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C
ollateralized debt obligations
(CDOs), arc credit risk products
backed by a pool ot debt obliga-
tions. They create securities or

classes of securities from a portfolio of debt
instruments. CDOs can thereby create liighcr-
quaiity debt trom average- or below average-
quality debt.

The debt may be bonds, loans, revolving
credit tacilitics, or structured hnance obliga-
tions, as well as domestic or foreign, or a com-
bination ot both. It may also be investment-
grade or high-yield or some combination.

When the vuiderlying assets are bonds,
the CDO is i-eterred to as a coltateralized bond
obligation. CBO. When the tuiderlying assets
are loans, the CDO is referred to as a collat-
eralized loan obligation. CLO.

A (n)O is a very innovative product of
the securitiz.uion market and is one of the
tastest-growing fixed-income sectors. Accord-
ing to a British Bankers' Association credit
derivatives report, the portfolio products/CLO
market amounted to $262 billion in 2001. and
was then predicted to increase to $ 1248 billion
by year-end 2(104.

In the late 198ns and early 199()s, CDOs
were sold as credit arbitrage investments. They
generated huge profits for investors, with
returns of 30% to 40% or higher. At that time
the spread more than compensated investors
for the extra risk. More recently, however,
credit spreads have been at historic lows, and
barely justity the additional credit risk.

t^DOs have survived swings in credit
spreads, detault rates, and new regulations. The
main reason tor their survival is that banks use
them to tree up regulatory capital by securi-
tizing the higher layers ot credit risk (Skora
[19981).

CDOs are classitled into two general
types, market value structures and cash flow
structures, although some CDOs have charac-
teristics of both categories. In a market value
CDO, the tranches receive payments based
essentially on the marked-to-market returns of
the collateral pool, as determined in large part
by the trading pertorni.mce of the CDO man-
ager {see Dutlic and Ciarleanu [2001]). In a cash
flow CDO. the collateral portfolio is not sub-
jected to active trading by the CDO manager,
implying that uncertainty regarding interest and
principal payments to the tranches is deter-
mined mainly by the number and timing of
detaults ot the collateral securities.

We concentrate on cash tlow CDOs,
avoiding an analysis of the trading behavior of
CDO managers. All COOs have an invest-
ment manager who manages the collateral.

Payments ot interest and principal are
redirected to investors through tranches of var-
ious credit ratings; the highest tranche is usu-
ally rated triple A. Tranches are ordered so that
losses in principal or interest of the collateral
arc absorbed first by the lowest-level tranche
and then by the next tranche, and so on. The
lowest tranche is the riskiest, and is called the
equity tranche. This mechanism for distrib-
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uting the losses to the sevcriil triinchcs is known as the
waterfiill.

Losses in CI-̂ Os occur when there is a credit event,
which is either a default or a credit downgrade ofthe col-
lateral. The timing and severity' ofthe credit event are
critical {severity refers to the amount of loss). Credit events
are uncertain in size, vari;ible in number, and not inde-
pendent. Investors benefit, the fewer the credit events and
the less the variability in the number ot them.

Investors in a particular tranche would like to know
the exact distribution ot losses to the underlying pool
of debt, which depends on the probability of a credit
event and the correlation between credit events. Yet
correlation as a measnre ot non-independence is only
one number that does not capture the complexity of
credit events. It is thus necessary to think about credit
ratings in terms ot probability of default and correlation
of default.

Credit risk has two components: systematic risk and
specific risk. Systematic risks, such as industry, country,
or economic risk, affect all entities in the market, so if
two or more entities are in the same country, industry, or
economy they may have non-independent credit risk.
Specific risk, on the other hand, is particular to one th-ui.

I. REVIEW OF CDO VALUATION APPROACHES

The CDO structure can be analyzed from the asset
side or the liability side. On the asset side, there is a port-
tolio of obligors in the asset pool underlying the Ĉ D̂O.
On the liability side, we typically have securities issued in
the capital market. The two sides ofthe CDO are con-
nected through the structural definition ofthe transaction.
There are basically tive types ot securities or tranches cre-
ated from a portfolio ot bonds: eLjuity, junior, mezzanine,
senior, and super senior tranches.'

There are generally three steps in the valuation of
CDOs: modeling multiple default correlation, deriving the
loss function distribution, which is a distribution function
ofthe cumulative portfolio default loss at a given time,
and valuing tranches (see Bluhm [2()03|).

