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he authors develop a simple inte-

grated model for the term struc-

ture of swap spreads. They begin

with a model that explains the
dynamics of the riskless treasury curve in terms
of two factors. They add to the basic model
additional inputs that describe the evolution of
the implied hazard rate intensity for interest
rate swaps. Based on the model, they derive
closed form expressions for observables such
as the shape of the term structure of swap
spreads and the term structure of volatilities.
Their model is economically motivated and is
appealing in its simplicity and robustness in
being able to explain the dynamics of the swap-
spread term structure in both normal and
stressed markets. They apply the technique to
swap-spread term structures for various inter-
national markets.

The interest rate swap market has been
one of the most successful derivative markets
of the last two decades. In its plain vanilla form,
the swap market effectively allows a partici-
pant to swap a long-term asset or liability for
a shorter one. Every swap has a fixed leg and
a floating leg, and typically the floating leg 1s
set to the three-month LIBOR rate. The mod-
eling of swap spreads, defined as the difference
between the fixed swap rate and a related gov-
ernment security, has a rich history both in
academia and in practice and has evolved with
our understanding of the dynamics of the
market. The swap market is used by both

hedgers and speculators, and it is critical to
understand the dynamics that describe the
movement of swap spreads. During the early
years of the swap market, it was used as a proxy
for the broad corporate bond market risk. As
the swap market began to be used by hedgers,
especially mortgage participants, and as the
terms of swap contracts became more stan-
dardized, the swap market began its long reign
as the market’s benchmark for the reference
rate on which relative value of various secu-
rities was measured. Since the swap contract
has exposure to the movement of interest rates,
it has increasingly been used as a tool to hedge
the interest rate or duration risk by mortgage
hedgers. More recently, we have seen a new
phase in the development of this market. The
floating rate (LIBOR) is a survey rate; the lig-
uidity crisis of 2008 has called the viability of
the rate under question for setting the pricing
of trillions of dollars of derivatives contracts.
The liquidity crisis has resulted in the inver-
sion of the swap spread curve in many coun-
tries, i.e., shorter-term swap spreads are higher
than longer-term swap spreads since the pos-
sibility of defaults in the banking sector has
overwhelmed the compensation for risk as
the maturity of contracts extends. Further, the
dynamics of asset—liability matching in the
UK. and many European countries has driven
the swap spreads in these countries to negative
values as liability hedgers receive swaps to
match their long-term liabilities. In a world
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where sovereign risk is deemed less risky than banking
sector risk, this is clearly a situation that a good model
should be able to handle. A similar situation developed in
Japan a few years ago where the increased issuance of
Japanese government bonds (JGBs) resulted in swap spreads
going negative.

Clearly, a robust model of swap spreads has to be
able to achieve what seems to be a trio of insurmount-
able tasks. First, the model has to be parsimonious, with
just the right amount of, not too many and not too few,
parameters, so that it can be used in real-time. Second, it
has to be robust under the various dynamics and struc-
tural changes of the character of the market we described
above. Finally, it has to be grounded in reality, i.e., the
dynamics should be intuitive and the variables should cap-
ture the key factors that we know describe the movement
of swap spreads. These factors include the level and shape
of the sovereign yield curves, the relative supply of risky
to riskless debt, the activity of mortgage hedgers (convexity
hedging), and the movements in credit spreads (Cortes
[2003]; Kobor, Shi, and Zelenko [2005]). Applying the
same framework to the swap markets of multiple coun-
tries makes this task even more challenging, since we need
to also be able to account for the idiosyncracies of their
specific markets (for example the ALM flows in the U.K.).

The main purpose of the simple model introduced
in this article is to explicitly include the impact of the
shape and level of the yield curve on swap spreads. Pre-
vious work by Grinblatt [2001] focused on modeling the
liquidity driver of the swap spread, and the same approach
was later used by Duffie and Singleton [1997, 1999] in a
two-factor affine model of the swap spread term structure.
This modeling approach was later used in numerous studies
including: He [2000], Liu, Longstaff, and Mandell [2002],
Solnik and Collin-Dufresne [2000], and Johannes and
Sundaresan [2003]. A more elaborate model may attempt
to explicitly include the effects of several other economic
drivers of swap spread such as the credit and liquidity fac-
tors. The model by Liu, Longstaft, and Mandell [2002],
which introduced both liquidity and credit risk, used a
five-factor affine model which results in a larger and more
complicated model.

