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O
ver the last decade it bas become
more and more important to
understand and model credit risk.
Growing markets tor corporate

bonds and credit derivatives bave stimulated
development of advanced valuation and risk
management models. The new Basel Capital
Accord has also fueled the evolution of theo-
retical and applied research in credit risk.

Many of the new credit risk models
require accurate observations of the term struc-
ture of interest rates of different credit risk
classes as an input. Prominent examples are
the Markov chain Iramework t-irst introduced
hyjarrow and Turnhull 119951 and extended
by Jar row, Lando, and Turnhull [1997]. and
the class of reduced-form models that exoge-
nously model the default intensity of a Poisson
process as a function of stochastic state vari-
ables. This approach, introduced hy Duffie and
Smgleton |1997] and Lando 11998], enables
the use of well-established results and tech-
niques from the world of affme risk-free term
structure models.

Both classes ot models rely on the avail-
ability ot reasonable data tor term structures
ot credit spreads, i.e., the term structure of dif-
ferences between risky term structures and the
risk-free one. Apparently, there is a need for
accurate and reliahle procedures that estimate
the term structure ot credit spreads trom
observable coupon hond prices.

The estimation of the discount tunction
or the zero-coupon yield curve trom observ-

ahle prices ot coupon honds is an established
tield of academic research. The most generally
accepted procedures are due to pioneering
work hy McCulloch [1971. 1975], Sehaefer
[19811, Vasicek and Fong [1982], Nelson and
Siegel [1987], and Langetieg and Smoot
[1989]. More advanced estimation methods
have been suggested hy Steeley [1991],
Svensson [1994], Linton et al. |2{)()1]. and Sub-
ramanian [2001].

Interestingly, there are only rare contri-
hutions to the specific problems of credit spread
estimation. Traditionally, credit spreads are cal-
culated hy subtracting independently estimated
risk-tree and risky term structures ot interest
rates, which in many cases yields unrealisti-
cally shaped and often irregular credit spread
curves. DCillmann and Wiudfuhr [2()()()[ and
Geyer, Kossmeier, and Piehler |2()()4] report
twisted credit spread curves tor European
Monetary Union government debt when the
German curve is used as the risk-free refer-
ence curve.

Exhihit 1 shows a representative example
where the yield curves for two government
issuers have a similar shape. This suggests a
rather well-hehaved or even linear shape of
the credit spread curve. Exhibit 2, however,
shows a strong non-linear twisted pattern of
the credit spread curve. Many researchers see
this twisted pattern as unrealistic or irregular,
in that it contradicts the implications ot many
economic credit risk models.

Yet before jumping to conclusions, one
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E X H I B I T 1
Zero-Coupon Yield Curves Obtained Using Cubic Splines Model for Italy and Germany—March 11,1999
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should carefully check whether this observation is an arti-
flict ot the estimation procedure instead of an economic
fact, hi general, traditional models of calculating the credit
spread may produce questionable results chat hinder their
economic interpretation.

Houweling, Hoek, and KIcibergen [2()(*11 were the
tirst to propose a new framework to overcome this pos-
sible drawback. They suggest using a multicurve approach
where the risk-free term structure and the credit spread
curve are estimated joindy. This nietliod leads to more
realistic and smoother credit spread curves in their empir-
ical examples. Again it is hard to decide whether a seem-
ingly irregular shape of the credit spread curve is caused
hy the data or is merely au artifact of the functional form
of the estimation model. There is no natural bencliniark
to use to assess the quality of an estimation model.

Houweling, Hoek, and Kleibergen tried to for-
malize the trade-off between the gain in smoothness and
tho reduced explanatory power oi the more parsimonious
joint estimation procedure. According to this rather rel-
ative and arbitrary bencliinark, they find strong evidence
in favor of tlieir model.

We develop an alternative joint estimation procedure
to serve as an additional benchmark in a peer compar-
ison, and examine the performance of two ditlerent tra-
ditional models and t̂ vo different joint estimation models.

Our main objective is to provide empirical evidence
that a procedure that jointly estmiates the risk-free term
structure and the credit spread curve is better than tradi-
tional models. We do this by comparing the results of two
completely difTerent single-curve and two completely dif-
ferent multicLirve models. This peer comparison provides
an additional henchmark and allows for deciding whether
a twisted shape of an estimated curve is an artifact of the

functional form of the model or not. The empirical study
makes use of EMU government bond data already used
hy other studies, but the results should hold for corpo-
rate bond markets as well.

I. ESTIMATION MODELS
FOR THE CREDIT SPREAD

We start hy briefly describing the hasic estimation
problem arising when prices of coupon bonds can be
observed only in an incomplete bond market. We apply
two different approaches to this estimation problem, the
cubic splines model and the Svensson model.

The choice of these models may seem arbitrary, but
they cover a broad class of estimation procedures and
because of their practical importance may be seen as rep-
resentative examples. Our main conclusions, however, are
very unlikely to be affected hy the choice of the specific
models. Thus, we do not refer to more advanced spline
interpolation methods, like B-splines or exponential
splines.

Basic Estimation Problem

First we describe the estimation problem in a single
market setting, and then turn to the multicurve problem
when credit spread curves are to be estimated. Consider
a bond market with A' coupon bonds. Each bond / is
characterized by its market price P (quoted price plus
accrued interest), its cash How vector Z . and its vector of
cash flow dates T. A bond market is said to be complete
if the total nuniher of distinct cash flow dates in the market
is equal to the number of linearly independent cash flow
vectors, i.e.. if arbitrary cash flow structures can be repli-
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E X H I B I T 2

Credit Spread Curve Between Italy and Germany Using Cubic Splines Model—March 11,1999
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cated using portfolios ot outstanding bonds. The absence
of arbitrage implies a unique set of discount factors D(/),
where t denotes the time to any cash flow date in the
market, for which

holds ior all i — 1, ..., iV. The zero-coupon yields r(t) are
related to the discount factors via

- 1
DU)

In incomplete markets like the government bond
markets in European Monetary Union countries, the set
ot arbitrage-free discount factors is nt>t unique. Ciiven an
arbitrary set of discount factors:

applies, where £. denotes the pricing error of bond /.
The basic estimation pRjblcm is to find a set of dis-

count factors that have optimal explanatory power, i.e.,
that minimize the pricing errors with respect to a given
norm, and are represented by a continuous function
depending on a parsimonious number of free parameters.
Let ii denote the set ofparameters and / denote the spec-
ified function. Then we have:

and

There are numerous models suggested to solve this
estimation problem. These models difTer mainly in their
functional specification, the number of free parameters,
and the quantity for which the fitnctional torm is speci-
fied, i,e,, for the discount factors, the zero-coupon yields,
or the forward rates.