One ofthe first models of default risk was developed
by Merton |1974|. It assumes assets follow lognormal
Brownian motion. Such models are easily extended to
model portfolio credit risk.

CDO valuation models are classified as structural
models or intensity models. Structural models assume
defaults occur when the value ot the tirm falls below the
market value of debt that is endogenously computed, and

a certain recovery, i.e., tiie tirm value, is paid upon default.
Intensity- models assume credit events occur exogenously,
usually by a Poisson process, and a separately specified
recovery is paid. To model multiple default correlation,
conditional independence is usually assumed in structural
models. Intensity models can provide a more Rexible frame-
work to relax the conditional independence restriction.

Structural models describe asset value A ofthe /-th
hrm asset by a logarithmic Wiener proeess with constant
proportional volatility G:

dA = uA.dt

where /./ is the expected return on asset value A , and W
is a Wiener process.

The company defaults on its loan if A. drops below
the contractual value of its obliged payment D at time 7̂
Denoting by A^j fu"m value at time T. w '̂ thtis have

/here

and X is the cumulative Gaussian distribution function.
It we assume conditional independence for detault

events, the process W. can be represented as W — \p \' +
\ I —pL', where K K, i — I, ...,>; are independent stan-
dard Gaussian random variables. We get Var(H )̂ = 1 and
co\{W., W) - p .

Thus p can readily be seen as a correlation para-
meter. The term \ pi''can be interpreted as the I'-th firm
exposure to a common tactor I-', such as the state ofthe
economy, and the term V 1 -pl-^ represents the firm's spe-
cific risk.

Crouhy Galai, and Mark |20(K)J, Finger [1999], and
Visicek 11997] assume that individual defaults do not sig-
niticantly atlect the risk of a portfolio as long as they can
be diversitied. This implies that once the common risk
tactors are tixed, t!ie idiosyncratic risk factors are inde-
pendent ot each other. In other words, except for common
shocks, meaningful correlated shocks are ignored under
the assumption of conditional independence.

Keep in mind, however, that a CDO is a correla-
tion product. When investors purchase such a product,
tbey are buying correlation risk. Therefore, in order to
determine whether investors are getting a fair return, it
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is necess.iry to measure the correLition risk.
In practice, in many cases this assumption may he

oversimplified.' When there are strong and systematic
dependences, even a portfolio with a large number of loans
can be extremely risky. As Schonbucher and Schubert
[20011 have noted, default correlation estimation bias
becomes severe when firms are closely interrelated.

Intensity models can provide a more flexible trame-
work to model multiple default correlation (see Davis and
Lo |2O(H)1, Jarrow and Yu [2(K)1|, Kijima |20()()]. and
Schonbucher and Schubert |2001[). The basic idea of
intensity models is Poisson arrivals of firm default. For
the purpose ot deriving a C'DO loss function, it will be
desirable to assume conditional dependence.

As theoretically defensible as these models are, they
are more suitable for evaluating simpler credit products
such as default swaps or default baskets, which involve
fewer or better-known issuers ot underlying bonds than
those commonly found in CDOs. When applied to CDO
valuation, the number of their parameters makes model
calibration very challenging (see Fsposito |2002|).^ There
also not be enough market data of defuilt swap spreads
for hazard rate estimation."*

In other words, application of credit risk models to
practical CDO valuation is possible only when enough data
are available tor default correlation estimation. Theretore,
conditional independence is usually assumed tor simplicity.

II. PROPOSED CDO VALUATION METHODOLOGY

To avoid the estimation problem of calibrating
det'ault correlation among C^DO issuers, we propose a
technique (rom actuarial mathematics (see Merino and
Nyteler |2()O2]). First, we group firms with equal credit
ratings into exposure buckets. By grouping firms with
equal credit ratings, we reduce the number ot model
parameters. In our example, the number ot parameters
declines trom 5.051 to 11. Then we use the so-called
Foisson model with common shocks, as proposed by
Cossette and Marceau [2()0(.)], to model tbe depen-
dence structure among firms of various credit ratings.
Finally, the C D O loss function is derived from this
model specification.

The model lets us compare conditional independence
and dependence assumptions. We use a compoLind Poisson
approach to demonstrate the bias of ignoring dependence.

