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INTRODUCTION AND OBJECTIVES

Commodity market analysts constantly seek better explanations of price behav-
ior in the form of economic models. Such models are used for many types of

forecasting. However, the various linear models developed to date do not always
work very well [Just and Rausser (1981)]. Some cases of short-term forecasting suc-
cess of time series and econometric models imply that futures and spot prices are
not always generated by a "random" process, but the long-term failure of these
models to explain price behavior indicates they have not captured the true nature
of the underlying generating process. For example, residuals in commodity price
models may not be random, as assumed, but the result of a nonlinear process. It
may be time to change existing theoretical assumptions and/or empirical approaches.

A new methodology, called nonlinear dynamics (or "chaos"), evolving recently in
physics and other natural sciences, may offer an alternative explanation for behav-
ior of economic phenomena [Brock (1988a)]. Based on the assumption that at least
part of the underlying process is nonlinear, chaos analysis evaluates whether that
process is a deterministic system [Jensen (1987)].' Deterministic processes that look
random under statistical tests such as spectral analysis and the autocovariance
function are called "deterministic chaos" in nonlinear science. In practice, some
economists argue that separating deterministic and stochastic processes may be
very difficult due to the "noisy" nature of economic data [Mirowski (1990)]. Al-
though applications of chaos analysis in economics are still very rare [examples in-
clude Baumol and Benhabib; (1989) Brock (1986); Brock and Sayers (1988); Candela
and Gardini (1986); Day (1983); Goodwin (1990); Lorenz (1987); Melese and Tran-
sue (1986)], there may be potential for its use in some markets.

In markets for undifferentiated commodities, intuition leads to expectations of
multiple sources for chaos or nonlinear feedback [Savit (1988)]. Cyclical and sea-
sonal patterns are often visible in charts of both prices and trade volumes. The fu-
tures price-setting process is similar to that in many financial spot markets where
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evidence of chaos has been found [see Brock (1988b); Frank and Stengos (1989);
Hinich and Patterson (1985); Seheinkman and LeBaron (1989); van der Ploeg,
(1986]. Also, there are a number of marketing strategies based, at least implicitly,
upon behavioral and structural aspects of commodity markets. In sum, futures mar-
kets appear to be a logical place to expand the analysis of chaos hypotheses.

Applying a new methodology to any problem raises many questions. The first
question is usually "why bother?" It is sometimes claimed that if a model gives a
"reasonable approximation" of reality, it is good enough. This implies that the cost
of developing a more complex model may not be well spent. Considering the
adequate performance of some linear economic models, some analysts may be satis-
fied to continue using them. But are those models "good enough" only because
methods are not yet advanced enough to know that the world is round (nonlinear),
not flat (linear)? It may be that BLUE (Best Linear Unbiased Estimate) is not
always the relevant "color" for economic models. If the real structure of prices is
nonlinear, using linear models may give noisy results; however, a completely deter-
ministic nonlinear function may explain prices with no noise, meaning that fore-
casting may be possible. While the goal of improving forecasting models through
the use of chaotic parameters may seem out of reach at present, the possibility
makes studies such as this necessary.

The general objectives of this study are to (i) evaluate commodity futures mar-
kets using the methodology of nonlinear dynamics to detect whether there are any
signs of a deterministic system underlying prices over time; and (ii) while doing so,
to illustrate the empirical procedures and their limitations. Specific objectives of
this study are to determine whether (a) there is a difference between chaotic analy-
sis results for cash and futures markets of financials; (b) there is a difference be-
tween results for futures markets of financials and agricultural products; and (c)
chaos is detectable over a period lengthy enough to justify development of forecast-
ing models. The presentation begins with a summary of related studies. That is fol-
lowed by a section introducing the basic concepts in chaos analysis. Empirical
procedures are outlined then and the results from analyses of two heavily traded
futures markets, the S&P 500 index and soybeans, are presented as examples.

SUMMARY OF PREVIOUS WORK

Applying chaos analysis methods to commodity futures prices raises questions
ranging from behavioral to structural issues.^ One motivation for considering chaos
as a possible explanation for commodity spot and futures price behavior is the poor
results produced by studies using traditional methods. For example, using regression
analysis. Roll (1984) explains only 1-3% of the daily variation in orange juice fu-
tures prices. If deterministic models can be developed with the assistance of chaos
methods, forecasting of futures prices could be improved.

Empirical applications of nonlinear dynamical analysis techniques in economics
are few in number. They are concentrated in two areas: assessments of the business
cycle [Brock and Sayers (1988); Day (1983); Lorenz (1987)] and financial markets
[Hinich and Patterson (1985); Savit (1989); Seheinkman and LeBaron (1989); van

For example, "Can nonlinear dynamics explain speculative bubbles?" or "Do trading rules, such
as those imposed on futures markets, create price patterns similar to patterns generated by 'strange
attractors' (defined in the next section)?" Intuitively, there is reason to believe chaos may contribute
to the debate over "bubbles" and structural aspects of commodity trading may provide some of the
explanation.
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der Ploeg (1986)]. The results are somewhat mixed, possibly due to the nature of
data used. Studies of macroeconomie variables, such as the business cycle, do not
generate results as strong as micro-level analyses of some specific markets [Barnett
and Chen (1988)]. Therefore, evaluating data characteristics should be an early
stage of any empirical study.

