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ump-diffusion processes for the short rate

imply a (second-order parabolic) partial

difference differential equation (PDDE) for

bond prices that does not necessarily
have a closed form solution. In the absence of
an analytical answer, one must find numerical
solutions to the PDDE or solve an approxi-
mate PDDE exactly. This article addresses the
literature on the second of these approaches
(Ahn and Thompson [1988] and Baz and Das
[1996]) in two respects. First, although existing
studies focus on a single linearization tech-
nique to estimate the PDDE, the following
proposes alternative methods that under rea-
sonable parameterizations seem to improve
accuracy. Second, closed form solutions,
numerical estimates, and closed form approx-
imations of the PDDE each ultimately depend
on the assumed distribution of jump sizes, and
the current literature only examines the case
in which jumps are unimodal and normally
distributed. This article explores a broader set
of densities, including an exponential/
Bernoulli distribution, which permits useful
comparisons with an analytical solution, and
a Gaussian mixture.

The next section summarizes the litera-
ture on linearization techniques to approxi-
mate the PDDE. The article then outlines
alternative approximations, describes simple

parameterizations under the common pre-
sumption that jumps follow a (unimodal)
Gaussian distribution, and examines alternative
distributional assumptions for jumps.

THE BOND PRICING EQUATION
AND APPROXIMATIONS UNDER
JUMP-DIFFUSION

Given Ito’s lemma for jump-diffusion
processes, standard arbitrage arguments, and
the assumption that the instantaneous short
rate, r, follows

dr=a(b—r)de+0dW + Jan(h), (1)

where 4 is the mean reversion coefficient, b is
the central tendency of the short rate, ¢ is time,
O'is the instantaneous volatility coefficient, d W/
is the Weiner increment, J is the jump size, d7
is the increment in a Poisson process with
intensity rate h, and T= T — ¢ is the time to
maturity, the PDDE for bond prices,! P(r,1),
follows

oP oP 1 ,9d%P
0=[a(b—r)—/10']$+g+—2—0'252—
—~ P +hE[P(r+ J,t)= P(r,1)] )
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with the boundary condition that P(r,T = 0) = 1. Given
the proposed affine solution, P(r,7) = A(T)exp[-B(7)1],
the expectation term simplifies, and the PDDE becomes

0=

ot 2 or?
= 1P+ hP(r,7)E [exp[-B(r) J] - 1], 3)

[(—r e ]aP aP lo_zaz_P

which can be expressed using the derivatives of the affine
solution as two linked ODEs,

—gg +aB=1
and
4
9L = (Ao~ ab)B+ ~6°B" + hE,[exp|-B(r) J] -1]

Assumptions regarding the distribution of jump sizes
become critical at this juncture. Given the linearity of the
expectations operator, the final term in the bond pricing
equation can be written as hP(r,7)(E {exp[-B(7)]]}-1),
and the expectation, E {exp[-B(17)J]}, is effectively the
moment generating function (m.g.f.) of the distribution
of jump sizes. For example, one common assumption is
that J is normally distributed with mean ¢ and standard
deviation ¥, and the PDDE given the m.g.f. of a Gaussian
distribution follows

JP oP 1 0°P
O=[a(b—r) Ao 15—5;4'50'25‘2‘—"1)

+hp(r,f)[exp[_as(f)+%y232(1)}-1] @

Notably, different distributional assumptions for
jump sizes, and therefore different m.g.fs, determine the
precise form of the PDDE.?

Ahn and Thompson [1988] and Baz and Das [1996]
employ a linearization technique to produce an exact
solution to an approximate PDDE such as (3). They use
a two-term Taylor series approximation of the exponen-
tial function within the expectation of (3), exp[—B(7)J],to
arrive at
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oP 9P 1 ,0°P
0=[a(b—r)—ﬂ. ]ar E-FEGZT):Z—

—rP+hPE,K1—]B+JZZBZJ—1} )

Simplifying, taking expectations, and noting the
mean and variance of J by & and 9, respectively, the
approximate PDDE is then

oP 9P 1 ,0°P
0=[a(b—?‘)—10']¥—5'1—_+50'2—a—r?

—rP+hP{ aB+— (,u +y) } (6)

Given the proposed affine solution and the relevant
derivatives, this equation reduces to a system of two ODEs,
and the approximate closed form solution for bond prices
given the initial data that A(0) = 1 and B(0) = 0 follows

P(r, T) =exp

1-e  Mua+M,
r+ 3 T
a a
Ma+2M M, _
+_I__a3—2(e—a‘t —1)——;(8 2at _1)
a 2a’ (7)

where

M, =-ab+ AC —haand M, = %(02 + h[oc2 + yz]).“

Baz and Das [1996] show that the above expression
provides a very close approximation to bond prices vis-
i-vis a numerical solution to the pricing equation. This
standard approximation does not technically require full
knowledge of the distribution of J, but notably, in the
case of a Gaussian distribution, the expectation of the
two-term Taylor series approximation of exp[—B(7)]] in
Equation (3) is not equivalent to the one-term Taylor
series approximation of the m.g.f. of a normal distribu-
tion in Equation (4). That is, such would imply

oP oP 1 ,0d%°P
0=[a(b—r)—10']$—5?+50'2—a—r?

—rP+ hP[—ocB + %ysz} (8)

However, of course (6) and (8) are equivalent if
o =0, a common assumption in the literature.
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AN ALTERNATIVE CLOSED FORM
APPROXIMATION UNDER THE GAUSSIAN
ASSUMPTION

Although the approximations in Baz and Das [1996]
are very close to the numerical estimates, they suggest
that “[t]he degree of accuracy of this approach is still an
open question” (p. 78). To address this question further,
the discussion now turns to an alternative that more explic-
itly incorporates the specific distributional assumptions
for J and employs two-term Taylor series approximations
after the expectation (the integral) in the bond pricing
equation has been taken.> Put differently, the alternative
approximates the m.g.f. of the distribution for J. For
example, given the Gaussian assumption and its m.g.f.,
the (approximate) PDDE follows

dP oP 1
0=[d(b—f)—/l 15—5;4‘5 Zy—rp
h (W +7°)8 By
+hP| —uB+ > - 2 9)

and by again making use of the initial data and the pre-
sumed affine form of the solution, the closed form solu-
tion for bond prices using this alternative follows

1= M@ +M,a>+Ma+M,
r+ 2 T
P(r,T)=exp a3 ) 4
M,a” +2Mya” +3Mya+4M, ¢ _ .
: ()

aS

_ M,d® +3M,a+6M, ( oar 1) N
24° ‘ ’
M3“3‘::M4 (e—?m‘r _ 1) —%(6_4“7 _ 1) (10)

where
M, =-ab+Ac—-ha, M,= %(02 +h[0¢2 + yz]),

M3=—%hay2, and M4=%h’)/4.6

Interestingly, if & = 0, one can arrive at the same
approximation in (10) using a somewhat different approach
by taking a four-term Taylor expansion of the exponen-
tial in (3) instead of the two-term expansion in Baz and
Das [1996], as in
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1 _,0°P
o —+=0*—~1P
or 9t 2 o’

+hPEtK1—jB+J2ZBZ _LB +J:?4J—1J. (11)

3!