TERM STRUCTURE MODEL

The spread model depends on an underlying term
structure model with two sources of uncertainty. The spot
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yield i(T) for a given maturity T'is given by the price of
a one-dollar zero-coupon bond

P(T)=¢™" (1)

If we denote the discount factor as m(T) the dis-
counted bond price is given by P. For a zero coupon
bond to be a martingale we require

E[d(mP)] =0 )

where E is the expected value at the present time. We
define the instantaneous interest rate z(f) for which the
discount factor can be written in terms of = as

m(T)= ('7J"'“rmm (3)

which obeys

dm = —z()mdt 4)

We define the instantaneous interest rate to evolve
as follows

o o J(x+ }f"'.?)df
dx=—u (x—6)dt+0 dW. (5)
d)f = —ﬂyydf +O’}d”/1

where both dWW_ and dW}, are uncorrelated Wiener
processes. Similarly to typical term structure models, the
underlying structure of the yield curve is governed by
two random variables x and y. The random variable x fol-
lows a mean-reverting random walk towards @ corre-
sponding to the long-term rate. The random variable y
impacts the slope of the yield curve and performs a mean-
reverting walk towards zero. The parameters u and M,
determine the rate in which the variables mean revert,
and the larger they are, the faster the variable mean reverts.
The instantaneous rate = decays exponentially to the vari-
ables x + y with a decay rate given by the parameter k.
In this article we take the parameters in the model to be
constants independent of time.'
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The martingale condition (2) is written as
m |: Pdt+ Pdx+ Pdy+P.dz

1 2 2 -
N X ::P} =0 (6)

where we have used the notation P, = dP/de to denote
a partial derivative. For a price of the form

P(x,y,z,t)=exp[ A(t)x + B(t)y + C(t)z + D(1)] (7)
the solution is given by solving the following ODEs

0=A"+kC—-pu A
0= B’+kC—}uyB
1=C’'-kC (8)

1 . 2
0=D"+ub A+-(40,) +—(Bo )

with the boundary condition that the functions A, B, C,
and D vanish for T =0.
The zero yield for a horizon T is given by

1
i(T) == (Ax, + By, +Cz, + D) )

which has a closed analytical form. Due to the length of the
solution we omit the analytical form for i(T) and display it
in Appendix A. Thus we have a functional representation for
the yield with 9 parameters: x,, y,. 2. 9\ s M k, o, O'Y,

Out of these parameters, we identify 5 parameters 4 ,
K, k, @, and 0, as slow varying and they are assigned a con-
stant value throughout the period of interest. The remaining
4 parameters x,, y,, 2, and 9x are fast varying in the sense
that they are expected to change daily and as such are fitted
to data daily. Thus, we have essentially reduced the large
number of parameters to 4 by identifying the time scales on
which each parameter is expected to change.

HAZARD RATE MODEL FOR SWAP SPREADS

For bonds with credit, liquidity, and other risks
beyond the interest rate risks, the price of a one-dollar
principal swap is given by
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P(T) = C—T(!(‘f'Hn[T}) (1”)

where s(T) 1s the spread in the risky and riskless spot rates
for maturity T bonds. As was described in the first sec-
tion, the spread, to a good approximation, depends on
four key parameters: the level of the yield curve, the steep-
ness of the yield curve, market volatility, and the fraction
of risky debt in the economy. In the term structure model
described in the previous section the variables x and y are
the drivers of the shape of the yield curve, and as such they
drive both the yield curve level and the steepness. We are
assuming that these term structure variables also drive part
of the spread.

The swap discount factor can be written in terms
of the instantaneous short rate = and an instantaneous
hazard rate A as

m(T)= p_L-““Mmuf o

and we assume that the hazard rate A has the following
time evolution:

dA=—,(A-0, -y x—7y yt+o,dW, (12)

where x and y are the drivers of the yield curve shape and
evolve according to the two-factor model of Equation
(5). Their values are taken from fitting to the term struc-
ture model. The parameters ¥ and % determine the
response to the yield curve variables x and y on the spread
evolution. Since the fraction of risky debt affects the swap
spread, the model parameters—4,, i, 6,. 7. ¥ and 0;—
all have an implicit dependence on the fraction of risky
debt. The parameter i; determines the rate at which the
swap spread hazard rate A mean reverts toward its long-
term level €,. As for the term structure model we take
the parameters in the model to be constants independent
of time. By time independent parameters we do not mean
that the values of the parameters are constant throughout
the different trading days but that at a given day their
value does not depend on the time horizon we con-
sider. If this parsimonious model for the swap spread is
well-specified, we should find not only that the parame-
ters capture the shape of the swap spread curve over time
and across economies, but also that their magnitudes and
signs are consistent with our economic understanding of
the variables underlying the dynamics of swap spreads.
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By defining for clarity ¥, = 1,7, and ¥, = 1Y, the

time evolution for the hazard rate can be written as

dA ==, (A=8,)dt+y xdt+y,pdt+0,dW, (13)

We solve for the swap spread in a similar fashion as
was done previously in this article for the interest rate by
demanding that the price of a swap is a martingale

Eld(mP)]=0 (14)
Since
dm = = z(t) + A(t) |mdt (15)

the martingale condition (14) is written as
m |iP,dr + P dx + P dy+ P.dz+ P,dA

+ (Ii.\ro'_f+1’ﬂ.0f+1’ucrj)—(:+i)1) =0 (16)

o | —

for which we guess a solution

P(x,y,z.t)=exp[ A(t)x + B(r)y
+ C(f)z+ F()A+ D(1)] (17)