The first indication that relying on traditional analysis methods alone may be in-
adequate come from studies evaluating the characteristics of futures market data.
Cornew et al. (1984) find that futures prices are not normally distributed, creating
error in traditional trading performance measures, all of which are based on the
normality assumption. Helms and Martell (1985) also reject the normality assump-
tion concerning the distribution of futures price changes. However, they find that
the normal distribution fit their data better than other members of the stable Pare-
tian class of distribution. They note that the underlying generating process does not
appear to be stationary, possibly being a subordinated stochastic or compound pro-
cess requiring a more sophisticated approach to determine its exact nature. Garcia
et al. (1988) use nonparametric tests and find more "nonrandomness" in livestock
futures prices than are found using traditional tests. They suggest that the nonran-
domness may be nonlinear in nature. These conclusions are similar to those
reached by Hinich and Patterson (1985) regarding stock market returns.

These results are significant because traditional, linear models assume the data
are normally distributed [Stevenson and Bear (1970); Kenyon et al. (1987)], while
nonlinear dynamics makes no a priori assumptions concerning data distributions.
In fact, distributions are hypothesized to change across nonlinear systems of differ-
eing degrees of chaotic behavior.

The usual way of looking for order in a time series entails spectral analysis. [Eco-
nomic applications are illustrated by Shumway (1988) and Talpaz (1974).] The pro-
cess involves transforming a series into a number of independent components
associated with different frequencies. If the series includes periodic motion, the re-
sulting power spectrum corresponds to the fundamental frequency. At the opposite
extreme is white noise; all frequencies contribute equally. Unfortunately, the pres-
ence of sharp spectral peaks in a time series does not necessarily indicate a periodic
attractor, nor does the absence of such peaks exclude the possibility of determinis-
tic dynamics [Barnett and Hinich (1991)]. Therefore, other methods of analysis
must be used to identify chaos in economic time series data.

An intermediate step is illustrated by Ashley and Patterson's (1989) use of the bi-
spectral nonlinearity test. They test for a linear generating mechanism for both an
aggregate stock market index and an aggregate industrial production index, reject-
ing the hypothesis in both cases. They conclude that their results strongly suggest
that nonlinear dynamics should be an important feature of any macroeconomie
model. The general state-dependent models outlined by Priestly (1988) could be one
of the practical ways of pursuing nonlinear modeling in the future.

In microeconomic analysis, one method used to test the speculative efficiency hy-
pothesis is called rescaled range analysis, which is capable of identifying persistent
or irregular cyclic dependence in time series data. The hypothesis that respective
price changes are independent of previous price changes is rejected in applications
of rescaled range analysis to the foreign exchange market [Booth et al. (1982a)], the
gold market [Booth et al. (1982b)], and the stock market [Greene and Fielitz
(1977)]. Long-term persistent dependence is found in each study. A similar study of
soybean futures markets finds nonperiodic cycles (persistent dependence) in both
daily and intraday futures prices [Helms et al. (1984)].

CHAOS IN FUTURES MARKETS / 713



Mandelbrot (1977) evaluates cotton prices and finds patterns which match across
scales of time (daily, monthly). This raises the question, "is scaling a problem or an
answer?" [Feigenbaum (1983)]. Economists use different data aggregations in their
analyses (annual, quarterly, monthly, weekly, daily, and for futures—intraday). In
particular, futures and spot price data for commodities give the appearance of hav-
ing what Mandelbrot (1977) called fractal dimensions. Empirical studies for gold
and silver [Frank and Stengos (1989); Seheinkman and LeBaron (1989)] and T-bills
[Brock (1988b)] consider only the spot market but the fact that each undifferenti-
ated product tested produces positive results indicates that further investigation
is warranted.

CONCEPTS IN CHAOS ANALYSIS
As explained by Brock and Sayers (1988), a data time series (a,) can be character-
ized as deterministically chaotic if there exists a system, {h, F, xo), such that h maps
/?" to R, F maps R" to R", a, = h{x,), jc,+i = F{x,), and Xo is the initial condition at
time f = 0. In this case, the map F is deterministic, the state space is n-dimen-
sional, all trajectories (x,) lie on an attractor/I, and two nearby trajectories on A lo-
cally diverge. The variable A is a general function of the unknown state vector x,
and F is an unknown dynamic that governs the evolution of the state. Also,xo is, in
general, unknown. The goal of analysis is to discover information about the system
{h, F, X,) from observations {a,).

An attractor. A, is a subset of the /i-dimensional phase space, R". Attractors, i.e.,
collections of points to which initial conditions tend, can be loosely defined as hav-
ing the following property. Solutions (trajectories) originating at points on the at-
tractor remain there forever; solutions based at points not on the attractor, but
within a region called the attractor's "basin of attraction," approach the attractor to
an arbitrary degree of closeness. In the case of price data, an attractor might be
particular (equilibrium?) price levels or patterns.

Chaos theory deals with deterministic processes which appear to be random
(stochastic), but whose dimension is finite. Specifically, a "random process" is de-
fined to have a "high" dimension, while a "deterministic process" has a "low" di-
mension. The object of analysis is to distinguish between the two. To do so,
"dimension" must be defined and measured. In chaos analysis, the focus is on frac-
tal dimensions: similar patterns across different (time) scalings.

