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uring the 1990s, we witnessed a

spectacular growth of trading

derivative instruments that con-

tunues into the new millennium.
For example, the turnover of exchange-traded
financial derivatives 1s estimated at about $192
trillion (see Jeanneau [2002]). The notional
amount of outstanding OTC is estimated at
$128 trillion (see Jameson and Gadanecz
[2003]) consisting for the larger part of (short-
term) interest rate products.

The two main liquid (over-the-counter)
interest rate derivatives markets are the caps
(floors) and swaptions market. Though the
largest part of derivatives traded in these mar-
kets are the plain vanilla caps, floors, and swap-
tions, there exists a reasonably sizable market
in more exotic products. These products can
be traded separately or, as is often the case, as
part of a more complex structured deal. In
either case these deals are over-the-counter
and not very liquid. Therefore, in these mar-
kets, besides hedging model risk considerable
e.g., Hull

and Sno [2002]). Therefore, it is important for

pricing model risk can also exist (see,

both traders and risk management divisions to
get an idea about the price range of the value
of the exotic derivative. In this article we inves-
tigate the estimation risk involved in pricing
exotic mnterest rate derivatives. These price
ranges due to estimation risk can provide risk
management divisions guidelines in setting
model reserves for the various products and
traders about bid-ask spreads.

ED INTEREST RATE EXOTICS

We adopt the popular Libor market
model (see Brace etal. [1997]; Miltersen et al.
[1997], and Jamshidian [1997]) for analyzing
several cap-related interest rate exotics: deferred
caps, autocaps, sticky caps, ratchet caps, and
discrete barrier caps.! Contrary to ordinary
caps, these products are sensitive to the joint
distribution of the forward rates term struc-
ture. In the case of the Libor market model,
this means the specification of the correlation
matrix of the forward rates. In practice, this
correlation matrix is either estimated histori-
cally or calibrated to the swaption market as
swaptions are correlation-sensitive hiquid prod-
ucts. Unfortunately, the relation of caps and
swaptions markets remains somewhat unclear
(see, e.g., Longstaft et al. [2001a] and de Jong
et al. [2001]). Calibration of the Libor market
model to swaption prices often results in unre-
alistically unstable correlation matrices and
consequently prices and especially sensitivi-
ties. Therefore, we adopt historical correla-
tion in this article.

The Libor market model can be specified
in numerous ways. Among other things, the
number of factors needs to be specified. In this
article we investigate to what extent the cap-
related exotics are sensitive to the number of
factors used in estimating the correlation matrix.
We find that the autocap, ratchet cap, and sticky
caps are very sensitive to the number of factors
used. Price ranges due to estimation risk are
investigated using the stationary bootstrap of
Politis and Romano [1994] and the window
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length selection method of Politis and White [2003]. As one
would expect, the prices of the correlation-sensitive prod-
ucts contain a substantial degree of estimation risk.

The remainder of this article is structured as fol-
lows. Section Il introduces notation and reviews the Libor
market model and discrete string model. Section 111
describes the exotic derivatives investigated. Section VI
discusses the bootstrap technique for determining esti-
mation risk. The results are presented in Section V. Finally,
Section IV concludes.

NOTATION AND MODELS
Notation

In this section we introduce the notation necessary
for the remainder and give a description of the Libor
market model/discrete string model. First, we define a
finite set of dates, the so-called tenor structure

=T, < <1 S 'S Ty (1)

We indicate the current time by 1, and PP, ‘.\'+|
denote the forward tenor dates. This gives a spot LIBOR
rate (for [T, T\]) and N forward LIBOR rates from (for
[T T, 1= Loy N W define § =8(T, 7., ) »
the so-called daycount fractions (for an extensive treat-
ment on day-count fractions, see Miron and Swannell
[1992]), which are determined by the maturity of the
LIBOR rate and are most often approximately equal to
3 or 6 months. Let the forward LIBOR rate from T to
T, attime t < T be denoted by F (1, T, T,, ) which
1s defined as

AT T |

1 D(,T,)-D[t,T,,)

put —J[—” t<T,andi=1,..., (2)
g D1, T,,)

where D(t, T) denotes the value of a discount bond at
time t with maturity 7. For notational convenience, we

define F ()=F (1, T, T, ).