Single-Curve Splines Model

In the .<ini<lc-ain'c spliiic}: uiodcl introduced by McCul -

loch [ 19751, cubic splines are used to model the discount
function, in this approach, the maturity spectrum is
divided into not necessarily equal intervals.

If the maturity spectrum is divided by t - 1 knots,
there are k free parameters to describe the entire discount
function, which is modeled as a linear combination of k
prespecified component functions. Where j^ denotes the
component functions, the estimation problem reads

Employing the linear structure of this model, we
can easily obtain the optimal parameters by performing
an ordinary least squares regression. Alternatively, the log
of the discount function could be modeled by a cubic
spline, but since we restrict the maximum maturity to ten
years we use the original setup as in Houweling, Hoek,
and Kleibergen [2001].
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Finally, the credit spread curve ot a specific country
with respect to a reference curve is calculated by sub-
tracting the reference zero-coupon yield curve trom the
zero-coupon yield curve of the country:

ot the other countries are estimated jointly All the curves
are estimated with cubic splines as described. For a more
parsimonious specihcation, the number of parameters for
the credit spread curve can be reduced compared to the
reference curve. The framework for the discount func-
tions IS as follows:

where

s/fj is the credit spread between country c and the
reterence country for maturity f,

r.(l) is the zero-coupon yield tor country c tor matu-
rity r, and

r (t) is the zero-coupon yield for the reference
country for maturity f.

Single-Curve Svensson Model

hi the :iiti<^lc-airrc Si>ciisson ttioiici, the estimation pro-

cedure suggested by Svensson [1994] is used to specify the
zero-coupon yield curve directly using the functional torm:

U/t,

where (5^^, ^, , /?„ ^^, r^, aiut r, are parameters.
The interpolation function ncnv becomes

where the tunction r(.> is defuied as above.
The parameters can be obtained by performing a non-

linear optimization with the parameter restrictions /3 ,̂ > 0,
Tj > 0, and r, > 0. This procedure, which is an extension
ofthe well-known Nelson and Siegel |19S7| approach, is
widely used by practitioners as well as central banks and
other financial institutions. It is seen as producing smoother
or more regular functions than a splines interpolation.

Again the credit spread curves are calculated by sub-
tracting the reference curve trom the zero-coupon yield
curve of a specific country.

Multicurve Splines Model

In the iiiitltiainv spUiia iitodd, the zero-coupon yield
curve ot the reference country and the credit spread eurves

is the discount function for the reference country, and

is the discount tunction for country c = 1, ..., C

where
k

,
is the number of parameters tor the zero-
coupon yield curve ofthe reference country;
are the component functions, which use
the chosen knots ofthe zero-coupon yield
curve ofthe reference country;
are the parameters ofthe zero-coupon yield
curve ot the reterence country;
is the number of parameters for the credit
spread curves;

'irc the component functions, which use
the chosen knots ofthe spread curves; and
are the parameters ofthe credit spread curve
ofthe country c.

This multicurve model uses two features to improve
the single-cm^ve model. First, it directly estimates the
spread curves with a parsimonious splines model and,
second, the reference zero-coupon yield curve and all
spread curves are estimated jointly.

Using this tramework, we obtain the linear regres-
sion model tor C + 1 countries:

fX,, 0 ••• 0

X , S ••• 0

f r, \

X , 0 • • • S , j

whereV is a vector consistiniz of eleineiits
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try )• (f) is again specified by a Svensson model with six
parameters. The interpolation function is now defnied as:

X is a matrix with L'lements

is a matrix with elements

(J is a vector of parameters for country c, and
£, is a vector of residuals for country c assumed to
' be iid (0, (7.-).

The residual term is allowed to have different vari-
ances for each country because in some countries bond
prices are generally more noisy than in other countries.
To estimate the parauieters, we apply a restricted feasible
generalized least squares procedure {see, e.g.. Greene
[20()0|). Numerical examples tor applications in the given
framework show, however, that relaxation of the variance
structure is ot minor importance for the results.

Multicurve Svensson Model

In the inultictinv Svensson model, the zero-coupon
yield curve ofthe reference country and the credit spread
curves ofthe other countries are estimated jointly. For
the zero-coupon yield curve ofthe reference country, we
use the original Svensson approacli with the single-curve
form. To allow for a parsimonious specification, the credit
spread curves are modeled using the four-parameter
approach suggested by Nelson and Siegel |19H7|. which
has the functional form:

l-exp(-//v )

where }̂ , ,, y^ ., y^., and K arc parameters.
Note that the four-parameter Nelson-Siegel model

is nested in the six-parameter Svensson model with p^^ -
X,,, /3, + ft = 7,.,̂  ft ^ - 72,r' ft = 0, r, - K., and r, = 1.
The Nelson-Siegei model is regarded as a four-parameter
version ofthe Svensson model.

The zero-coupon yield curve for the reference coun-

where a = ,̂ ft,, ft, T,, T,; 7̂ ,,, 7, ,, 7_, .̂v,

The reterence zero-coupon yield curve and all spread
curves are estinidted jointly by performing a non-linear
GLS procedure analogous to the linear procedure des-
cribed under the multicurve splines model.

II. EMPIRICAL ANALYSIS

We first describe the data and methodology, and
then present the results.

