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T
mditioii.il term structuix- IHOLIL-IS are
unable to fully explain corporate
bond spreads. They iiiiderestiinate
risk premiums ot corporate bonds

and more severely so for higb-gradc bonds (see
Elton et al, | 20n | | and Hiumg and Hnang
|2()()2|). Dtiffee [IW9| and Huang and Ikiang
|2OO2| docimient that historical default rates
for corporate bonds arc significantly lower than
would be implied by their credit spreads.

These findings raise some concern about
the robustness of these term structure models
and specihcally whether there are missing fac-
tors. Common to all these models is that the
ertects ot personal taxes ou bond yields are
assumed away {see. for e.\ample. Das and
Tufano |1996|; Duffie and Singleton |1997,
19991: Jarrow. Lando, and Turnbull [1997]:
and DutTee [I99S, 1999|).

It has long been recognized that models
that ignore taxes cannot hilK' explain bond
prices. Yawitz, Maloney, and Ederingtoii
[1985] and Fons |1987| assume that default
probability is stationary and its conditional dis-
tribution uniform over time. Their implicit
assumption of a buy-and-hold strategy and
omission of the term structure of stochastic
interest rates results in a relatively simple
testable model that relates yields of risky bonds
to three elements: the marginal bondholder's
tax rate, the probability of deRuilt. and the
risk-free interest rate on a government bond
with the same maturity.

t 'on Stan tin ides and higersoll [1984] show

that taxes aftect a bondholder's trading strate-
gies, givmg rise to a timing option value. This
value derives from the bondholder's optimal
realization of capital gains and losses to max-
imize tax benehts. Ignoring tbe value ot this
tax-timing option biases tbe estimation of the
bond yield and the marginal investors tax rate.

While all these findings have enhanced
our understanding of the etTects of taxes on
investors' trading strategies and bond yields,
detluilt risk is not explicitly considered. We
incorporate the etTects of taxes, default, and
trading strategies into the pricing ot corpo-
rate bonds. The primai-y objective is to develop
a more general term structure model of
detaultable bonds that assesses the potential
effects of taxes.

First, we evaluate the effects of taxes on
corporate bond spreads by directly accounting
tor bondholder trading strategies and net
returns. This approach is ditTerent trom tbe
buy-and-hold strategy typically assumed in
studies ot yield spreads. An explicit consider-
ation of investors' optimal trading strategies
allows a more precise assessment of the extent
of the yield spread underestimati(Mi restilting
trom tax omission.

Second, we analyze the impact ot tax
omission on detank rate estimation, an ele-
ment central to bond investment research.
CA)rrect measurement of bond defliult risk is
essential in evaluating firm pertbrmance and
understanding whether investors are fully com-
pensated for the risk they bear. This issue hears
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on the fundamental question ot bond market efficiency.
Acctirate estimates of detiuilt probability arc also impor-
tant tor pricing credit risk derivatives and credit swaps
and more generally tor risk management.

We identit\' three important elements ot tax etTects.
The first element is state taxes. CA)rporate bond returns
are subject to state taxes as well as federal taxes. We find
that state taxes are a key element affecting the yield spread
between corporate and Treasury bonds. State taxes have
more ot an eftect on high-grade bonds than low-grade
bonds. AAA bonds have a very low dcf.iult probability
Therefore, the spread between AAA and Treasury bonds
is more likely due to state taxes. The default premium is
higher for lower-grade bonds, so there is less of an effect
ot' omitting taxes on the total yield spread (in percentage
terms).

The second important element is default-induced tax
liability and rebates. As default probability increases., bond
yield rises, and investor tax liability, including both fed-
eral aiid state taxes, increases. At the same time, the
expected government tax rebate increases as default prob-
ability* increases. The effect of tax liability is partially offset
by the effect of the expected tax rebate. On the other
hand, the default premium rises as default probability
increases. Taken together, the tax premium as a percentage
of yield spread declines. Thus, there is less understate-
ment of spreads due to tax omission (in percentage terms)
tor low-grade bonds.

The third element is the tax-timing option value
derived from the investor's optimal return realization
strategy. When there is no default, ignoring the timing
option value results either in an underestimation of bond
prices or an overestiniation of yields. When there is default.
circumstances become much more complicated. The ertect
of default risk on the timing option value generally
depends on the expected default recovery rate and interest
rate volatility

Our study provides several interesting findings. First,
we find that taxes account for a sizable portion oi the
spread between corporate and Treasury bonds. Term struc-
ture models sbould include taxes in order to help us under-
stand the causes of corporate bond spreads.

Second, the effects of taxes are not linearly additive.
Instead, the tax and default effects are interactive. This
interactive effect cannot be captured by the constant term
in the yield function as some have suggested.'

Finally, neglecting taxes results in an overestiniation
of default probability. When taxes are left out oi the term
structure model, their effects are factored into the default

probability estimate in empirical investigation. The esti-
mation bias increases with maturity and tax rates. As esti-
mates oi default probability are essential tor pricing bonds
and credit risk derivatives, the omission oi taxes may give
rise to substantial errors in pricing these instruments and
testing bond market efficiency.

I. PRICING DEFAULTABLE BONDS
UNDER OPTIMAL TRADING STRATEGY

We derive a pricing model tor detaultable bonds
under an optimal trading strategy'. We first set up a dis-
crete-time model to analyze the term structure of tax-
able coupon bonds with default. The discrete-tinie
example illustrates the fundamental aspect of tax and
detank effects, and serves as the basis for our later numer-
ical simulations. The discrete-time model is then gener-
alized to a continuous-time model.

Corporate bonds are assumed to be non-callable
and have a par value equal to one, a coupon rate V̂ , and
a maturity date 7'. r(t, 7) is the time r price of a corpo-
rate bond maturing at time T^ !. The short-term risk-
free after-tax interest rate is r̂ . There is no transaction cost
for trading either defaultable or default free bonds.

Corporate bonds are subject to default. The default
intensity is A. and the recovery rate is 8. which indicates
the residtial value upon default. Both A and 5 are mea-
surable and non-negative.-

We adopt the recover)" of market value formulation,
which specifies the residual value upon default as a frac-
tion of the survival-contingent market value of the bond
(see Duffie and Singleton [1999]). Our analysis can be
easily extended to either the recovery ot treasury or the
recovery of face value ft)rmulation.'