Libor Market Model

In this section, we briefly describe the Libor market
model (introduced by Brace et al. [1997], Miltersen et al.
[1997], and Jamshidian [1997]). In Kerkhof and Pelsser
[2002] it was shown that this model is observationally
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equivalent to the discrete string model (introduced by
Longstaft et al. [2001] and Longstaff et al. [2001a]). The
models are characterized by the following dynamics for
the N individual forward rates:

= (O)dt + o,0dZM (1), 3)

=aM()de+T,)Ydw (), i=1,..,N @)

Z () |
where { i ) i—1are (correlated) Wiener processes under
probability measure M with

dz¥,z¥|)=p,, dt, ij=1...N,

WM denotes a K-dimensional (K € N) standard Wiener
process and p, denotes the instantaneous correlation
between Z and Z. Equation (3) corresponds to the dis-
crete string model (DSM) setting whereas Equation (4)
corresponds to the Libor market model (LMM) setting.
Due to absence-of-arbitrage restrictions, o =0 if
M =Q"" the T, -forward martingale measure associ-
ated with numeraire D (s, T _ ).

The covariance matrix (in DSM notation, and con-
stant for notational convenience) of the log forward rate

changes is given by

oy v PaO Oy
PinC Oy ON

Monte-Carlo Pricing

The torward rate dynamics of I, given in Equation
(3) are easily generated using Monte-Carlo methods
under the T-forward martingale measure using an Euler
method, forall i. In the sequel we are interested in pric-
ing derivatives that depend on several forward rate set-
tings, which complicates the pricing. Therefore, we want
to model the dynamics of all forward rates under one
measure. Though in principle the choice of measure
is arbitrary, it is convenient to use the T, -forward
measure, also referred to as the terminal measure.
Changing the measure from the T-forward martingale
measure to the terminal measure gives the following drifts

for (3) and (4):
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B N 8,E,(1) N N

a.’.\v+ | (,) i
Note that the dynamics now have a stochastic drift term,
and therefore in an Euler scheme, the dynamics of the for-
ward rates are no longer exact but for the last forward
rate. More advanced methods exist to approximate the
stochastic drift term in (6), such as the predictor-corrector
method proposed in Hunter et al. [2001] (see Kloeden and
Platen [1999] for more general predictor-corrector
methods), which is employed in this article.

For the exotic derivatives treated in the sequel no
analytical formula is available in the Libor market model.
In computing the prices, several variance reduction tech-
niques can be applied. Since analytical prices are avail-
able for caps and floors, these are used as control variates.
Furthermore, antithetic variables are used.

EXOTIC INTEREST RATE DERIVATIVES

In this section we describe a number of commonly
used cap-related exotic interest rate derivatives. For a more
extensive list of interest rate exotics, see, for example,
Brigo and Mercurio [2001], Rebonato [2002],Pelsser
[2000], and Hunt and Kennedy [2000] For all products a
unit notional amount is assumed.

Cap/Floor

We start with the most basic instruments: caps and
floors. A cap (floor) is a portfolio of options on LIBOR
rates called caplets (floorlets). Caps (Hoors) provide pro-
tection against high (low) interest rates. The payoft of a
caplet (Hoorlet) with strike K fixing at T and payingat T |
1s given by

Cpl (T, )= 8, (F(T))— ). 7)
Frl (T,,)= 8, (k = E(T) . ®)

Choosing the discount bond maturing at T .
D(T, T, ). as numeraire and working with the associ-
ated martingale measure (usually denoted as the T ~for-
ward measure) we find convenient pricing equations for

caplets and floorlets:

Cpl,(T,)= 8,D(T,, .H)[E’“[(ﬁ('l:)—x)*} ©)
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Fol ()= 8D, T ;| (k= BT)' | 10)

where [E'" denotes the conditional expectation with
respect to the measure Q' at time T},

In the LMM, where the forward LIBOR rates follow
a lognormal distribution, caplets and floorlets can be priced
explicitly using the Black formula (see Black [1976]):