Grouping Firms into Buckets

The idea behind the intensity' model is that credit
events can be modeled as a Poisson process, with inten-
sity, or hazard rate. A, depending on the length ot time
interval. The general form ot tbe Poisson distribution is:

Poisson
k\

= 0, 1.2.... (1)

For a single firm, we are interested only in U — 0,
i.e., the firm does not default, and k > 0, the firm defaults.
Then the probability' that a company defaults before time
r is exponentially distributed; i.e., P.(f) - 1 - c" '̂. Default
time in intensity models thus can be defmed as:

where E. is a unit exponential random variable indepen-
dent o\ A(u), which is a random hazard rate.

Lando [1998J shows that this default time can be
thought of as the first jump time of a Cox process, a gen-
eralization ofthe Poisson process that allows the intensity
to be random, with intensity X{u). That is, hazard rates
are linked to the likelihood of default. Through mod-
eling the joint distribution of default risk ofthe under-
lying collateral securities, we can determine the risk and
valuation of CDOs.

To analyze the credit risk of a CDO portfolio, ŵ e
often model the total losses over a fixed time period as a
random loss variable:

where Y. stands for the detault indicator, 5 tor the recover\'
rate, and /. for the exposure to the i-th firm. The variable
V takes tlie value one with probabihty P{t), and the value
zero with probability 1 - P(/). We always assume the
exposures / to be constant, and we set each recovery rate
equal to one to keep the notation simple. Furthermore,
all exposures are assumed to be a predefined base unit of
loss, e.g., SI million.

The conditional independence framework assumes
that, given common factors I ' representing systematic
risk, the indicator variables Y are independent. This means
that the remaining risk, given the systematic part, is con-
sidered purely idiosyncratic, i.e., obligor-specific.
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For example:

^ \\V= - IIV= V)

| , -I-

H (7)

where [''is some common factor return.
Consequently, to implement this conditional inde-

pendence, we can define the hazard rate A., for firm / in
a credit risk model based on a conditional independence
tmmcwork as:

(4)

where Xj^ is subject to firm-specific risk, and A .̂ is sub-
ject to common risk.

Following the method explored by Esposito [2002],
to adapt the conditional dependence framework, we add
occurrence ot shocks specific to the couples to Equation
(4), and define the hazard rate A. as:

A — A. + 2^ ̂  A - + A^ /c\

The problem with this multivariate setting is the
parameter estimation. That is, there arc 5.051 model para-
meters in portfolio for / — lOO.''

Accoi'ding to Merino and Nyfeler [2002|, a conve-
nient way to solve this problem is to group firms with
equal credit ratings into exposure buckets. Obligors in
the same exposure bucket are icientified hy the indexes li:
~ I'l Q -\ ^ Q i^) — Q } fof some Q., / — 1. ..., i', and Q
= 0. Thus, the number ofparameters declines from 5,051
to 11 in our example for r — 4. We denote by L the loss
variable of the suhporttolio generated by bucket B..

Loss Functions and Tranche Valuation

A Poisson mode! with common shock is used to
derive the C D O loss function. That is. we can rewrite the
overall portfolio loss variable /, in Hquation (2) as the stun
of the \' exposure buckets:

where L — Poisson(X .) is subject to firm-specific risk. L
~~ Poisson{k.), i ^_/, is subject to shocks specific to tbe cou-
ples, and i-p^4 ~ Poissoi}{X^-t-^_^ is subject to the common
risk. Since the sum of n independent Poisson random
variables with parameter A ,̂. '̂ - 1 — u, is Poisson dis-
tributed with parameter 2 ,̂̂ |A ,̂ we obtain L - Poisson{X^
with:

A, - A|| -I- A,-, -I- A,, + A|.j + A|-,34

Al — All + A| 1 + A,, -\- A,4 -l- A|i,4

A, — A,i + A|( + A-,j -f A,4 -\- Ap:i4

Aj — A44 -t- Aj4 + A,^ + A,_̂  -I- A,,y \n)

The mean and variance of the loss variable L are shown
in Appendix A.

By grouping firms into buckets, we reduce the num-
bers of hazard rate estimations. In this vray we avoid an esti-
mation problem. We can then use the Gaussian copula
default dependence structure to calculate the defliult cor-
relation.''

Default correlations arc calibrated to estimate the
hazard rate for the Poisson distribution. The method ot esti-
mating Poisson distribution parameters is described in
Appendix B. From Equations (B-1) and (B-2), we can
estimate A., hazard rates subject to couples-specific risk.