The solution 1s given by solving the following ODEs

0=A"+kC—-p A+Yy,F
0=B"+kC—pu B+7,F
1=C’'—kC

| =F =4 F

2

1
0=D"+u6 A+, A6, + (Ao, )

(Ba},)*‘ WL%(IFG,1 )’

+ (18)

b | =

with the boundary condition that the functions A4, B, C,
D and F, vanish for T'=0. The model has a closed form
analytical solution for the swap spread that is given in the

appendix.
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This model for the swap rate has 6 more parameters
on top of the 9 for the two plus interest rate model. These
parameters are [L,, 5 0,, %, ¥, and 0;. Out of these 6 para-
meters we identify three parameters, &, 6, and 0; as slow-
varying parameters, and they are assigned a constant value
throughout the period of interest. This leaves 3 parame-
ters to be fitted for each day. By transforming one or more
of the slow-varying parameters into fast-varying parame-
ters one can achieve a slightly better fit. Nevertheless, the
model becomes less robust with regard to the dataset and
for a certain dataset one of the parameters can become
redundant, and even though the fit is still good the model
volatility can dramatically increase through large terms can-
celing with each other. The fitting procedure is explained
in more detail in the following section.

FITTING THE MODEL TO EMPIRICAL DATA

We proceed to examine the model by fitting the
resulting spread using historical data on the swap spreads for
three different markets: the U.S., UK. and Japan. The dataset
consists of five years of weekly values starting October 17,
2003, up to October 17, 2008. For each market we use the
following time horizons: 3 m, 6 m, 1 yr, 2 yr, 5 yr, 10 yr,
and 30 yr for both the treasury and the swap rates. We used
Bloomberg and PIMCO databases for this data.

The fitting will be conducted in the following
manner: first we fit the yield curve to the term structure
model described previously. Once we have obtained the
term structure parameters we fit the spread model to data.
For each of the days we define the goodness of fit, ¥ as
the least squared value of the difference between the fit
and the spread values divided by the sum of the squared
spread values.

%, (5, (T}) = s(T,))"

y= Z (T) (19)

where s(T) is the value of the T'= T year spread from
the data and s, (7)) is the value of the best fit.

Another statistic we can look at is the annualized
spread volatility implied by the model. We define this
annualized volatility o, as

- os(1) : os(T) | HT) 3 20
o (T)= [o*\ 5 J +[0'r 5 ] +(0'A o J (20)

0
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The volatility has a closed form solution which we do
not present here for brevity. It can be found in Appendix B.
We calculate the volatility as implied by the model (20) since
one can get a good fit for the spread data when there are
very large cancelations between various terms that depend
on different parameters. In such cases the model is over-
specified and some of its parameters should be eliminated.
One signal of this potential problem is that the volatility in
(20) is very large.* We will calculate, for each day, the max-
imum annualized volatility® where the maximization is over
all maturities for that day’s volatility,

max 0 ,(T') 21

In fitting the model to the data we distinguish
between the two kinds of parameters: slow and fast
varying. The values of the fast-varying parameter are refit
daily such that the value of the goodness of fit ¥ (19) is
minimized for the data corresponding to that day, with
the slow-varying parameters held fixed. The slow-varying
parameters will be fit over the entire period; they are taken
as constant throughout the period such that the resulting
sum of the daily values of yis minimized. When changing
the values of the slow-varying parameters the fast-varying
parameters are refit for each day and yis recalculated. In
fitting the model to the datasets the parameter volatilities
g, 0, and 0; were given constant values and were not
fitted for as was done for the rest of the slow-varying para-
meters. We use annualized absolute units for which an
annual yield of 10% is set equal to 0.1.

We now proceed to fit the model to the five-year
data described for each of the countries U.S., Japan and
U.K. and present the results and discussions separately for
each of the countries. The fitting was carried out as
described previously.

U.S. Data

The fitting of the U.S. dataset differs from that of

Japan and the U.K. due to the special nature of the
30-year sector. The U.S. Treasury discontinued the
issuance of 30-year bonds in the early part of this decade
when faced with surpluses and brought them back a few
years ago. Thus we fit the model twice, once without the
30-year swap and then again with 30-year swaps (described
in the appendix). Recently, 30-year U.S. swap spreads
went negative, so this is an important test for the model.

SPRING 2009

ExHIBIT 1

The values of the slow-varying parameters as fitted for each of the
three datasets: U.S., UK., and Japan. The values are given in annual-
ized absolute units such that 0.1 corresponds to 10% annual rate.

]Dataset i”& ‘ 8, ] o, H_Wi
U.S. [2.05 001 [0.002 0.01 0.4 0.0090.015 3 |
UK. |3.050.002 [0.002 0.0120.5 0.0090.0151.21

3

| Japan |0.550.0005/0.0007/0.03 0.110.001}).0026.