Cpl ()= 8,D(T,, T, (F(T)d,) ~ kb)), (11)

Frl (Ty)= 8,D(T,, T,,, )(kb(=d_) = F(T)*(=d,)), (12)

where &+ denotes the cumulative distribution of the stan-
dard Gaussian distribution and

_log(E(T;)/ k)£
a b3

1

x

1
2

.
, and zf:J' o2 (s)ds. (13)

Deferred Cap

The standard cap/floor caplet/floorlet payments
occur at their “natural” times, that 15, one period after
their setting. There also exist caps/floors in the market for
which all caplet/floorlet payments occur at the final time,
T, , - We term this a deferred cap/floor. The value of a
deferred cap 15 given by

DC(1 g.)-D<T(.,T\+.Z5[E.?*'[E( T)-Kk)}  (14)

i=1

Similar valuation formulas can be derived for deferred
foors. We expect the deferred cap/Hloor to be sensitive
to the shape of the term structure. It should be shghtly
sensitive to correlation (see correlation in the drift term
in (6)), but probably not too much.

Autocap

An autocap (autofloor) is similar to an ordinary cap
(Hoor), but the holder 1s only allowed to exercise [ < N
instead of the normal N caplets (floorlets). Furthermore,
the caplets (Hoorlets) must be exercised when they are in
the money at a settlement date. The value of an autocap
can be written as

N

AGH (T, ZD 0Tt BEG | (E(

o JiEL (15)
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where

i IF(T,)>K)<1-14.

j=1

A similar formula can, be derived for autofloors. One
should note that the {EJ _not only depends on the cur-

rent rate, but also on the previously observed spot Libor
Sy
rates {[.”([") }u=l .

Discrete Barrier Cap

A discrete barrier cap (floor) is similar to a standard cap
(floor) with the difference that the payoff of its under-
lying caplets (floorlets) are conditional on the event that
previous spot Libor rates have or have not (depending on
the type of barrier option) hit a certain level, known as
the barrier. Though more complex variants exist, we con-
sider discrete barrier caps where the barrier condition is
only reviewed at fixing dates. The discrete barrier cap
(floor) is characterized by a series of strikes 1K bt and
barriers {H,}" . The value of an up-and-out discrete bar-
rier cap is given by

DBC"(1 Z IXT,, T)SE]"

x| (F( H[#(T )< H,)
P (16)

From (16) we see that caplet i only pays out in case all pre-
vious spot Libor rates, {F, (T,)}._,, are below their bar-

riers. The discounted payoff of a down-and-in barrier
cap is given by

DBC(T}) = Y, D(T,, T)S B}’

N
1

{F(T 1—1'[1
n=1

)>H )H
(17)

Thus, a down-and-in discrete barrier caplet i pays out if
at least one of the previous spot Libor rates, {F,(T,)}_,
,was set below its barrier. A portfolio of an up-and-in
and an up-and-out barrier caplet equals an ordinary caplet.
Combining the following features in/out, up/down, stan-
dard/digital, and cap/floor results in 16 different types of
discrete (digital) barrier caps and floors.
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Ratchet Cap

A ratchet option (also denoted as a one-way floater)
is similar to a standard cap/floor with the difference that
the strikes are variable over time and depend on settings
of previous spot Libor rates. The value of a ratchet option
1s given by

N
Z D(T,
i=1

S[E:,“[[ E(1 ,)—r,ﬂ, (18)

where K is given and for i > 1

K; = K{Kgeres3 By (T oo B (TL)) (19)
In the sequel we consider a ratcchet option with as strike
the spot Libor at the previous setting
K; = E_(T,.;). (20)
Furthermore, we consider a sticky cap where the
strike equals the minimum of the spot Libor at the pre-
vious setting and the previous strike

K, =F_ (T_)AK_,. (21)

Both the ratchet and the sticky cap are expected to be
very sensitive to the correlation matrix.