Interest income and short-term capital gains are
taxed at the ordinary income rate, while long-term gains
are taxed at a lower rate. Let T - T^. + T^{\ - r̂ .) be the
ordinary income tax rate for corporate bond income
where T^ and T^ are the federal and state income tax rates.
To allow for the differential tax treatment of long-term
and short-term gains, we introduce a capital gains (or loss)
tax tunction, OCft , tj, which depends on the purchasing
time !^ and selling time f, of the bond. Specifically, we
have:

a[r.,.t. =
\[ t^, - !^, < one year

if/, - /̂ , > one year (1)
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where 0 < a^. < 1, and tiie t.ix rate is set equal to a i .
Let L{i) be the adjustment due to an amortization

ot tiie premium (or discount) per period. For the linear
amortization rule, the adjustment will be:

(2)

which is a non-zero constant when the purchase price
u{t ^, 7) dirters from the principal with a par value ot one.
The amortization rule in (2) can be extended to other
tbrmulas sucli as the constant-yield method."'

For generality, we add a time indicator to tlie anior-
tizarion variable, L{f), to allow the amortization to be time-
varying. Let B(t + 1) be the basis at time / + /. Then:

Lit (3)

and the initial basis B{t) equals the purchase price t'{l ,̂ T)
at the purchase time t .

Current tax laws grant individual investors an option
to time the realization o\ loss or gain to reduce their tax
burden. Under the optimal trading strategy, an investor has
to decide whether to sell or hold the bond in each period
before maturity, if it does not default. Investors would
choose to optimize the value of a defaultable bond, V,
which may ditler trom the market price ot the bond, v.

For an investor following the optimal trading strategy;
the value ot the defaultable bond in a sale is:

(4)

where B(f, !.^) is the basis, and i^^ is the time of the most
recent trade before current time i. We need a second time
indicator, f̂ , in the basis variable (and also the amortiza-
tion variable L) because the basis is reinitialized each time
a trade occurs.

The second term in the \'alue function (4) is associ-
ated with the tax treatment ot gain or loss from the sale by
accounting tor the amortization. The investors value ot the
bond is higher than the market price if there is a capital loss
to be realized and lower in the case of a capital gain.

The optimization problem faced by an investor
holding the detaultable bond is to maximize the expected
discounted value ot cash i\o\\\ given a probabilit\' ot detault:

where (''(f. 7") is the value tt> the investor trading at time
/ and (.••"̂ (̂  7) is the value to the investor not trading at
time t. i^'{(, 'I) and U^{l, 7) can be expressed as:

t / ' ( / . T) - E ; {[-aT(i'(r. T) - Bit. t,,)) +

(6-A)

( I - T)K- TL(t.t,,]

U(t +

orr,
{B(,+ 1 , / , , ) -

[s[yU+lT)\u^t,T)l

U{i. T) = m:\x{u''{r, L T)} (5)

(6-B)

wiiere 1, , is the indicator function, and I* is the time of
detault. The term aT\i>{t, T) - B{t. fj,)| in Equation (6-A)
represents the capital gains tax when a trade occurs at /.
The investor chooses to maximize (_'at time f. The optimal
trading rule is complex because the action at time / affects
the tiiturc value U(t + 1. T).

We assume the investor buys back the same units of
bonds right atter a sale, and there is no penalty for such
action (see Constantinides and Ingersoll [I984|). The
investor uses any gain from the sale to purchase the bond
and makes up any loss by adding another fund. We con-
centrate on long-term tax-related trading like Constan-
tinides and Ingersoli |1984|. but we incorporate detault
risk in the valuation of the tax tinnng option.

Investors are indiftcrent to holding or selling the
bond if their valuation of the bond is exacdy equal to the
market price:

(7)

The two boundary conditions for the investor's
dynamic programming problem are
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r{r. r ) - i (8)

U(T. T) - I (9)

At maturit\'. both the price and the investor's value
of the bond are equal to the tace value ( - 1). Solving (5)
subject to the botmdary condititins in F.quations (7)-(y)
yields the bond price, the value of the bond to the investor,
and the optimal strategy- tor the realization of capital gains
and losses.

In the continuous-time case, we postulate that short-
term interest rates tbllow a one-factor stochastic process.
dr = ((p- }A\")iii + Gfthi'. where d\v is the increment of
the scalar Wiener process w, 0 — (I, n = 2, and iii = 3/2.^
To simplify the notation, we denote c^as the ptirchase
price of the bond ;'(f ,̂ 7').

The range of interest rates at which the investor's
value ot the bond exceeds the atter-tax proceeds trom the
immediate sale is reterred to as the auitiiimition region (see
C'onstantinides and Ingersoll [19841). In the continuation
region, we can rewrite (5) in a continut)us ditterential
form:

- rU - 0

where A, is assumed to be deterministic. This ditferential
equation represents the atter-tax version of the local expec-
tations hypothesis: the expected atter-tax rate ot return of
the bond equals the atter-tax single-period interest rate
t)ver the interval {t, t + df).

Equation (10) does not have a closed-torm soltition
for bonds with finite maturity, but we can obtain a solu-
tion tor the taxable consol bond. We then derive an
approximate toriniila ot the timing option value tor bonds
W'ith any finite maturity based on the closed-torm solu-
tion tor the constil.

The analysis can be simplified it we assume a buy-
and-hold strategy under which an investor btiys the bond
and holds it until cither maturity or detault. The buy-
and-hold value of the bond to the investor at time f can
be simplitied troni (6-A) and (6-B) as

Uit. T) - E';{e '•[{] - T)K-, - zL{t.t] + U{t +

'[d,yU +\.T} + aT{B{! + \) - 6,y{l

This equation involves the bond values to both the
investor and the market, and it is recursive. To eliminate
the bond value to the investor, we can untold it torward
over the lite ot the bond. This results in a direct dis-
counting ot the future cash tlow:

\it.T]^

n
r l '

. V
• z .

,-1 n[:

5, vi!,.T] + aT{8[!,) - d, v l / , , 7 ) ) ] - T)K, -

n[.

To obtain the value ot zero-coupon bonds, v ^, simply set
K — 0. This formula can be used to estimate the price
under a buy-and-hold strategy tor bonds with the given
maturity.

Timing Option Values for Consol Bonds

Coupon pa\inent is perpetual, and time to maturity
is intinite tor consols. To derive the closed-torm solution
tor tbe tax timing option value, following Constantinides
and Ingersoll |1984], we assume symmetric taxation for
long- and short-term capital gains.''

