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¢ have made tremendous pro-

gress in the past 20 years in

developing interest rate models

that exhibit arbitrage-free
movements. Many interest rate models have
been proposed to value interest rate-contin-
gent claims. These models are widely used in
practice, such as in pnrrﬂ)liu management,
trading, and risk management.

A closed-form binomial model is one
popular class of interest rate models. The Ho-
Lee [1986] and Hull-White [1990] models are
examples. These models are simple to 1imple-
ment and can be used for a broad range of
applications. They provide a closed-form solu-
tion for the entire discount function at each
node point of the binomial lattice. Such
closed-form solutions enable us to value
interest rate-contingent claims at any future
tune and state of the binonual lattice, and to
value securities whose payofts depend on the
prevailing term structure of interest rates with
significant computational efficiency.

So far the closed-form binomial models
are all one-factor models. They assume that all
interest rates are mstantancously perfectly cor-
related, allowing the vield curve only one degree
of freedom of movement, moving up or down.
Such an assumption is inconsistent with empir-
ical observations, which have shown that most
yield curve movements are explained by three
principal movements: parallel, steepening, and
curvature. Litterman and Scheinkman [1991]

describe these movements.
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The use of mulufactor interest rate
models 1s important because one-factor models
may erroneously misstate the value of many
interest rate-contingent claims. Consider a
callable bond. Suppose that the time to expi-
ration of the call provision 1s short relative to
the underlving bond maturity. A one-factor
model would overstate the correlation between
the stochastic bond price at expiration of the
option and the short-term interest rates used
to determine the present value of the option
payoft. As a result, the one-factor model would
tend to discount the payment when the bond
is called at a rate lower than is appropriate and
overstate the option value.

Similarly, a constant-maturity swap pays
a T-period bond rate in exchange for a short-
term rate. An erroneous assumption of per-
fect correlation between the T-period bond
rate and the short-term rate would affect the
convexity value of the swap.

A spread option 15 an option on the
spread between two interest rates. A one-factor
model would significantly understate the spread
option value.

Mulufactor models are also important in
valuing many non-marketable balance sheet
items such as demand deposits, where the bank
rate depends on the stochastic yield curve
shape, and single-premium deferred annuities
whose interest payments depend on the insur-
er’s investment returns. Detailed descriptions
of such balance sheet items can be found in Ho
and Lee [2004].
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A multifactor closed-form interest rate model can
also improve calibration procedures for interest rate models.
Specifically, the interest rate model can be calibrated to a
broader set of benchmark securities beyond caps and floors,
to also include swaptions of different tenors and option
expirations. Using a broader set of benchmark securities
for calibration, the interest rate model can better deter-
mine the relative value of any contingent claims.

More generally, when an interest rate model can be
effectively calibrated to options with early exercise, any
contingent claim can be valued relative to a broad range
of possible hedging instruments. This is what our pro-
posed model can achieve.

Our multifactor closed-form binomial interest rate
model extends the Ho-Lee model [1986, 2004]. The yield
curve movements are based on the yield curve move-
ments implied by the benchmark securities market prices.
The mean reversion process of the interest rates 15 deduced
from the term structure of volatilities, which is calibrated
from the benchmark securities. This approach differs from
the Brennan and Schwartz model [1982] whose factors
are based on short rates and long rates, where the short
rate is assumed to mean-revert to the long rate.

We also describe the relatonships between the term
structure of volatilities and the yield curve movements. A
procedure for calibrating the interest rate model to a set
of 70 at-the-money swaptions has an average error of only
1.3%, and the results are stable over monthly observations
of two years.

I. ARBITRAGE-FREE TERM
STRUCTURE MOVEMENTS

The multifactor recombining binomial model spec-
ifies the discount function at each node of the binomial
lattice so that these discount function movements are arbi-
trage-free. We begin with a two-factor model, but gen-
eralization to a multfactor model 15 straightforward.

To introduce some notation, there are (n + 1)* nodes,
denoted by (1, ). i,/ = 0, 1, ..., n, at time n. P,.’_’I{T) 1s the
price of a discount bond with time to maturity T in state
(i, j) at time n. P(T) is the initial discount function with
maturity T that is observed in the market and is an input
to the model. We assume that: 1) Prio)=1 for all n and
all i, j; and 2) }Tl P'(T) =0 forall nand all i, j.