One of the three types of probabilistic fractal dimension^ is the "correlation di-
mension" (hereafter CD). It and the Lyapunov exponent (LE) (defined below) have
become the most popular measures of nonlinear systems [Abraham et al. (1984);
Grassberger and Procaccia (1983); Lorenz (1987)]. It is a measure of the minimal
number of nonlinear "factors" needed to describe the data [Brock and Sayers
(1988)]. To estimate the correlation dimension it is first necessary to compute the
distances between all the points of a time series and then to determine what frac-
tion of those distances are less than a series of predetermined length scales. This
gives a measure called the "correlation integral," which is defined for different
scale lengths, g, by the equation

^Probabilistic dimensions explicitly consider the frequency distribution with which points on the
attractor are visited.
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where N is the sample size, Xi and Xj are (vector-valued) observations in the time
series and

if l^j - Xj\ < g
if 1 ,̂ - Xj\ > g

Grassberger and Procaccia (1983) argue that for small g

C{g) = Constant • g" (2)

where the exponent n is the CD. Empirical procedures used to estimate the CD are
discussed in the methodology section later in this paper.

Low-dimensional chaos involves instability and "overshooting," while stochastic
processes are infinite dimensional [Brock and Dechert (1991); van der Ploeg (1986)].
The few economic applications of this measure involve a stock returns index and
gold and silver spot prices, all of which have CD estimates of about 6 (considered to
be low) using weekly data [Frank and Stengos (1989); Scheinkman and LeBaron
(1989)], and Treasury bill returns which have a dimension around 2 [Brock (1988b)].

Lyapunov exponents are simply generalized eigenvalues averaged over the entire
attractor. They measure the average rate of contraction (when negative) or expan-
sion (when positive) on an entire attractor. They can be positive or negative, but at
least one must be positive for an attractor to be classified as chaotic or "strange"
[Wolf (1986)]. In the one-dimensional case, where ;c,+i = F(x,), the Lyapunov expo-
nent, A, is defined as

A = dx ^'^

where the derivative is evaluated at each point on the trajectory and logarithms are
taken to the base 2. Usually, LEs are reported in units of bits per observation. Posi-
tive exponents can be viewed as measuring the rate at which new information is
created; specifically, the rate at which unmeasurable (because they are too small)
variations are magnified to the point where they can be observed.

In summary, Savit (1988) lists three features a deterministic sequence should have
to be chaotic:

1. It should sample all regions of its domain (eventually).
2. It is practically unpredictable in the long term (if there is any indeterminacy in

one's knowledge or ability to compute."
3. There are many initial prices, P<,, called periodic points,' and the sequence of

prices generated by the chaotic map is periodic, i.e., over time the sequence of
prices P, eventually repeats itself.

This list makes it clear that chaos analysis must begin with a detailed description of
the data involving a set of statistics new to most market analysts.

GENERAL METHODOLOGY
Empirical methods derived from those applied in previous economic studies of
chaotic systems [Brock (1986); Deneckere and Pelikan (1986)] are used here. To ac-

*For example, rounding errors accumulate rapidly in the calculations involved in estimating fractal
dimensions, thus reducing precision in distant forecasts.

^ h e existence of a large number of periodic points is just one example of hidden regularities in a
chaotic system.
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complish this study's first general objective, this three-step process of dynamical
analysis is followed:

1. Calculate the Grassberger-Procaccia correlation dimension for various embed-
ding dimensions [Abraham et al. (1984); Swinney (1983)].

2. Apply a residual test for the presence of deterministic chaos as an alternate for
the best-fitting linear model of prices [Brock and Sayers (1988)].

3. Estimate the largest Lyapunov exponent for various embedding dimensions
[Abraham et al. (1984); Swinney (1983); Wolf (1986); Wolf and Swift (1984);
Wolf et al. (1985)].

Operationally, the correlation dimension [n in eq. (2)] is the slope, k, of the re-
gression: log C{g) versus log g for small values of g. To estimate the CD from a
single variable time series, the procedure is as follows:

1. The data are embedded in successively higher dimensions as prescribed by
Takens (1985).

2. For each embedding, C(g) is computed and the scaling factor, k, is estimated.
3. The procedure is repeated until the estimates of k converge.

The correlation dimension is therefore expected to equal whatever value at which k
remains stable over a number of embedding dimensions.

Lyapunov exponents are local quantities which are averaged over the attractor.
To compute the largest LE from a time series, the program by Wolf et al. (1985) is
used which suggests choosing a so-called "fiducial" trajectory and estimating the
rate at which it and a nearby test trajectory diverge. When the distance between
the two points becomes large, a new point is chosen near the fiducial trajectory and
the procedure is repeated. The entire time series is stepped through in this way
and the stretchings and contractions are averaged.

In practice, estimating Lyapunov exponents in this way requires experimentation
on the part of an analyst. Wolf's algorithm requires that the following information
be provided:

• an embedding dimension and time lag for the reconstruction of the attractor;
• the time interval over which the two pieces of the trajectory are followed

(called the "evolution");
• the minimum acceptable separation between points that are to be followed;

and
• the maximum acceptable separation.

As a result of this flexibility in inputs, an analyst must simply experiment. The
goal of the experimentation is to find a region in parameter space over which the
estimate is approximately constant. Clearly, this portion of the analysis is rough,
hence the reluctance of previous authors to report exact LE values for economic
data series.