Data

The time series data used in this study include daily
prices of euro-denominated European Monetary Union
(EMU) government bonds from January 1999 through
Marcb 2001. At present there are 12 countries in the EMU:
Germany (rated AAA by Moody's), France (AAA). Italy
{AA2), Austria (AAA), The Netherlands (AAA), Belgium
(AAI), Portugal (AA2), Spain (AAA), Finland (AAA),
Greece (Al). Ireland (AAA), and Luxembourg (AAA).

We choose this data set for several reasons: 1) It con-
stitutes the largest and most liquid bond market where
bt)nds of different issuers are traded in a homogeneous
environment; 2) in comparison to tbe corporate bond
market, the quality and reliability ofthe price informa-
tion is much better; and 3) credit spread curves obtained
from EMU government bond prices have already been
used by other researchers, e.g.. Diillmann and Windtiihr
[2(KK)| and Geyer, Kossmeier, and Pichler [2004].

We are aware nonetheless that the spreads observed
between different EMU countries are potentially caused
by other effects (e.g., liquidity) than credit risk. Prelimi-
nary results from the EMU government bond market,
however, show that liquidity' effects cannot fully explain
the size and the variation of cross-country spreads (see
jankowitsch, Mosenbacher, and Picliler [2003]). Moreover,
our conclusions are based only on technical properties of
the estimation procedures and are expected to hold even
if the economic reason for the spread is different.

We restrict our analysis to coupon bonds with no
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E X H I B I T 3

Number of Government Bonds for Each Country and Amounts Observed Each Day
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27

option features and with reliable price infbrination and
times to maturity shorter than ten years. The data set
includes the basic features of the honds, e.g., the maturity
and the exact cash flow schedule. Daily prices are taken
from Bloomberg using the Bloomberg generic price source
(BCJN) . For a detailed description of this data set. see
Geyer. Kossnieier. and Pichler |2()()4|. To provide mean-
ingful results, we make use of data collected from nine
countries: Germany. France. Italy, Austria, The Nether-
lands, Belgium. Portugal. Spain, and Finland. Luxembourg
is not included because it has no publicly traded govern-
ment debt. Greece is excluded because it did not take part
in the starting phase of the EMU in 1999. Ireland is also
excluded because it only has five liquid bonds outstanding.

Exhibit 3 shows the overall number of government
bonds for each country and the average, maxinmm, and
minimum ninnher of outstanding government bonds
observed on each day. Exhibit 4 shows the average number
of outstanding government bonds observed on each day
for difl^ercnt maturity intervals (0-3 years, over 3-5 years,
and over 5-Hi years).

Although this data set is unique with respect to the
countries and variables included, offering a great oppor-
tunity for research, it is important to realize its possible
weaknesses. We have only quotatioTi prices and not actual
trade prices. The quoted price may hold for only a rela-
tively small quantity, while traders demanding higher
quantities cannot determine in advance the actual price
for the entire quantity they wish to trade. Practitioners do
use these quotations in rheir daily work, and the quotes
are regarded by market participants to be good for a cer-
tain size, typically €11) million, and most of" the transac-
tions take place within the quoted bid-ask spread.

Methodology

As the starting point of our empirical analysis we
estimate the zero-coupon yield curves for each country

ot the EMU government bond market using a standard
cubic splines model {.^iimlc-aiivc splines mode!) as intro-
duced by McCulloch [1975], with equidistant knots, and
the common non-linear procedure {sin^lc-curvc SPCIISSOII

model) suggested by Svenssou (1994]. For the single-curve
splines models we use a four-parameter specification,
which turns out to be optimal for most countries through-
out the analysis.

By taking the German government bonds as risk-
free, we can calculate the credit spreads for the other EMU
countries by subtracting the German reference curve from
the respective zero-coupon yield curves. We perform a
visual inspection of these credit spread curves to check
whether tlieir shapes are driven by economic reasons or
by the functional form of the model specifications.

Ciiven the scarcity ofbt.)nds with longer maturities,
we restrict our analysis to tbe maturity spectrimi from
one to ten years for all countries. The short end of the
term structure is eliminated from the analysis mainly
because of the lack of liquid price information for very
short maturities.

We analyze the pricing errors of government bonds
resulting from the single-curve splines model and the
single-curve Svensson model for each country. Following
Bliss [1997], WL' calculate the coincidence frequencies of
tbe pricing errors for the two diflerent methodologies.
The coincidence frequency measures in what percentage
ot all cases the two different models result in a pricing
error for the same bond that f;Uls in the same error cate-
gory: highly negative, negative, zero, positive, highly pos-
itive. In tliis way we can test whether the pricing errors
are related across models.

If there is a high degree of coincidence, we can con-
clude that the observed errors, the resulting zero-coupon
yield curves, and the credit spread curves are data-driven.
If there is a low degree of coincidence, then the pricing
errors arc method-driven, and the functional forms of the
curves are potentially misspecified in an economic sense.
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E X H I B I T 4

Average Number of Outstanding Government Bonds Observed Each Day for Different Maturities
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Thus, for given estimation results with a low degree of
coincidence additional checks concerning the economic
meaning are necessary. We then compare the shape, the
smoothness, and the volatility of the credit spread curves
for the single-curve and multicurve models to find eco-
nomic misspecifications.

In a first step, we extend the analysis to the use of
multicurve models to estimate the credit spread curves.
In these models, the zero-coupon yield curve of the risk-
free country (Germany) and the credit spread curves of
the other countries are estimated jointly by using a par-
simonious modeling technique for the credit spreads to
filter out possible effects that might produce irregular
shapes of the credit spread curves.

We transform the cubic splines model as proposed
by Houweling, Hoek, and Kleibergen [2001 [ into a mul-
ticurve model by using a three-parameter credit spread
curve, i.e., k , — 4 and k^ , — 3. The six-parameter
Svensson model is transformed by using the nested four-
parameter Nelson-Siegel model for the credit spread curve.

