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62 VALUATION OF RESIDENTIAL

Valuation of Residential Mortgage-
Backed Securities with Proportional
Hazard Model: Cumulant Expansion
Approach to Pricing RMBS

TAKAAKI OZEKI, YUJI UMEZAWA, AKIRA YAMAZAKI,

AND DAISUKE YOSHIKAWA

he residential mortgage-backed

security (RMBS) market is cur-

rently a very large segment in fixed

income markets. Under this cir-
cumstance, the valuation problem of RMBS
is important for practitioners. This article
develops a pricing formula for not only
RMBS, but also interest only (I0) and prin-
cipal only (PO) with the proportional hazard
model.

Usually, RMBS are a pass-through secu-
rity with monthly payments. Since mortgage
contracts composed of RMBS allow the bor-
rowers to prepay the principal at any time prior
to maturity without any penalty, the cash flows
of RMBS include their prepayment. That is,
there is uncertainty in the RMBS cash flows
due to prepayment. Almost all practitioners
recognize that prepayment risk is the most
important issue for RMBS valuation and risk
management. On the other hand, in past lit-
erature, many researchers focused upon mod-
eling and evaluating prepayment risk. In
general, the approaches for modeling prepay-
ment behavior can be classified into two cat-
egories: the structural approach and the
intensity-based approach.

In the structural approach, it is assumed
that the borrowers behave rationally and exer-
cise their optimal prepayment strategy. Since
this strategy can be seen as the early exercise
problem of the American option, it is also well-
known as the option-based approach. However,
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due to the existence of various reasons for pre-
payment, the situation of RMBS is more com-
plicated than that of the American option. The
structural approach was pioneered by Dunn and
McConnell [1981a, 1981b]. Since their studies,
much literature dealing with the structural
approach has been published. For example; see
McConnell and Singh [1994], Stanton [1995],
Kariya and Kobayashi [2000], Nakamura [2001],
and Nakagawa and Shouda [2004]. Recently,
Longstaft [2005] and Pliska [2005, 2006] have
conducted research on sequential refinancing
and have considered multi-stage decision
models.

Instead of much energetic research on
the structural approach, it seems that practi-
tioners in the RMBS market hesitate to
employ practical applications of this approach.
Several reasons exist: Evaluating RMBS using
the structural approach is computationally
demanding and extremely time-consuming.
Apart from the computational difficulties, the
outputs of the structural approach do not com-
pletely match with time-series prepayment
data and market prices of RMBS. In addition,
the assumption of the optimal prepayment
strategy 1s often violated in market practice.
This is because in actuality there are many irra-
tional borrowers who do not fit the assump-
tion of the structural approach.

In the intensity-based approach, it is
assumed that iming of prepayment is a random
time governed by some hazard rate processes.
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Thus, a mortgage prepayment event is regarded as a default
in the credit risk modeling (e.g., the monograph on the
intensity-based credit risk modeling by Bielecki and
Rutkowski [2002]). However, in contrast to credit risk
modeling, research on the theoretical and mathematical
foundations of prepayment modeling in the intensity-
based framework is limited. The notable references include
Pliska [2005, 2006] and Sugimura [2004].

Conversely, there are a large number of empirical
studies based on the intensity-based approach. In the
empirical intensity-based approach, a certain prepayment
hazard rate function 1s statistically estimated from histor-
ical prepayment data. In particular, the proportional hazard
model is frequently applied to describe prepayment
behavior both academically and in practice, and its esti-
mation methods have been established. For example, see
Schwartz and Torous [1989], Aonuma and Kijima [1998],
Ichijo and Moridaira [2001], and Sugimura [2002] for
studies on empirical prepayment analysis by the propor-
tional hazard model. Since the proportional hazard model
is considered to be a typical prepayment model in the
RMBS market, we assume that prepayment behavior fol-
lows the proportional hazard model.

It is well-known that evaluating RMBS using
numerical calculations such as Monte Carlo and the finite-
difference method is highly demanding. Particularly, in
multi-dimensional stochastic cases, there is nothing for
practical RMBS pricing methods other than Monte Carlo.
On the other hand, literature on analytical RMBS valu-
ation is very limited. Gorovoy and Linetsky [2007] derives
an analytical pricing formula for RMBS by using the
eigenfunction expansion method. Yamazaki [2005] pro-
poses a closed-form pricing formula for RMBS under a
simple Gaussian assumption. However, Gorovoy and
Linetsky [2007] and Yamazaki [2005] intentionally choose
analytically tractable prepayment models, which might
possibly be unsuitable to market practice, in order to derive
analytical formula.

In this article, assuming the proportional hazard
model to describe prepayment behavior, we derive a
pricing formula for RMBS by using the cumulant expan-
sion method. Because the proportional hazard model
already has empirical evidence as a prepayment model,
the assumption of the proportional hazard model is more
appropriate than that of Yamazaki [2005] or Gorovoy and
Linetsky [2007]. The pricing formula gives very accurate
approximate prices of RMBS quickly like a closed-form
pricing formula. Moreover, the formula is applicable to
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various types of the proportional hazard models; i.e., it is
able to deal with multi-dimensional stochastic environ-
ments and jumps. Through numerical examples, we also
show that the formula is very useful from a practical point
of view.

The rest of this article is organized as follows: First
of all, we provide a cash flow modeling of a mortgage
contract with prepayment and develop risk-neutral val-
uation models for RMBS, 10, and PO. Second, we show
that the RMBS valuation problem is equivalent to a sur-
vival probability calculation of a mortgage contract under
a forward neutral measure. Third, we derive a general
pricing formula for 1O and PO, as well as RMBS by the
cumulant expansion, which is the main contribution to
research of this article. Next, we show that the formula
can be applied to the proportional hazard model not only
with Gaussian processes, but also with Lévy processes.
Additionally, we provide numerical examples based on
Japanese RMBS market data. Finally, we present con-
cluding remarks.