Of course, in this approximation, one needs the first
four moments of the distribution, but the m.g.f. is not
explicitly introduced.”

To address the relative accuracy of this alternative
approximation, Exhibit 1 summarizes bond prices and
yields for integer maturity points between 1 and 30 years
given a set of parameter values previously used in the lit-
erature.® Prices and yields based on the numerical esti-
mation, the standard closed form approximations, and the
proposed alternative closed form approximations are listed
in Columns 2 and 3, Columns 4 and 5, and Columns 7
and 8, respectively. Column 6 reports the absolute value
of the difference in basis points between the yields implied
by the standard linearization approximation vis-a-vis those
implied by the numerical solution. The deviations for this
set of parameters average about 0.182 basis points (bp)
for each integer maturity point between 1 and 30 years,
and the accuracy seems to wane as maturity lengthens.
Column 9 reports the same results for the alternative closed
form approximation, (10), and indicates that the average
absolute deviation is about 0.000018 bp, notably lower
than the standard technique, and the accuracy does not
steadily increase or decrease as maturity increases. With
respect to comparing the two closed form approximations,
as Column 10 indicates, on average the alternative approx-
imation is about 2,737 times as accurate as the standard
linearization technique across each maturity point. Also,
Column 10 indicates that the improvement is largely uni-
form, although the standard approximation is curiously
more accurate with 1 year to maturity. But in general, this
analysis suggests that the alternative closed form approxi-
mation is quite close to the numerical solution.

Of course, Exhibit 1 does not provide definitive evi-
dence regarding the accuracy of either closed form approx-
imation, because the choice of parameters is ultimately
arbitrary. Again, the parameters in Exhibit 1 are consis-
tent with common assumptions made in previous litera-
ture to facilitate comparisons. Consideration of the relevant
universe of alternatives in this context is not feasible, but
perhaps those parameters related to the variance of the
short rate process are of particular interest, specifically the
relative contribution to total variance from the diffusion
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ExHIBIT 1
Jump Size Distribution Assumption: Gaussian

Parameter Assumptions: a = .1, b=.05, 6= .08, A=-5,4=0,@=0, y=.01,A=10,r=.05

1) @) 3) C)) 5)

Numerical Numerical Closed-form  Closed-form

Solution Solution Approx. Approx.

Maturity (Prices) (Yields) (Prices) (Yields)
1 0.934069236  0.068204715  0.934069276  0.068204672
2 0.846701167  0.083203730  0.846701112  0.083203762
3 0750872691  0.095506387  0.750872379  0.095506525
4 0.655623186  0.105542267  0.655622294  0.105542607
5 0.566448506  0.113673820  0.566446454  0.113674545
6 0486148003  0.120207028  0.486144327  0.120208288
7 0.415696372  0.125400023  0.415690473  0.125402050
8 0354954352  0.129470761  0.354945834  0.129473760
9 0303179960  0.132603192  0.303168628  0.132607344
10 0.259363390  0.134952515  0.259349119  0.134958017
30 0.022733352  0.126130740 0.022701832  0.126176989

AVERAGE
(1-30)

) ) @ &) (10)
Alternative Alternative
Closed-form  Closed-form
1(3)-(5)I Approx. Approx. 1(3)-(8)I
(bps) (Prices) (Yields) (bps) 6)(9)
0.000428752  0.934069278  0.068204670  0.000449948 0.953
0.000320405 0.846701161  0.083203734  0.000031980 10.019
0.001386980  0.750872660  0.095506401  0.000141281 9.817
0.003401387  0.655623178  0.105542270  0.000032289 105.343
0.007245733  0.566448454  0.113673839  0.000185630 39.033
0.012601852  0.486148004  0.120207028  0.000001491 8454.060
0.020272123  0.415696340  0.125400034  0.000111923 181.126
0.029994767  0.354954291  0.129470782  0.000214002 140.161
0.041529478  0.303179931  0.132603202  0.000105782 392,594
0.055023606  0.259363378  0.134952520  0.000045569 1207.472
0.462489070  0.022733311  0.126130799  0.000596698 775.081
0.182374231 0.000182662 2737.000

parameter, O, on the one hand, and the contribution of
the jump parameter(s)—@, ¥, and h if J is normally dis-
tributed—on the other. In short, given that the approx-
imations only involve those terms in the PDDE related
to jumps, one might expect the closed form solution to
the estimated PDDE to be more accurate the smaller the
contribution of jumps to total variance of the short rate
process. To measure the relative contributions, note that
if jumps are normally distributed, the unconditional
variance of the jump-diffusion short rate process in (1)
follows

o2 +h(a® +7?)
2a '

(12)

Therefore, the ratio 6?/h(0? + ¥) provides a non-
dimensional measure of the relative contributions, and
the value of (12) given the chosen parameters in Exhibit 1
indicates that the contribution of diffusion is 6.4 times
that of the jumps.® Although the jump component in this
case is not negligible, perhaps an alternative parameteri-
zation that increases its relative contribution would be
instructive.