Under this condition, the pricing tormu!a of the
consol bond is (see Appendix A):

v -
(I - T)K

i\ u " . }J. a. r. A.]
(11)

vvlierc

(//(/-. G\Jt. a. T.

orr

(12)

y/captures the timing option value, ^is the negative root
of a quadratic equation linked to the ditlerential Equation
(A-10) in Appendix A,o=- -^ , ^ = T77 ' '"''•^ ^ ^ ^^''- ^^
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tlic wilue of vohitility ijoes to zero. |^ |gofs to inhinty
and !//()•. a", JJ . (X, T. A) approiichcs zero. Thus. l//"is driven
by the variability ot stochastic interest rates. Tbe second
term in the first set ot brackets measures the interactive
effect of default intensity with stochastic interest rates.
Tliis term lias a negative value {g < 0), suggesting a neg-
ative effect of default risk on the vahie of the tinhng
option. The last term in Equation (12) is associated with
the effect of optimal trading, which has a positive value.

Comparing r in (1 1) to the solution for the default-
tree consol price {E - 0):

V - V.

V , =

(• -.-: (13)

sliows ln)\v the probability ot default at^'cts the consol
price.

On one h.ind. default risk reduces the bond price
in (11) through the default intensity \ ox £ { — \/r). On
the other hand, the combined effect of detiuilt and ta.\es
partially otfsets the price drop (due to default probability)
tbrough (XT{\ — 8)X because the government subsidizes
part of the investor's loss through a tax rebate. As expectecl,
an increase in defluilt probability reduces the bond price.

Note that in the pricing formula tor the detaultable
constjl. the volatilit\' facttir, (T, .\u<\ the dritt, /J, are replaced
by O and /7.' Thus, the default intensity A somewhat
weakens the sensitivity ot the consol price to the volatility
and drift of the short-term interest rate.

Setting the capital gains tax rate associated with trading
to zero ill (II), we obtain the consol price under the buy-
and-hold strategy. This is equivalent to deriving the consol
price in an economy with zero capital gains tax rates because
investors would ne\er pay the capital gains tax:

V,, =
(1 - T)K

+ £ - (7" + 1 +ear
l + d l - g

The value of the timing option of an early realiza-
tion t)f capital losses tor a defaultable consol can be mea-
sured by the difference between the prices under the
optimal trading and the buy-and-hold strategies:

eatg e{\ -

(15)

For the default-free consol, the value of the timing
option can be obtained simply by settnig f to zero:

ax
(16)

where g"' is

<; =

Exhibit I. Panel A. sbows the eftect of the default
intensity (or f = A(l — T)/r, given r) on the value of the
timing option, r- r^^.^ The timing option values are asso-
ciated with ditlerent recovery rates of 0.5, (1.25, and 0 for
the solid, dashed, and dotted curves, respectively. The
higher the recovery rate, the lower the rate of declines in
the timing option value as default intensity' increases.

First, the value of the tax timing option declines with
default intensit\'. A higher default intensity means a lower
probabilit\' t)f sur\'ival for tbe bond. As a result, the prob-
ability of exercising the tax timing option is reduced, and
the timing option value declines with detault intensity".

Second, the recovery rate afFects the rate of reduc-
tions in the timing option value with default intensity.

Exhibit 1, Panel U, shows the effect of the default
probability on the relative value ot the timing option,
(['— f'J / r, where the timing option \'alne is divided by
the bond price r. This is the conventional measure of the
timing option value. Both the bond value i> and the timing
option value decline with detault intensity. Thus, changes
m the relative value ot the timing option with respect to
detault intensity depend on tlie rates of change in the
timing option value and in the bond value r.

As shown in Panel A, when the recovery rate is high,
the timing option value declines less rapidly with default
intensity (and, in tact, it declines less rapidly than r). Tims,
the relative value of timing options increases with default
intensity. Conversely, when tbe reco\'ery rate is low; the
timing option value declines faster than c. As a result, the
relative timing option value declines with default intensity.

In general, the timing option value increases with
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E X H I B I T 1
Timing Option Values

0.1 0.2 0.3 0.4
Ratio of default intenstty to Prtterest rate, ̂

A. Value of Timing Option of the Cnnsol

4.5

3.5

0 0.1 0.2 0.3 0.4
Ratio ot detault intensity to interest rate,f.

B. Relative Value of Timing Opiinn of the Consul

0.5

interest rate volatilit\'. Higher volatility causes more fluc-
tuations in bond price and enhances the chance ot optimal
trading. Similarly, when default intensity is stochastic, the
greater volatility ot dehuilt intensity will cause more fluc-
tuations in bond price and increase the tax timing option
value.

Equation (11) implies that tlic bond yield

hold strategy (see Yawitz. Maloney, and Ederington
[19S5]). The second component of the yield:

, a. r.

( l - r )

This yield tunction can he separated into two com
ponents. The hrst is

{ l - r )

when the recovery rate is zero. This component is equiv
alent to the yield of defaultable bonds under a buy-and

is associated with the tax timing option value. The tax
timing option increases bond price or reduces yield.

Adjusting Timing Option Value
for Finite-Maturity Zeros

Most bonds have a finite maturity, so it is necessary
to adjust for the effect of the difference in maturit\' on the
timing option value. For a consol bond, because the tuning
option value per period, >S, is not a function ot time, the
total option value can be expressed as;
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r - an
I

Using (1 5), we have

(18)

5 =

1 +
e)(\ -

(19)

where f/is defined in Equation (A-9) in Appendix A.
The ratio of the value of a finite-mattirity^ bond com-

pared to its buy-and-hold equivalent can be expressed as

(.-''}

Jarrow. Lando, and Turnbnil 11997|; and DutTee | ]999|).
Estimates of the default parameter would thus be biased,
because the effect of taxes is not a constant term that can
be absorbed by the intercept of the regression model.

To assess the potential bias in deducing the detault
probability from bond yields, we conduct a simulation
analysis. We generate a sample of simulated prices ot
defaultable bonds with known detault probability, recovery
rate, tax rate, and interest rate from the discrete-time
model that accounts for both tax and default effects. At
maturity the ex-coupon bond is priced at par, which
equals unity. The bond price and its value to the investor
at any time prior to maturity can then be obtained through
dynamic programming.