The data used in this study are futures prices for the S&P 500 index and soy-
beans. These products are selected as examples to represent, respectively, financial
and agricultural futures markets because they are traded heavily and each market
has been studied previously by analysts using a variety of methods, which provides
a base for comparison. The S&P index, in particular, is selected because it is the
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product traded on futures markets which is closest to the variables studied in earlier
chaotic analyses of the cash stock market. This enables direct comparison between
results from previous studies of the cash stock market and the results produced here
for the futures index. For each product, daily closing price data for recent individ-
ual futures contracts and nearby contracts are evaluated. For soybeans, the Novem-
ber 1986 and November 1987 contracts are used. The data for each contract begins
during July of the previous calendar year, giving 337 and 335 observations, respec-
tively. The nearby futures price series, constructed from the closing prices of the
futures contract closest to its maturity date at each point in time, covers the period
from March 1966 through June 1988, with 5823 observations. The December 1986
and December 1987 S&P 500 contracts are used. Each contract has 250 observa-
tions covering the previous calendar year. The S&P 500 nearby series begins in May
1982, ends in December 1987, and has 1420 observations.

Before conducting nonlinear dynamical analysis, the data are detrended using or-
dinary least squares and autoregressive methods, deseasonalized and transformed
(if necessary) as described by Baumol and Benhabib (1989). If a time series has a
deterministic explanation, fitting a smooth time series model with a finite number
of leads and lags will generate a residual series with the same CD and largest LE as
the original series. The key is to first make the residuals as close to "white noise" as
possible with traditional linear methods. In this way, if nonlinear models find sig-
nificant traces of a deterministic system in the residuals, the hypothesis of a linear
generating system can be rejected.

Brook and Sayers (1988) evaluate the //<,: whiteness tests and diagnostics do not
alter chaotic systems and can be used to test residuals from the best linear model.
They use a new "W" statistic to test for independence. Based on the correlation in-
tegral, the W statistic for embedding dimension m is defined as

where D^ = Cm - (Ci)"", and &„ is an estimate of the standard deviation

I ,) (5)

as discussed by Brock (1988a). The Wtest detects misspecification caused by a lin-
ear model fit to nonlinear data and indicates such by giving a nonzero value. Brock
and Dechert (1991) show that Dm(g, N) converges to a nonzero number if evaluated
using the residuals from a misspecified model, while the residuals from a correctly
fitted linear model are independent and identically distributed and are character-
ized by Dm(g, oo) = Dmig) = 0 for all m and all g > 0. This means that a W value
of 0 indicates a stochastic process and a large W is evidence of a misspecified (non-
linear) model. Statistically significant nonlinearity appears to exist at the 5% level
when the PT value is greater than 1.96 [Brock and Dechert (1991)]. W'statistics are
reported below for the data series evaluated.

Due to the weakness of the standard CD empirical processes in some cases, it is
desirable to calculate the correlation dimension for "random" numbers generated to
provide a basis for comparison and to report the W statistic for those values [Brock
(1986)]. The random numbers used are the residuals "scrambled" as described by
Scheinkman and LeBaron (1989). If the data are stochastic, the CD estimates for
the residuals and the "scrambled" residuals will be identical; if the scrambled data
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generate higher CD estimates, this is evidence of hidden (nonlinear) structure in
the residuals. The scrambled residuals test is conducted in this study.

Also, the small sample distribution of the CD and LE statistics are illustrated
here by presenting values calculated from 100 series of random numbers. The series
are drawn using random number generators based on the following distributions:
normal, log, chi-square, exponential, double exponential, geometric, poisson, F-
distribution, T-distribution, and beta. Ten series are drawn from each distribution
since no a priori assumption is made concerning which distribution is "best". Each
series includes 250 observations. The 100 CD values estimated are averaged to
provide a benchmark representing stochastic processes. As in the scrambled resid-
ual test, deterministic CD values must be below those estimated from the random
numbers. For LEs, two sets of estimates are reported: average values for the
100 series and the highest of the 100 LEs observed for each group of experiments.
The average values for the random series can be compared against the values esti-
mated from the actual futures price data to establish the general case for evidence
of deterministic processes in the LE values. A qualitative assessment of the degree
of significance of actual LE values can be made by a second comparison involving
the highest of the 100 random estimates. This means that an LE for futures price
data must be both positive and greater than the average LE from the random data
to be considered evidence of a chaotic process; but, in addition, it must be greater
than the highest of the 100 random LE values to be convincing evidence.

EMPIRICAL RESULTS AND IMPLICATIONS
Estimates of correlation dimensions and Lyapunov exponents are both given below,
along with a discussion of the results. First, measures used to "prewhiten" the data
are noted.

A generalized autoregressive conditional heteroscedasticity (GARCH) model is
used to generate the residuals used in the analysis. The GARCH procedure, devel-
oped by Bollerslev (1986), is applied in studies of exchange rates [Hsieh (1989)] and
stock market returns using spot market data [Baillie and DeGennaro (1990);
Scheinkman and LeBaron (1989)] and futures market data [Cheung and Ng (in
press)] as well as in studies of commodity markets [Aradhyula and Holt (1988)].
GARCH methods are found to be useful in detecting nonlinear patterns in variance
while not destroying any signs of deterministic structural shifts in a model [Lam-
oureux and Lastrapes (1990)]. Therefore, it serves as a good filter for studies of chaos.