To that end, Exhibit 2 shows the results from a para-
meterization in which the jump contribution is twice
that of the diffusion,!® with 6=0.02, h = 16, and the
remaining parameter values set to those in Exhibit 1."
The results are similar to Exhibit 1, as the alternative
closed form approximation is more accurate than the
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standard linearization technique, as indicated in Column
10. Also, the differences between the approximations and
the numerical solutions, as shown in Columns 6 and 9,
are somewhat larger than the corresponding differences
in Exhibit 1. Even so, the magnitudes of the differences
still suggest a high degree of accuracy—the alternative
closed form approximation is never even as much as a
thousandth of a basis point from the numerical estimate
across the term structure. Therefore, at least given this set
of parameters, the closed form approximations seem quite
close to the numerical solutions, even when jumps
contribute more than diffusion to the variance in the
short rate.

ALTERNATIVE DISTRIBUTIONAL
ASSUMPTIONS FOR JUMP SIZES

The discussion now turns to two alternative assump-
tions for the distribution of jump sizes. The first follows
Das and Foresi [1996], who assume that the absolute value
of jump size follows an exponential distribution,'? with
the mean absolute jump size denoted byor™, and the jump
sign follows a Bernoulli distribution, with the probability
of a positive jump denoted by w. Notably, as Das and Foresi
[1996] show, this assumption produces a closed form solu-
tion for bond prices. Therefore, in contrast to Baz and
Das [1996], one can adopt this distributional assumption
and directly assess the relative accuracy of the numerical
and closed form approximations with respect to an
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EXHIBIT 2

Jump Size Distribution Assumption: Gaussian

Parameter Assumptions: a=.1,b=.05, 0= .02, A=-5,4=0,2=0, y=.01,h=16,r= .05

1) )] 3) @) (5) (6) Q)] ®) ®) (10
Alternative Alternative
Numerical Numerical Closed-form  Closed-form Closed-form  Closed-form
Solution Solution Approx. Approx. 1(3)-(5)! Approx. Approx. 1(3)-(8)I
Maturity (Prices) (Yields) (Prices) (Yields) (bps) (Prices) (Yields) (bps) (6)/(9)
1 0.946931953  0.054528044  0.946932034  0.054527959  0.000855989  0.946932037  0.054527955  0.000889902 0.962
2 0.890093038  0.058214642  0.890093051 0.058214635  0.000072435  0.890093133  0.058214589  0.000533915 0.136
3 0.832279386  0.061195698  0.832278967 0.061195866 0.001676221  0.832279465 0.061195666  0.000316897 5.289
4 0.775426276  0.063585592  0.775424672  0.063586109  0.005170304 0.775426344  0.063585570  0.000220253 23474
5 0.720792857  0.065480696  0.720788836  0.065481812  0.011157610  0.720792907  0.065480683  0.000138556 80.528
6 0.669132375  0.066962228  0.669124278  0.066964245 0.020169058 0.669132374  0.066962228  0.000003710 5437.033
7 0.620834572  0.068098660  0.620820569  0.068101883  0.032222468  0.620834587  0.068098657  0.000033852 951.873
8 0.576038273  0.068947647  0.576016315 0.068952412  0.047649736  0.576038272  0.068947647  0.000000513 92878.259
9 0.534715729  0.069557780  0.534683774 0.069564420 0.066403176  0.534715668  0.069557793  0.000125263 530.109
10 0.496734188  0.069970023  0.496690491  0.069978820  0.087971389  0.496734185  0.069970024  0.000006530 13472.396
30 0.142383314  0.064974415 0.142067596 0.065048410 (.739948509  0.142382921  0.064974507  0.000920713 803.669
AVERAGE
(1-30) 0.291876010 0.000382830 4457.384
analytlf:al solutlén. In other words, one can test whether ~ P P 1 %P
numerical solutions to the exact PDDE are more accurate 0= [a(b - ’) - Ao ]a— 37 + > c 37
than closed form solutions to an approximate PDDE. ! '
The second distribution assumption, which the (2”’ - 1)B B? (2“’ - 1)33 B*
ption, whic +hP| - ———+ — - ———+— | (13)

existing literature on jump-diffusion processes and ATSMs
does not consider, directly addresses the prospect that, in
most notable contract to the Gaussian case, jump sizes are
bimodally distributed with modes sufficiently distant from
the origin. Although this distributional assumption for |
does not produce a closed form solution, this section com-
pares the accuracy of two alternative closed form approx-
imations vis-3-vis the numerical solution, similar to the
analysis in the previous section.

The Exponential Distributional
Assumption for J

Rather than theoretical notions about the true dis-
tribution of jump sizes, consideration of the alternative dis-
tribution from Das and Foresi [1996] is driven more by
the fact that it produces an analytical solution for bond
prices which, in turn, allows us to compare the accuracy
of numerical solutions with closed form solutions to the
approximate PDDE. Given the m.g.f. of an exponential
distribution and the probability of a positive jump,'® w, we
can derive the moments necessary to calculate both the
standard linearization technique as well as a version of the
alternative. Given this information, the bond pricing equa-
tion using the latter approximation is
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and the solution follows (10) (with the same restrictions)
but with

2w—1 c® h
M1=—ab+/la—hw,M2=——+—2,
o 2«

(2w —1) h

M3 = —hT, and M4 = ?.14

Again, the standard linearization only considers the first

two moments of the distribution, and the solution also
follows (10) but with

c? h

2w -1)
—aM =—+_7
22 gt

M, =—ab+Ac—h
and M, = 0.
Exhibit 3 examines the accuracy of the numerical
solution and the two alternative closed form approxima-
tions. Columns 2 and 3 summarize the closed form solu-
tion from Das and Foresi [1996] in terms of bond prices
and yields, respectively, given an arbitrary but reasonable
set of parameters that match the assumptions in Exhibit
1 and their parameterization as closely as possible. Columns
4 and 5, Columns 7 and 8, and Columns 10 and 11 list

M, =0,
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EXHIBIT 3
Jump Size Distribution Assumption: Jump Size (Exponential), Jump Sign (Bernoulli)

Parameter Assumptions: a = .1, b= .05, 0= .08, A=-5, 4,=0, a= 200, k=10, r = .05

[¢)] @) (€] @ [&)] ©) 4] ®) [\ (10 an 1z a3 (14)

Alternative Alternative

Closed-form  Closed-form Numerical Numerical Closed-form  Closed-form Closed-form  Closed-form
Solution Solution Solution Solution (3)-(5) Approx. Approx. 13)-(8)! Approx. Approx. 1(3)-(11)H