ESTIMATION RISK IN THE LMM

From the dynamics of the forward rates given in (3)
and (4) combined with (6), it is clear that the prices of
the exotic derivatives treated in the previous section are
dependent on the volatility functions, {e0}’ , and the
correlation matrix, which we denote by p. If we have an
analytical pricing formula, say f, which is a function of
0=(0,,...,0,p ... ., Py _, ) anapplication of the
delta method (see, e.g., Van der Vaart [1998]) gives the
standard errors of the option prices

et (O A of
VT(f(6)- f©))d N [n 2o Zo ae)’ (22)

where Zﬂ denotes the covariance matrix of 8. However,
for the exotic derivatives discussed in Section 111, no ana-
lytical formula is available and prices need to be deter-
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mined using numerical methods. In principle one could
try to determine the standard errors by numerically com-
puting the partial derivatives of f, but this does not look
very attractive and it contains more information than
needed.

A second and more promising method to get stan-
dard errors of the option prices is using the bootstrap (see
Efron [1979] for the original work). Loosely speaking,
the bootstrap theorem (under some regularity conditions)
says that

Ly

aer 6‘8_9' ? (23)

(7§ r@)dn |0

where is 8" estimated on a bootstrap sample of the orig-
inal data. For the ordinary bootstrap, a bootstrap sample
is a sample drawn with replacement from the original
sample, { X, , X}, say {er---:
sample length.”

The problem with an ordinary bootstrap is that it
does not take time dependence of the observations into
account. A method that can take time dependence into
account is the moving block bootstrap, where one draws
blocks of observations instead of single observations. This
method can generate time dependence in the data; how-

X | with the original

J

ever, the bootstrap samples resulting from a moving block
bootstrap are not necessarily stationary even if the orig-
inal data are. In case of LMM, the (return) data are gen-
erated from a stationary process.” An alternative method,
capable of taking into account time dependence and sta-
tionarity is the stationary bootstrap (see Politis and
Romano [1994]). This method can be described as fol-
lows. First, we randomly select a bootstrap observag'on X,
from the original T observations. Suppose that Xy =X,
The second bootstrap observation is then equal to X |
with probability 1 — p; otherwise, it is picked at random
from the original T observations, where p 1s a given pos-
itive constant smaller than or equal to 1.* Thus, having
the ith bootstrap observation X; = X,. , we take the next
bootstrap observation according to

* i+l

i+ T

X with prob. 1— p, f)

I
=
T

a random draw from {X“. T ,X.,.}, with prob. p,

fard=1,...,. L
By applying the stationary bootstrap to our data of
forward rates, we can get B bootstrap estimators @*, where
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B denotes the number of bootstraps. For each bootstrap
estimator @* we can compute the prices of the exotic
options using the Monte-Carlo simulation method
resulting in an estimator for standard errors of the option
prices. Using Equation (22) confidence intervals are easily
constructed.

RESULTS

We use the U.S. forward curve from March 19, 1997
to May 14, 2003 on a weekly basis to estimate correla-
tions. We investigate quarterly compounding cap prod-
ucts, as these are the most iquid for the U.S. market. First,
we investigate which products are most sensitive to the
number of factors used. In case of a K-factor model, we
perform principal components analysis (PCA) on the his-
torical covariance matrix and set all but the K largest
eigenvalues equal to zero. From the resulting covariance
matrix, we compute the correlation matrix and transtorm
this into the LMM covariance matrix using the volatility
term structure that can be calibrated to market prices of
caps.” PCA can also be done on the correlation matrix (see,
e.g., Kerkhof and Pelsser [2002] for an application to Libor
market models and Basilevsky [1995] in general).

In Exhibit 1 we present the prices in basis points
of the various products using a one-factor LMM with a

ExHIBIT 1
One-Factor Model Prices

: 4 Deferred Sticky Ratchet UI barrier
maturity Cap Autocap
o i cap cap cap cap
- 16.01 15.87 1.32 19.01 171 10.98
Al (0.00) (0.07) (0.13)  (0.03) (0.08) (0.12)
) 50.79 49,28 4.2 67.96 26.70 20.67
2Years . ¢ 3
(0.00) (0.31) (0.42)  (0.12) (0.35) (0.44)
avears | 9482 80.85 7.80 33.45 40.81 26.04
2 ) (0.64) (0.81)  (0.24) (0.70) (0.84)
‘Vears | 145:22 134.15 1211 210.32 54.52 20.49
AYEA L (0.00) (1.00) (.27} (0.37) (1.11) (1.30)
syears | 20031 180.14 1723 295.33 68.05 32.21
o288 | (n00) (1.37) (1.76)  (0.51) (157 (1.79)