Brock and Sayers (1988) demonstrate that the power of the W statistic is weak if
an autoregressive [AR(9)] model is applied with a high order (q) and, therefore, q
should be set as low as possible in GARCH whitening processes. In this study, if
conventional criteria finds that a GARCH(1,1) model produces white noise residu-
als, it is used. If a GARCH(1,1) model fails this test, a GARCH(2,2) model would
be fitted next, and so forth until white noise is found.

The data for the two S&P 500 contracts cover years during which prices gener-
ally trended. Prices of the December 1986 S&P 500 contract fluctuate around an
upward-sloping trendline. As a result, the GARCH(1,1) model for the December
1986 S&P 500 contract price at time t is

X, = 0.207 - 0.024JC,_, -I- 0.013x,-2 + 8, (6a)
(0.192) (0.011) (0.011)
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h, = 6.592 + 0.633S/-, + 0.566A,-, (6b)

(0.847) (0.459) (0.490)

where the ac,'s are first differences, 5 is a residual, h is the conditional variance
of the residuals, and the standard errors are in parentheses. Stock prices are lower
during 1987 due to the "Crash" in October. The uptrend-ending jolt gives the
December 1987 S&P 500 contract a model of

x,= 0.008 - 0.252x,-2 - 0.120x,-4 + 0.109x,-5 + 5, (7a)
(0.455) (0.064) (0.064) (0.062)

h, = 49.072 + 0.6965,1, + 0.752A,-, (7b)
(33.831) (0.391) (0.359)

using the same notation.
The data for the two soybean contracts cover the same two years, but display

trends for those years with slopes opposite to those in the S&P 500 data. Whereas
stock prices rise during 1986, soybean prices trend downward that year. The
GARCH(2,2) model of the November 1986 soybean contract price at time t is

X, = -0.143 - 0.108JC,_2 + 0.065;t,_3 + S, (8a)
(0.258) (0.055) (0.055)

h, = 21.793 + 0.1435,1, - 0.5415,12 + 0.365/i,-, -I- 0.507/1,-2 (8b)
(2.883) (0.343) (0.166) (0.343) (0.182)

On the other hand, during 1987 stock prices are lower on the year, while soybean
prices rise. The price of the November 1987 soybean contract at time t is

X, = 0.197 - 0.093A:,_, - 0.086jt,-5 + 5, (9a)

(0.349) (0.055) (0.055)

h, = 39.964 - 0.7385,1, - 0.8535,12 - 0.703A,_, - 0.515A,_2 (9b)

(6.867) (0.050) (0.049) (0.080) (0.079)
The fact that both soybean models have GARCH(2,2) processes while both S&P
500 series have GARCH(1,1) processes may indicate a difference in time series
properties of commodity and financial futures.

The two nearby futures contract price series produce models more similar to
each other. The price of the nearby S&P 500 contract at time t is

X, = 0.075 -I- 0.451;c,_, - 0.220;t,_2 - 0.094x,_4 + 0.095;c,-5 + 5, (10a)
(0.240) (0.044) (0.045) (0.045) (0.044)

h, = 28.011 + 0.7015,1, + 0.773/i,_, (10b)

(18.136) (0.181) (0.159)

Stock prices steadily rise during the period covered by the S&P 500 index futures
contract data, despite some "corrections." The nearby soybean contract price data
have a spiky pattern in which numerous periods of trending prices are evident. As
a whole, the GARCH(1,1) model for the data is

X, = 0.831 -

(0.415)

h, = 45.168
(13.266)

- 0.154x,-2
(0.048)

+ 0.8495,1
(0.027)

+ 0.168;t,-3
(0.053)

, -f- 1.107/1,-

(0.013)

x, . , + 5, (11a)
(0.054) (0.054)

(lib)
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Correlation Dimension Results

Correlation dimension estimates made from the residuals, 5, of eqs. 6-11 are pre-
sented in Table I. Observations which can be made from the results in the table in-
clude:

1. Both the S&P index and soybeans have "low" CDs in absolute terms and in
comparison to CDs reported in earlier cash stock market studies.

2. Both nearby series have lower CDs than the contract series.
3. All series pass both the "scrambled residuals" and random number tests: their

CDs are lower than those of the scrambled and random data.

The general implication of these results is that both the S&P index and soybeans
appear to have nonlinearities in their underlying generating processes. More de-
tailed observations are made below before presenting the W statistic results from
tests of the nonlinear hypothesis.

Table I presents results for the first ten embedding dimensions to enable the
reader to see how the CDs stabilize. The CD estimates are rounded to one decimal
point from the regression output for each embedding dimension. Despite this im-
precision, it appears that the estimates converge after the fourth or fifth embedding
dimension in the case of each data series. Convergence does not occur in most of
the scrambled series, nor in the random series.