Maturity {Prices (Yields Prices Yields: {bps) (Prices) (Yields) (bps) Prices) (Yields {bps) {6)/(12) 9Y(12)
1 0933997016  0.068282036 0933997034  0.068282016 0.000196531 0933997015  0.068282037 0.000010597 0.9339970i6  0.068282036  0.000000000 426040.409  22972.824
2 0.846214110  0.083491433  0.846214122  0.083491426  0.000072620 0.846214085 0.083491448  0.000144221  0.846214110 0.083491433  0.000000008  8840.552 17557.045

3 0.749516426  0.096109015 0.749516468  0.096108997  0.000184047  0.749516286  0.096109077  0.000622925 0.749516426  0.096109015  0.000000076  2436.504 8246.568

4 0.653009465  0.106540914  0.653009530  0.106540889  0.000251077  0.653009025 0.106541082 0.001684882  0.653009465 0.106540914  0.000000333 754.743 5064.794

5 0.562338466  0.115130271  0.562338517  0.115130253  0.000181843  0.562337473  0.115130625 0.003531050 0.562338466  0.115130272  0.000000998 182.139 3536.785

6 0.480464234  0.122167081 0.480464412  0.122167020 0.000618196  0.480462417  0.122167712  0.006304027 0480464233  0.122167082  0.000002355 262497 2676.804

7 0408495115  0.127896475 0.408495117  0.127896474  0.000006128  0.408492232  0.127897483  0.010084814 0.408495114  0.127896475  0.000004714 1.300 2139.541

8 0.346384594  0.132525697  0.346384668  0.132525670  0.000269145  0.346380465 0.132527187 0.014898757  0.346384591  0.132525698  0.000008374 32.139 1779.093

9 0293443572 0.136229991  0.293443577  0.136229989  0.000017346  0.293438099  0.136232063  0.020725446  0.293443569  0.136229992  0.000013598 1.276 1524.123

10 0248683202 0.139157547  0.248683230  0.139157536  0.000113423  0.248676361  0.139160298  0.027509605 0.248683197  0.139157550  0.000020586 5.510 1336.323

30 0015234401 0.139473307 0.015234401  0.139473307 0.000000992 0.015223829  0.139496445 0.231379809 0015234381 0.139473350  0.000433622 0.002 533.598

AVERAGE

(1-30) 0.000068720 0.091259127 0.000142405  14618.630  2714.428

prices and yields from the corresponding numerical solu-
tion, standard linearization technique, and the alternative
closed form approximation, respectively. Column 6 indi-
cates the absolute difference in yields between the closed
form solution and the numerical estimates expressed in
basis points. On average from 1 to 30 years to maturity, the
numerical approximation is within about 0.000069 bp of
the actual solution. Column 9 lists the corresponding dif-
ferences using the standard linearization technique, which
on average is about 0.091 bp across the maturity spectrum.
Also, Column 12 lists the absolute difference in yields
between the alternative closed form approximation and
the actual solution, which averages about 0.00014 bp from
1 to 30 years to maturity. Therefore, in general, the absolute
accuracy of both closed form approximations seems favor-
able using an alternative distributional assumption for J.
Moreover, with respect to the relative accuracy of the
methods, Column 13 shows that on average the alterna-
tive closed form approximation is actually more precise
than the numerical solution. Also, as indicted in Column
14 and consistent with Exhibits 1 and 2, the alternative 1s
clearly more accurate than the standard linearization tech-
nique on average and for each maturity point.

With respect to an alternative parameter set, con-
sider again the relative contribution of the diffusion and
jump volatility parameters to the total variance of the
short rate. In the case of the exponential distribution, the
unconditional variance follows

o%+h —27
@ (14)
2a
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and given the set of parameters in Exhibit 3, the diffu-
sion contribution is 12.8 times that of the jumps. Similar
to the Gaussian assumption discussed previously, the case
in which the jump contribution is twice that of the dif-
fusion component—which again obtains with 6= 0.02,
h =16, and holding ¥ constant—is perhaps instructive. As
Columns 9 and 12 in Exhibit 4 suggest, the approxima-
tions are somewhat less accurate when compared with
the corresponding estimates in Exhibit 3. Nonetheless,
the alternative is never even as much as seventy thou-
sandths of a basis point from the closed form solution,
and as Column 13 shows, the estimates are on average
closer than the numerical solution, albeit not for those at
6 and 30 years to maturity.

Therefore, even when jumps contribute twice as
much as diffusion to variance in the short rate, the alter-
native closed form approximation produces very accurate
estimates under certain reasonable cases, and its compar-
ative precision suggests that use of the numerical solution
as an absolute benchmark is potentially questionable. That
is, one cannot in principle be sure whether approximate
solutions to the exact PDDE produce more precise esti-
mates than exact solutions to an approximate PDDE."

The Bimodal Gaussian Mixture
Distributional Assumption for J

So far, the discussion of alternative distributional
assumptions has not appealed to intuition about the true
form of the density. In fact, the common presumption in
the literature explored in Exhibits 1 and 2 that J has an
expected value of zero and follows a normal distribution
seems problematic. Simply put, if J is both centered around
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ExHIBIT 4
Jump Size Distribution Assumption: Jump Size (Exponential), Jump Sign (Bernoulli)
Parameter Assumptions: a =.1, b=.05, 6= .02, A=-5, 4,=0, &= 200, h = 16, r = .05

(O] @ 3) @) O] © ] ®) ©) 10 an (12) 13) 14)