This table gives the prices for the cap, deferred cap, autocap,
sticky cap, ratchet cap, and up-and-in barrier cap for a one-
factor Libor market model. The initial term structure is flat at
4% and the volatility term structure is flat at 20%. The strike
for the deferred cap, autocap, sticky cap (initial strike), and
ratchet cap (initial strike) equals 4%. The barrier for the up-and-
out barrier equals 5%. The number of simulations equals 10,000
and the simulation standard errors are within brackets.
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ExHIBIT 2
Factor Dependence

all products, one should be careful when
looking at high factor models as part of the
correlation in the correlation matrix is due
to noise. It is quite likely that high factor
models are overfitting noise instead of “true”
correlation.

In Exhibit 3 we also investigate the
factor dependence of the various products,
this time with a hump-shaped volatility term
structure given in Exhibit 4. We find that in
this case all products except the ratchet are less
sensitive to the number of factors used.
Besides the ratchet, the autocap is most
sensitive. However, in this situation the
autocap 1s valued higher with the one-factor

model than the more than one-factor models.

In order to compute the standard errors

S p of the computed prices, we use the stationary

o
LIr — deferred cap autocap
/ -e—e- sticky cap —+—+ ralchet cap
20F -~ Up&in barrier cap
15f/
L ===y ew=————— T
S 10 15
25
20+
—— deferred cap < autocap
—+—=- sticky cap ——+ ratchet cap
15} ——— Up&in barrier cap
10— — — —
it B s vl 1 i Tt .
5 10 15

This figure gives the prices of the K-factor model relative to the one-factor
model for the deferred cap, autocap, sticky cap, ratchet cap, and up-and-in
discrete barrier cap. The term structure is assumed to be flat at 4% and the
volatility term structure is assumed to be flat at 20%. All products are ATM,
the barrier for the up-and-in barrier cap equals 5%, the start strike for the
sticky cap and ratchet cap equals 4%, and the number of caps for the autocap
equals half the number of settings. The upper panel gives a 3-year deal and the
lower panel a 5-year deal. The number of simulations equals 10,000,

bootstrap with p = 0.1 (expected block size
equals 10), where p was determined using the
automatic block size determination method
of Politis and White [2003] on spot Libor
rates. For each bootstrap sample we compute
the LMM covariance matrix using PCA as
described above. In Exhibits 5 and 6 we pre-
sent the relative prices of the autocap, sticky
cap, ratchet cap, and up-and-in barrier cap
with their 95% confidence intervals. Results

flat term structure at 4% and a flat volatility term struc-
ture at 20%. Besides prices simulation standard errors are
also given. Cap prices are computed using the analytical
Black formula and therefore do not contain simulation
error.

In Exhibit 2 we investigate the influence of the
number of factors used in fitting the correlation matrix.
We see that the deferred cap is, as expected, hardly sen-
sitive to correlation. The up-and-in barrier cap is some-
what sensitive to the number of factors in the correlation
matrix; prices computed using more than one factor are
between 90% and 100% of the one-factor price. We find
that the sticky and ratchet cap, are rather sensitive to the
number of factors, although in case of the sticky cap,
the prices flatten out after factor 4 at about 1.3 times
the one-factor price. The autocap is very sensitive to cor-
relation matrix. Even for a small number of factors, prices
are already up twice the one-factor price. However, for
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of the deferred cap are not shown as it has

hardly any estimation risk. We clearly see that,

in case one uses a model with more than one
factor, estimation risk can be considerable. Furthermore,
we see that for all but the up-and-in barrier cap, the con-
fidence regions grow with the number of factors, but as
expected the growth rate decreases with the number of
factors. We see that for the up-and-in barrier option the
price range computed using two factors more or less covers
all prices computed by higher factor models and one might
be inclined to conclude that two factors suffice in pricing
the up-and-in barrier. However, risk management divisions
are advised to set a model reserve larger than or equal to
the worst case limit of the price range (depending on
whether the bank is on the buy or sell side, this is the
upper or lower confidence limit). For autocaps and sticky
caps, the price range given by the five-factor model more
or less covers the prices computed by the higher factor
models. However, for the ratchet cap, it is not so clear and
risk management divisions are advised to set considerable
model reserves.
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EXHIBIT 3
Factor Dependence Hump-Shaped Volatility