Under such a formulation, we write loss variable L
in conditional detault dependence and in conditional
default independence as

and as

(10)

Following Cossette and Marceau [2000], we denote
; j - 1 — 4 for tour classes of credit ratings as:

Because Land L* are not the sums of independent
Poisson processes, their hazard rates are not simply equal
to the sums of individual hazard rates. Theretbre, there are
no closed-form distribution functions for L and L*. We
use the approach suggested by Dutfie and Singleton 11999]
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to simulate tlie default frequency of assets before CDO
maturity to obtain the frequency distribution of loss vari-
ables. Tbe tranches can be valued tising the method pre-
sented in Appendix C.

Bias Due to the Independence Assumption

Our proposed method has the advantage of t'acili-
Cating comparison between conditional independence and
dependence assumptions. We can use a compound Poisson
approach to show that the conditional default indepen-
dence assumption underestimates the real variance of loss
variable by 2Z.^. Â . .

Under the conditional independent correlation
assumption, we also consider four Poisson randoui vari-
ables L". ((' — 1 — 4), but the definition of L" changes to
L*. = L". + L^-,^^. Under this formulation. L'^. (/ - 1 - 4)
~ Poii:soii{X') are independent of each other, which is
incorrect when there is conditional dependence. Besides,
L and L". are actually the same thing. L. — L'. ~ L' +
L,,,,. Hence, A. = X' — A'. + A,,,,.

1 2 3 4 ' I I II I2.U

Similarly, the joint moment generating function of
L' — (L*p L*T, L*,, L*̂ ) is

Theretbre. tbe joint moment generaring function
ot L' I is

C) (12)

with A' = i;̂ ^A*.,(exp{?_) - 1). Therefore, A/^.(0 = M^^^it,
t, t, t) = exp(/l" + C with A"={fxp{t) - \)V.^^l\..'hy
the same calculation, we have the mean ot L":

and the variance ot L":

(14)

Hence, it is shown that the difference between the
variance of L and of L* is 2Z.^.A...

/ < ; I!
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E X H I B I T 1

Five-Year Horizon PD Correlations among Rating Classes

Rating
Aa
A
Baa

A
0.624

Baa
0.419
0.692

Ba
0.519
0.746
0.738

III. NUMERICAL ILLUSTRATIONS

We present some illustrations to show how our
approach works. The C15O portfolios constructed for our
illustration comprise issuers categorized into toin^ rating
classes tracked by Moody"s over the period 1970-21)01.
The tour rating classes are Aa, A, Baa, and Ba. Bonds rated
Aa are generally known as high-grade bonds. Ba refers to
che low credit quality. 25 firms are in each rating class cat-
egory, so there are 100 firms included in the CDO assets.

Calibration of Default Probability
and Default Correlation

Using the method proposed by Lando |1998|, we
obtain bazard rates A.,_, = 0.31%. A., = 0.49%, Â _,̂ , =
1.91%, and A« - 10.95% for each rating class. Exhibit 1
presents estimated correlations tor the tive-year proba-
bility of default (PD) among rating classes. For example.
a corre!atu)n of 0.624 between rating Aa and A describes
the dependence ol" default events tor a firm with rating
Aa and default events tor a firm with rating A during the
five-year period. The 0.624 correlation between ratings
Aa and A is higher than the 0.419 correlarion between
rating Aa and Baa, which implies that, given that a firm
rated Aa defaults in five years, a firm rated A is more likely
to default than a tirm raced Baa in the same period. The
data indicate that there are positive PD correlations among
rating classes.

Exhibit 2 shows summary statistics of tbe PD sam-
ples for each rating class over the period 1970-2001. In
the column labeled Ba. Mean 10.4'XJ denotes the average
default rate, which is the number ot tn"ms with rating Ba
defaulting in five years divided by the number of all Ba
rated firms in five years, out of 28 observations.

There is a clear monotonic relationship between
PDs and ratings. The average default rates ot hrms rated
Aa. A, Baa, and Ba are 0.3%, 0.5%. 1.9%,, and 10.4%,
respectively. Firms rated Ba are the major risk in CDO
porttblios. The default rates ot lower rating classes also
fluctuate more. For example, the default rate of the Ba
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E X H I B I T 2
Summary Statistics of PD Samples over 1970-2001

Ralings
Mean
Median
Maximum
Minimtim

Sid. Dcv.