Using these simulated prices, we examine errors in
estimating default probability when taxes are ignored.
The parameter of default probability is calculated from a
model that assumes no taxes. Under this restriction, (5)
becomes:

where T) - E';{e-\K, + UU + 1, T)\\ - A,]} +

du

Using Equations (18)-(2(t), we can estimate the timing
option value for bonds with any maturity'. We can calcu-
late the price under the buy-and-hold strategy v^p. T).
The bond price under the optimal trading strategy i'(f. 7)
will be equal to /(/, T)- vM, 1). We use this method to
estimate the price and the corporate-Treasury spread
below.

II. IMPLICATIONS FOR
EMPIRICAL INVESTIGATION

We have shown that bond pricing ignoring taxes is
markedly different from pricing including the tax effects.
To explore the implications of these effects, we first examine
the impact of pricing errors on the estimation of default
probability. Then we examine the effects ot taxes OTI the
yield spreads of corporate bonds in ditferent rating classes.

Effect of Ignoring Taxes on
Estimation of Default Probability

Authors have often assumed away tax effects in
deducing the default probability from bond yields (e.g..

(21)

where X. is the default probability per period, and tax rates
are forced to zero. The investors value function and bond
price satisfy' conditions as follows:

V(T.T)= 1

(22)

Given a bond price from the simulated sample,
numerical iterations are performed to obtain the value of
the default probability as if there were no taxes. Since our
price data are simulated and therefore not subject to
random errors, we need only a coupon bond to solve for
an unknown detault probability, given the values of 5,
coupon rate K. interest rate r, and maturity T.

Exhibit 2 reports the numerical estimates of defiuilt
probability for bonds with different maturities (in years)
and tax rates (t) but with identical interest rates (r), default
probability (?L), and capital gain tax rate factor {a). We
examine three scenarios with the true T \— T"̂. + T̂ -(l -
r^)| equal to 15%, 30%^ and 50%). The values of the under-
lying true parameters are 5 - 0.3, a - 0.5, r - 0.1, V -
0.14, and > . - 0.05."

When taxes are ignored, the default probability is
generally overestimated, and this upward bias increases with
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E X H I B I T 2
Estimates of Default Probability When Taxes
are Ignored: Multiple Tax Rates

T = 0.15 z=OJ T=0.5

Maturity Estimated Values
A

Estimated Values
A

Estimated Values
A

1
2
3
4
5
6
7
8
9

10
11
12
13
14
15

0.05341
0-05342
0,05343
(t. 05344
0.05345
0.05347
0.05348
0.05349
0.05351
0.05352
0.05353
0.05355
0.05356
0.05357
0.05359

0.05751
0-05755
0-05760
0.05765
0.05771
0.05776
0.057S2
0.05788
0.05794
0.05800
0.05806
0.05812
0.05S18
0.05823
0.05829

0.06445
0.06463
0.06483
0-06505
0.06526
0.06549
0.06572
0.06594
0.06617
0.06640
0.06662
0.06685
0.06706
0.06728
0.06748

d = O-.f. a - 0.5. r^ O.t. K^ 0. 14. and the tnic A = 0.05.

E X H I B I T 3
Estimates of Default Probability When Taxes
are Ignored: Multiple Default Rates

Maturily

1
2
3
4
5
6
7
8
9

10
11
12
13
14
15

r - O.i. a

Trut; Viikies
K = 0.//

A = 0,02
Estimated Values

A
0.02191
0.02193
0.02197
0.02201
0.02205
0.022 to
0.02215
0.02220
0.02224
0.02230
0-02235
0.02241
0.02246
0.02251
0.02257

- 0.5. r = O.I. ,uui

True Values
K=O.I4

A - 0.05
Estimated Values

A
0.05751
0.05755
0.05760
0.05765
0.05771
0.05776
0.05782
O.O57SK
0.05794
0.05 8(XJ
0.0.'S8()6
0.05812
0-05818
O.(t5823
0.05829

d^O.,l

True Values
K=0.19

X^O.I
Estimated Values

A
0.1161
0.1161
0.1162
0.1163
0.1164
0.1165
0.1165
0.1166
0.1167
0.1168
0.1169
0-1169
0.1170
0.1170
0.1171

maturity and tax rates. On average, the errors are about
7%, 16%, and 32% when the tax rates are equal to 15%,
30%, and 50%, respectively. Taxes reduce the bond value
to investors. When taxes are ignored, their effect is tac-
tored into the estimated defiuilt parameter. The higher the
tax rate, the greater the bias in default probability estimates.

Next, we allow the true default probability to

change. We set the true X values of the bonds equal to
0.02, (1.05, and 0.10 jnd the eorrespondirig coupon rates
/f equal to 0.11, 0.14, and 0.19. ExJnbit 3 reports the
numerical estimates of default probability for these three
scenarios. The remaining parameters are T- 0.3, 5= 0.3.
and values ot Of and rtlie same as in Exhibit 2.

The default pr(.)bability estimates are again biased
upward. The bias increases with both maturity and the true
(unobserved) default risk. On average, the error ranges
from 10%) (low A) to 17% (high I).

The resLilts in Exhibits 2 and 3 explain why pre-
vious research ignoring taxes often overestimates default
probability'. I )ut}ee 11999\, for example, indicates that Ins
estimates of default probability appear to be too high,
according to a detaultable bond model with no taxes. This
finding is consistent with our simulation results.

Estimating Term Structure Model with Taxes

To examine the effects of taxes on yield spread esti-
mation, we first consider bonds priced at par. From (20),
the values of corporate and Treasury bonds can be
expressed as

- /"• ' • ( / . T)U'K"'v'::"{t. s)cis + v'::"{t. T ) \ (23)

The superscripts coy and m' denote corporate and Trea-
stiry bonds, and the tax rate r is implicitly incorporated
in ('̂ (f. T), which is the 7ero-coupon bond price under
the buy-aiid-hold strateg>'. The term_/(/. 7) is the relative
price factor tised to acijnst the bond value to that under
the optimal trading strategy [see Equation (20)|.

Since the coupon rate is equal to the yield for par
bonds—that is, Y"" — K"'' and Y'"'' = K'"—-the corporate-
Treasury yield spread can be expressed as:

T) /, T)

(24)

This model can be used to estimate the yield spread given
the values of the underlying parameters.'"

