A-ll)

Two different factorizations of the Hankel matrix [eqs. (A.6) and (A.8)] can be
equated, recalling that the n subscript indicates approximation based on the in-
cluded singular values, which gives:

(A-12)

A

Let:

be the left generalized inverse of the observability matrix so that Ok On = I. Since
S>i is diagonal matrix and it equals its transposition, and Oli On = Â a straightfor-
ward substitution gives the left singular value generalized inverse of On'.

A , ^ _1 A

Oi = S;i= U'a (A-13)

Analogously, the right singular value generalized inverse of the controllability matrix
is:

k^ = y^i^'' ' (A-14)

Using generalized inverses obtained in (A-13) and (A-14), the solution to (A-9),
(A-10), and (A-ll) provides estimates of the matrices C, n , and A:

A

C =

n =
(A-15)

(A-16)

(A-17)

To develop an estimate of the Kalman filter matrix B, one must jointly solve three
matrix equations that are derived from the state covariance matrix P = E {X,^\\,
X,+\\,')\ the error covariance matarix "V = E(e,€,'y, and the covariance of the states
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with the data, il =^ E {X,^ii,y,'), along with the unconditional data covariance
matrix To = E{y,y,'). Using the property of orthogonality of tfie innovations and the
current states: E (e,X,],^i') = 0; and taking expectations of the state equation in (3),
with itself transposed, gives;

P = APA' +

Similarly, taking expectations of the observation equation in (3), with itself trans-
posed, gives:

As evident from above, "V is positive definite whenever the model adds information,
i.e., when states explain some part of the unconditional data covariance so that
{Tn > C P C). This is not, however, imposed on the sample estimates, requiring
that the estimated ^ matrix be checked for the positive definiteness. Finally, taking
expectations of the state equation with the observation equation transposed gives:

The above equations can be solved simultaneously for the estimates of P, ^, and
B. By slight rearrangement and direct substitution, one obtains a special form of ma-
trix Riccati equation:

P = APA' + (il - APC')(n ~ CPC'Y'ia ~ APCy (A-18)

which can be solved for P using iterative as well as noniterative solution algorithms.
In solving the Riccati equation, a nonrecursive solution algorithm derived by Vac-
caro and Li (1987) is followed. Once the estimate of P is obtained, the other two
estimates follow directly:

^ = fo - CPC (A-19)

B^ {il - APC)-^-' (A-20)
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