It appears that the CDs in Table I are lower for soybeans than for the S&P index
and that both futures markets evaluated have CDs lower than those Seheinkman
and LeBaron (1989) report for cash stock market returns, although no statistic is

Table I
CORRELATION DIMENSION ESTIMATES

FOR S&P 500 AND SOYBEAN FUTURES PRICES

Contract Series
S&P 12/86
S&P 12/86'
S&P 12/87
S&P 12/87"
Soybean 11/86
Soybean 11/86=
Soybean 11/87
Soybean 11/87"

Nearby Series
S&P nearby
S&P nearby"
Soybean nearby
Soybean nearby"

Random Series'"

1

LO
1.1
1.0
1.0
0.9
0.9
0.9
0.9

0.9
1.0
0.9
0.9
0.9

2

1.5
L9
1.6
2.0
1.4
1.8
1.3
2.0

1.3
2.1
1.0
2.2
2.1

3

2.1
2.8
2.1
2.9
1.7
2.8
1.6
2.7

1.4
3.2
1.2
3.4
3.6

Embedding

4

2.2
3.2
2.1
3.6
1.9
3.0
1.9
4.0

1.6
3.8
1.2
3.9
4.5

5

2.4
4.1
2.3
4.3
1.9
3.4
2.0
4.4

1.6
4.1
1.3
4.4
5.1

Dimension

6

2.5
4.2
2.0
4.4
2.0
3.7
2.2
4.8

1.7
5.2
1.3
5.8
6.3

7

2.3
4.5
2.0
4.4
1.6
4.5
1.9
5.1

1.5
6.0
1.3
6.4
7.8

8

2.7
5.3
2.3
5.1
1.7
4.8
2.1
5.5

1.6
7.2
1.3
7.1
8.9

9

2.4
6.1
2.7
4.8
1.4
5.3
2.2
5.6

1.5
7.9
1.3
8.0
9.6

10

2.3
5.8
2.8
4.9
1.4
5.8
2.1
6.2

1.4
8.3
1.3
9.2

10.3

'Results from a "scrambled" series created for comparison.
""Average results from 100 series of random numbers generated from various distributions for com-

parison.
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available to aid in determining whether one CD estimate is significantly different
than another. The difference between stock and soybean futures results is more ap-
parent for the contract price series than for the nearby series. The general CDs for
the November 1986 and 1987 soybean contracts, respectively, seem to be 1.7-2.0
and 1.9-2.2. The CDs for both S&P contracts are 2.3-2.7. The nearby soybean se-
ries has a CD of 1.3, while the S&P nearby data have a CD of 1.5-1.7. These values
may not be significantly different from each other, but it is expected that they
are significantly lower than the CDs of 6-7 which Seheinkman and LeBaron (1989)
report.

The level and stability of the CD estimates in Table I give rise to the question of
sample size effects. Ramsey and Yuan (1987) show that CDs may be underestimated
from small data sets. In this case, estimates are lower and more stable for larger
samples. For example, the nearby soybean series is the largest with 5823 observa-
tions and it has the lowest, most stable CD estimates across embedding dimensions.
This indicates that no conclusions can be reached concerning the relative differ-
ences in CDs between the two markets noted above. Nevertheless, the fact that
even the smallest data sets (the S&P contract series) generated CDs that are "low,"
compared to the CDs for the scrambled and random series, supports the hypothesis
that nonlinearity exists in all six series. To resolve the question of significance, W
statistics are calculated.

Table II presents W statistics for each of the six series, their respective scrambled
counterparts, and the random series. For each price series the statistic exceeds the
1.96 value needed (at the 95% confidence level) to reject the null hypothesis of a
linear process. For the soybean nearby series, in particular, the results are strong.
This indicates that nonlinearities are present in the data. However, although the W
statistic can distinguish between a linear and nonlinear generating process, it can-

Table II
W STATISTICS FOR S&P 500 AND SOYBEAN FUTURES PRICE SERIES

Contract Series
S&P 12/86
S&P 12/86"
S&P 12/87
S&P 12/87"
Soybean 11/86
Soybean 11/86"
Soybean 11/87
Soybean 11/87"

Nearby Series
S&P nearby
S&P nearby"
Soybean nearby
Soybean nearby"

Random Series'"

Observations

250
250
250
250
335
335
337
337

1420
1420
5823
5823
250

Embedding Dimension

(«) 4

4.21
1.27
6.99
3.03
5.86
1.17
4.66
1.05

6.61
0.75

12.32
1.27
0.92

S

5.81
1.55
7.76
3.62
6.07
1.31
5.40
1.11

7.22
0.99

13.00
1.37
1.06

6

5.95
1.80
8.12
4.15
7.23
1.43
6.92
1.31

8.10
1.31

14.26
1.52
1.15

'Results from a "scrambled" series created for comparison.
''Average results from 100 series of random numbers.
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not detect whether that process is stochastic or deterministic. Therefore, additional
evidence, such as LE estimates, is needed to make this distinction.

Lyapunov Exponent Results

Lyapunov exponent estimates for soybean and S&P 500 prices are presented, re-
spectively, in Tables III and IV. In the absence of statistics for use in determining
the significance level of these estimates, only qualitative observations can be made,
using the random number results presented in Table V, including:

1. Both the S&P index and soybeans have positive, stable LEs across embedding
dimensions, implying the presence of chaos.

2. LEs for the S&P nearby series appear to be of similar magnitude to those for
S&P contract series and are higher than the random number LEs in many cases,
while the LEs for the soybean nearby series are consistently lower than both the'
soybean contract series' LEs and the highest of the random number LEs.

3. For all series, LE values decline as evolution lengths increase, as expected.

The general conclusion is that these results support those of the correlation di-
mension analysis: both the S&P index and soybeans appear to have chaotic nonlin-
earities in their underlying generating processes. More detailed observations are
made below.