Skewness

Kurtosis

Jarque-Bcra

Probability

Observaiions

Aa
O.(H)3I75

0.000000

0.019300

0.000000

0.004417

t .652719

5.372600

19.31434

O.(.X)OO64

28

A
0.0(Wy79

0.0(K)6(H)

0.0261(H)

0.00(K)00

0.007312
t.431766
3.980170
I0.6S731
0.004778

28

Baa
0.019079
0.015450
0.054200
0.000000
0.014084
0.S62662
2.945903
3.476281
0.175847

28

Ba
0.103704
0.071000
O.24O5(H)
O.O252(K)
0.074064
0.658584
1.927395
3.366316
0.185786

28

rating class d(fcliiied from 24.1% in the 1989 recession to
2.5% in 1992 after the ecoiioiiiy improved.

Loss Distribution Function

We use Monte Carlo siniuLition to compute the fre-
quency distribution ot CDO loss variables. We follow Duffie
and Singleton [1999] in order to simulate correlated detault
for conditional independence and dependence models. We
also perform sensitivity analysis of common t.ictor variables
in slump, normal, and boom econtjmy siti]atit>ns.

Assume CDO assets with a nominal amount ot $100,
and each firm with a nominal amount of SI. If seven firms
default before CDO maturity, a five-year period, the CDO
asset value is $93. Simulating 2,000 trials with estimated
hazard rates. Exhibit 3 plots the frequency distribution. For
a clearer presentation we omit the plot of the normal eco-
nomic conditions.

The expected valnc ot the loss variable is lower in
a slumping economy than in boom periods, and the dis-
tribution is more concentrated under the conditional
independence assumption. Economic circumstances have
less of an impact on the loss function.

Tranche Valuation

We evaluate tour kinds ot CDO tranches: equity,
junior, mezzanine, and senior tranches. The super-senior
tranche is not included because model risk is insignitl-
cant in high-quality tranche prices.

Generally, the equity tvancbe bas 2"A) of the total
bond principal and absorbs all credit losses from the port-
folio during the lite ot the C D O until they bave reacbcd
2% of the total bond principal. The junior tranche has 1%
of the principal and absorbs all losses during tbe life of tbe
CDO in excess of 2% of the principal up to a maximum
of 3% of tbe principal. Tbe mezzanine tranche has 4%i of

the principal and absorbs all losses during the life ot the
C'DO in excess of 3%) ot the principal up to a maximum
of 7% of the principal. The senior tranche bas 8% ot the
principal and absorbs all losses during tbe lite of tbe CDO
in excess of7% of the principal up to a maximum of 15%
of the principal. The maturity of the CDO is five years.

Applying tbe frequency distributitjn ot loss tunction
we have just obtained, we evaluate tour CDO tranches.
Results are reported in Exhibit 4. For example, in the senior
tranche column, the market value assuming conditional inde-
pendence and in a boom economy is $94,475. if tbe nom-
inal amount of the senior tranche is $100. Under the same
conditions, the market value ot the junior tranche is only
$10.65, if the nominal amount ot the senior tranche is $100.

The phenomenon that correlation model impact dit-
ters by tranche type is consistent with Dutlie and Ciarleanu
[2001 ]. Assuming conditional independence, they find that
when there is increased correlation in common tactors and
firm-specific risk factors, the market value of the senior
class drops, and the price of tbe junior tranche rises. Our
results are the same as Hull and White [201)4[ who use
pairwise correlations in their conditional independence
assumption.

Results

Witbout baving to estimate too many hazard rate
parameters, w'e propose a C-DO valuation model to
examine the impact ot ignoring conditional detault depen-
dence for tranche valuation from equity to senior types.
We find that the impact differs by tranche type. Low-
rated tranche securities, i.e., equity, junior, and mezzanine
classes, are underestimated by 1.4% to 4.8%) when we
ignore conditional dependence. Yet tbe high-rated tranche
security, i.e., the senior class, is overestimated by 3.8%
when we ignore conditional dependence.

These biases are caused by underestimation ot the
variance of the loss function. High credit risk tranche
investors benefit from this model risk, while low credit
risk trancbe investors are burt by it. This is consistent
witb Dutfie and Carleanu [20f)l] and Hull and White
|2()041, who assume conditional independence.