Alternative Alternative
Closed-form  Closed-form Numerical Numerical Closed-form  Closed-form Closed-form  Closed-form
Solution Solution Solution Solution 13)-(5) Approx. Approx. I(3)-(8) Approx. Approx. 1(3)-(1mt
Maturity Prices) Yields Prices) Yields) {bps) Prices) Yields) (bps) {Prices (Yields) (bps) (6y(12) O12)
1 0946814828  0.054651741  0.946814818  0.054651751  0.000101212  0.946814826 0.054651742  0.000016958 0.946814828 0.054651741  0.000000001 71 159.182 11922.551
0.889274056  0.058674909  0.889274057  0.058674908  0.000009841 0.889274014 0.058674932  0.000230754 0.889274056 0.058674909 0.000000014 711 .046 16672.487
3 0.829875535  0.062159849  0.829875528  0.062159852  0.000028293  0.829875287 0.062159949  0.000996681 0.829875535  0.062159849 0.000000121 233181 8214.244
4 0.770486148  0.065183400  0.770486149  0.065183400  0.000001985 0.770485318  0.065183670 0.002695812 0.770486148  0.065183400  0.000000533 3.725 5059.827
5 0712443352 0.067810975  0.712443389  0.067810965 0.000101969 0.712441340 0.067811540 0.005649680 0712443352  0.067810975  0.000001598 63.823 3536.185
6 0.656659352  0.070098314  0.656659352  0.070098314  0.000002001  0.656655378  0.070099323  0.010086443 0.656659351  0.070098314  0.000003768 0.531 2676.603
7 0.603716397  0.072092962  0.603716400  0.072092961  0.000009084 0.603709578  0.072004575 0.016135702  0.603716393  0.072092963  0.000007542 1.205 2139.461
8 0.553948203  0.073835512  0.553948261 0.073835498  0.000130368 0.553937640 0.073837895 0.023838011 0.553948198  0.073835513 0.000013399 9.730 1779.063
9 0.507506434  0.075360654  0.507506495 0.075360641  0.000133923  0.507491288  0.075363971 0.033160714  0.507506424 0.075360657 0.000021757 6.155 1524.112
10 0464413165 0.076698068  0.464413203  0.076698060 0.000082633  0.464392724  0.076702470  0.044015368 0464413150 0.076698071  0.000032938 2.509 1336.312
30 0075044381  0.086322520 0.075044378 0.086322521 0.000012782 0.074961082 0.086359540 0370207694 0.075044225 0.086322589 0.000693796 0.018 533.597
AVERAGE
(1-30) 0.000029764 0.146014603 0.000227849  2406.431 2315.326

the origin and Gaussian, the most common jump (i.e., the
mode) would not seem to be a jump (i.e., a non-local

m; (0) = wexpli#ﬂ + %92712] + (1 - w) exp|:,u29 + %927/; } (16)
change) in any meaningful sense of the word. Rather, the

assumption that the average jump size is zero only seems
tenable if jump size is bimodally distributed, as (large)
positive and negative values cancel when taking the average
(or forming expectations).

The assumption in Das and Foresi [1996] that the
absolute value of jump size follows an exponential distri-
bution and that jump sign follows a Bernoulli distribu-
tion is an improvement in this regard, with the component
means at ="' and o' under the assumption that w = 0.5.
However, another desirable feature of any possible distri-
bution for jump sizes would seem to be that the modes
are of considerable distance from the origin, given the
fundamental motivation to incorporate the possibility of
sizeable asset price movements. In addition, jumps might
also be symmetrically distributed around the means, which
is not a feature of exponential distributions.

Therefore, a useful alternative would be bimodal
with jumps symmetrically distributed around modes of
sufficient distance from the origin.'® In this regard, con-
sider a Bernoulli mixture of Gaussians, as in

f(]): ad exp _(J__g’)_z + (1_”/) exp __(J_az)z
2my, 27 | 22y, 22 (13)

where f(]) is the total density, w is the weight assigned to
the first component Gaussian distribution, o, and o, are
the component means, and ¥* and 72 are the component
variances. Also, the m.g.f. for this distribution,mj(e),
follows
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Returning to the fundamental PDDE of bond prices
for jump-diffusions and remembering that the expecta-
tion resembles the m.g.f., where —B(7) is the constant,
the PDDE in the case of the Gaussian mixture becomes

dP JP 1 _,0d%P
0=[a(b_1') AG]E’*"W'FEO-ZW—VP
wexp —,u1B+%B2)/12
+hP(r,T) ,
+1-w)exp —uzB+—;-B2y§ -1 (17)

which can only be solved numerically.!”

Turning to the approximations of the PDDE, recall
that the standard linearization technique requires only the
first and second moments of J, and therefore the PDDE
follows

)

1 _,0°P
O=[a(b—r)—/10']w E'*'E 2W—_

fwet, +(1-w)es B
+hP(r,7) N [W(a% )+ (1-w)fas + 722)}
2

rP

5| (9

The solution to this equation again follows
(10) but with

M, ==ab+ A0 - hlwey, + (1 —w)ar],
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1
M, = (0% +Hwla? +73)+(1=w)(05 + 7)), M, = Chlwy! +(1- w3l

Similar to Exhibit 1, Exhibit 5 shows prices and
yields based on the numerical estimation, the standard
linearization technique, and the alternative closed form
approximation in Columns 2 and 3, Columns 4 and 5, and
Columns 7 and 8, respectively. The chosen parameters
follow those in Exhibits 1 and 3 as closely as possible; the
oP 9P N 1 52 92p _p component distributions of the Gaussian mixtures have
or ot 2 or? I means of 60 and —40 bp, with standard deviations of 15

and 10 bp, respectively, and the probability of a positive
_[wal * (1 h w)aZ]B jump is 40%. As Column 6 indicates, the average absolute
difference across the maturity spectrum between the
numerical solution and the standard linearization approx-
imation is about 0.18 bp, and the precision seems to
decrease with maturity. Also, Column 9 indicates that the
1 R ’ (19) alternative closed form approximation is on average within
+§[“’71 + (1 - W)72 ]B about 0.15 bp of the numerical solution, and Column 10
indicates that the alternative is consistently more precise
than the standard method but, at least given this set of
parameters, does not provide much greater accuracy."

With respect to alternative parameterizations, the
unconditional variance of the short-rate process under
the Gaussian mixture assumption follows

M, = 0,and M, = 0." With respect to the corresponding
alternative approximation that considers the two-term
Taylor series approximation of the m.g.f. of the distrib-
ution, (16), the PDDE follows

O=[a(b—r)—10']