The term structure movement is arbitrage-free if
there is no arbitrage opportunity to be gained by holding
a particular portfolio of discount bonds at each node point
of the binomial lattice. This is the case if the expected
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return of holding a discount bond of any maturity T over
any one period is the one-period return.

Specifically, according to Harrison and Kreps [1979],
we require that:

PILA(T= 1) +
I PL(T-1)+
PL(T) = PN
ST - 1y +
P,.TI(T— 1) (1)

Equation (1) should be satsfied for any n = 0, 1, 2, ...,
=12, coopmnd & 1, =105 1, ooy 1

The volatility structure of the model 1s generated
by defining

P'(T) = P} (T)et,(n, TY ot (n, TY

forall n >0, T >0, and all i, j 2 0. The original Ho-
Lee model assumes a one-factor model where factor
depends only on T.

By considering the nodes (i, ), (i, j + 1), (i + 1, ), (i +
1, j + 1) at tme » and the nodes (i, j), (1, j + 1), (i, i + 2),
G+, 0, G+ L+ +1,+2), (+2,).0+2,j+
1), (i +2,j+ 2) at time (n + 1) in Equation (1), we deduce
a consistency condition that guarantees that the tree is well
defined as a recombining tree:

& 7) on+1T-1)
a(n, 1)
4T _ an+ 1, T=1)
a,(n 1) .

foralln, T2 1.
Note that the equations above can be solved with the

input data 8): = ¢, (n, 1), 87: = o,(n, 1) forn=1,2, . ...

'
The solution is given explicitly by

a(lLT+n-1)

al(”‘ T) = a,(l, n— l) = 61115111+I = S]Irm—]: = dll'+-n—|.|r
ALT+n-1 . g 5

a-,{n. T) = a_( ! ) = 6::6;1‘1 L 6;*;;—1: = di:—n—ln

. o, (l.n—1) '

where we define for n > m:
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EXHIBIT 1
Basic Building Blocks of Two-Factor Binomial Tree

PI(T)

J':-';’I,I'H(T )
P (T =)
P(T-1)

RZ+I (T . l

d =8¢, .68 4

o nn=l1 m+1~"m

and

3

e = Pret .. 55

nm m+1""m

Exhibit 1 shows the two-factor binomial tree. Each
move has the same risk-neutral probability, which is 0.25.

A proposition provides the closed-form solution of
any zero-coupon bond at each node point of the arbi-
trage-free binomial interest rate lattice:

Proposition 1. Closed-Form Solution
for Bond Prices

Let P(T) be the inital discount function. Then the
arbitrage-free movement of the discount function is given

by:
GRS i |1 e
T e, ) @) o
where wesetd | =d. =0
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Alternatively, Equation (2) can be expressed as

pr(ry=20+M
h P(n)
|:I—[(G;Fm)_ }( d:._”' 4n )l - X
=l
{H( Tr:r!) }({!T rda )l—l‘»Sn ‘
I=] 5
where

G';'nf\ = [(d:’ +n— l.u) & (dflﬂr I.rr)(l5 X d«lx—l,k]/(] + drl:—lic)

G'f:m‘ = [(df-Hr—]Jl) v & (d;'ukl.u)“.ﬁ X dr: II]/(I or du:—l ,.')

P! (T) is the discount bond with $1 principal and T time
to maturity, at a future time n, in state (i, /). The term
structure of volatilities is specified by 6, and &8} for k =
Ly s i I

Proof:
By construction, we have:

P'(T) = P,(T)e,(n.T) o, (n.T)’
= tm(T)(d )(d“

T+n=ln T+n-| IJr)
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So it suffices to check that

PT )yl rd, (Yl tdy )
Pll T =4 =l 1ﬂ 2
[)”( } P(”.) kl‘[l +d] H ( )

T+n-1k k=1 1 t* d’!"—rr—Lk

We use mathematical induction. For v = 1 in Equa-
tion (2°7), we have from Equation (1) with n = i = j = 0 that:

+
PA+Y 1o )

P(l) 4

1+ o(LT)+ o,(,T) +
al(l. o, (1, T)

:; Pl +d) | [t + 7]

Hence we get:

P(T + 1) !
P [1+d][1+d]

Ppo(T) = 4

Therefore the formula for n = 1 1s valid. Now we
suppose that the formula is satisfied for n, and we will
check the formula for n + 1. From Equation (1), we have:

1P (D) + L) +
BT+ DR = 0
4 P (Ty» P°(D

= LR ) (@)

4 T+nn+l

(1 + dil"-fu:*l )(I + d."HuHI)

By induction, we get:

P(T+n+ 1) ¢y 1+d.,
PIAT + DIP! (1) = |
whd+ DG P(n+1) LHI +d

T+nk

L | d: ’ o o
[T oot

where we have used the fact d... /d =4d. Sub-

I+nn” Vo T+an+1"
stituting this into the last equation, we get:
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P(T+n+l){ l+a'I
n+i T
Foo (D)= 4=p0 v ) Lnl +d;rﬂu

[H 1+d, ) !

L+ d,, )+, )+ d)

:4P(T+n+1)(ﬁ1+d,; ](ﬁl+dj* ]

Pin+1) ([l +d,,, \i+d;

Tnk
because d, |, =0 (by definition). This is the required for-
mula for n + 1, so the proof is complete.

Equation (2) provides the specification of the dis-
count function at each node point of a two-factor bino-
mial model. Extension of the model to any number of
factors is strarghtforward. For an m-factor model, the term
structure of volatilities would be specified by m sets of

movements (3L, 5; 5: ;

PO+ fyltdy | fyl+dey
P’ Th=2" - >
Tty J,( ) P(n) Ll_[] + dl l:lll + d;v;:m!,&

T+n-Lk

1+d" i g2 b ¥
[H#] x (d‘}‘?n,{,.) (d;wn—ln) (IT*" “')

m
k=1 ] * d!+r| 1k

It 1s straightforward to show that this interest rate
model is a direct extension of the Ho-Lee model where
the instantaneous volatility of the interest rate movements
is constant. Specifically, when 6! is constant for all i, and
07 isequal to 1 forall j:

d,=(8)""

and
d =1 (3)

If we substitute Equation (3) into Equation (2), we
have:

P'(T)=

(1+(8)"") x i
JP(T + m) (1 + (Y ) (1+8Y
TP A+ +8) (4)

Equation (4) is the Ho-Lee model.
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II. ANALYSIS OF TERM STRUCTURE
OF VOLATILITIES

We will use the model to analyze interest rate move-
ments in relation to the term structure of volatilities.
Specifically, we first express interest rates in terms of the
bond prices. We then study how the yield curve would
move, given the term structure of volatilities.

At the initial date, we have the discounted function
P(T). We define the yield of a discount bond with matu-
rity T initially as:

In P(T)

‘T:_
r(r) 7

More generally, we can define the yield curve at
each node point to be:

7 (T) = =InP(T)/T

_ __1 P(T + ”) lnl_[::lG;'ni ]n GI»[
I " P(n) T T
Ind, Ind;
_ f+n—|)l(i o 0.5”) i I]‘:n—ln( 0 i”) (5)

The spot volatility of term T is the variance of the shifts
of the yields for a two-factor binonual model.”

Equation (5) provides a clear depiction of the yield
curve movements. It shows that the T-period interest rate
at time #n and state (i, j) is specified by three terms. The
first term

_h P(T + n)
T P(n)

is the T-period forward rate at the horizon date n. The
second term

lnH::|G;}1A
T

. ln]—[,-:\G?:"rf ‘
T

called the convexity drift, 1s discussed later. The third term

16id Ind;
_%“‘ o 0.5”) — .E(';:L!”(j — 0.5”)

describes the movements of the yield curve.

12 A Crosep-Form MULTIFACTOR BINOMIAL INTEREST RATE MODEL

The third term shows that state (i, j) represents the
vield curve taking i and j steps with step sizes

1
ll’] dh—u L.
F
and
In dr»,,. i
T

Therefore, the standard deviation of each of these two
binomial movements is half that step size. It follows that
the variance of the yield curve movement over each step
15 the sum of the variances of the two independent bino-
mial movements.

Specitically, we have the forward volatility of term
T given by:

| l 570.5
a”(T)= f[(lndll'm—lﬂ) (Ind’ e '”) ]

Now we note that the spot volatility of term T is
the forward volatility where n = 1, and therefore the spot
volatility is given by:

0.5

o(T) = E]IP—[(lnd.;,J) + (Ind.f.J)"]

Note that since the movement is binomial for each
factor, when we take the expectation over the possible
states of the world based on risk-neutral probabilities, the
third term is zero.