To formalize the basis of our conclusions and to
incorporate the findings of all countries and of the entire
observation period, we calculate several statistics that sum-
marize the main properties of the ditferent models. Along
the lines of Houwehng, Hoek, and Kleibergen [2001],
we calculate the smoothness of the spread curve function
to quantify' the effect of eliminating the potential of irreg-
ular shapes of the credit spread curves.

Following Foirier [1976] and Powell [1981 [, the
smoothness is derived by computing the integral of the
square of the second derivative of the credit spread func-
tion s{t) over the interval [t^, t-,]:

Smoothness = \s"(tydt

We calculate the smoothness of the credit spread
curve of each country for each day and each model. By
comparing the average and the volatility of the smooth-
ness in the observation period, we can analyze whether

the multicurve models can significantly reduce the S-
shape of the credit spread curves better than the single-
curve models.

With the four different estimation models, we have
four time series of credit spread curves for each country.
If we assume that the S-shaped form of the credit spread
curves estimated from the single-curve models is caused
by the functional form, we would expect these spread
curves to be more volatile because a small change in one
bond price can have a rather strong effect on the spread
curve due to its overparameterization. To test this hypoth-
esis, we compare the volatility of the credit spreads for
different maturities.

To examine whether an improvement in the smooth-
ness parameter and in the volatility has a significant neg-
ative influence on the explanatory power of the models,
we calculate the mean absolute pricing error of each
country for each day and each model:

Mean absolute pricine error -

where

P. '""^"market price of bond / on day u,
P. J'""''' model price of bond / on day H, and
N number of bonds in country c on day /(.

With their reduced flexibility, the more parsimo-
nious multicurve specifications are expected to produce
higher pricing errors. The reduction in explanatory power
should be minimal if the flexible shape of the single-curve
models is caused exclusively by tbe functional form of
the specification. If the flexible shape of the credit spread
curve estimates is caused at least partly by economic rea-
sons, the pricing errors implied by the parsimonious mul-
ticurve models are expected to be much higher than their
single-curve counterparts. By comparing the average and
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Time Series of Five-Year Credit Spread for Italy and The Netherlands
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E X H I B I T 6

Zero-Coupon Yield Curve for Italy Using Single-Curve
and Multicurve Splines Models—March 11,1999
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E X H I B I T 7

Zero-Coupon Yield Curve for Italy Using Single-Curve
and Multicurve Svensson Models—March 11,1999
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volatility ol" the nican absolute
pricing error in the ohservation
period we analyze this effect.

First we use all bonds, and in A
next step we concentrate on bonds of
certain ni.uurit\' intervals.

Results

In the first step ofthe procedure,
we estimate zero-coupon yield curves
for each country on a daily basis using
tour clitfcrcnt estimation procedures: 1)
the single-curve splines model; 2) the
multicurve spHnes model; 3) the
single-curve Svensson model; and 4)
the multicurve Svensson model. The
resulting yield and spread curves tor
Italy and Tbe Netherlands appear in
Exhibit 5. Tbe results in Exbibits 6
and 7 show that all modck produce
very similar zero-coupon yield
curves, but the credit spread curves
are quite different.

In most cases, both single-curve
models produce twisted curves tor tbe
credit spreaci. buc the shapes ot these
curves are very difterent, as we see in
Exhibit 8 for Italy. In general, tbe
minima and maxima ofthe resulting
curves are in different maturity seg-
ments, and in many cases the Svens-
son model implies an S-sbape while
tbe splines model implies a reverse S-
shape. Note that the comparisons are
based on identical input data drawn
from a particular country for one par-
ticular day.

In tbe next step, we compare
tbe coincidence frequency of the
pricing errors for the single-curve
splines and the single-curve Svensson
model. We define five error cate-
gories: highly negative (pricing error
< —30 bp), negative {—3U bp < pricing
error < -5 bp), zero {-5 bp < pricing
error < 5 bp), positive (5 hp < pricing
error < 30 bp), and highly positive
(30 bp < pricing error). For each bond
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E X H I B I T 8
Credit Spread Curve for Italy Using Single-Curve Splines
and Single-Curve Svensson Models—March 11,1999
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we examine whether the pricing erK>r fixim the two models
falls into the same error category.

Exhibit 9 shows the percentage of the bonds falling
into the same category for each country in the observa-
tion period. For the different countries, only around 50%
of the bonds fill into the same error category, and cate-
gories are defined to be rather broad. This low degree of
coincidence indicates that the pricing errors are method-
driven, and the functional forms of tbe curves are poten-
tially misspecified in an economic sense. We conclude that
the specific form of the resulting credit spread curves is an
artifact of the functional form of the estimation model
rather than implied by the data.

Exhibit 10 summarizes the coincidence statistics tor
the multicurve models. We do not expect these more par-
simonious models to have a higher degree of coincidence,
but to produce credit spread curves that are more reasonable
from an economic perspective. The levels are comparable,

which indicates tbat there is no loss of
economic information when we use
the multicurve methods. Given these
results, we perform additional checks
to see whether inu!ticui"ve models out-
perform single-cur\'e models in an eco-
nomic sense. We compare die shape,
the smoothness, and the volatility of the
credit spread curves for the single-curve
and multicurve models to find eco-
nomic misspecifications.

Compared to the single-curve
models, the two multicurve models
produce smoother credit spread curves
in all observed cases. Moreover, usu-

" ally the resulting curves are similar to

each other, akhougb they are not identical {see Exhibit
11). Typically, the twists and S-shapes are not observed
in the multicurve results. Since the multicurve models
lead to coinciding results and look more plausible from
an intuitive perspective, we conclude that the shapes of
the spread curves resulting from these models are implied
only by the data and are not adversely affected by the
functional form of a specific model.