+hP(r,T
g e

—%[woqu + (1 - w)a2y§]B3

where the solution again follows (10) but with
M, = —ab+ Ao — hjwa, + (1 —w)a,),

_1. 5 (v 2 —w)(v2 2
Mz =5 (O il o+ (Tmwiys ), 02 +Hu(o +72) +(1-w)(ez +73)|

. (20)
My ==~ hwoyy} +(1=w)0573), and 2a
EXHIBIT 5
Jump Size Distribution Assumption: Gaussain Mixture
Parameter Assumptions: a = .1, b= .05, o= .08, A=-.5, 4= 0, a;=.006, y; = .0015, az=-.004, 5 = .001, w = 4, h =10, r=.05
Q)] )] (©)] C)] 3 ©® ) ®) ©® (10)
Alternative Alternative
Numerical Numerical Closed-form  Closed-form Closed-form  Closed-form
Solution Solution Approx. Approx. 1(3)-(5)! Approx. Approx. 1(3)-(8)I
Maturity (Prices) (Yields) (Prices) (Yields) (bps) (Prices) (Yields) (bps) 6(9)
1 0.933961543  0.068320016  0.933961609  0.068319946  0.000707134  0.933961606  0.068319949  0.000673842 1.049
2 0.845975278  0.083632571  0.845975544  0.083632414  0.001574248  0.845975504  0.083632437  0.001337272 1.177
3 0.748851687  0.096404777  0.748852695  0.096404328  0.004487965  0.748852535  0.096404399  0.003774745 1.189
4 0.651729871  0.107031278  0.651732328 0.107030335  0.009423686  0.651731934  0.107030487  0.007912785 1.191
5 0.560330319  0.115845763  0.560334967  0.115844104  0.016591326  0.560334227  0.115844368  0.013948318 1.189
6 0.477695296  0.123130368  0.477702571  0.123127829  0.025381651 0.477701396  0.123128239  0.021282488 1.193
7 0.405000382  0.129123896  0.405010730  0.129120245  0.036502031  0.405009071  0.129120831  0.030647478 1.191
8 0.342245780  0.134028268  0.342259201  0.134023367  0.049016585  0.342257044  0.134024154  0.041140383 1.191
9 0.288768415 0.138014472  0.288784779  0.138008175  0.062962581  0.288782147  0.138009188  0.052835263 1.192
10 0.243589169  0.141227221 0.243608181  0.141219416  0.078044571  0.243605119  0.141220673  0.065474340 1.192
30 0.012501667 0.146063110 0.012516727 0.146022979  0.401313488 0.012514268  0.146029528  0.335817191 1.195
AVERAGE
(1-30) 0.179641423 0.150461970 1.188
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EXHIBIT 6
Jump Size Distribution Assumption: Gaussain Mixture

Parameter Assumptions: a =.1, b= .05, 0= .02, A=-.5, 4=0, a,;=.006, 3 =.0015, @;=-.004, 35 = .001, w = .4, h =31, r= .05

1 )] 3 C)) (5) (6) Q) (8 ) a10)
Alternative Alternative
Numerical Numerical Closed-form  Closed-form Closed-form  Closed-form
Solution Solution Approx. Approx. 1(3)-(5)! Approx. Approx. 1(3)-(8)!
Maturity (Prices) (Yields) (Prices) (Yields) (bps) (Prices) (Yields) (bps) 6Y(9)
1 0.946813334  0.054653318 0.946813434  0.054653212  0.001062380 0.946813425  0.054653223  0.000959176 1.108
2 0.889263445  0.058680874  0.889264293  0.058680398  0.004767323  0.889264162 0.058680471  0.004032697 1.182
3 0.829843310  0.062172793  0.829846785 0.062171397  0.013955096  0.829846234 0.062171618 0.011744114 1.188
4 0.770417818  0.065205572  0.770426852  0.065202641  0.029314439  0.770425409  0.065203109  0.024630644 1.190
5 0.712324541  0.067844331  0.712342796 0.067839206 0.051254263  0.712339878  0.067840025  0.043060938 1.190
6 0.656477452  0.070144489  0.656508715 0.070136552  0.079369294  0.656503709  0.070137823  0.066661887 1.191
7 0.603461496  0.072153292  0.603509244  0.072141989  0.113028317 0.603501577  0.072143804  0.094879204 1.191
8 0.553613333  0.073911099  0.553680605  0.073895910 0.151883803  0.553669790 0.073898352  0.127467579 1.192
9 0.507087788  0.075452349  0.507176829  0.075432840  0.195084647 0.507162499  0.075435980 0.163689961 1.192
10 0463909922  0.076806488  0.464022085 0.076782313  0.241748614  0.464004004  0.076786210  0.202780896 1.192
30 0.074116961 0.086737029  0.074394125 0.086612610 1.244190704 0.074348824 0.086632914 1.041152182 1.195
AVERAGE
(1-30) 0.556422124 0.465965820 1.190

and the relative contribution of diffusion is just over
25 times that of jumps given the parameter values in Exhibit
5. Exhibit 6 considers an alternative parameterization in
which jumps contribute about twice as much as the dif-
fusion component to total variance, with ¢ = 0.02,
h = 0.31, and the remaining parameters as in Exhibit 5.2
Similar to Exhibits 2 and 4, the results generally suggest
that both closed form approximations become somewhat
less accurate the more jumps contribute to total variance
in the short rate. For example, Column 9 indicates that
the alternative closed form approximation is on average
within about 0.466 bp of the numerical solution across
the maturity spectrum and just over a basis point at 30
years. However, the absolute degree of precision is roughly
comparable.

A few simplifying assumptions regarding the
Gaussian mixture seem intuitive. That is, perhaps the
component distributions of ] are simply symmetric reflec-
tions across the origin, with equal but opposite means
and equal variances. Under this formulation, &, = -o,,
%, = 7%, and w = 0.5, and the solution again follows (10)
but with

>

1
M, = =ab+ Ao, My = (0 +hly? +07]), M, = 0

Interestingly, this bimodal Gaussian mixture implies an
approximate PDDE that is no more complex than that
under the assumption that J is normally distributed. Also,
this “restricted” Gaussian mixture requires three fewer
parameters to estimate than the full model and the same
number as the model in which J is Gaussian and uni-
modal.

How Critical Is the Distributional
Assumption for Jumps?