Tables III and IV present estimates of the largest Lyapunov exponent calculated
for different embedding dimensions using different evolution lengths. Dimensions
3, 5, and 9 are selected to illustrate results across the range that has stable CDs. For

Table III
LYAPUNOV EXPONENTS FOR SOYBEAN FUTURES PRICE SERIES

Price Series

November 1986 Contract

November 1987 Contract

Nearby Contract

Evolution*

5
10
21
42
63
5

10
21
42
63
5

10
21
42
63

Embedding Dimension

3

0.0430
0.0401
0.0308
0.0112"
0.0109"
0.0382"
0.0285
0.0240
0.0233
0.0263
0.0002"
0.0001"
0.0000"

-0.0011"
-0.0012"

5

0.0613
0.0525
0.0337
0.0136
0.0129"
0.0517
0.0431
0.0366
0.0137
0.0128"
0.0051"
0.0050"
0.0031"
0.0039"
0.0042"

9

0.0484
0.0401
0.0180
0.0172
0.0067"
0.0410
0.0402
0.0180
0.0126
0.0122
0.0067"
0.0057"
0.0045"
0.0037"
0.0035"

^Number of observations over which the two pieces of the trajectory are followed.
Values fall between the average and highest estimates for the relevant entry in Table V.

Note: The minimum and maximum scale lengths used here are 1 and 45 cents per bushel respec-
tively. '
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Table IV
LYAPUNOV EXPONENTS FOR S&P 500 FUTURES PRICE SERIES

Embedding Dimension

Price Series Evolution*

5
10
21
42
63
5

10
21
42
63
5

10
21
42
63

3

0.0334
0.0316
0.0245
0.0149
0.0081"
0.0960
0.0623
0.0708
0.0012"

-0.0027"
0.0216"
0.0211"
0.0199"
0.0066"
0.0071"

5

0.0316"
0.0261"
0.0232
0.0195
0.0058"
0.0978
0.0930
0.0647

-0.0018"
0.0009"
0.0465
0.0336
0.0120"
0.0077"
0.0129"

9

0.0339
0.0317
0.0168
0.0097"
0.0183
0.0695
0.0550
0.0216
0.0100"
0.0065"
0.0423
0.0280
0.0202
0.0149
0.0138

December 1986 Contract

December 1987 Contract

Nearby Contract

'Number of observations over which the two pieces of the trajectory are followed.
"Values fall between the average and highest estimates for the relevant entry in Table V.
Note: The minimum and maximum scale lengths used here are 1 and 25 index points, respectively.

Table V
LYAPUNOV EXPONENTS FOR 100 SERIES OF RANDOM NUMBERS

Price Series

Average Estimates

Highest Estimates

Evolution*

5
10
21
42
63
5

10
21
42
63

3

-0.0123
-0.0191
-0.0265
-0.0281
-0.0254

0.0238
0.0223
0.0185
0.0140
0.0152

Embedding Dimension

5

0.0032
0.0006

-0.0069
-0.0080
-0.0101

0.0456
0.0286
0.0160
0.0108
0.0182

9

-0.0037
-0.0112
-0.0131
-0.0143
-0.0162

0.0070
0.0141
0.0117
0.0105
0.0102

"Number of observations over which the two pieces of the trajectory are followed.

each of those dimensions, LEs are calculated for evolution lengths equaling one
week (five observations), two weeks (ten observations), one month (21 observa-
tions), two months (42 observations), and three months (63 observations).

This cross section of LEs is estimated in a "bootstrapping" effort to add robust-
ness to any conclusions reached concerning the presence of chaos and to provide
for a preliminary test of the hypothesis that futures prices are detectably determin-
istic over a long enough time period to make (short-term) price forecasting models
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possible. As noted by Frank and Stengos (1989, p. 555), 'A chaotic system will be
quite predictable over very short time horizons. If however the initial conditions
are only known with finite precision, then over long intervals the ability to predict
the time path will be lost." This means that if chaos can be detected at an evolution
interval, the deterministic system generating prices has not been overwhelmed by
stochastic noise and the development of forecasting models may be possible. If the
largest LE is never positive in experiments across evolution lengths, the system is
stochastic. However, if LEs are positive for short evolutions and turn negative at
some longer length, the implication is that at that time interval stochastic noise be-
comes dominant and deterministic forecasting models are not empirically viable,
even though the underlying system may be completely deterministic in nature. In
summary, experimenting with evolution lengths provides a way in which analysts
can assess the potential for developing forecasting models.

Table V provides results for the random numbers for the same cross section of
LE experiments. These results illustrate the small sample distribution of the LE
statistic and provide a basis for assessing the effects of noise on the estimates. The
'Average Estimates" reported in Table V are the mean estimates of the LE from the
100 series of random numbers. The fact that all but two of the values reported are
negative indicates that Wolf et al.'s (1985) procedure for calculating LEs does a
good job of detecting stochastic processes in general. However, in any particular
case there is some chance of mislabeling a stochastic process as being deterministic
due to the effects of noise in the small sample (of 250 observations). This is evident
in Table V as the "Highest Estimates" are positive for each experiment. In other
words, at least one of the 100 random series produces a positive LE for each combi-
nation of evolution length and embedding dimension. Therefore, actual data which
produce LE estimates falling between the average and highest value reported
for the relevant experiment in Table V may or may not have a deterministic gener-
ating process.