The difference between the results of the multicurve
models can be explained, lioth produce smoother curves
than the single-curve models by estimating the zero-
coupon yield curve of the reference coimtry jointly with
tbe credit spread curves and by reducing the flexibility of
the credit spread curves due to their more parsimonious
specification. The main ditference between the multicurve
models is how much they reduce the flexibility of the
spread curves. Cliven the specifications chosen in our study,
the multicurve splines model reduces the flexibility more

E X H I B I T 9

Coincidence Frequency of Each Country—Single-Curve Models

Coiiiclijciice

Ciermaiiv

49,029;.

l-'raiiLt:

4i.9['/f

halv

5O.35'/<-

Aiislriii

5O.I4'/f

Not lie [lands

52.28'7(

Bclgimn

4l.67'/(

Portugal

46,17%

Spain Finland

6(1,717r

Coinciilciicc frequency iiiciisiirfs iH-rcentiti^v af the pridi{^ t'nor.< fiiliin^ into the .<ame error lor ihc oh<err<itioii period (01/1999-03/2001).

E X H I B I T 1 0
Coincidence Frequency of Each Country—Multicurve Models

Cnincitk'nLC

Cjennaiiy

49.32'/,

Fnini:e

44.67'/,

llaly

51,35'/,

Ausiria

5(),(H)'̂

Nctiicikmds

52.77'/(

Belgium

42,28'/,

Poilugal

45.29'"/;

Spain

53,75'̂ /<

Finland

6!,IS?'r

Coiiuidetia-Jrcqiinicy oJ tin- c)nn.< fulling inlo ihc >.7m(' error iaiei<oryJor lhe oh.^ervaiion period (01 / 1999-OJ/21)01).
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E X H I B I T 1 1

Credit Spread Curve for Italy Using Multicurve Splines and Multicurve Svensson Models—March 11,1999

m

30

2 5

~ 20

o

«" 15

O 10
multicurve Splines

multicurve Svensson

1.5 2 2.5 3.5 4 4.5 5 5.5 6

Maturity

6.5 7.5 8 8.5

E X H I B I T 1 2

Average and Volatility (in parentheses) of Smoothness of Credit Spread Curves

SC-Splines

SC-Svcn.sson

MC-Splines

MC-Svensson

Gemiany

N/A

N/A

N/A

N7A

FniiKO

6.04

(5.15)

6.38

(5.67)

3.49

(3.14)

3.32

(2.7H)

Italy

0.95

(0.87)

1.37

(1.18)

0.31

(0.37)

0.76

(0.70)

Auslri;!

5.77

(4.02)

2.13

(1.70)

0.42

(0.49)

1.21

11..^2)

Nellierl;ind>;

I.KI

(2.20)

0.42

(0.41)

0.52

(0.66)

0.40

(0.53)

Belgium

1.23

(2.42)

1.77

(2.67)

0.45

(0.53)

0.78

(0.83)

Portugal

4.55

(4.74)

6.44

(8.23)

0.56

(0.62)

2..S1

(3.55)

Spain

1.27

(1.81)

1.92

(2.36)

0.26

(0.28)

1.45

(1.75)

Finland

2.54

(2.27)

1.63

(2.6fi)

0.23

(0.43)

1.25

(1.31)

aa^i: and wlalilily die ctihiilntiilJroni the liiiic fcricf of aalil sprciul ciirfcs for each iowUTy and tadi model.

than the multicurve Svensson model.
Which ot the models performs bcttL-r depends on

the quality of the data. If nearly all government bond
prices are exactly explained by the zero-coupon yield
curve, the flexibility need not be reduced as much as if
there are some larger pricing errors. So, in the hrst case,
the multicurve Svensson model is preferred over the multi-
curve splines model, and vice versa.

Note, however, that these conclusions are based only
on an informal and subjective visual inspection ot the
resulting yield and spread curves. In order to formalize the
basis ot our conclusions and to incorporate the findings
of all countries and of the entire observation period, we
calculate several statistics to summarize the main proper-
ties of the different models.

We examine the improvement of the smoothness

of the resulting curves by calculating the smoothness para-
meter between the maturities of two and ten years (f̂  —
2, r̂  — 10) for all estimated curves. Exhibit 12 shows the
average and the volatility of the smoothness of the credit
spread curves (multiplied by 10). Average and volatility
are calculated from the tune series of credit spread curves
for each country and each model.

Exhibit 13 shows the difference in the average
smoothness of the credit spread curve between smgle-
curve and multicurve splines models. The difference is
measured as the average smoothness ot the multicurve
splines model minus the average smoothness of the single-
curve splines model (divided by the average smoothness
of the single-curve splines model for the percentage sta-
tistic). Exhibit 14 shows the difference in the average
smoothness ot the credit spread curve between the single-
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E X H I B I T 1 3

Difference in Average Smoothness Between Single-Curve and Multicurve Splines Models

Absolute

Peri'en I

Gcniiiinv

N/A

N/A

Fnirice

-2.55

-42.26

Italy

-0.64

-67..'2

Aiislria

-92.69

Net lie I lands

-1.29

-71.27

Belgium

-0.7S

-63.55

Portugal

-3.99

-S7.72

Spiiiii

-I.OI

-79.44

Finland

-2.31

-90. K6

E X H I B I T 1 4

Difference in Average Smoothness Between Single-Curve and Multicurve Svensson Models

Absolute

Perec nl

(iernianv

N/A

N/A

f-ranee

-3.06

-47.96

Itiily

-0.61

-44.71

Austria

-0.93

-43.46

Ncthcrlanils

-0.02

-4.7!

Belgium

-0.99

-56.06

Portugal

-3.94

-61.09

Spain

-0.47

-24.64

Finland

-0.39

-23.84

E X H I B I T 1 5
Volatility of Five-Year Credit Spread

SC-Splines

SC-Svensson

MC-Splines

MC-Svensson

France

2.7K

4.81

2.69

4.64

Italy

3.76

5.72

3.63

5.43

Austria

3.83

5.23

3.43

5.06

Netherlands

1.34

2.10

1 ^^

2-OS

Belgium

3.52

4.25

3.47

4.15

Portugal

5.31

7.86

4.78

7.71

Spain

3.49

4.98

3.25

4.77

I-inlantl

4.25

4.35

4.14

4.21

E X H I B I T 1 6
Improvement in Volatility of Five-Year Credit Spread With Multicurve Model

Splines

Svensson

iiance

-3.l(K/f

-3.467,

Italy

-3.4K0;.