How sensitive are estimates for bond yields to the
distributional assumption for jumps? One imperfect way
to address this issue is to assume a constant mean and vari-
ance for jump size but alter the specific form of the dis-
tribution and compare the corresponding closed form
approximations for yields derived from the two-term
Taylor series approximations of the m.g.f. in the bond
pricing equation. Toward that end, Column 2 in Exhibit 7
shows the term structure of interest rates given the para-
meter assumptions in Exhibit 1, which again stipulate that
jumps are normally distributed with a zero mean and a
standard deviation of 100 bp. Alternatively, Column 3
shows the results with the same mean and variance as in
Column 2, but jumps follow the exponential distribu-
tion.?' Similarly, Column 4 shows the term structure

and L . . .
assuming jumps follow a bimodal mixture of Gaussians,*
M, = lh‘y“ and Column 5 follows its “restricted” form where @, =
4 = 1- _ — — 23
8 o, Y =%,and w=0.5.
SPRING 2006 THE JOURNAL OF FIXep INcoME 69



EXHIBIT 7
Alternative Distributional Assumptions for Jumps

Parameter Assumptions: a=.1,b5=.05, 6=.08, A=-.5,4=0,a=0, y=.01,h=10,r=.05

) (2) 3) C)) &) (6) 0 ®)
Restricted
Gaussian Gaussian
Gaussian Exponential Mixture Mixture 1(2)-(3)! 1(2)-(4) 1(2)-(5)
Maturity (Yields) (Yields) (Yields) (Yields) (bps) {bps) (bps)

1 0.068204670  0.068204668 0.068204694  0.068204671 0.000021196  0.000242376  0.000009273

2 0.083203734  0.083203705 0.083203912 0.083203746  0.000288425 0.001783383 0.000126186

3 0.095506401  0.095506276  0.095506954  0.095506455 0.001245699  0.005526912  0.000544993

4 0.105542270  0.105541933  0.105543472 0.105542417 0.003369098 0.012016760  0.001473981

5 0.113673839  0.113673133  0.113675990 0.113674147  0.007060103  0.021513576  0.003088795

6 0.120207028  0.120205768  0.120210434  0.120207579 0.012603343  0.034064835  0.005513963

7 0.125400034  0.125398018  0.125404991  0.125400916  0.020160200 0.049564714  0.008820088

8 0.129470782  0.129467804  0.129477562  0.129472085 0.029780764 0.067803170  0.013029084

9 0.132603202  0.132599060 0.132612053 0.132605014  0.041423695 0.088504781  (0.018122867

10 0.134952520  0.134947022  0.134963655 0.134954925 0.054978037 0.111358544  0.024052891

30 0.126130799 0.126084610 0.126196232 0.126151007 0.461892372  0.654328235  0.202077913

AVERAGE
(1-30) 0.182233444  0.281566146  0.079727132

Given this particular set of parameters and holding
constant the mean and variance for jumps, the implied
term structure displays marginal differences across distri-
butional assumptions. For example, the average differ-
ence between the unimodal Gaussian and the exponential,
Gaussian mixture, and “restricted” Gaussian mixture is
only about 0.18, 0.28, and 0.08 bp, respectively, as shown
in Columns 6, 7, and 8. Exhibit 8 considers an alterna-
tive set of parameters where the intensity of jumps increases
fivefold, with h = 50, but the standard deviation of jumps
is 50 bp, half the size assumed in Exhibit 7.2* With average
absolute differences of about 0.06, 0.18, and 0.06 bp across
the term structure for the three distributional assump-
tions, Columns 6, 7, and 8 again suggest that alternative
distributional assumptions do not seem to have a pro-
nounced effect.

One should not necessarily make strong inferences
about the relative importance of distributional assumptions
for J from this flawed exercise. In particular, while one must
hold the first and second moments constant across distri-
butional assumptions to facilitate comparisons, variance
has less meaning without the full context of the distri-
bution. For example, the assumption that the variance of
jumps is 100 bp, the stipulation in Exhibit 1, may seem
sensible in the context of a unimodal normal distribu-
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tion centered around the origin, but, say, 2 Bernoulli
mixture of Gaussians with the same (overall) variance
might not have much intuitive appeal. Moreover, there
is no substantive reason to knowingly use the “wrong”
distribution.

CONCLUSIONS

Incorporating the possibility of non-local changes
in the short rate (or other latent factors) considerably com-
plicates the derivation of solutions for bond prices. The
preceding analysis expands on existing linearization tech-
niques in two ways. First, this article proposes an alterna-
tive that seems to provide considerable gains in accuracy.
Second, the analysis considers a richer set of jump distri-
butions. While previous literature exclusively assumes that
jumps are normally distributed, this article considers an
exponential/Bernoulli density and a bimodal Gaussian
mixture. The former assumption is particularly useful in
that the PDDE has a closed form solution that enables
comparison of the relative accuracy between numerical
estimates and the approximate closed form solutions.
Although the choice of parameters is ultimately an arbi-
trary exercise, the results suggest that the alternative closed
form approximation, rather than the standard linearization
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EXHIBIT 8
Alternative Distributional Assumptions for Jumps

Parameter Assumptions: a=.1,b=.05, 0=.08, A=-5, 4,=0, =0, y=.005, h =50, r =.05

1) 2 3) 4) ) (6) Q) (®)
Restricted
Gaussian Gaussian
Gaussian Exponential Mixture Mixture 1(2)-(3)! 1(2)-(4)l 1(2)-(5)I
Maturity (Yields) (Yields) (Yields) (Yields) (bps) (bps) (bps)

1 0.068165989 0.068165988  0.068166003 0.068165989  0.000006624  0.000142401  0.000006624

2 0.083059911  0.083059902  0.083060016  0.083059920 0.000090133  0.001056683  0.000090133

3 0.095205211  0.095205172  0.095205540  0.095205250  0.000389281  0.003298451  0.000389281

4 0.105043264  0.105043158  0.105043985 0.105043369 0.001052843  0.007216019  0.001052843

5 0.112946284  0.112946063  0.112947583  0.112946505 0.002206282 0.012987996  0.002206282

6 0.119228183  0.119227789  0.119230249  0.119228576  0.003938545  0.020661140  0.003938545

7 0.124153704  0.124153074  0.124156722  0.124154334  0.006300063  0.030184757  0.006300063

8 0.127946116  0.127945185  0.127950260 0.127947046  0.009306489  0.041440047  0.009306489

9 0.130793691  0.130792396  0.130799117  0.130794985  0.012944905  0.054264031  0.012944905

10 0.132855159  0.132853441  0.132862006 0.132856877 0.017180637 0.068468357 0.017180637

30 0.119502826 0.119488392 0.119543991 0.119517260 0.144341366 0.411650592 0.144341366

AVERAGE
(1-30) 0.056947951  0.176027195  0.056947951

technique, produces more accurate estimates of analytical
solutions than numerical methods under some specifica-
tions. This finding is insensitive to whether the Gaussian
or Poisson disturbances contribute more to the overall
variance of the short rate. With respect to other alterna-
tive assumptions, the Gaussian mixture follows the intu-
ition that the jump size is bimodally distributed and that
the modes are sufficiently distant from zero.