MODELS

This section develops risk-neutral valuation models
for RMBS, 10, and PO. Our interest is prepayment risk,
which is the risk of uncertain RMBS cash flow due to bor-
rowers’ prepayment, while for simplicity we ignore other
risks of RMBS such as default risk, earthquake risk, and
commingling risk.

Mortgage Contracts without Prepayment

First, we consider a mortgage contract with fixed-
rate ¢ and maturity T without prepayment. The borrower
takes out a loan of M(0) dollars at time 0, then he pays
back periodically a constant amount denoted by A, where
the payment times of A are t,=i/m, i=0,1, ..., mT. It
is obvious that A is given by

A=M(t) - M(t,)+—M(t)=P(t, )+ 1(t,,) (1)
m

where M(t), P(t) == M(t_,) — M(t), and I(t) == - M(z,_,)
are remaining mortgage principal, payment amount of
mortgage principal, and coupon amount at time , respec-
tively. From Eq. (1), we obtain
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1=(1+c/m)y™"

M(O)y=A
c/m

Inversely, A can be rewritten as

ml
A= M(O o/m(1 +r/{;1)
(1+c/m)" =1

Thus, the constant payment amount A is deter-
mined by the initial principal M(0), maturity T, coupon
rate ¢, and payment interval m. Moreover, remaining mort-
gage principal at time t. is given by

(+c/m)™" =1+ c/m)™
(1+c/m)"" =1

M(t) = M(0)

See, for instance, Fabozzi [2001] or Yamazaki [2005]
for derivations of the above cash low models.

MORTGAGE CONTRACTS WITH
PREPAYMENT IN THE INTENSITY-BASED
FRAMEWORK

We assume frictionless markets that are arbitrage-
free. Let 7denote a prepayment time of a mortgage con-
tract on a probability space (Q, G, @), where Q is an
equivalent martingale measure. We denote the associated
filtration of Tby H := (H),, where H = o(1,,, \: s <1).

Let G = (G,) 5 be an arbitrary filtration on (2, G, Q).

Furthermore, we assume an auxiliary filtration F == (F))

suchthat G=Hv F;ie, G=H, v F foranyte [0, T].
In order to model prepayment, we introduce a positive
prepayment intensity (hazard rate) process (h,) ., adapted
to the filtration [F. We model the random time of pre-
payment T as

T= inf{f 20: [hds> e}

where e ~ Exp(1). Here we define that H, := 1;<, is the
prepayment indicator, F, :=Q (7<t| F) is the conditional
repayment probability of 7, and I', := —In(1 - F) =
o hds is the hazard process of 7 under Q. Note that
the compensated process H —I'  =H, - | hdsis
a G-martingale.
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Next, we consider a mortgage contract with pre-
payment. Let M, P, and I, be remaining mortgage prin-
1 1 . 1 . .
cipal, payment amount of mortgage principal, and coupon
amount with prepayment at time t, respectively. Then,

M, =M{iN I =1(tN1n B =P(!I)1“>L )

{t>1,3° >, Ty

Moreover, a prepayment amount' at time , denoted
by PR, is given by

-P), = M(t)(1

. 6 <Tst ) AT T 1{r>n,}) (3)

1

Let CF, be a cash flow of the mortgage contract
with prepayment at time t.. From Egs. (2) and (3), and the
definition of P(t), we obtain

CF =P +1 +PR =(!+‘—)M(IM)1,

{1
m

— ﬂlu‘f(f‘ )l;”,:

RMBS Valuation Models

We consider RMBS to be composed of a homoge-
neous mortgage pool. In this case, RMBS pricing can be
identified with valuation of an arbitrary mortgage con-
tract in the pool. If RMBS consists of a heterogeneous
pool, it is sufficient to divide it into homogeneous pools
and to evaluate each homogeneous pool.

Assumption 1 (Short Rate Process) The short rate
process (1), is adapted to the filtration F and a unique strong
solution of the stochastic differential equation:

dr = pu(t, r)de+b' (1, 1 )dW,

where (W) ., is an F -adapted d-dimensional Brownian motion
under Q, and pt : R_ xR - Rand b : R, X R — R’ are
deterministic functions. In addition, the discount bond price process
with maturity U denorer.f by (B(U)) 5 is a unique strong solu-
tion of the stochastic differential equation:

dB,(U)
B (U)

]

=rdt+g (U, 1r)dW,
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where g : R. X R X R — RY is a deterministic function.
g K, + Y

Assumption 1 implies that the equivalent martin-
gale measure @ is a spot neutral measure. Hence, below
we call it a spot neutral measure to distinguish it from other
measures such as forward neutral measures.

Let I, denote a present value® of RMBS at time £°.
Using the standard intensity-based framework, we obtain

I"',- =E[i(! II"’(:I: IQ-}

s i{[l+i.];\-I(!’_,)E[(‘_I:”hl:z.«- ) }gf‘j|#‘\'l([)
< m I
X E|:£'-J-‘I“h]|”” |g,.:|}
I

22{(1;]310,,)@ et |f,.}“(’.)

where [E[-] is an expectation operator under a spot neu-
tral measure (Q and i* == inf{i : 1. > '}. Taking a forward
neutral measure (), for each cash flow C F, where the
numeéraire is a dlswunt bond with maturity t, RMBS
price can be described as

ml

V=Y {1+1J.«1(rl,)3,*(;,)E‘ o "\ F
» m

(L] "

BL()E'| 4| 7

*

—M(t,)

where [E'[] is an expectation operator under a forward

neutral measure @ . Similarly, PO and IO prices can be
i

expressed as

ml

PO, = Z(’ h
i" M(t_)B,(t )E" <J'I':!"""‘|f

P +PE. )|g,,

_M(t)B, (0B | 1|

™
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ml “”_‘
0,=EYe I ‘116,

i=i*

ml _I',...‘ Jidk
__ZM (t_)B.(t)E [ e ™ " | F,
m

1=i%

According to the above valuation models, we have
to only evaluate

E" "I‘ » |F, | and E" {'_J"h“b | F,

for RMBS, PO, and 1O pricing. Further generalizing this
argument, RMBS, PO, and 10O valuations can be reduced
to the problem of calculating the following equation:

EY [em{—ﬂh(d;} | _7-',] (4)

where E"[-] is an expectation operator under forward
neutral measure @, , and where the numéraire is a discount
bond with maturity U(2f). Note that Eq. (4) can be seen
as a survival probability of a mortgage contract under @, .