The resulting goodness of fit ¥ (19) and the max-
imum annualized volatility (21) is plotted for the different
trading days and given in Exhibit 2. The volatility in the
model is relatively low compared to the model volatility
for the UK. and Japan datasets.

The values of the slow-varying parameters
resulting from the best fit for the data are given in
Exhibit 1 while the values of the fast-varying parame-
ters are plotted in Exhibits 3 and 4 for each of the days

EXHIBIT 2

U.S. goodness of fit; the goodness of fit yas given in (19), and the
maximum annualized volatlity (21) are plotted for each of the days
in the dataset.
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EXHIBIT 3

U.S. parameter values; the daily values as derived from fitting the term structure model for each of the trading days in the dataset.
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in the dataset. By visually inspecting the parameters we
see here, as well as in the U.K. dataset, transitions around
July 2007 and August 2008 where A, increases dramati-
cally. At the time of the second increase in August 2008
the LIBOR. rate became very high and volatile as a con-
sequence of the liquidity and banking crisis. This can be
seen in Exhibit 6 where we present the spread curve for
four different days within the timeframe of the dataset. For
each of the days we compare the curve as resulting from
the best fit to the empirical data. It can be seen that the
short-term swap spreads increase and that for October 3,
2008 the three-month spread is approximately 400 bps.
Moreover, the spread curve has changed its structure from
an almost monotonically increasing shape as can be seen
in April 4, 2005 to the recent monotonically decreasing
shape as can be seen in October 3, 2008. This is also the
case when one considers the 30-year swap as can be seen
in Appendix C. We added a comparison of the fit to the
data including the 30-year swap plotted for four different
days in Exhibit 7. Another similarity with the UK. dataset
is the occasional large values of the parameter %,. These
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large fluctuations coincide with the periods in which the
parameter y is small and since the contribution to the spread
(3) scales as ¥y, the parameter’s contributions is several
orders of magnitude less.

As another test of the model we examine the eco-
nomic validity of the parameter values resulting from
the fit. Since our model depends on the drivers of the
term structure model we can verify that our model cap-
tures the dependence of the swap spread on the yield
curve structure. It has been shown that one of the dri-
vers of the swap spread is the slope of the yield curve.
In [1, 2] the value of the 10-year swap spread was
regressed versus the yield curve slope for data spanning
January 1997 to August 2003. As the slope of the yield
curve the author used the difference between the 10-
year and 2-year rates, and the linear regression coeffi-
cient was calculated to be —0.19. The negative value of
the coefficient implies that the swap spread tightens as
the curve steepens. This coincides with the intuition
that as the yield curve steepens market players prefer to
be the fixed-rate receiver in a swap and commercial banks
are less inclined to hedge their short-term variable rate

SpriNG 2009



ExHIBIT 4

ULS. parameter values; the daily values as derived from fitting the model
for each of the trading days in the dataset.
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deposits, reducing the demand to be a fixed rate payer.
This will reduce the demand for swaps and as a result
will decrease the swap rates and tighten the spread. The
instantaneous slope of the spot rate is given by the instan-
taneous interest rate 2(f) which depends on x(f) and y(r)
through (5). The parameter y mean reverts to zero with
the rate ¢ = 0.4 which is large compared to g _= 0.01
for both the 2-year rate and especially for the 10-year
rate. As such, the slope as defined in [1, 2], is mainly
determined by the value of x. The contribution of x to
the swap spread is determined by the parameter ¥ which
should be negative to coincide with a negative relation
between the slope and the curve. As can be seen in
Exhibit 4 the value of Y, is usually negative which coin-
cides with such a negative dependence.
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EXHIBIT 5

Top: The yield curve slope calculated as the difference between the
10-year and the 2-year rates. Bottom: The 5-year swap spread.
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Interestingly, the negative dependence of the swap
spread on the slope of the yield curve breaks down around
the summer of 2007 as can be seen in Exhibit 5 where we
plot both the 5 year swap spread and the slope of the yield
curve. As can be seen in the figure the negative depen-
dence of the swap spread on the curve seems to be valid
for the first period whereas the slope decreased the swap
spread widened by approximately an order of magnitude
less which corresponds to a coefficient of approximately
—0.1. Starting at around June 2007 the swap spread widens
as the slope of the yield curve steepens. During that period
the value of §, oscillates wildly. This behavior seems to be
associated with a breaking of the usual dependence of the
swap spread on the slope of the yield curve.

U.K. Data

For the UK. dataset, the goodness of fit ¥ (19) and the
maximum annualized volatility (21) are plotted for the dif-
ferent trading days and given in Exhibit 8. Relative to the
other datasets, Japan and the U.S., the maximum annualized
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EXHIBIT 6

US. spread curve; the spread curve from fitting the model is compared to the empirical spread for four different days throughout the five-year time

period. The empirical data is given by (¢) while the spread resulting from the model is given by (+) and is connected with a full line.
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volatility from the model is high and is around 100 basis
points. To understand how that reflects on the daily curve
we turn the annualized volatility to daily volatility by dividing
the value by the square root of the number of trading days
in a year. Thus the daily volatility 1s of order =100/16 = 6.25
basis points. This is smaller than the swap spread which is on
the order of magnitude of tens of basis points throughout
the five-year period.