Beyond alternative distributional assumptions, addi-
tional relaxations of the model seem instructive. For
example, h may be time varying. Anecdotal evidence sug-
gests that most jumps do not occur at truly random times
because monetary policy announcements and economic
news releases are largely scheduled, and the jump inten-
sity would seem to be very different during the (instan-
taneous) interval over which markets process any new
information on monetary policy or the economy, com-
pared to “quiet times” during which no announcement
or release is on the calendar.”® In addition, given the pre-
sumed mean reversion in the short-rate process, jump
intensity might be a (deterministic or otherwise) func-
tion of r and b, and h might increase as the distance
between b and rincreases.” Moreover, w might be a func-
tion of b and r, as positive (negative) jumps might be more
likely if the short rate is substantially less (greater) than its
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central tendency. Of course, these considerations would
richen jump-diffusion models but would additionally
complicate practical application.
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ENDNOTES

'Given that the equation includes an expectation, previous
studies also refer to the PDDE as a partial integrodifferential
equation (PIDE).

See Baz and Das [1996], Das and Foresi [1996], or Das
[2002] for a more complete derivation of the PDDE.

A couple comments are noteworthy before examining
linearization approximations. First, one can easily relax the
assumption that jump risk can be diversified away. Following
Baz and Das [1996] and Das and Foresi [1996], one can readily
account for systematic jump risk in the approximations out-
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lined below by substituting #(1 — /’LJ) for h. Sensitivity analyses
along these lines similar to Exhibits 1-6 produce trivial differ-
ences in (approximate) bond yields. Second, although the exis-
tence of closed form solutions depends critically on the
distributional assumption for J, one can easily solve for the
Fourier transform of the bond price using the transform of the
PDDE, (2), and the derivation of the solution does not depend
on the presumed affine form for bond prices.

“Note that in order for the condition lim,_,., P(r,7)=0
to be met, Ma+ M, < 0.

50f course, one need not limit the approximations to
two terms in practice.

In order for the condition that bond prices approach
zero as the time to maturity goes to infinity, i.e., hm__, P(r,T)
= 0, the parameters must satisfy M, a* + M,a* + Mya + M, <0.

"Then again, one is likely to use the m.g.f., if available,
to derive higher moments.

8The parameter values follow those in Exhibit 5 from
Baz and Das [1996]. The numerical approximations use the
NDSolve command in Mathematica, which follow a modified
Runge-Kutta procedure.

“More generally, the unconditional variance of the short
rate process is (0> + hE, []2])/2a .

Johannes [2004] finds that jumps account for more than
half (almost two-thirds) of the condition variance of interest
rate changes at low (high) levels.

"The condition M,a® + M,a* + M,a + M, < 0 still holds
for this parameterization.

Johannes [2004] considers the case in which jumps are
log-normal.

BThe m.g.f., mJ(H), of an exponential distribution fol-
lows m; (0)= Ot/ . — 0, and the nth moment of the distribu-
tion follows

ot »

Therefore, following the distribution in Das and Foresi [1996],
the expected value of jumps follows

w%+(1-w)(-$]-

“This approximation broadly follows (11).
> More generally, higher-order Taylor expansions would

result in approximate PDDEs that would of course be more
accurate than the two-term approximations used in the alter-
native linearization technique.

'$Insofar as the short rate is a policy rate such as the fed-
eral funds rate in the United States, which Das [2002] uses as
a proxy, one could argue that jump sizes follow a discrete multi-
nomial distribution. However, a pure jump process, as opposed
to a jump-diffusion, might better characterize the target funds
rate process. See Piazzesi [2005] for an analysis of jumps and
the target federal funds rate.
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7One could entertain the possibility that the weight
between the two distributions is functionally dependent on the
distance between r and b. That 1s, negative (positive) jumps
might be more likely if r is sufficiently above (below) the mean.

¥Notably, one does not obtain the same result if one
takes the one-term Taylor series approximation of the
m.g.f. of the Bernoulli mixture of Gaussians. In this case,
M, =L1(0? + hwy] +(1-w)y.

YAgain, given no closed form solution, one ultimately
cannot judge the accuracy of the numerical approximation.

2The precise ratio of the diffusion to jump contributions
to total variance given the parameterization in Exhibit 5 (Exhibit
6) is 25.098 (0.506009).

Hn order for jumps to have a standard deviation of 100
bp for the exponential distribution, we must have o = 141.421.

22For the Bernoulli mixture of Gaussians, the parameters
follow those in Exhibit 5, but in order for the distribution to
match the variance of the unimodal Gaussian assumption, we
must have %, = 0.00901436 and ¥, = 0.00851436. (The differ-
ence in standard deviations of the two component distributions
is fixed at 5 bp.) Notably, given means of 60 and -40 bp, stan-
dard deviations of about 90.1 and 85.1 bp, respectively, seem
excessive in that the component distributions for both positive
and negative jumps have considerable mass on the opposite side
of the origin.

®1n order for jumps to have a standard deviation of 100
bp for the “restricted” bimodal Bernoulli mixture of Gaussians,
we must have ¥, = 0.00866025.

#Lowering the stipulated value of the variance of J to 50
bp produces considerably more intuitive assumptions for the
Bernoulli mixture of Gaussians, as Y, = 0.00126954 and
¥, = 0.000769536. Therefore, there is negligible mass on the
opposite side of the origin for the component distributions for
positive and negative jumps. (However, to meet the restriction
in the case of the “restricted” Bernoulli mixture of Gaussians,
we must have ¥, = 0.) Also, for the exponential distributions,
o = 282.843.

BFor example, Piazzesi [2005] models jump intensity dif-
ferently on days when the Federal Open Market Committee
(FOMC) meets. Also, the results in Johannes [2004] suggest
that jumps occur only when announcements contain signifi-
cant unexpected components.

*[rrespective of the longer-run central tendency, b,
Johannes [2004] finds that jumps are more likely at higher
interest rate levels, and he models intensity as a function of the
level of the short rate.
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