Assumption 2 (Prepayment Model) The prepayment
intensity h, is described as the proportional hazard model, that

Is,
h = h‘,(r)cxp{wTX! } (5)

where h, : R, = R, called the base-line hazard function is a
non-negative deterministic function with respect to time t, (X)) o,
called covariate vector is an F ~adapted m-dimensional stochastic
process under a spot neutral measure Q, and w is a coefficient

vector on R™.

Assumptions 1 and 2 are more general settings than
in Yamazaki [2005] or in Gorovoy and Linetsky [2007], in
both of which analytically tractable prepayment models
and simple interest rate processes are set in order to derive
closed-form pricing formulas. In particular, Assumption 2
is meaningful because there is much literature documenting
research on empirical analysis of prepayment behavior by
the proportional hazard model. For example see Schwartz
and Torous [1989], Aonuma and Kijima [1998], Ichijo and
Moridaira [2001], and Sugimura [2002].
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PRICING FORMULA

This section provides a general formula for not only
RMBS, but also 10 and PO, which is the main finding
of our article. In the previous section, it is shown that the
RMBS pricing problem can be reduced to evaluating the
survival probability of a mortgage contract under a for-
ward neutral measure. Therefore, we shall concentrate on
evaluating Eq. (4) for RMBS valuation. Since the pricing
formula is given by an infinite series that is known as the
cumulant expansion, it gives an approximate value of
RMBS prices.

Theorem 1: Under Assumptions 1 and 2, Eq. (4) is
given by

EY |:eXp{_j,: h‘ds} | .7:::| = exp{i(—l)” 5}’(..} (6)

n=1

where
K, =X
K, =X, _sz’
= =042,
Ky =X, —4X, =32 +122 %, -6, .
Ky =X —5%X, —100,%,+20%, X, +30%,%:
— 60y 1, +24 7,
and

X, =n! LL ,; !_Ilh 5o

X E‘{exp{szX” }|Jfﬂ}‘f-";d5:-"d5~ @)

k=1

Note that K and _ are, respectlvely the nth cumu-
lant and moment ot r e th ds. Thus, it can
be said that the pricing formula is an approximation around
normal distribution with respect to I'. When I, happens
to be a Gaussian process, the formula (,omc1c|es with the
closed-form pricing formula in Yamazaki [2005], which
gives exact prices of RMBS.

Before the proof of Theorem 1, the below lemma |
1s provided.
Lemma 2 Suppose that f : R, — R is an integrable

function and

= I \-_f‘(u)du

where & is an arbitrary non-negative constant. Then, for all
ne N,

o =ntf, [ fw)

X f(u,_y ) fu)dudu,-du (8)

Proof of Lemma 2 In the case of n = 2, Eq. (8) is
well-known and omitted. Next, assume that Eq. (8) is
valid in the case of n < k. Then,

d| 1 o N
s [“ 2] = —_— F X
M[@+m<(» } o P fx)

= f(‘\').[: ‘[:L)‘(HJ flu,_,)

Sfu)du du, - du,

The second equality of the above equation is due to
the assumption. Therefore,

1

» .' R+i
i = [ L sy
J(u)du du, - -du, dx
- -[rx jll jf 1+| f ( L)
flu_)f (nw)duldu:---duk,duw
Here we rewrite u,, = x. By mathematical induc-
tion, the proof of lemma 2 is completed. a

Proof of Theorem 1 First, we shall derive Eq. (6).
Let ¥;.(0) denote the moment generating function of T,
Then, by cumulant expansion,

1 s 1 1
KO+—Kk,0°+-Kk60 ++—Kk 6"+
- 6 n! "

logy (6)=
]‘l
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where K is the nth camulant of I, When 8= -1, Eq. (6)
is obtained. )
Next, we consider nth moment of I';

2 =E'[["F]=E [(J s | f,.} 9)

Applying Lemma 2 to Eq. (9),

B’ [( Jonas) |f,.]= B [ o,

Jli'l”rl’sld's1 coeds, | J':.:I

LN f
pe o g e
n

x EY [l_[ h-‘» ‘ .7'1, }dsld_\'z . .d_\‘”

k=1

By Assumption 2,

]E[Hi |J—',_}=]E"[|“| h(.(si.)exp{wam};}
k=1 k=1
-11 ama)E"[exp{in&}m}

Therefore, Eq. (7) is obtained. The proof of The-
orem 1 is completed. i

According to Theorem 1, the RMBS pricing
problem is eventually reduced to evaluating the following
equation:

E"{exp{i WTX‘L}lj‘—":| (10)

k=1

Note that, when covariate vector X, of the pro-
portional hazard model is decomposed to some inde-
pendent vectors, it is sufficient to evaluate Eq. (10) of
each independent vector in X,. If a closed-form expres-
sion of Eq. (10) is obtained, RMBS, 10, and PO can be
evaluated simultaneously by an appropriate numerical
method of multiple integrals in Eq. (7). Although numer-
ical multiple integrals are very time-consuming in general,
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our numerical examples will show that a single or double
integral, which can be calculated very quickly, is enough
to obtain accurate RMBS prices and their sensitivity.

Corollary 3 Suppose that the covariate vector
X, =(X,X],....X") of the proportional hazard model (5) is
an m-dimensional Gaussian process under a forward neutral
measure Q. Then,

E" [exp{iWsz,} Iﬁ} - f-‘q’{# +§}
k=1

where

H= inzlar”]Et'[X;; 2 A
k=t =1

" "

V= 2Zl.f:_hw.!‘(:ovr[Xi‘ ,X_"';" | F,]

ky ey oy

and w, (j=1,2, ...
vector w.