—— deferredcap @ - autocap
-e—e- sticky cap —— ratchet cap
—— = Up&in barrier cap

109
09F B e g T
i s 1
5 10 15
1.6
14r
deferred cap autocap
-—e- sticky cap —+—+ ratchet cap
— —— Upé&in barrier cap

This figure gives the prices of the K-factor model (number of factors on the horizontal axis) relative to the one-factor model for
the deferred cap, autocap, sticky cap, ratchet cap, and up-and-in discrete barrier cap. The term structure is assumed to be flat at 4%
and the volatility term structure is assumed to be hump shaped. All products are ATM, the barrier for the up-and-in barrier cap
equals 5%, the start strike for the sticky cap and ratchet cap equals 4%, and the number of caps for the autocap equals half the number
of settings. The upper panel gives a 3-year deal and the lower panel a 5-year deal. The number of simulations equals 10,000.

ExHIBIT 4
Hump-Shaped Volatility Term Structure

0.18+
0.17f
0.16F

0.15F

|; Volatility term structure

0.14}

0.13r

1 1 L 1

0 1 2 3 4 3

This figure presents the hump-shaped volatility term structure used for Exhibits 3 and 5. On the vertical axis is the level of caplet
volatility and on the horizontal axis the time to maturity.
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EXHIBIT 5
Estimation Risk

30
e 2T WAL [—stickyeap] e
-~ o - ,—“—"
25r ot 13
/ e
o i / e~
! TN e R f =2
20 & e A L i
1" o \,"/ b :' o
/s o
! s I/
I 4 If /
ESEAf 7 1.1H
i, s
I g
i/
1 1 1 1 1 1
5 10 15 5 10 15
25+
— ratchet cap e
20+ 4
- __’F_’
Vi /""f
re~s -
/ 7
- S
/ f’
i
1/
e
= . ! L . . .
5 10 15 B 10 15

This figure gives the prices of the K-factor model (number of factors on the horizontal axis) relative to the one-factor model
including the 95% confidence regions. The term structure is assumed to be flat at 4% and the volatility term structure is assumed
to be flat at 20%. All products are ATM, the barrier for the up-and-in barrier cap equals 5%, the start strike for the sticky cap and
ratchet cap equals 4%, and the number of caps for the autocap equals half the number of settings. The upper panels present the
results of a 3-year deal and the lower panels present the results of a 5-year deal. The number of simulations equals 10,000.

CONCLUSIONS

In this article we presented the (stationary) bootstrap
as a method to take estimation risk into account when
computing exotic interest rate derivatives prices. This pro-
vides traders and risk managers with a price range of values
for the exotic product contrary to a single estimate. Based
on these price ranges risk managers can set model reserves
for trading desks. Traders themselves get an idea of the
size of bid-ask spread they should provide. We find that
this estimation risk is very much product dependent. Auto-
caps, sticky caps, and especially ratchet caps are very sen-
sitive to correlation resulting in considerable standard errors
for these products. For some products risk managers are
advised to set reserves up to the price of the product.
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ENDNOTES

"The same methodology can also be applied to the more
general class of HIM models, but we have selected the Libor
market model for convenience and its popularity.

*One can also draw samples smaller than the original
sample, in which case we speak of subsampling (see Politis et al.
[1999] for an excellent treatment).

*Strictly speaking this only holds for a forward rate under
its own forward martingale measure due to the stochastic drift
under a different measure, but this effect is minor.

*Of course, p = 1 gives the ordinary bootstrap.

"Historical and implied volatility functions can therefore

differ.

1o order reprints of this article, please contact Dewey Palmieri at
dpalmicri@iijournals.com or 212-224-3675.
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