The first important parameter is the detault proba-
bility. Following the procedure in Flton et al. |2001], we
obtain the estimate of default probability tVom the Stan-
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darJ (̂  I'lKirs transition matrix. Exliibit 4 shows the evo-
lution of these defiUilt probabihties. We also use the
recovery rates reported by Altnian and Kishore 11 V9f |̂."

We assume the state tax rate is 7.5% and the federal
income tax rate is 35.0%. This gives an effective state tax
rate ot about A.^)"A> tor corporate bonds, wliich is equal
to the averai^e rate suggested by Elton et al. |2()()1]. The
capital gains tax parameter a is set to 11.5. The parameters
(JJ and d) of interest rate process, r. are estimated from
short-term Treasury rates (fT= 0.04 and /J = (I).

We use the yield data of Treasuries and corporate
bond indexes from jamuiry 2001 to February 2004 for
empirical estimation. The Treasury data consist ot rates
tor maturities ot 1,2, 3, 5, tO, and 30 years. To partially
abstract from the effects of liquidity risk, we use the swap
rate data over the same period to estimate the liquidity pre-
mium. Swap data provide the one-year LIBOR and swap
rates tor maturities of 2. 3. 5, 10, and 30 years. The one-
month Treasin-y bill rates are used as a proxy for short
rates. All data are montbly.

Treasury bond, corporate bond indexes (BB to AA),
and swap data are obtained from Lehman's database. One-
month Treasury rates are obtained trom the database of
the Federal Reser\'e Bank ot St. Louis.

Since index bond yields represent par rates, they can
be expressed as an explicit function of the value (or dis-
count tactor) of zero-coupon btjnds. Denote Vas tbe par
rate and Oas the discoinit tactor. Then, we have the rela-
tionship {see also DutFie and Singleton |1997|):

E X H I B I T 4
Evolution of Default Probabilities

Y = 2
1 - D.

l A .
(25)

Civen a yield curve, we can calculate the spot rates
associated with the discount factor using a standard non-
linear optimization techniL|ue.

We use tbe method proposed by Nelson and Siegel
11987] to estimate spot rates.'- Details ot this estimation
procedure are explained in Appendix B. Tbe yield spread
IS the ditlerence between tbe spot rate of corporate bonds
in a particular rating class and that of tbe Treasury bond
with the same maturity. We estimate the spot rates with
maturities up to 20 years trom the data.

An additional complication involved in estimating
tbe components ot spreads is that the extreme liquidity
of Treasury securities makes their yields much lower than

Year
1
2
3
4
S
6
7
8
9

10
11
12
13
14
15
16
17
18
19
20

Source:

AAA
0.000
0.002
0.007
0.013
0.022
0.032
0.045
0.059
0.075
0.093
0.112
0.132
0.154
0.176
0.200
0-225
0.250
0.276
0.302
0.329

AA
0.000
0.017
0.037
0.061
0.087
0.115
0.145
0.177
0.210
0.243
0.278
0.313
0.348
0.3X3
0419
0.453
0.4SH
0.521
0.554
0.586

A
0.103
0.154
0.204
0.254
0.305
0.355
0.406
0.457
0.506
0.554
0.600
0.644
0.686
0.726
0.763
0.797
0.830
0.860
0.888
0.913

EUoiiciiii 12001 j .

BBB
0.212
0.350
0.493
0.632
0.761
0.879
0.983

.075

.153

.221

.277

.325

.363

.395

.419

.4.19

.453

.464

.47!

.475

BB
.209
.754

..147

..424

..612

..733

..804

..836
_.84O
..822
..790
>.746
^695
^639
^581
^52O
2.460
^4(K)
134\
1.2M

B
5.902
6.253
6.318
6.220
6.031
5.795
5.540
5.280
5.025
4.780
4.548
4.330
4.125
3.9."̂ 4
3.756
3.591
3.436
3.292
3.158
3.033

ccc
22.526
18.649
15.171
12.285
10.03!
H3}9
7.095
6.182
5.506
4.993
4.594
4.272
4.006
3.780
3.583
3.408
3.252
3.109
2.979
2.860

Other rates {e.g.. swap rates). Longstaff [2004| shows that
Treasury bonds can include a signiticant tiight-to-Iiquidity
premium, which in some cases can represent as much as
10% to 15%) of tbe value of the Treasury bond.

Duffie and Singleton 11997| propose an econometric
model of the swap yield that assumes the detault- and
liquidity-adjusted short rate process is a linear combina-
tion of independent square root diffusion processes. They
focus on the swap rate itself, instead of the decomposi-
tion of default and liquidity premiums.

Liu, Longstatf, and M.indell |20()2j dectmipose the
swap spread into liquidity- and detault risk components.
They find that the liquidity premium is volatile, and most
of the variations in swap spreads are attributable to changes
in the relative liquidit\' ot swaps and Treasury bonds. They
conclude that it there are credit premiums embedded in
swap spreads, they should be interpreted as primarily li-
quidity premiums. They also suggest that higher swap
spreads recently observed in the financial markets are
largely due to increased liquidity of Treasury securities.
Because liquidity is volatile, one needs to estimate tbe
recent liquidit\' premium trom current market data.

To partially abstract from the effect of liquidity, we
estimate the liquidity premium implied by the swap-Trea-
sury yield spread.'^ Like Liu, Longstaff, and Mandell
|2002|, we iiKidcl swap yields using a four-factor affiiie
term structure framework. The first three factors are the
state variables associated with riskless rates, and the fcnirth
f'actor represents the dynamics ot the swap spread. Instead
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E X H I B I T 5
spot Rates

6.0
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^..^^^^^ Treasury + default * lax spread
Treasufy + default spread
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" " " * • • — Treasury-<-default + tan spread
Treasury + default spread
Treasury
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C. BBB Bonds

10 12
Maturity (Years)

14 16 16 20 10 12

Maturity (Years)

14 16 18 20

1). Bit Bonds

of using the Vasicek process, we assume that the dynamics
of the four factors follow a square-root process:

for / - I. 2, 3. 4 (26)

where K . ^ .. aud CT . arc constants, and the dZ'. are inde-
s r .-.I •! I.I

pendent Brownian motions (see DutTie and S
|1997|). Under the equivalent martingale measure, these
processes can be represented as:

(27)

where the dZ' are independent Brownian motions, and
77.. is the market price ot risk associated with f/Z; .̂

We estimate the state variables and the parameters of

the four-factor affine model jointly using the Kalinan
method (see Duffee |1999| and Jarrow et al. [2003]). To
estimate the recent liquidity premium, we fit monthly data
for one-year LIBOR, swaps with maturities of 2, 3, 5, 10.
and 30 years, and Treasuries ot 1, 2. 3, 5. 10, and 30 years
jointly over the period of January 2001 to February 2004.