. m) is the jth component of coefficient

STOCHASTIC PROPORTIONAL HAZARD
MODELS

In this section, we demonstrate that Theorem 1 is
applicable to various types of the proportional hazard
models. Presenting four examples, we shall show explicit
expressions of Eq. (10). These examples deal with the
stochastic proportional hazard model not only with
Gaussian processes, but also with Lévy processes. In the
following, we set current time = () to evaluate RMBS
without loss of generality.

Example 1 (Multi-Dimensional OU Process) Let
(X)) 5, be an m-dimensional OU process under a spot
neutral measure @, that is, the covariate vector
X =(X',X7,...,X") of the proportional hazard model
(5) is given by:

AX' =(0.()—a X )dt+bTdW,, j=12....m (11)
J ] I J

f

1 —_— . . .
where X, =1, (W) 5, is a d-dimensional standard
Brownian motion under @, ¢, () is a deterministic func-
tion with respect to time f, b, is R’-constant vector, and
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a,is constant. Note that the spot rate process (r) ., is well-
known as the Hull-White model (Hull and White [1990]).

Under a forward neutral measure @, , SDE(11) is
transformed into

dX) = (& ()—a X)dt+bldW

t !

J=12,...m (12)

where

and (W ") ., 1s a d-dimensional standard Brownian motion
under @, . Solving Eq. (12), we obtain the following
Gaussian processes:

> r -l (l—\]
X/ =X} + [ & ds

b —a (t-5) L
+b1j(' AW,

J=180.m (13)

Since it is obvious that the covariate vector X is an
m-dimensional Gaussian process under Q" and

BY[X/]= X" + [ & (s)e " ds

and as t &k,

b —a (t,=s) o\
Cov'[X/,X)]=b'b, E" (_[ e dwf)

(g |

min{t b —a (—s)-a,, (t,=5)
e fy \E jy \iaT%)
=blb, [ e T
hJadp
¥
ba bJ =, (h=t) —(z”r‘hz f3)

:'—"(v —e )
a; -i-nh

the closed-form solution of Eq. (10) can be obtained from
Corollary 3.

In the following, we consider a component X in the
covariate vector X, of the proportional hazard model, and
we assume that X, is independent of all other components
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=12, ...,

of X and interest rate
only to calculate

r. Under this assumption, we have

E"| exp Z\.‘ (14)

as regards (X)), where wis a coefticient of X,. Note that
(X)) 5 1s invariant under any forward neutral measures
due to the independence assumption.

Example 2 (Function of a Gaussian process) Sup-
pose that X :=f(Y)), where f(-) is a deterministic function
and Y, is a Gaussian process under a spot neutral measure
Q. Obviously, Eq. (14) is given by

t"xp{wz X'. } = J.R_ exp{ “'Z _f(n )}
=1 k=1
Xp, _."U'w---')'.,)dJ’r--‘f)',, (15)

where Py s s, (Vys Yoo -oos 7,) i the dr:mity of the
n-dimensional random variable (Y, Y5, Y, ) with a
normal distribution. For quick numcrlcal ‘ll( ulatlon of
the improper integral on the right hand side of Eq. (15),
we can use the Gauss-Hermite quadrature rule.

Ny DAtee b ~p
Example 3 (Compound Poisson Process) Let (X )0
be a compound Poisson process under a spot neutral mea-
sure @, that is,

where N is a Poisson process with intensity A, and Y,
are 1.i.d. random variables which are inde-
pendent of N, and have the same characteristic function
®,{(6). To derive the closed-form solution of Eq. (14),

we first see

DX, =X, =X )+ (n—k+1)

X (X, =X, )++(X, - X, )

(]

where we set X = 0 for convention. Then, Eq. (14) is
20
written as
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w) (n—k+1)(X -X )

& Fe-1
k=1

Xp
[C..(;:-A.-+=1( X, =X, ‘=:|
= H]E, [ uln—iﬁl‘l\.jr T j| (]6)

The last equality is shown by the stationary incre-
ments property of the compound Poisson process X. By
the Lévy-Khinchine formula,

E'[e” )= exp{(s, — 5, ) Ao, (0)-D}  (17)
where 1:= \[——] . Substituting Eq. (17) for Eq. (16) with
0= —uv(n— k+1), we can obtain

~Tew{t -5

k=1

exp{wZ\ }
X (@, (~tw(n—k+1)-1} (18)

Example 4 (Infinite Activity Lévy Process) Let
(X) 5, be a pure jump infinite activity Lévy process with
a Lévy measure v under a spot neutral measure Q. By the
Lévy-Ité decomposition, X, can be represented as a sum
of a compound Poisson process and an almost sure limit
of compensated compound Poisson processes:

ZA\ 1\.«\ i + ]nn N

(a9}

where
- %Ak, IA'S‘A-\-,“:‘ i rLstxu(dx)

Therefore, X, can be approximated by

! - ” T€
=2 AX 1,0 +N,

sSI
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and the residual term is given by

R ——f\. + lim N
8o

which is a pure jump Lévy process with Lévy measure
. . [ €7 ~ .
L\ jceV(dx) satisfying E™[R;]=0. In the finite variation

case, the process (X[) ., can be written as

‘ :ZAX\"eslA\\rl +EY[ Y AX 1,

Since the approximation process (X )., is com-
posed of a compound Poisson process and a determin-
istic term, we can use Eq. (18) in Example 3 for deriving
the closed-form solution of Eq. (14) with respect to X

Moreover, for the sake of more accurate approxi-
mation, using

(0° (€) = var"[Rf]:rL LX)

X, can be approximated by
X=X +0(e)B

where B, is an independent Brownian motion. See pp. 184192
in Cont and Tankov [2004] for details. Since the infinite
activity Lévy process can be approximately decomposed
into a compound Poisson process and a Brownian motion,
which are mutually independent, we can also obtajn the
closed-form solution of Eq. (14) with respect to X by
applying Corollary 3 and Eq. (18) in Example 3 to the
Brownian motion and the compound Poisson process
respectively.