-5.{)5*

Austria

-IO.457f

-3.3 r/,

Netlierlands

-1.03'/,

-0.93':^.

Belgium

-1.44%

-239%

Portugal

-9.887f

-1.927(

Spain

-6.K5'/.

-4.24'"/.

Finland

-2.54'7f

-3.34%

curve and multicurve Svensson models nieiisured simiLirly.
The stnoothness results clearly support the ftnding

that the artificial twisted form ofthe credit spread curves
111 the single-curve models is corrected by the multicurve
models in the overall sample. The improvement (—74% on
average) is greater when changtng from the single-curve
to the multicurve splines model because ofthe greater
reduction in the Hexibility ot the credit spread as noted ear-
lier, but the iuiprovement {-38% on average) for the non-
linear Svensson case is also impressive. The improvement
in the volatility of the smoothness strengthens the argu-
ment. Note that (in contrast to the spread curves) the yield
curves resiiltitig from a multicurve model (not presented
here) are virtually as smooth as the single-curve results.

Analysis ofthe volatility ofthe credit spread curves
indicates virtually the same resitlts for matttrities from one

2IIII4

to ten years. As an example. Exhibit 15 presents the
volatility ofthe ftve-year spread for each country and each
model, and Exhibit 16 shows the improvement when using
multicurve instead ot single-curve models. Interestingly, the
muIticLLrve credit spreads are about 5% less volatile with
the splines model and about 3%) less with the Svensson
model than with tlic single-curve model.

Further examination not presented in detail shows
that logarithmic interest rate changes over time are vir-
tually equally volatile when moving from a single-curve
to a multicurve model. This hnding supports our con-
clusion that a multicurve model explains the variations
ot the underlying term structures equally well but miti-
gates the effect of artificial volatility caused by the adverse
influence of the functional specifications in the single-
curve models.

THt-JdUkNAI Oh FiXKU lNC<lMt 5 9



E X H I B I T 1 7

Average and Volatility (in parentheses) of Mean Absolute Pricing Error

SC-Spli[it;s

SC-Svensson

MC-Spiines

MC-Svensson

GcniKiiiy

9.91

(2.40)

10.52

(1.75)

10.06

(2.30)

10.33

(1.69)

Franco

11.14

(5.92)

10.54

(4.70)

11.55

(5.86)

12.41

(5.75)

Hilly

K.80

(i.82)

9.21

(2.93)

9.06

(1.78)

9.22

(2.74)

Aiisiria

7.88

(1.81)

7.4!

(1.77)

9.52

(1.96)

7.72

(I.K2)

Nclhcrkirids

9.41

(1.76)

9.29

(1.56)

9.63

(l.SO)

9.35

(1.58)

Belgium

9.04

(3.86)

9.00

(3..^6)

9.40

(4.01)

10.05

(4.08)

Portugal

14.97

(9. IS)

15.79

(9.63)

16.58

(9.79)

16.58

(9.39)

Spain

10.04

(.^.13)

10.48

(3.91)

10.92

(3.25)

10.68

(3.S8)

FinliinJ

6.06

(2.21)

6.27

(2.01)

6.66

(2.44)

6.51

(2.26)

.md volatiUt]' lur jiviii rlw tiuic fcricf of llw errors for ituli lOiiiiiry ami nnii

We liavc shown that the use ot a iinikiciirve model
diniiiiishes the flexibilit\' oi the credit spread Hinction.
and the unrealistic twisted shapes th;U are artifacts of the
estimation procedure can be avoided. The important ques-
tion is whether this improvement in smoothness and
volatility has a significant negative lntlut-nce on other
important aspects of model quality, such as pricing errors.

Obviously, the more parsimonious multicurve spec-
ification is expected to produce higher pricing errors, i.e..
is expected to have less explanatory power, due to its
lower degree of flexibility. But the reduction in explana-
tory power should he negligible it the flexible shape ot
the single-curve models is caused exclusively hy the tunc-
tional form of the specification. Yet if the twisted shape
of most of the credit spread curve estimates is caused at
least partly by economic reasons, the pricing errors implied
by the parsimonious multicurve models would he e.xpected
to be much greater than the single-curve errors.

Tt) see whether there are significant differences in
explanatory power across the models, we calculate the
absolute pricing errors (absolute value ot the difterence
between market price and model price). Exhibit 17 shows
the average and the volatihty ot the mean absolute pricing
error niea.sured in basis points tor bonds ot all maturities.
Average and volatility are calculated trom the time series
of the mean absolute pricing errors tor each country and
each model. Exhibit 18 shows the average and the volatiiit\^
of the mean absolute pricing error measured in basis points
tor bonds of specific maturity' intervals {0-3 years, over 3-
5 years, and over 5-10 years).

Exhibit 19 shows the difference in the average ot
the mean absolute pricing error tor bonds ot all maturi-
ties between single-curve and multicurve splines models.

The ditTerence is measured as the average ot the multi-
curve splines model minus the average of the single-curve
splines model (divided by the average of the single-curve
splines model for the percentage statistics). Exhibit 20
shows the same difference between single-curve and multi-
curve Svensson models.

The results clearly indicate a negligible reduction
in explanatory power of the multicurve models at least in
absolute terms. For most countries, the increase in pricing
errors is modest even measured in percent (on average
7.0%! tor the splines models and 4.7%i tor the Svensson
models). The only outliers are Austria and Portugal tor
the splines models and France and Belgium tor the
Svensson models, where the pricing error percentage
increase exceeds 10%i, although even these differences are
not economically signitlcant, given the usual hid-ask
spreads of 3-10 basis points in these markets (seejankow-
ttseh, Mosenbacher, and Pichler |2O03]). These results
remain unchanged it we look ac specific maturity inter-
vals (.srr H.v/n7)f7 IH).