The Kalman filter model tits the data extremely well;
the average mean percentage error is only about 3.21%.
We obtain estimates of the implied swap spread and the
liquidity component ot the swap spread from the esti-
mated model parameters using a procedure similar to Liu,
LongstatT, arid Mandell [2002].'^ The estimated liquidity
premium h then added to the detault and tax premiums
estimated from our term structure model including taxes
to explain observed corporate-Treasury spreads.

We obtain the spread estimates for AA. A, BBB, and
BB bonds. Exhibit 5 plots the estimated spreads with and
without taxes along with the spot yield curves of corpo-
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rate .iiid Treasury bonds in February 2004. Taxes clearly
explain a substantial portion ot the yield spread, so adding
taxes to tlic term structure model increases its explanatory
power considerably. Ignoring taxes results in substantial
underestimation of spreads. The tax spread in percentage
terms is higher for higher-grade bonds.

Exhibit 6 summarizes the components of the spread
estimated by the model for ditTerent bond ratings. The tax
premium ranges from 27.6% for BB bonds to 59.4% for
AA bonds. Personal taxes explain a higher percentage of
the observed spread than default risk does for AA, A, and
BBB bonds. For BB bonds, the default risk premium is
higher than the tax premium. This is not surprising, given
that detault risk is relatively higb for low-grade bonds. Con-
sistent with the findings of Elton et al. [2()01| and Huang
and Huang [2002], the default premium appears to account
for only a small proportion ot the yield spreads for high-grade
bonds.

The liquidity preniuim as a percentage of the corpo-
rate-Treasury spread is relatively high for high-grade bonds.
For high-grade bonds (e.g., AA), default risk is negligible,
so the combined tax and liquidity' effects explain most of
the yield spread. For BB bonds, the combined tax and liq-
uidity premium in percentage ot the yield spread is smaller,
partly because the default preniiuin is larger.

E X H I B I T 6
Estimates of Corporate-Treasury Spread Components

Rating
AA
A
BBB
BB

Default
Premium

11.4%
20.7%
26.9%
45.2%

Tax
Premium

59.4%
45.9%
28.1%
27.6%

Liquidity
Premium

19.0%
13.0%
6.5%
4.0%

Total Spread
(bp)

54
77

148
244

E X H I B I T 7
Estimates of Tax Premium Using Approximate Formulas

Rating

AA

A

HBB

BB

r,(l-

34
23
12
7

7%
.8%
0%
3%

rs-d-
39
28
16
12

,6%
.77r
.8%
.1%

rs
60
44
25
18

9%
2%
9%
7%

Buy-and-Hold
Formula
62,0%
47.3%
28.6%
21.6%

T^{\ — Tj.) V"" because it takes into account the increase in
the federal income tax liability due to an increase in cor-
porate yield to compensate for the state tax burden.

The easiest way to see this is to rewrite T^Y'"' as

Approximation Formulas for Tax Premium

The formula derived from the flill model for esti-
mating the tax premium is complex, and it would be better
to have a simple approximation to calculate tax spreads. We
compare the performance of several approximate formulas.

The first formula we consider is r̂ {1 — Ti)Y'"\ where
T̂ , is the marginal state tax rate, r̂ - is the marginal federal
tax rate, and V" is the yield ot a Treasury bond with the
same maturity as the corporate bond. This formula esti-
mates the effect of state taxes on the corporate bond spread
based on the Treasury bond yield Y'"'. The second for-
mula is r^.(l - r,,)y"", where V"" replaces Y'"' in the first
formula. The first formula r,̂ .(1 — Z,)Y"'' may underesti-
mate the tax efiect since in reality state taxes are applied
to corporate bond returns instead of Treasury bond
returns. The second formula accounts for this difTerence.

The third formula considered is the state income
tax rate multiplied by the corporate bond yield, r̂ .V''"".
This is a simplified version of a tax spread formula derived
from a single-period discount model {derivation available
on request). This formula may provide a better approxi-
mation of the tax spread than the second formula

An increase in corporate bond returns by an amount of
TJ\ ~ Ti-)Y'"' over Treasury is not sutHcient to cover an
investors additional tax liability, because the incremental
return, r .̂(l — Tj^Y'"', is also subject to the federal tax. To
be fully compensated, the investor should require an
increase in reairns by t^Y"'\ which is equ;il to r^{l - Tj^Y'"'
mfiated by 1/(1 - T̂ ,,).'

We also use tlie consol formula under the buy-and-
bold yield model [the first component of (17)]:

where T = r, + r^(l - r^.), and

T
IP

is the average default probability. The after-tax yield of the
Treasury bond with the same maturity as the corporate
bond is used for r to take the maturity effect into account.

To calculate tiie tax spread, we first estimate corpo-
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rate bond yield tn^ii this tormula. We then force the tax
rate (l) to zero to estimate another yield witliout taxes.
The difference between the first estimate with tiixes and the
second estimate without taxes represents the tax premium.

Exhibit 7 summarizes the estimates of tax premium
using these tour simple formulas. The results show that
the first and second formulas substantially underestimate
the tax premium. The underestimation bias is more serious
tor the first formula 1̂ .(1 - I,,) V". The third formula T̂ V"'"'
performs better than the first two formulas, althougli it
tends to underestimate the tax premiums tor lower-grade
bonds compared to the estimates by the tliU model in
Exhibit 6 (Column 2).

Einally, the last formula

/- + (l-ar)(l -S)X

generates higher estimates of tax premium than those esti-
mated by the third formula. C-ompared to the full model,
this tormula tends to overestimate the tax premium, par-
tictilarly for high-grade bonds. This phenomenon is as
expected, because the buy-and-hold formula ignores the
tax timing option value, which is higher for high-grade
bonds. The timing option value has a positive impact on
bond price and a negative impact on bond yield. Ignoring
this value leads to an overestimatit)n t)f tax spread.