Remark 4. In Example 4, because an infinite activity
Lévy process is approximated to obtain an explicit expression
of Eq. (14), there is the approximation error in RMBS price
by the pricing formula. On the other hand, even if it is obtained
by Monte Carlo, the same approximation scheme is usually
implemented (see Cont and Tankov [2004]). Therefore, it can
be said that the same error exists in RMBS price by Monte
Carlo.
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NUMERICAL EXAMPLES

This section provides two numerical examples: the
accuracy test and the sensitivity calculations. First, we
specify an interest rate model and the proportional hazard
model for the numerical examples. The parameters of
these models are set based on the Japanese RMBS market.
Second, by comparing RMBS, 10, and PO prices by the
pricing formula with the exact prices, we examine the
accuracy of the first and second order cumulant expan-
sion prices. The result implies that the prices obtained by
the second order cumulant expansion are sufficient in
practice. Third, as an application of the pricing formula,
we calculate effective duration and convexity of RMBS,
1O, and PO. It is shown that the formula is very useful to
compute these values accurately and quickly.

Model Specification
First, we specity spot rate dynamics (r) ., using the
Hull-White model (Hull and White [1990]):

dr. = (o(t)—ar )dt + od W,

where a, 0> () are constant, and ¢(f) is a deterministic
function with respect to time t. Next, we suppose that ini-
tial yield curves are given by the augmented Nelson-Siegel
model (Bjork and Christensen [1997]):

f(O, 1) =2 +z, exp(—at) + z texp(—at) + z, exp(—2at)

where f{0, 1) denotes an instantaneous -forward rate at
time 0, and 2z, k=1, 2, 3, 4, are parameters. It is well-
known that the augmented Nelson-Siegel model is con-
sistent with the Hull-White model (see Bjork and
Christensen [1997]). By trivial calculations, we obtain

‘ , 1—exp(—2at)

o(t) = az, + z, exp(—at) — az exp(2at)+ 0" ————

2a

and

n=f0,0)=2+z, +z,

The parameters of the Hull-White model are set
a=10.2 and 0=0.008, which are taken from the numer-
ical example in Sugimura [2004]. In the accuracy test,
the augmented Nelson-Siegel model is calibrated to the
JGB yield curve as of May 9, 2008; i.e., z,=0.0308, z, =
—(0.0874, z, = 0.0049, and z,= 0.0725. On the other
hand, we suppose flat yield curves with parallel shift in the
sensitivity calculation; i.e., z, =1, and z,=2z,=2,=0.
These parameters are listed in Exhibits 1 and 2.

Next, we specify the proportional hazard model as
follows:

h = h (fexp{wX, } = A(1—exp(=y1)exp{w(R —1r)}

where h (1) == A(1 — exp(=71)), X,:= R—r,and 4, ¥, R are
constant.
In the Japanese RMBS market, a

ExHIBIT 1

RMBS Setting and Model Parameters in the Accuracy Test

standard prepayment model called PS]
is presented as a benchmark of prepay-
ment rate by the Japan Securities
Dealers Association. PS] model is a

Face Value | Coupon| Amortization| Maturity simple deterministic function with
RMBS 100 0.0216 Monthly 35 respect to time f. It rises in a linear
Erlaportional Hazard Model 2 y - R fashion for 60 months to a certain level,
| | . . . . =
| B at which point it remains constant. The
| 00614 | 03607 3-50 | 0.0159 JCIL OIS 18 IERIIRHS CRLaHa
[Hull-White Model | Fy 2 - base-line hazard function is calibrated to
! . 00:59 0.2000 0.0080 PS] model; i.e., A =0.0614 and y=
{ B ' ! =u | 0.3607. Thus, we have set up the pro-
Augmented Nelson-Siegel Model‘ z, Z Z, Z ’ 1, VT 2aVE SEL TP E1€ Pro
portional hazard model if the interest
| 0.0308 |-0.0874 0.0049 L L ) -~ move, then it behaves like

Notes: The RMBS setting is the same as the 13th RMBS issued by JHFA. See Exhibits 5 and 6 for
the parameters of the proportional hazard model. The augmented Nelson-Siegel model is calibrated to
JGB yield curve as of May 9, 2008. The parameters of the Hull-White model are taken from

Sugimura [2004].
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PS] model (see Exhibit 5).
When wis positive, if the interest
rate goes down, then the prepayment
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ExXHIBIT 2

RMBS Setting and Model Parameters in the Sensitivity Calculations

[2001]. That is, we do not compute
the monthly cash flow value for each
month, but we compute a specific

| FaceValue |Coupon|Amortization|Maturity ~ monthly cash flow value per year and

RMBS 100 0.100 | Monthly 35 interpolate into the interim values by
PProportional Hazard Model A 1 ¥ w R | using the spline function. By virtue
L _ 0.0614 0.3607 20 0.05 of the acceleration scheme, the
[Hull-White Model Parameters /A a a number of the cash flow valuations
1 . ~10.000 ~ OJ 00‘ 0.2000  0.0080 can be reduced from 35 X 12 = 420
Augmented Nelson-Siegel Model z, z, 3 zZ, to 35, and the computation speed can
| "o 0.0000  0.0000 | 0.0000  be dramatically improved. Exhibits

Notes: The setting in Exhibit 2 is a higher interest rate environment than in Exhibit 1 to generate nega-
tive convexity effect clearly. Note that the augmented Nelson-Siegel parameters imply flat yield curves.