In Table III all but two LEs are positive, strongly supporting the conclusion that
soybean futures prices have a chaotic nonlinear generating process. Also, that pro-
cess may be predictable over periods as long as the three-month evolutions evalu-
ated here. However, a closer look leads to some interesting issues for future
research. For example, the LEs for the two contract price series are very similar
across embedding dimensions and evolution lengths, but they differ from LEs for
the nearby series. LEs for nearby prices are approximately zero at dimension 3 and,
although they stabilize at higher dimensions, no actual estimate exceeds the rele-
vant "Highest Estimate" from Table V. One hypothesis is that the two types of se-
ries will have different generating systems because contract series have less noise
(possibly indicated by a lower coefficient of variation) and fewer trends, compared
to more volatile nearby series which contain multiple trends.

One explanation for this hypothesis comes from expectations concerning the two
types of data series. Futures contract price series reflect increasing amounts of in-
formation about the relatively few factors known to influence prices expected at
one point in time (the contract maturity date). Over the life of a particular con-
tract, trade volume tends to rise as information changes become easier to interpret,
making the market more liquid and, hence, more efficient in its reaction to infor-
mation flows. On the other hand, nearby futures contract prices reflect a liquid
market's interpretation of information concerning many supply and demand factors
for different points in time. Trading volume in whatever contract is "nearby" at the
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moment tends to remain high and be closely correlated with spot prices of the com-
modity [Blank et al. (1991)].

The results in Table III indicate that compared to contract series, nearby soybean
futures prices have a more complex generating system requiring analysis at a higher
embedding dimension before the effects of chaos (if any) can be captured. The dif-
ferences in LEs between dimensions may also mean that more complex models will
be required for forecasting, making successful specification of those models less
likely.

Table IV presents LE estimates for S&P 500 futures prices which, in general, are
surprisingly similar to those for soybeans, but which have two subtle differences
raising additional issues for future research. First, the LEs for the December 1986
contract and the nearby series are similar to the soybean contracts' LEs. One hy-
pothesis for this phenomenon is that the S&P nearby series is like many contract
series in that the data have a single trend around which prices demonstrate rela-
tively low levels of noise (at least at higher embedding dimensions). If multiple
trends are present, the S&P nearby series might produce a more complex set of re-
sults, as in the case of soybeans.

Second, the LE results for the December 1987 S&P contract are unique com-
pared to the other three contract series studied, drawing attention to the effects of
the sharp market correction in October 1987. The LE values for all embedding di-
mensions are noticeably higher than those of any other series at evolution lengths of
5-21 days, yet for evolutions of 42 and 63 days the LEs are low and occasionally
negative. It is hypothesized that the strong uptrend in S&P prices prior to the
"crash" had so little noise in it that forecasting was quite possible for periods of up
to one month (21 trading days), but longer forecasts necessitate more complex mod-
els to account for the effects of "Black Monday," which are interpreted as noise by
simple models. This illustrates the frustration which will no doubt continue to face
modelers: even if a system such as that underlying stock prices is deterministic,
forecasting models cannot be expected to detect every trend or turning point. As
long as initial conditions are not perfectly identified, analysts will not know
whether a model is correctly specified until it fails. In other words, no matter how
complex a deterministic model is, additional complexity may be required to avoid
forecasting errors so large as to question the modeling effort's value.

SUMMARY AND CONCLUDING COMMENTS
This study provides results of nonlinear dynamical analysis of two commodity fu-
tures markets. It illustrates what type of methodological and empirical procedures
must be used to evaluate these markets. It also raises and attempts to address issues
concerning identification and measurement of nonlinear generating systems in eco-
nomic data, providing a guide for research in the future. Although chaos analyses
in economics are still very rare, the results presented here and elsewhere give rea-
son for expecting use of these methods to expand, but with difficulty.

Results from analyses of a financial, the S&P 500 index, and an agricultural
product, soybeans, are presented as examples. All empirical results in this study are
consistent with those of markets with underlying generating systems characterized
by deterministic chaos. Comparing results for the stock index and soybean futures
reveals surprising similarity, yet the CDs for the index are noticeably different than
those reported in earlier stock market studies which use cash price data. Both fu-
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tures markets are shown to have a "low" correlation dimension of about two while
CDs are shghtly lower for soybeans and for nearby series compared to contract se-
ries. The statistical significance of this difference in CDs between product types is
unclear, but statistical tests do indicate the presence of nonlinearities in both mar-
kets. Estimates of Lyapunov exponents indicate that these nonlinearities are (at
least partially) deterministic, rather than stochastic in nature. However the ab-
sence of any tests for the statistical significance of estimated LEs makes the results
of this study necessary, but not sufficient conditions to prove the existence of deter-
ministic chaos.

Although providing just an introduction to the study of nonlinear dynamics in
future markets, the results of this analysis may be useful for commodity market
analysts in industry, academia, and government. The fact that futures prices appear
to have a nonlinear generating process of a type not recognized previously raises
the possibility that short-term forecasting models may be improved by incor-
porating these new factors. This, in turn, has significant implications for resource
a ocation and marketing strategies for firms trading in these product markets
Ultimately, the discovery of a nonlinear, nonrandom process in commodity futures
markets could raise the level of debate in the economic literature concerning "ran-
dom walk" hypotheses and definitions of pricing efficiency. However, from a prac-
tical viewpoint, chaos analysis procedures provide another test for (deterministic)
nonlinearity, but do not easily lend themselves to direct applications in forecasting
model construction.
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