The values of the slow-varying parameters resulting
from the best fit for the data are given in Exhibit 1 while
the values of the fast-varying parameters are plotted in
Exhibits 9 and 10 for each of the days in the dataset. By
examining the parameter values one can see that around
July 2007 there is a transition in which the parameters
become more volatile and especially interesting is the
parameter A, which increases by an order of magnitude
from 5 bps to around 50 bps. Even though the value of
% is relatively large, as can be seen in Exhibit 10, the
contribution to the spread (13) scales as ~%,y which is
several orders of magnitude smaller especially since the
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parameter y takes on small values for these days. For the
U.K. as opposed to the U.S. the dependence of the swap
spread on the slope was not observed to be as signifi-
cant relative to the other factors, and as such we do not
expect the parameter ¥, to be negative as is the U.S.
case.

In Exhibit 11 we present the spread curve for four
different days within the timeframe of the dataset. For
each of the days we compare the curve as resulting from
the best fit to the empirical data. By comparing the swap
spread curve between the four different days through-
out the five-year period one notices that the swap spread
curve has changed its structure considerably. The short-
term spread is sharply peaked with the peak around 40
basis points throughout most of the period while lately
it has leaped to over 200 basis points as can be seen in
the fit for October 3, 2008 in accord with the large shift
in the value of A, observed. Another interesting change
in the curve is the long-term rate, which has shifted
recently from around 20 to 40 bps to negative values.
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ExHIBIT 7

U.S. spread curve; the spread curve as resulting from fitting the model to the data set including the 30 year swap, is compared to the empirical spread

for four different days throughout the five year time period. The empirical data is given by (c) while the spread resulting from the model is given

by (+) and is connected with a full line.

x10” 10/17/2003

(o] . X . M L A
25 5 10 15 20 25 30
T (years)

<107 11/3/2006
6 - . r
Q ——
5¢ 4
4 (o) 4
3p 4
2
‘o 5 10 15 20 25 30
T (years)

- 4/22/2005

45 1
4 '
35 |
3t ]
25 1
2 i i i ] : Z
0 5 10 15 20 25 30
T (years)
10/3/2008
0.04 . . ; - . !

0.03

0.02

0.01

0 5 10 15 20 25 30
T (years)

EXHIBIT 8

U.K. goodness of fit; the goodness of fit Y as given in (19) and the maximum annualized volatility (21) are plotted for each of the days in the dataset.
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Even though the curve as fitted from the model does not
pass through the points, it adapts to the change with
some points above and some below, which might allow
for cheap/rich analysis.
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Japan Data

For the Japan dataset, the goodness of fit y/(19) and
the maximum annualized volatility (21) are plotted for
the different trading days and given in Exhibit 12.
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EXHIBIT 9

U.K. parameter values; the daily values as derived from fitting the term
structure model for each of the trading days in the dataset.
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ExHIBIT 10

UK. parameter values; the daily values as derived from fitting the model
for each of the trading days in the dataset.
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The annualized volatility of the model for this dataset
is lower than that of the other two datasets, which can
be attributed to the relatively smaller values of the swap
spread itself. The values of the slow varying parameters
resulting from the best fit for the data are given in
Exhibit 1. The Japan dataset is different from that of the
U.S. and the U.K. in that the short-term rates: 3 m,
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ExHIBIT 11

U.K. spread curve; the spread curve as rresulting from fitting the model is compared to the empirical spread for four different days throughout the
five-year period. The empirical data is given by (o) while the spread resulting from the model is given by (+) and is connected with a full line.
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ExHIBIT 12

Japan goodness of fit; the goodness of fit 1/ as given in (19) and the
maximum annalized volatility (21) are plotted for each of the days in
the dataset.
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6 m, and 1 yr were essentially zero for the first half of
the dataset up to May 2006, when the rates increased
by almost an order of magnitude. To fit the whole term
structure we have chosen to turn the parameter €_into
a slow-varying parameter. It was fitted accordingly and
found to have the value 8_= 0.02. Due to the unique
nature of the Japanese yield curve, if we allow _to vary
daily then the fit parameters x,, and y, are unreasonably
large. The fits look good because there are large cance-
lations between the terms that involve x,, and y,. The
values of the fast-varying parameters are plotted in
Exhibits 13 and 14 for each of the days in the dataset.
Not surprisingly here too we observe a transition in the
parameter values around July 2007 where the parameter
A, has an order of magnitude increase.