7-9 plot with the spline interpolation
each cash flow value of RMBS, 10,

rate goes up and vice versa. Therefore, the parameter w
can be interpreted as prepayment sensitivity with respect
to interest rate shift. In the accuracy test, we set R = T
and w=3, 5, 10, 20, 30, 50 to examine the impact of the
prepayment sensitivity. Note that the proportional hazard
model approaches a linear function with respect to r, when
w is small enough. In this case, the proportional hazard
model can be approximated to a Gaussian function, which
gives us a closed-form pricing formula for RMBS (see
Yamazaki [2005]). This fact implies that the larger w is,
the larger approximation errors are. For RMBS issued by
the Japan Housing Finance Agency (JHFA), market con-
sensus of prepayment sensitivity to interest rate is pre-
sented by Bloomberg. Exhibit 6 plots prepayment
sensitivity curves in the case of the accuracy test against
prepayment consensus of May 9, 2008 on the 13th RMBS
issued by JHFA. On the other hand, we set R = 0.05 and
w = 20 in the sensitivity calculations. The parameters of
the proportional hazard model are also listed in Exhibits
1 and 2.

Accuracy Test

By the pricing formula, we compute RMBS, 10,
and PO prices, which are set to the same condition as
the 13th RMBS issued by JHFA; i.e., face value = 100,
m=1/12, ¢ = 0.0216, T = 35. We regard the prices by
Monte Carlo with 107 sample paths as the exact prices
(EP). In order to verify the accuracy of the pricing for-
mula, we compare the first and second order cumulant
expansion prices (CEP1 and CEP2, respectively) with EP.
Moreover, we realize very quick computation of the
second order RMBS prices (hereafter, CEP2") by a simple
acceleration scheme introduced by Shibasaki and Nakamura
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and PO, respectively.

Exhibits 3 and 4 show RMBS,
IO and PO prices, errors := EP — CEP, and error ratios :=
100 X errors/EP. In the case of CEP1, although the errors
are small when w is small, they might not be ignored
when w is large. In contrast, in the case of CEP2 and
CEP2", even when w= 50, a stress scenario of prepayment
behavior, the error of RMBS price is only 0.007 and the
errors of IO and PO prices are less than 0.05. According
to market consensus of prepayment sensitivity of May 9,
2008, w is nearly 10 in the Japanese RMBS market, and
the errors of CEP2 and CEP2" with w = 10 are 0.002 or
below. As a result of the accuracy test, it can be said that
CEP2 and CEP2" are substantially accurate in practice.
In particular, CEP2" is very practical in terms of compu-
tation time.

Sensitivity Calculations

As an application of the pricing formula, we com-
pute effective duration and convexity of RMBS, 10 and
PO by CEP2". Effective duration (hereafter, ED) and con-
vexity (hereafter, EC) of RMBS are defined as follows:
Let 1(Ay) be a RMBS price with Ay -yield curve shift at
time (. Then,

V(A -V(Ay)
2AyV(0)

and

_ V(-Ay)—-2V(0)+ V(Ay)
(Ay)’V(0)

EC :
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EXHIBIT 3

RMBS, 10 and PO Prices in the Case of w =3, 5, 10

w=3 RMBS 10 PO
Error Error Error
Price Error ratio Price Error ratio Price Error ratio
EP 100.855 21.997 78.858
CEP1 100.854 0.001 0.001 21.994 0.003 0.014 | 78.860 -0.002 -0.003
CEP2 100.853 0.001 0.001 21.995 0.002 0.008 | 78.858 0.000 0.000
| CEP2* 100.853 0.001 0.001 21.995 0.002 0.007 | 78.858 0.000 0.000
w=5 RMBS i 10 PO ’
Error Error Error
. Price Error ratio Price Error ratio Price ~ Eror  ratio
EP 100.783 22.068 78.715
CEP1 100.854 -0.071 -0.071 21.994 0.074 0.335 | 78.860 -0.145 -0.185
CEP2 100.781 0.001 0.001 22.066 0.002 0.008 | 78.715 0.000 0.000
CEP2* 100.781 0.001 0.001 22.066 0.002 0.007 | 78.715 0.000 0.000
w=10 RMBS 10 R PO .
Error Error . Error
Price Error raio |  Price Error ratio Price  Error ratio
EP 100.609 22.229 78.380
CEP1 100.854 -0.245 -0.245 21.994 0.235 1.057 | 78.860 -0.480 -0.612 |
CEP2 100.608 0.001 0.001 22227 0.002 0.008 | 78.381 0.000 0.000
CEP2* 100.608 0.001 0.001 22.227 0.002 0.007 | 78.381 ~0.000 0.000

Notes: We regard the prices computed by Monte Carlo with 107 sample paths as the exact prices denoted by EP. CEP1 and CEP2 denote the prices by the
first and second order cumulant expansion respectively. CEP2* is the prices by the second order cumulant expansion with the spline interpolation. Here we
define error := EP — CEP and error ratio := 100 X error/EP

ExHIiBIT 4

RMBS, 10 and PO Prices in the Case of w = 20, 30, 50

Notes: Exhibit 4 shows RMBS, 10 and PO prices, errors, and error ratios in the case of w = 20, 30, 50.

72

w=20 RMBS - 10 . PO 1
Error Error Error
Price Error ratio Price Error ratio Price ~ Error ratio
EP 100.292 22.478 77.813
CEP1 100.854 -0.562 -0.561 21.994 0.485 2.156 78.860 -1.047 -1.345
CEP2 100.290 0.002 0.002 22.478 0.001 0.003 77.812 0.001 0.001
CEP2* 100.290 0.002 0.002 22478 0.000 0.002 77.812 0.001 0.001
w=30 RMBS 10 o PO B
Error Error Error
B Price Error rato |  Price Error ratio | Price  Error ratio
EP 100.013 22,631 77.383
CEP1 100.044 -0.030 -0.030 22.502 0.129 0.568 | 77.542 -0.159 -0.205
CEP2 100.011 0.003 0.003 22.634 -0.004 -0.016 | 77.376 0.006 0.008
CEP2* 100.011 0.002 0.002 22.635 -0.004 -0.018 | 77.376 0.006 0.008
w=50 RMBS 10 1] PO
Error Error Error
Price Error ratio Price Error ratio Price Error ratio
EP 99.561 22.655 76.906
CEP1 100.854 -1.293 -1.299 21.994 0.661 2919 | 78.860 -1.955 -2.541
CEP2 99.553 0.007 0.007 22.697 -0.042 ~0.187 | 76.856 0.050 0.065
CEP2* 99.554 0.007 0.007 22.698 -0.043  -0.190 | 76.856 0.050 0.065