Overall, the pertbrmance of the approximate for-
mulas varies. Eor higher-grade bonds, T^Y''"' does a better
job of capturing the tax effect t)n spreads, while for lower-
grade bonds, the buy-and-hold tormula appears to be the
better choice.

results in a substantial underestimation ot the spread between
corporate and Treasury bonds. The estimation bias is higher
for high-grade bonds than for low-grade bonds. Estimating
the liquidity premium from the swap-Treasury spread, we
find that the liquidity premium in percentage of yield
spreads can be fairly high tor high-grade bonds.

Einally, we compare our estimates of tax premium
using the full model with those estimated by approximate
formulas. Some of these approximate formulas can provide
quite reast)nable estimates of the tax premitims embedded
in corporate bond spreads if they are used carefully.

APPENDIX A

Pricing of Defaultable Consol Bonds

To include tax and volatility parameters in the pricing of
consols, we assume that

HK
(A-1)

where H is the adjiistuit'iit factor that takes / j . (j. T. a, and 3
into account in the hoiid pricing, fl :\nd (Tare drift .ind volatility
parameters in rhe st<ichastic interest rate process (see also C~on-
st.intinides and Iiigersoll

r^ l.tr\lt + Gr'-dw (A-2)

In the c o n t n u i a t i o n r eg ion , Kqua t ion (21) CiUi he

rewri t ten as

III. CONCLUSIONS

We Iiave examined the effects of personal taxes on
the pricing and default risk estimation of detaultable bonds
by accounting tor in\estc5rs' trading strategy. We find that
a pricing model that does not consider taxes can yield
markedly ditTerent results from one including tax effects.
Neglecting to account for tax effects may result in sub-
stantial estimation errors for the default parameter because
tax effects are factoreci into the defatilt probability' estimate.
Estimation errors are positively related to maturit\', bond
risk, and tax rates. Eailure to account for these tax effects
results 111 an upward-biased estimation of default risk,
wiiich could seriously afTect the pricing of defaultable
bonds and credit risk derivatives.

What is more important, we show tiiat ignoring taxes

or or

- r J - - rU = 0 (A-3)

The boundary conditions are:

^ = 0 -

(A-4)

(A-5)
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lim = 0 (A-6)
\fi, a, r,

The condition in (A-6) indicates that the purchase price, f ,
has a negligible effect on the investor's value function when
the current bond price i' is much higher than the purchase price
I'j. Using (A-t), we have:

:

= 0 (A-7)

where E= X/r. Assume that f is constant, and Jet

a 1 +£
(A-8)

We then have the ditTerential equation tor .i dctaultahle
consol:

- ax) = 0

We can solve for H\

H =

(l + £- o' +;/)

where ^ is the negative root ot the qiiadratie equation:

- 0

Substituting H into (A-1), we obtain the hond price

(\-T)K

ar ear c
+

] + e- o' + ft)

En.]Liation (A-t 1) can be rewritten as:

- e{\ - aT)5>r

(A-11)

where

y/{r. o'.^. a. r. A)

ax-.

For a constant interest rate, O"' and jU are zero, and ^ goes to
infinity,

tt can be shown that the investors value of t!ie detault-
ahle consol hond is:

U = V v>v

eax

' +^1, Vr) j (A-12)

We can identit '̂ the effect of defnilt on the investor's val-
uation of the hond hy comparing (A-12) tt) the value ot the
detault-free consol hond (see Constantinides and Ingersoll

ax
{A-1

The investor's value ot the default-tree consol, (.',, is greater
than the value of the defaultable counterpart, U. Intuitively, the
event of default interrupts any plan for deferring the capital
gains tax. The higher the prohability of default, the shorter the
horizon for deferring the investor's capital gains taxes, and hence
the lower the value of tax deferment (in dollar terms).

APPENDIX B

Estimation of Spot Rates

Using the Nelson and Sicgel | 19S7) methodology, we fit
Equations (B-1) Co (U-3) below to the yield data of corporate
hond index for a given risk class to ohtaiii the spot rate at any
time. Let:
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and

r[i. a,, ct,. «-,.

{a^ + a-,}
1 -e'

(B-;

where D{-) is tbe present value as of current time 1) for a pay-
ment that will be received r periods m tbe future. r{-) is tbe spot
rate at time (1 for a payment to be received at time f, and a,,,
ftp a,, and 0̂ 3 are parameters of tbe Nelson-Siegel model.

The bond yield can be written as a function of the spot
rate:

r - 2
1 - D(T, a,,, a,, â , a,)

; = 0
. a^.

(B-3)

where Y is tbe yield of a par bond, and 2T is the TUimber of
semiannual coupon payments. The parameters a,̂ , a^, «-,, and
a^ can be estimated from corporate bond yields using the model
in {B-3). Following this, the spot rate can be readily calculated
from {B-2). We fit Equation (B-3) to AA. A, BBB, and BB
index yields obtained from Lehman Brothers' database from
January 2001 to February 2004.

ENDNOTES

The authors thank Robert Dammon, Richard Green.
Cbeng-Few Lee, Haitao Li. Neil Pearson, Lemma Senbet. Ken-
neth Singleton, Charles Trzcinka, and Raja Velu for helpful
comments. An earlier version of this article was presented at tbe
2U02 WFA meetings and the 2001 Conference on Financial
Economics and Accounting.

'See, for example. OufTee |1999j.
-Bond prices are affected by tbe default process. Tbe dis-

continuity in security price changes upon default has often
been modeled as a Poisson process (Merton [1971, 1975, 1976];
Jarrow and Rosenfeld [1984]; Jarrow and Madan [1995[), or
more generally by a point process ([arrow and TurnbuU [ 1995];
Duffie and Singleton [1999].

^Tbe former specifies the bond residual value as a frac-
tion of the price at the time of default of an otherwise equiv-
alent default-free bond (see Jarrow and Turnbull [1995]), and
the latter formulates it as a fraction of tbe hce value of the bond
(see Brennan and Schwartz [19S0]; DufYee [1998]).

•'Amortization rules vary by bond issue date. For example,
for bonds issued after September 27. 1985. tbe tax code requires
tbe use of tbe constant-yield method.

^Vasicek's [1977] model of tbe term structure assumes ii
- 1 and III = 0. Cox, Ingersoll, and Ross [1985] assume /i = 1

and HI - 1/2, Constantinides and Ingersoll [1984] assume )/ -
2 and m = 3/2.