It is worth mentioning tbat economic conditions
bave an additicjnal impact (5n the k>ss distributit>n tunc-
tion. In etiect. tranche prices dittcr under diticrcnt eco-
nomic situations. For example, under the conditional
dependence assumption, when the economy is in a slump,
the senior tranche price is 0.415% lower than that in
normal economic conditions.
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E X H I B I T 3
Frequency Distribution of Loss Function

400

350

300
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0)

^ 150

100

50

0

• Correlated Default _Slump

• Correlated Default__Boom

n Independent Default_Slump

D Independent Default_Boom

0 1 2 3 4 5 6 7 8 9 1 0 1 1 1 2 1 3 1 4 1 5 1 6
Number of Defaults

1. Correlaied default boom and correlated ilefault slump denoie using a conditional dependent assumption wlien
economic siluations are in boom or slump.

2. Independent default boom and independent default slump denote using eondilionai independent assumption wlien
economic siluations are in a boom or slump.

Number ol'
Dclaulis

0

1

2

3

4

5

6

7

9

10

11

12

13

14

15

16

Correlated
Det'iiult_SIump

25

100

174

277

248

2')(,

254

214

147

96

49

37

13

7

5

•>

!

Correlated
Det';ttiit_ Normal

26

101

179

27S

299

299

254

215

t46

93

5(1

35

12

6

4

2

1

Correlated
tlct'ault Boom

26

IOI

1K2

279

303

299

252

216

143

93

50

33

I I

6

3

2

1

Independent
DcTault Slump

12

60

137

247

372

353

307

229

160

66

34

15

5

1

T

0

0

Independent
Delaull Normal

12

60

138

24X

374

355

30S

232

160

64

32

11

3

1

T

{)

(1

Independent
Default Boom

12

61

140

250

376

356

307

23 i

158

62

33

10

3

1

0

0

0

IV. SUMMARY

Usiiit; ;i Poisson model with coiiimoti shocks, we
evaluate CDO tranches under an intetisity model traine-
work. First, we estiiiute hazard rates in our Poissoii models.
By grouping hrms with cfqual credit ratings, we dramati-
cally reduce the number of hazard rate parameters. The

of: models assuming conditional depen-

dence can thus be made more etiicient.
Second, we use this tiiodel to simulate joint detault

'with respect to various dependence structures. Finally, we
evaluate four tranches: equity, junior, mezzanine, and
senior. The sensitivity analysis is performed utider three
econotiiic conditions: sliniip, normal, and boom.

The results show the biases ot assuming conditional
independence. Ignoring correlation will result in under-
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E X H I B I T 4

Comparison of CDO Tranche Prices

CDO Nominal Amounts $100

Correlated Default Boom

Correlated Default Normal

Correlated Det'auli Slump

Average for Correlated Default

lnile|ieridf 111 Default Bonni

liKkperHleni Dcluult Nonnal

independL'nl Dt'lault Slump

Averape for Independent Default

Perccntajic Dil'l'crenLC

Equity

3.825
3.825

3.750
3.800
2.125
2.KX)

2.UX)
2.108
-1.7%

Junior

15.450
15.300
15.200
15.317
10.650
10.500
10.450
10.533
-4.8%

Mezzanine

51.388
5 1.063
50.800
51.083
49.988
49.650
49.413

49.683
-1.4%

Senior

90.650
90.363
89.988
90.333
94.475
94.213
93.763
94.150

3.8%

1. Corrcliited delimit fioniiiil denotes iisiii\^ J coiiditioihii dependent iisstiitiptioii irheii the econoitiic

iitiiatioit is iiomtnl. htdepeiideiir default noniud denotes n.̂ jnt; -i loiiditioiiii! independent dsfnniplioii

when the ecoitotiiic situatioti is normal

2. Percentag^e difference denotes price difference hetit'een conditional dependent aud independent niodrlf

divided hy CDO iioiitiiial timoiiitis.

estimation of the variance ot the loss function. This implies
that when industries ot'the issuers are tightly integrattfd,
we hcivf model risk or nmdel niisspecification.

Although we have shown theoretically that the vari-
.UK'e ofthe loss function can he underestimated, the bias
in tranche prices is not so straightforward hecause there
is no closed-torm solution tor those prices. Our numer-
ical examples contirni this discrepancy, and highlight the
risk of ignoring the conditional detault correlations.
Appropriate models tor pricing CDOs are possible only
when detault dependence is correctly considered.

APPENDIX A

Derivation of the Mean and Variance
of the Loss Variable

Consider tour Poisson random variables L, i = ], 4.
We have L.~ Pcis.^otiiX^). i = 1. .... 4. The joint moment gfn-
emting tunction nt L. = (L.. L,, L^. L.) is;

-1- i.U.