Compared to the reductions in smoothness and
volatility, the other important properly- of the models does
not change significantly, which supports our hypothesis
that the tiexihle shape of the single-curve models is caused
exclusively by the functional form ot the specification.
We conclude that niukicurve models are better than single-
curve models for die estinuuton of credit spread curves.

There are minor ditferences between che multicurve
splines model and the multicurve Svensson model. We
have noted that the multicurve splines model is preferable
it there are some larger pricing errors, so this model is a
better choice except when very small pricing errors are
given (e.g.. when only market data of benchmark honds
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E X H I B I T 1 8
Average and Volatility (in parentheses) of Mean Absolute Pricing Error for Bonds of Specific Maturities

Germany Frante haly AII sin a NciherlaruK riclLiium Pnrlugal Spain Finland

maturities: 0 - 3 years

SC Splines

MC Splines

SC SvcnsNon

MC Svensson

7.34

(2.20)

7.11

(1.86)

6.64

(1-21)

6.32

(1.18)

8.41

(4.21)

8.30

(4.35)

6.38

(3,44)

9.03

(4.46)

6.82

(1.46)

7.02

(1.39)

6.29

(2.02)

6.07

(1.66)

6.09

(1.78)

6.88

(2.28)

4.79

(1.25)

5.10

(1.41)

5.33

(1.81)

5.66

(1.87)

4-09

(0.92)

4.01

(0.92)

843

(4.42)

8-20

(4.06)

5.70

(1.87)

7-17

(2.98)

11.86

(7,24)

11.63

(6,64)

9.73

(6.71)

10-81

(6.64)

6.56

(1-99)

6,79

(2-18)

6.73

(2.87)

5.98

(2.64)

4,24

(2.01)

4,81

(2.23)

3,99

(1,56)

4-26

(2.28)

maturities: ^ - 5 years

SC Splines

MC Splines

SC Svensson

MC Svensson

17.98

(4.75)

18.09

(4,93)

18.59

(4.06)

18.71

(4.27)

12.30

(7.35)

12.42

(8.73)

10.66

(6.88)

12.85

(8.24)

13.58

(3.78)

13.66

(3.70)

13.64

(3.78)

13.61

(3.64)

10.17

(2.62)

12.70

(3.08)

10.45

(2.61)

10.82

(2.64)

8.25

(2.81)

8.79

(2.90)

8.14

(2-58)

8.78

(2-83)

8-34

(5.20)

8.37

(5,10)

7.24

(4.10)

8.38

(5,44)

18.72

(14.13)

17.19

(13.43)

17.48

(12.08)

17.74

(12.78)

12-17

(3.10)

11,63

(3.39)

11.59

(2.97)

11,50

(3.01)

8.44

(3.75)

8-98

(4.90)

8,50

(3,44)

8.25

(3.55)

maturities: 5 - 10 years

SC Splines

MC Splines

SC Svensson

MC Svensson

8.54

(3.47)

9-74

(3.73)

12.36

(5.34)

12.25

(4.82)

13.79

(8.70)

14,77

(8.27)

14.92

(6.93)

15.43

(7.21)

8.36

(2.14)

9.14

(2.34)

11.59

(5.07)

12.28

(4.65)

9.28

(3.29)

12.03

(4.06)

9.97

(3,69)

10-45

(3,49)

15.62

(2.67)

15.57

(2.40)

17.04

(4,03)

17.09

(3.82)

9.96

(4.27)

10.87

(4.82)

12.32

(5.63)

12.88

(5.63)

15.60

(9.72)

18.19

(10.85)

18,92

(13.73)

20.01

(13.59)

12,48

(5.69)

15,13

(6-23)

13-97

(7.04)

15.38

(7.23)

10.11

(5.15)

10,68

(4,95)

12.57

(5.57)

12.86

(5-71)

n;c iittd wititility •tiv cikiiLital Jroni tin ofthe error for acli country iiiid iviW; model.

are used). Givcti the obvious numericil .idvant;iu:fs ofthe
linear splines model, we suggest using a multicurve splines
model to estimate credit spread curves.

III. SUMMARY

We have provided empirical evidence that a parsi-
monious procedure that jointly estimates the risk-h"ee term
structure and the credit spread curve is better than tradi-
tional models that obtain the credit spread curve by sub-
tracting the risk-free reference curve from the risky term
structure. Credit spread curves from traditional models are
often S-shaped; such a twisted pattern is regarded as unre-

alistic or irreyular, as it is seen to contradict the implica-
tions of many economic credit risk models.

We extend the framework ot a multicurve cubic
splines model originally suggested by Houweling, Hoek,
and Kleibergen [2001] to cover a multicurve version of
the Svensson-Nelson-Siegel approach. This peer com-
parison provides an additional benchmark and belps us
determine whether the twisted shape of an estimated curve
is an artitact ofthe frinctional form ot the traditional models
or not. The study uses the European Monetary Union
government bond data used in other studies, but the results
should hold for corporate bond markets as well.

Results regarding the smoothness parameter show
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E X H I B I T 1 9

Difjference in Average of Mean Absolute Pricing Error Between Single-Curve and Multicurve Splines Models

Basis poinls

PerL'enl

Germany

0,15

1,44

France

0,41

3,70

Italy

0,26

2,*J4

,'\usiria

1,64

20,79

Nclherlands

0,22

2.31

Btflgiiini

0,36
3,96

PorlLLgal

1,61
10,74

Spain

O.S'J
8,H4

Finland

0,60
)̂,S7

E X H I B I T 20
Difference in Average of Mean Absolute Pricing Error Between Single-Curve and Multicurve Svensson Models

Basis points

PercenI

(icrnianv

-0.19

-I.7M

France

1,84

17,52

Italy

0.01

O.II

Austria

0,32

4,29

Netherlands

0.05

0.58

Be lei uni

1,05

IL6X

Portugal

0,78

4.94

Spain

0.20

I,S7

Finland

0.22

,̂ ,55

impressive evidence th.it the .irtiticial twisted torm ot the
credit spread curves in the single-curve models is corrected
by the niulticun."e models in the overall sample. This tindmu;
is supported by an examination ot the volatility of loga-
rithmic interest rate changes, which remains at virtually the
same level moving Irom a single-curve to a multicurve
model, while the multicurve credit spreads are remarkably
less volatile than under the single-curve tramework.