'Tbis assumption is quite reasonable if dealers are tbe mar-
ginal investors. Careen [1993] has suggested that dealers are likely
to dominate the market and become the marginal investors. The
assumption of symmetne tax rates renders the value of the consol
bond independent of the investor's holding period. Tbe time-
independence of tbe bond valuation allows us to derive an ana-
lytical solution for (./and v. Tbe issue of premium (discount)
amortization is not relevant in the case of consoi bonds.

It should be nt)ted tbat tbe volatility of the interest rate
is not (7, but (Tr' -.

"More precisely, we measure the eflect otE = X{\ - t)r
on tbe timing option value.

'These parameter values (except default) are set close to
those in Constantinides and Ingersoll [1984[ for comparison.

"These yield spreads based on yield to maturity are then
converted into yield spreads based on spot rates.

"Tbe recovery rates are 68.34 (AAA), 59.59 (AA). 60.63
(A), 49.42 (BBB), 39.05 (BB), 37.54 (B), and 38.02 (CCC).

'"Elton et ;il. [2001] use the same method tor spot rate
estimation.

'Thanks to Stanley Kon for this suggestion.
'^We take tbe Liu, Longstaff, and Mandcll [2002] mean

ratio of liquidity to default premium (29.3%) to adjust the swap
spread to come up with the liquidity spread.

REFERENCES

Altman, E.I., and V.M. Kishore. "Defaults and l^eturns on
Higb Yield IJonds: Analysis Through 1997." Working paper,
NYU Salomon C:enter, 1998.

Brennan, M., and E. Scbwartz, "Analyzing Convertible
Bonds." lournat of Fiiiiiticial and Quaiilihuit'c Analysis, 15 (1980),
pp. 907-929.

Coustancinides, CI.M., aiidj.E. Ingersoll. Jr. "Optima! Bond
Trading witb Personal Taxes."_/(iiin/ii/ ofl'iiiandal Economics, 13
(1984), pp. 299-335.

Cox,J.C., J.E. Ingersoll. and S,A, Ross. "A Theory of tbe Term
Structure of Interest Rates." HcoiioiiiciriCih 53 (1985), pp. 385-407.

Das, S.R., and P. Tufano. "Pricing C~redit Sensitive Debt when
Interest Rates, Oed i t Ratings and C-redit Spreads arc Sto-
chastic." Jofiniij/I'/Hntiiin'd/iffi^iji'jia'mi^', 5 (1996), pp. 161-198.

84 KlSK, AND (":Ri.nn Sl'!l.t.'M)S

Duffee, G. "Estimating the Price of Default Risk." Rei'iew of
Bimucial Studies. 12 (1999), pp. 197-226.

. "The Relation between Treasury Yields and Corporate
Bond Yield Spreads.">(nM/ oJFiimme, 53 (1998), pp. 2225-2242.

20(14



Duffie, 1.x, .iiid K. Sintilcton, "An Econometric Model of the
Term Structure of Interest Rate Swap Y\c\d^." Journal of h'iiiiiiia:
52 (1997), pp. 1287-1321,

. "Modeling Term Structures of Defaultable iionds." Remeii'
ofPiihvidal Studies. 12 (1999). pp. 687-720.

Elton, J.E., M.J. Ciruber, D. Agrawal. and C. Mann. "Explaining
the Rate Spread on Corporate Bonds." joimial of Fiuaiice, 56
(20(11). pp. 247-277.

Fons, J,S, "The Default Premium and Corporate liond Expe-
rience." Jounjn/ of Fiihina: 42 (19S7). pp, 81-97.

Green. R.C",. "A Simple Model of the Taxable and Tax-Exempt
Yield Curves." Rcviar of huhwdal Studies, 6 (1993). pp. 233-264.

Huang. J,. and M. Huang. "How MuL'h of the Corporate-
Treasury Yield Spread is Due to Credit Risk?: A New C'ali-
bratioii Approach." Working paper, Stanford University, 2002.

Jarrow. R.A., I), Lando, and S.M. Turnbull. "A Markov Model
tor the Term Structure ot Credit Risk Spreads." Review of hiinm-
cia! Snidics, li) (1997), pp. 481-523.

Jarro\\. R.A.. H. Li, S. Liu. and C. Wu, "Valuing Callable Bonds
111 a Reduced Eorni Model Usiiig a Call Intensity' Process."
Working paper, Cornell University, 2003.

Jarrow, R.A., and i), Madan. "Option Pricing Using the Term
Structure ot hiterest Rates to Hedge Systematic Discontinuities
in Asset Returns." Mathematical Finance, 5 (1995). pp, 311-336.

Jarrow, R.A., and E. Rosenfeld. "Jump Risks and the Intertem-
poral Capital Asset Vncm^Modc\" Journal of Bminesi, 57 (1984),
pp. 337-351,

Jarrow. R.A., and S.M. Turnbull. "Pricing l^erivatives on Finan-
cial Securities Subject to Oedi t Risk." loiirihil of Fituuice, 50
(1995), pp. 53-85.

Liu, J.. EA. Longstaff, and R.E. Mandell, "The Market Price
of Credit l^isk: An Empirical Analysis of Interest Rate Swap
Spreads." Working paper. UCLA. 2002.

LongstafF, E "The Flight-to-Liquidity Premium in U.S. Trea-
sury Bond Prices."_/i>i(n(ii/ of Business. 77 (2004). pp, 511-526.

Merton, R.C. "An Asymptotic Theory of Growth Under
Uncertainty." Review of Eamomic Studies, 42 (1975), pp, 375-393,

. "OptiTiium Consumption and Portfolio Rules in a Con-
tinuous-Time Modc\." Journal of Economic 'Theory, 39 (1971),
pp. 374-413.

. "Option Pricing w hen Underlying Stock Returns are Dis-
continuous." journal of Financial Economics, 3 (1976), pp. ! 25-144.

Nelson, R., and H Siegel. "Parsimonious Modeling of Yieid
Curves.">((n;<r/ of Busuiess. 60 (1987), pp, 473-489.

V.isicek, O. "An Equilibrium Characterization of the Term
StruciuTc'\}ouinid of Financial Economics, 5 (1977}. pp. 177-1S8.

Yawitz,J.B.. KJ. Mdloney, and L.H. Ederington. "Taxes, Default
Risk and Yield Spreads ."Jawraa/ of Finance, 40 (1985), pp. 1127-
1140.

To order reprints of this article, please contact AJani Malik at

an]alik(ci),iijouriiah.coiii or 2 12-224-3205.

SLIMLMIil-.k 211(14 T H E J O U K N A L 85