Also:

(A-2)

and

explAn(exp(?,) - 1] X explA,,(exp(r,) - 1] x

- l| x

Also:

(A-3)

£{expf(/, + t, + t,-i-t;)L,,,,]]

-I- r, -I- f, + / j ) - 1)] (A-4)

Therefore, the joint moment generating function of L. is:

M^^ (r,. /,. ty. t,) = exp(A + B + C) {A-5)

with

(A-6)

Following Cossette .md MLirceau [2IHI0], the moment
generating function ot L can be written as:

M,(t) - M,,,,,^.,,,,^ (0 = M,_, {t, t, 1.

Theretore:

C)

(A-7)

(A-H)
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with A = (exp(/) - 1)^"* A,,. B' = {exp(2/) -

and C = A|,y(exp(4/) - 1).

Hence, it is sbown tbat tbe loss variable L bas a compound
Poisson distribution. AccoRling to the ba.sic property of a moment
generating function, we have tbe mean of L:

and tbe variance of L:

APPENDIX B

Estimating Poisson Distribution Parameters

Because CovlL, L] - VarjIJ + V.ir|L|,.J {i ^ f). for
example:

Cov( L,,L,) = Cov
,, + l^, + L,-, + /.,4 + L,,,

(B-1)

Denoting n = L/,V, we obtain:

'^ (B-2)

APPENDIX C

Tranche Valuation

Let us consider a tranche of a CDO. where the default
payment leg pays all losses that occur on the credit portfolio above
a threshold A and below a threshold B where 0 < ̂  < B < ^]L^M^,
and M. is tbe nominal amount of name i. When A ~ 0. tbis is
usually tbe equity tranche. If .'I > (I and ii < X^^^M., we con-
sider mezzanine traticbes, and when B — Z'^.A/., we consider
senior or super-senior tranches. To simplify the notation, we
use Lji^. to denote the cumulative losses on a given tranche:

-\- {B-A)\ (C-1)

Following Laurent and Gregory |2(H)21, we can write tbe
default payment leg of tbe given tnincbe in a discrete sum as

= ^^ + (^ -A}P{L > B)

or equivalently as:

^ k) (C-3)

Here, we bave assumed tliat .A and B correspond to some
possible values of tbe cumulative loss at maturity. We can tben
compute thi: default payment leg of tbe trancbe, since we already
know bow to compute tbe probabilities P{L = k) (or k = 1....,
Z M. CXyO evaluation occurs in general by means of Monte
Carlo smiulation. Wben the discount factor is considered, the
price of tbe defanlt leg is given by

£'•' /'/,.,(')

wbere /i(l). t) stands for the discount factor at time r, 7' for tbe
maturity of the CDO. and L- for the value ofL-.-., at time t.

ENDNOTES

'A super-senior tmncbe may bave 85% oi tbe principal
and absorb all losses during tbe lite ot the C D O in excess oi
1 5% of the principal.

•In Taiwan, for example, hrms in tbe information tech-
nology industry are usually higbly integrated, horizontally and
vertically. Practitioners in the Taiwan CDO market tben need
to pay attention to default correlation.

^Esposito |2()O2] proposes a multivariate exponential
model, and tnids a problem of parameter estimation. If we
specity only tbe tirst two moments ot tbe distribution, i.e.,
expected default rate and correlation, we cannot obtain a tmique
solution for tbe panimeters' value, except for the bivariate case.

"•Historical tlrm detluilt dita and spread prices in tbe default
swap market are used to estimate default probability and default
correlation, but spread prices are rare for small- and medium-
sized firms, tbe major issuers m CDO asset portfolios.

^If there are 100 tirms, there are 4.950 A parameters.
i(iO Â^ parameters, and one k^. parameter to be estimated. We
get 5.051 by {(100x99) ^ 2 } + 100 + 1 = 5,05 i.

'Tbe Ciaussian copula model represents tbe correlation
structure between variables that are not normally distributed,
lt allows tbe correlation structure of the variables to be estimated
separately from tbeir marginal distribution. The joint distrib-
ution of detault time i is defined as:
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where I- is the c-unuilative distribution function of dcfuult time
T, ^ is a multivariate Gaussi.in vector and eov^iriance matrix
equal to p, and ^ is a standard Gaussian distribution function (see
Li [2000]).
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