In Exhibit 15 we present the spread curve for four
different days within the timeframe of the dataset. For each
of the days we compare the curve as resulting from the best
fit to the empirical data. The Japanese swap spread is the
tightest of the three datasets with values ranging mostly at
the single digit level. Here too, as was the case for the U.S.
and the UK., around July 2007 there is a recent order of
magnitude increase in the short-term swap spread, though
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ExHIBIT 13

Japan parameter values; the daily values as derived from fitting the
term structure model for each of the trading days in the dataset.
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here it increases to around 50 bps as opposed to several
hundred bps in the case of the U.K. and the U.S. An inter-
esting feature in the Japanese dataset is that the long-term
swap spread has been negative throughout the dataset except
for a period, as can be seen for November 3, 2006, in which
the swap spread curve was increasing with a positive long-
term spread.

For Japan the dependence of the swap spread on
the slope of the yield curve was not tested. Still, the
value of % which determines the impact of the parameter
x is mostly negative, implying a negative contribution
for an increasing slope while for a period around the
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ExHiBIT 14

Japan parameter values; the daily values as derived from fitting the
model for each of the trading days in the dataset.
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end of 2006 the parameter becomes positive coinciding
with the increase of the short-term rate rise.

CONCLUSIONS

We have introduced a simple integrated model for
the term structure of the swap spread. The model builds
on a two-factor model for the treasury curve by adding
on an implied hazard rate for interest rate swaps. The
hazard rate was constructed with an economic intuition
in mind, using known empirical results for the main dri-
vers of the swap spread as a guideline. We have succeeded
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ExHiBIT 15

Japan spread curve; the spread curve as resulting from fitting the model is compared to the empirical spread for four different days throughout the

five-year time period. The empirical data is given by (¢) while the spread resulting from the model is given by (+) and is connected with a full

line.
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in constructing a parsimonious model with a relatively
small number of parameters that can be attributed explic-
itly to the interest rate term structure and implicitly to the
other drivers of the swap spread. Using the model we
obtained a closed form for the swap spread term struc-
ture and the term structure of the volatilities.

The framework was applied for three swap mar-
kets: the U.S,, the UK., and Japan. For each of the swap
markets the data spanned five years, from October 2003
to October 2008, which includes the recent liquidity
crisis. During this period the swap spread term struc-
ture has varied dramatically; for the U.S. and the UK.
the term structure changed from an increasing function
to a decreasing function, and for both the U.K. and
Japan the swap spread was negative for a fraction of the

SPRING 2009

dataset. This allowed us to test the model not only for
different countries but for both normal and stressed
periods. Reemarkably this simple model provides a good
fit for the data for all three markets.

The liquidity crisis offered a good testing ground
for the framework not only because the term structures
changed their shape but also because there seems to be a
change in the drivers themselves. We have shown that for
the U.S. (and the UK. to a lesser extent) the usual depen-
dence of the swap spread on the slope has broken. The
recent stressed period offers a remarkable opportunity for
testing the model under fundamentally different market
dynamics and the simple model presented in this article
was shown to be quite robust.
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APPENDIX A
Analytical Solution of the Term Structure Model

The instantaneous interest rate in the term structure model, follows the evolution

dz =k(x+y—2)dt
dx=—pi (x =6 )dt+ 0 dW, (A1)

dy=—-u ! ydt+ o ,_t”‘V)_

where both dI¥ and dIV are uncorrelated Wiener processes and the parameters in the model are constants independent of time.

The solution for the time evolution of the parameters is given by

x()=x,e"+0 (1-e)+ 0™ j"c“-‘dw; (5)

y=y,e " o e [ aw ()

{

. k(x,—-0) _ \ ky,  _u kG g : (A2)
2=z ™ +~(——L-‘~)(e M) +0 (1-¢™") +_~1L(c b -c"*")++-—uj (" = NW (s)
k=1, k—u k=L,
kG o
+—L[ (" = MW ()
3 — 0
k—H,
The martingale condition (2) 1s written as
1 4 ;
m{f’,(h + P det Pydy +Pdz+ ;(1?\\0‘: + l’r},o‘)ﬁ) - :I’} =0 (A3)
where we have used the notation I’aEal’/c?a to denote a partial derivative. For a price of the form
P(x,y,z,t) = exp[ A(t)x + B(t)y + C(t)z + D(t)] (A4)
the solution 1s given by solving the following OIDEs
0=A"+kC—p A
0=B"+kC—-u B
’ (A5)