VALUATION OF RESIDENTIAL MORTGAGE-BACKED SECURITIES WITH PROPORTIONAL HAZARD MODEL
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EXHIBIT 5
PSJ Model and Base-Line Hazard Function

) § ! ' T T T T
Base-Line Hazard Function ——

Prepayment Rate(%)
&

sk / i

2t ." 1
IF‘ ’

0 A i L i A A

[¢] 5 10 15 20 25 30 35

WALA (Weighted Average Loan Age)

Notes: The base-line hazard function is calibrated to the PS] model. See Pre-
payment Standard Japan Model Guide Book published by Japan Securities
Dealers Association [2006] for the definition of PS] model.

EXHIBIT 6
Prepayment Sensitivity to Interest Rate Shift

T — T T
14l Market Consensus |
w=3 ----
w=10
12} . : w=20 -
= ‘ w=30
| o w=50 --
5 10
- 8 .
% 7.. ;
. i
o 6 e e | . . 1
41 B 4
2t i
0—3 -2 -1 0 1 2 3

Interest Rate Shift (%)

Notes: The dots denote the prepayment rates of market consensus on the
13th RMBS issued by JHFA as of May 9, 2008, whose data are down-
loaded from Bloomberg. The lines are the exponential curve h e,

Here, we set Ay =0.001 (10 bp). ED and EC of 1O
and PO are defined in the same manner.

In the sensitivity calculations, we need higher interest
rate environments than these of the current Japanese
interest rate market. We set ¢ = 0.100, r,= 0.00 ~ 0.100
(see Exhibit 2 for other parameters). This is because neg-
ative convexity effects can not be observed clearly in the
Japanese RMBS market due to the low interest rate envi-
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ExHIBIT 7
RMBS Cash Flow Values with Interpolation

0.7 T T T v T T
Full Calculation ——
Interpolation ----

0.6 f\ 4

0.5F 4
2 / %,
g / N\
E 041 \‘ 4
w A
E
3 03t \ 4

\
=,
02} P 1
e
\\,
01t TR 1
0 i A i A L A
0 ] 10 15 20 25 30 35
Maturity

Notes: The solid line denotes RMBS cash flow values without interpola-
tion, in which we compute the monthly cash flow value for each month; i.e.,
12 35 =420 cash flows, by the second order cumulant expansion. The
dashed line denotes RMBS cash flow values with interpolation, in which
we compute a specific monthly cash flow value per year; i.e., only 35 cash

flows, by the same order expansion, and interpolate into the interim cash
Aow values by the spline function.

ExHIBIT 8
10 Cash Flow Values with Interpolation

0.18 T T T T

016 \

0.14 \
\

Full Calculation ——
Interpolation -----

0.08 | LY ]
oos| Wy, _

0.04 k= E

Cash Flow Value
(=]
e
v

0.02 | ~ ]

Maturity

Notes: The solid line denotes 10 cash flow values without interpolation,
and the dashed line denotes 10 cash_flow values with interpolation. These
calculation methods are the same as in Exhibit 7.

ronment. In order to demonstrate the usefulness of the
pricing formula, we compare ED and EC by CEP2" with
these by Monte Carlo with 10* sample paths, which is
merely tolerable for practical calculation time without
any special techniques. In Monte Carlo, we adopt two
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EXHIBIT 9
PO Cash Flow Values with Interpolation

0.5 T T T T

045 + /’\

Full Calculation
Interpolation ----- 1

Cash Flow Value
//

02 I N i
0.15 1
01t ~— _

0.05 P

0 . " " " L 1
0 § 10 15 20 25 30 35

Maturity

Notes: The solid line denotes PO cash_flow values without interpolation,
and the dashed line denotes PO cash_flow values with interpolation. These
calculation methods are the same as in Exhibit 7.

ExXHIBIT 10

RMBS Price
180 - r . . .
““\ CEP2* —
I MCI -~ |
170 \_\ MCF .
By
160 S ]
s
150 \\\\ "
\\
140 + N .
8 o
a ™~

130 e
120 e
o
110 | R
™~
100 | N
% -4 =2 0 2 4

Interest Rate Shift(%)

Notes: The solid line denotes RMBS prices by the second order cumulant
expansion with interpolation denoted by CEP2¥, The dashed line denotes
RMBS prices by Monte Carlo with independent 107 sample paths denoted
by MCL. The dotted line denotes RMBS prices by Monte Carlo with fixed
10 sample paths denoted by MCE

types of sensitivity computation methods; that is, the
Monte Carlo difference method with independent sample
paths (hereafter, MCI) and fixed sample paths (hereafter,
MCE).

Exhibits 10-12 plot RMBS, 10, and PO prices,
respectively, against interest rate shift. Negative convexity
effects can be seen on the left-hand side in Exhibits 10
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ExHIBIT 11

10 Price
94 . y x ' .
CEP2*
P MCI -~~~
92t - ~ oy i
P Y
90 Ve N 4

88| / ‘\\ |

Price

86 |- 1
84t \\
\\
82} N
80 | \ ]
\

?B L i A L A

-4 -2 0 2 4

Interest Rate Shift(%)

Notes: The solid line denotes 10 prices by CEP2¥. The dash line denotes
1O prices by MCI. The dotted line denotes 10 prices by MCE

ExHIiBIT 12
PO Price

100 . T T

CEP2* —
P N Mcl
\ MCF

8 N ]

70} N

Price

60 | .
50 | g,
40t N

30t e,

% 4 2 0 2 i
Interest Rate Shift(%)

Notes: The solid line denotes PO prices by CEP2*. The dashed line

denotes PO prices by MCI. The dotted line denotes PO prices by MCE

and 12. In Exhibit 11, they are observed everywhere. All
prices in Exhibits 10-12 seem to be very stable and
smooth. However, the prices by CEP2" are more accu-
rate than these by MCI and MCE The Monte Carlo
prices with 10* paths generate 0.023% absolute error ratio
against EP in average. In contrast, the absolute error ratios
of CEP2" are less than 0.003%.