There is a negligible reductic^n in explanatory power
of the multicurve models, at least measured in absolute
terms. The observed pricing errors ot the more parsi-
monious multicurve models are about the same as the
pricing errors of single-curve models. Given the improve-
ments in smoothness and volatility; this tuiding supports
the hypothesis that the flexible shape ot the single-curve
models is caused exclusively by the functional fortn of
the specittcations. We conclude that multicurve tnodels
are clearly better than single-curve models for the esti-
tnatioti of credit spread curves.

There are inconseqitetitial ditl:erences between tlie
tnulticurve splines tnodel and tlie multicurve Svensson
tnodel. Getierally, the tnulticurve splines tnodel is prefer-
able if pricitig errors are greater, so it is a better choice
except Ul a setting with very small pricitig errors. Giveti
this observation and the obvious numerical advatitages ot
the linear splines tnodei, we suggest itsitig a multicurve
splities model to estitnate credit spread curves.

ENDNOTE

This work is based on a rcscarcli project tutided by the
Austrian National Bank (OcNB—Jiibil.tiinistotidsptx)jekt Nt\
8808).

REFERENCES

I31iss, R.R. 'Tcstitig Term Structure Estimattoit Methods,"
Ailrdiia:< in l-'iiiurvi atul Options Ro'ci/r/i, 9 (1997), pp. 197-232.

Dutllc. !),. atid K. Sitigleton. "Ati Ecotiotnetric Model of the
Term Structure ot Ititerest Swap Yields," foiiriml of l-iiiaiia\ 52
(1997), pp. 12H7-132I.

nulltnatiti, K., and M. Windfuhr. "Credit Spreads Between
(iertiiati and Italian Sovereigti Bonds—Do AtTtne Models
Work?" Caiiadiaii Jourihil of Admiiiistratii'c Sciences, 17 (20(10),

pp. 166-181.

C'lcyer, A., S. Kossnieiet-, :itid S, i^ichlcr. "Measuring System-
atic Risk iti EMU Goveriiment Yield Spreads," Rc\'ii'u'ot I-inana'.
8 (2004), pp. 171-197.

CSreene, W H . Bcononiflric Analy.<i.<. 4th ed, Englewood ClitFs.
NJ: Prentiee-Hall. 2000.

1 louwelitig. I'.,J, Hoek, and F, Kleibergen, "The Joint Esti-
tiiuitioti of Term Structures and Credit Sprt'^ds'' Joimml oj'Hnipir-
ical Finance. 8 (2001). pp. 297-323,

Jatikowitseh, R., H, Mosenbachcr. and S. Pichler. "Measuring
tlie Liquidity Impact on EMU Government Bond Prices."
Working paper, Vietnia Utiiversity ot Ecotiomics atid Business
Admittistratioti, 2003.

Jayrow; R., I). Latido, and S. Turnbitll. "A Markov Model for
the Term Structure of Credit Risk Spreads," Rcvicif of Finan-
cial Stiuiics, 10 (2), (1997), pp. 481-523,

62 PAKSLMONIOUS EsriMAiioN OH CutiDiT S 211(14



Jarrow, R.. Lind S. Turnbull. "Piicitig Ut'rivLicivcs on Fiiianci.il
Securities Subject to Credit M^kk." Joiinid! of Finance. 50 (1)
(1995). pp. 53-85.

Lando, D. "On Cox Proce.sses and Credit Risky Securities."
Review of Derivcitivcs Resamli, 2 (2/3). (1998). pp. 99-120.

Langetieg, T C , and J.S. Stiioot. "Estimation of the Term Struc-
ture of Interest Rates." Resccmh in Fiiiaiicidl Services. 1 (19S9),
pp. 181-222.

Linton, O., E. Maniincn. J.H. Nielsen, and C. Tanggaard. "Yield
Curve Estimation by Kernel Smoothing Methods." journal of'
nconomctru-s, 11)5 (1) (2(101), pp. 185-223.

McCtiUoch. J.H. "Measuring tlie Term Structure of Interest
KdtL^^r Jounuil of Biiiiiicss, 44 (1971). pp. 19-31.

. "The Tax-Adjusted Yield Curve'' Jotinia! oj Finance, M)
(1975), pp. 811-830.

Nelson. C~,.R., and A.F. Siegel. "Parsimonious Modeling of
Yield Curves.">/jn(.;/ of Busitms, 60 (1987). pp. 473-489.

I'oirier. DJ. The Hcononieirics of Structural Change. Amsterdam:
North-Holland Publishing. 1976.

Powell, M.J.D. Approximation 'Theory ami Meihoiis. Cambridge:
C'ambridge University Press, 1981.

Sehaefer, S.M. "Measuring a Tax-Specific Term Structure of
Interest Rates in the Market for British Government Securi-
ties." EconomicJoiiinal. 91 (1981), pp. 415-438.

Steeley. J.M. "Estinuiting the Gilt-Edged Term Structure: Basis
Splines and Confidence \ntCTVik'' Journal of Business, rimuice
and Accotintm^^. IS (4) (1991), pp. 513-529.

Subramanian. K.V. "Term Structure Estimation in Illiquid Mar-
kets." The Journal of fixed Income. 11/1 (2001), pp. 77-86.

Svensson, L.E.O. "EstinKitini; and Interpreting Forward Interest
Rates: Sweden 1992-! 994." Working paper. International Mon-
etary Fund, 1994.

Vasicek, O.A., and H.G. Fong. "Term Structure Modeling
Using Exponential Spline^''Journal of Finatice, 37 (2). (1982),
pp. 339-348.

Tti order reprints of this article, please contact Ajani Malik at

anhilih(a)Jijoiirftals.coni or 212-224-3205.

DF.CRMIIEK 2(.II14 T M E J O U R N A L OF FIXED INCXIMH 6 3