1=C"—kC

1 -
0=D'+4,0,A+(A0,)’ +=(Bo,)
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with the boundary condition that the functions A, B, C, and D vanish for T = (). The solution for each of the above

is given by

Lk {1 ™ )

k—p \  k K,
p— _".r fa— |_A"‘ul' ,
B k 1—¢ " 1+¢ (A6)
k—p {  k M
C= l(cvl\"f' ] 1)
ke
and
Do L[ 46.(k+(1-kT)L,) 4¢770 (""" + 1) . (—3k* + k(=5 + 2k T ) +(-3+2kT)u’)o? 1
4k I (k=1 )1, 1) (ke pa) (k=g )’ o) (k+pa,)
x ¢TI (T (<14 4e ™! + TR, + 4" (14T ™Rl + kgt + 7™ (1- 46" )l Yo -
(=3k* + k(=5 + 2kT)U. +(=3+2kT)U>)o? 1 I
+ : y )ﬂ,) ¥ — 3 27T (ke g,}(*t,J; (-—1+4(‘w’ )kJ +f'"“k'ﬂ,.
M (k+p) (=gt )" po (k+p )
+ae M (1T M+l + ¢ (146 !) 07
The zero yield for a horizon T'is given by plugging in the above solutions to A, B, C, and D into
(A8)

i(T)= —%(Ax” + By, +Cz, + D)

The volatility of the term structure model defined as

o [ Y (@i Y AS
I,(I)—J[ y G‘J+(ay., or] (A9)

is given by

T R —kT A2 (h—i Tt g™ 3 .2
V(T)= (k—e -I:‘-ﬁ-( l~|~f2 2)‘u_‘,) o +( ¢ ‘2+( (2 2)"“:-) o, (A10)
I (k= 11,) 1 T (k—p,)’ 1]

APPENDIX B
Analytical solution of the hazard rate model
The evolution for the hazard 1s given by

dA=-p, (A —06,)dt+yxdt+7y,ydt+0,dW, (B1)
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The solution for the instantaneous hazard rate 1s given by

Yo, —0.) Ya¥o , -uy

’ — iyt 0 —liyt ] ~ 1t N
Ay = Ae ™ +8,(1- e M)+ Ll (1 — gty 4 (e — e W) 4 —=0(e Y — ™)
ﬂ)‘ #;4 _H\ u-l _‘u;
(0] ' . -O-.. ! i (5=1) ) " wiit I . fas ,
2% _[([-""-"“—c”‘e""')dn-;(g)+—y- L [ N () 4 6 [ e () (B2)

fhy =g %0 My = p, 7

We solve for the swap spread in a similar fashion as was done for the interest rate by demanding that the price of a swap is a

martingale
E[d(mP)]=0 (B3)
Since
dm = —[ z(t) + A(t)jmdt (B4)
the martingale condition (B3) is written as
1 ) ) 2
th [P,dr +Pdx+Pdy+Pdz+PdA+ 5 (P,0.+P o +P,0,)~(z+ A)P] =( (B5)
for which we guess a solution
P(x,y,z,t) = exp[ A(t)x + B(t)y + C(t)z + F(t)A + D(1)] (B6)

The solution is given by solving the following ODEs

O=A"+kC—u A+y,F
0=B'+kC—-u B+v,F
1=C"'-kC
1=F—-u,F

(B7)

0=D'+u 0 A+ u, A6, +é(Ao*_\ ) + %(Bo*),)" + %([:o-i)f'

with the boundary condition that the functions A, B, C, D and F vanish for T'= 0. The solution for each of the above is given by

A= (e (e (@ (~14+ ™ Ye—e™ (<14 ) (1, — 1)1,
+7, (k4 )€™ (=1 e+ (=14 ™ ONAU, (—k+ 1) (1, — )1,

B= (¢ M (e (e (—14e™ k—e " (=14 V(K = M,

+ Yokt g )™ (1 e+ (=1 D) (ke 1) (e, — 1)) (BS)
C= i(e 1)
F= L(c Al 1)

1,
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Since the solution for D is quite long we will decompose it for the sake of clarity as
D=a8, +a,0, +(b, +by, +by))o +(c, +¢,¥, + r:yj)c)'f +(d, +dy, +d,7,)0; (B9)

given by

B N i O 1ot % YOO O S O 2 it 1Y,
| K~k (4, = M,

B10
k=g, ku - p MR, = 1) R

1
al=—T+‘u—(1—r Wy (B11)
A

b, = (e *H) (=T (1—4e™ + 3™ k! + e (=14 ¥ (14 26T )) = 2" Mk
X (=24 26T + 2™ + "M (24 RT) U2 — Mo k(1+ ™ (-14+ 26T
€M (14t e (3 RN (Al — ) g+ ) Bi2)