Exhibits 13—15 plot effective duration of RMBS,
10, and PO, respectively; and Exhibits 16-20 plot their
effective convexity. Note that all effective duration curves
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ExHIBIT 13
Effective Duration of RMBS

9 v T T T T T T

T CEP(Z:‘I' :
] -
8t Ao ﬁ-%ﬂL 2
7+ ' d
g .l )
2 p
% 5 L i /“
] i’
ik | A
/
3t /’
2} //
/
1 A A A i i i " " L
-5 -4 -3 -2 - 0 1 2 3 4 5
Interest Rate Shift (%)
L . —_— 5 " i e — Vi=an=F(a . "
Notes: The effective duration is defined as ED = Sl T M’y,r“,; . The solid

line denotes the effective duration of RMBS by CEP2*. The dashed line
denotes the effective duration of RMBS by MCI. The dotted line denotes
the effective duration of RMBS by MCE

ExHIBIT 14
Effective Duration of 10

6 T T T T T T T
CEP2* —
MCI - _
il MCF = e |
ﬂz-
-. ,.,,/""

5 2t /‘ ]
o _/
3 o} P
a - 4
{
J Ve
e -2f W 4
w (_,4

4 w7

>
o
R L A A A A A A A L
-5 -4 -3 -2 =1 0 1 2 3 4 5
Interest Rate Shift (%)

Notes: The solid line denotes the effective duration of 10 by CEP2*, The
dashed line denotes the effective duration of 10 by MCI. The dotted line
denotes the effective duration of 10 by MCE The definition of 10 effective
duration is the same as that of RMBS.

of MCI are jagged and the effective convexity is highly
unstable due to simulation error by Monte Carlo. Obvi-
ously, MCI is useless for sensitivity computations in prac-
tice. On the other hand, Exhibits 13—18 show that CEP2"
and MCEF are able to draw stable and smooth ED and EC
curves. However, in terms of accuracy, the sensitivity cal-
culations by CEP2" are more appropriate than those by
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ExHIBIT 15
Effective Duration of PO

22

20

18

16

14

Effective Duration

12

10

5 -4 -3 2 -1 0 1 2 3 4 5
Interest Rate Shift (%)

Notes: The solid line denotes the effective duration of PO by CEP2*. The

dashed line denotes the effective duration of PO by MCIL The dotted line

denotes the effective duration of PO by MCE The definition of PO effective

duration is the same as that of RMBS.

ExHIBIT 16
Effective Convexity of RMBS

100, v . , . ; - .
) 1} | ‘ CEP2*
! '] MGl -
: b | | MCF ..
50) H [ s
g i e |
4 i P
§ 0 P i
< iy
B A |
N |
= a
400} 11! | | i
—150LL : i L \ 3 M . H
-5 -1 0 1 2 3 4 5

Interest Rate Shift (%)
Notes: The effective convexity is defined as EC = : \}“m.',l-")}, mattl ; %
solid line denotes the effective convexity of RMBS by CEP2*. The dashed
line denotes the effective convexity of RMBS by MCI. The dotted line
denotes the effective convexity of RMBS by MCE

MCE As a result of the numerical example, it can be said
that CEP2" is a very powerful tool for RMBS valuation.

CONCLUDING REMARKS

This article presents a general pricing formula for
RMBS with the proportional hazard model. Since the
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ExnHiBiT 17
Effective Convexity of 10

0

g

Effective Convexity
I
8

-150F

R I S e e T B
Interest Rate Shift (%)

Notes: The solid line denotes the effective convexity of 10 by CEP2*. The

dashed line denotes the effective convexity of 10 by MCI. The dotted line

denotes the effective convexity of 10 by MCE The definition of 10 effective

convexity is the same as that of RMBS.

ExHIBIT 18
Effective Convexity of PO

4 - — — T T T T T — -
] T e —

100F |

Effective Convexity

,.1oor4;/,/r’:/: . , ! E

i e S e R T
Interest Rate Shift (%)

Notes: The solid line denotes the effective convexity of PO by CEP2*,

The dashed line denotes the effective convexity of PO by MCI. The dotted

line denotes the effective convexity of PO by MCE The definition of PO

effective convexity is the same as that of RMBS.

assumption that prepayment behavior follows the pro-
portional hazard model has empirical evidence, the for-
mula seems to be more appropriate for practitioners than
that in Yamazaki [2005] or Gorovoy and Linetsky [2007].
In addition, it is shown that the formula is applicable to
the proportional hazard models not only with Gaussian
processes, but also with Lévy processes. Numerical
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examples demonstrate that the accuracy of RMBS prices
by the formula is remarkably better than sufficient, even
when the second order approximation is adopted. More-
over, the formula is useful to calculate the effective dura-
tions and convexities very quickly.

Finally, our next research topic will be to establish
more general pricing formulas for RMBS with other typ-
ical prepayment models such as the generalized additive
model (see Jegadeesh and Ju [2000]) and the Poisson
regression model (see Schwartz and Torous [1993]).

ENDNOTES

The views expressed in the article are those of the authors
and do not necessarily reflect those of Mizuho-DL Financial
Technology Co., Ltd.

"We assume that a prepayment cash flow occurs at time
t, where r_, < 7< 1. This is a reasonable assumption when
RMBS 15 considered, because RMBS cash flows including pre-
payment occur only at time (i =0, 1, ..., mT). Although 7
should be called prepayment decision time in terms of this assump-
tion, we shall call it prepayment time for convenience.

*Strictly speaking, V. denotes a RMBS price per one
unit against the remaining principal. However, in order to avoid
redundant notations, we do not explicitly mention the remaining
principal.
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