bl - ({.’”r’k”‘”‘ Hpi)(zc: |_»J,L»+7p‘+.\,ui)(_] 4 [,H' )("'1 4 f"j.U;. )kﬂjﬂi (k 4 ﬂ,q_ ) + C‘I‘(Sk+5u,+4.ﬂa,l(1 - 4'?7;!1. + 3(,2'1,11‘. )k\yz (L’ + pj_)
e RO Y 12 e g, ) (—14+ €™ ) e+ (1= 2e™ + €7 ™ (1= 2T ), ) — 00 (1 ™ Yo, (e + 1)
i (2(." (Hy“‘(—] N ("-',U;. )k2 e ri_lci—ukj(.l + (,'n",‘.l' )k,U;‘ + 2(.7‘(,"_‘ +.ug)(_] - (,H" )’u;"' ) . 281-{4&4-?#,4-.\#43'“:{_{'&7 (_1 N (.Jlu )k_‘
i k(_[ - p” + r’wA & t,l'[hyi)(_] + kT))ﬂl + P';#;. (1 e t’“ (_1 + kT)),Ui) + 2p:(_ﬂ~p[3k+?ﬁl.+uul(_I s ‘,'Ilh'g )k-i
+ fiﬁkfup_t\y‘jk,\(_“] +[‘-';u, +(,w‘ +(’7(.U,+#4}(_! +kT)) o ’f-|4k+f!ﬂ‘+3ﬂg)k3( AT 'm\ +e Ty _ 20'1‘{k+,u,1)
4 PRI o TG O TR T P TN T

+ e T (g T (<14 RT)) )/ (2t (R = 2 Vpt; (e o ) (1] — 13)) (B13)

=3T(p,+y) T(p,+30,) A . TH, 2Tu, 4 T(u +3u,) 3 2Ty, 2T,
b, = (e R (=" TR (] — g™ 4 37 )y + e T g (=146 + 267 T),)
+ e It 14 4e™ = 3™ 26T, ) — T P (1- ™™ 4 267 T, )

= 2" P (<2(=1 4 €™ ) (=1 ™) T WA (1, — ) 1 (K, + 1) (B14)

T(3k+p )

= (e73TkHN (g ) (=14 ™ (14 2T,

(1—4e™ +3¢" ™ k" +e
T (kﬂ: )

=26 R (24 26T+ 2e™ e T (24 kT =" k(14 T (<14 26T ]

T (1 40T+ e (<34 KTl — )1 e+ 1) (B15)

SPRING 2009 THE JOURNAL OF FIXED INCOME 21



=T (4, +30ket11,)) 2T (244, +M; )

(-2¢°

T(2u +3(ktu;))
o ¥

(=14 eT) (=14 ™ Yot (k+ 1, )+

T(2p, +3(k+py )

¢ =ie (144" —3¢"™)
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~24t (—e T =14 e MOk e TR (b ke e T (1 RT), —e

2,0 T, T Tlkepy) | TUH ) 2 T(2ksdp 3, T, T, Tlep)
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el I T (T A2k (e + Y G 1, ) (2 12) (L8}
(2 o ({l-_lr(pr-rp;‘)(UTW.HMJ (] _487'311, + 3027)1_ ) ‘u; _ ‘.T(urﬂ,u,‘l #y#': (_1 + ()27;1! + 203-1,1-') ’rﬂa)
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34e” ™M —ge” ™M — 27T,

d =-— B18
< i (B18)
d, =0 (B19)
and
d,=0 (B20)
The swap rate for a horizon T'is given by plugging in the above solutions to A, B, C, F and D into
1
r'(T)+s(T)=—-?(/-lx“+By“ +Cz2,+FA,+D) (B21)
The spread s(T) can then be calculated by subtracting the yield i(T) for which the solution is given in Appendix A.
As for the terms structure, the spread volatility as given by the model is defined as
30)) (5 2MY (5 DY
(1 s 5 ;
o(T)=,/|c.,—| +|0c,— | +| O B22
j( } ( . ax“ ] [ ! a}'u ] ( ” aﬂ’n J ( )
which is given by
| V=) - =™ - - g a- ]
O,E(T):_ O_i(] _(;J',ua)z +Gly| (H‘\( : ) lu;L’( € )) 4 yd 2y - A, (B23)
Tlul ﬂ:(,u_\ —H; ) Ju;(luy "#a)_
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APPENDIX C

Fitting the U.S. Data Set with the 30-year Swap

We add for completeness an analysis of the U.S. data-set with the inclusion of the 30-year swap. The comparison of the fit

for the data is given in Exhibit 7. The parameter values as calculated from fitting the data are given in C1. One can see that there

is some change in the fits for some periods, October 10, 2003 as an example, where the inclusion of the 30-year spread changes

the overall structure of the curve.

Exuisit C1

The values of the slow varying parameters as fitted for the U.S. data including the 30-year swap. The values are given in annualized absolute units

such that 0.1 corresponds to 10% annual rate.

\ Dataset

I‘u4| eﬂ |0’- |‘u¥ |'uy‘ O, idr lk|

|U.S. (with 30 year spread) |5.0/0.001/0.002|0.003|0.5/0.009/0.015/1.2|

ENDNOTES

The authors would like to thank Myck Schwetz, Josh Davis
and especially Wendong Qu for their help and their useful
comments.

'By time-independent parameters we do not mean that the
values of the parameters are constant throughout the different
trading days but that at a given day their value does not depend
on the time horizon we consider.

*This is what occurs if, for example, a term y,zdt is added
to the right hand side of (13).

*The voladlity we quote is annualized since the rates we
choose to work with are yearly rates.
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