For the convexity drift taking expectations across
both sides of Equation (5), we can conclude that the
expected yield of a T-period bond over an n-period
horizon is the forward rate (for the T periods starting
from time # viewed from today) with a drift. The drift
D is given by:

o= (7 J{fIen )
( Jm[ l:_;IG”) (6)

|-

where

Jung 2004



]i".un‘. = [(d?l'ﬂl—!.ﬂ )7“‘5+(d';'+u—l.u)“l5 X dr}a—l * ]/(] + dvlr—l.&)

2 = [((1§+,,,_jJ,]4]5+(d§+”_“,)”i x d,f_u] Ja+d,) 0

But note that this drift is always positive and increases
with volatilities. That is, the expected forward rate of any
time period of delivery T and future date n 1s higher than
the forward rate implied by the initial yield curve. And
this spread increases with volatilities.

This result is shown by noting 0 < D, by showing that
. and Gj are greater than 1 for all k and . Note that
i< 1,0<d (e, )<l and0< &,

+n-1,1

G::['u
(d'l'-‘ -1k E
Therefore, it follows that:

[] = d,l,-s.k(d!.rwn—u)m] [I - (dlf*""‘-")nj] =0

(- @) "] [ = (@) ] 50 @

Expanding Equation (8) and simplifying, we get:

I+ :Infi.k(d;‘wrl.k) # (d]IW-n—I.k)ns(l + dn-u.-)
| —d,(d.,..) > (dﬁw_,_,)”‘s(l +d.,,)

Then it follows that 1< G, and 1< G .

The results show that expected yield must rise above
the forward rate because the expected returns of the bond
increase with the volatility of interest rates as a result of
the bond convexity. To ensure that the expected returns
of the bond are the same as the one-period interest rate
for any interest rate volatility, the convexity drift is needed
to balance this convexity effect on the bond returns.

I11. CALIBRATING MODEL TO PRICES
OF BENCHMARK SECURITIES

To implement the n-factor interest rate model, we
calibrate it to a set of benchmark securities. We present
empirical evidence to support that the two-factor model
can fit the market data better than some of the standard
one-factor models.

Calibrating the model entails several steps.

1. Benchmark securities. The main advantage of using an
arbitrage-free interest rate model is to be able to fit
the model to the observed term structure of interest
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rates and a set of interest rate options, called bench-
mark securities. This calibration approach enables us
to value an interest rate-contingent claim relative to
the spot curve and the benchmark securities. The
spot curve represents the market-determined time
value of money. The benchmark securities repre-
sent the market pricing of interest rate volatilities.
Therefore, if we can calibrate the model to the
market time value of money and the market price
of interest rate risk, we have a consistent valuation
framework.

Since the multifactor model allows for flexible
movements of the yield curve, and the recombining
binomial lattice allows for efficient computation,
we can use a portfolio of caplets, floorlets, and both
American and European swaptions as the bench-
mark securities.

. Specification of the term structure of interest rates. Any

arbitrage-free interest rate model takes the observed
spot yield curve as given. To calibrate the model,
one methodology is to use the spot swap curve as
the input to the model.

. Pricing of caplets, floorlets, and European swaptions. A

caplet is equivalent to a put option written on a
zero-coupon bond, and a swaption is equivalent to
an option (call or put) on a coupon bond. Hence
we have a series of zero bond put option prices or
coupon bond option prices. We use a closed-form
formula for bond option prices, which are com-
pletely determined by the initial discount function
(which is a model input) and model volarility fac-
tors, which are 8! and 82, where n=1,2,3, ..., N.
To determine the volatility factors of the two-factor
interest rate model, we use market-observed bench-
mark securities prices. The two-factor interest rate
model assumes that at each instant the yield curve
makes two independent movements. Following
empirical results on the vield curve movements, we
can assume that the movements can be specified by

Ind'(n) = =2f(n)o' (1) and Ind*(n) = —2f(n)G*(n).

. Functional form of the term structure of volatilities. The

specific functional form is assumed to be o(f) = (a
+ bi)exp(—ct) + d when ¢ is a time-to-maturity. We
choose this function to represent the volatility curve
because it decays exponentially and, when 1 1s rel-
atively small, the curve may exhibit a hump,
depending on the parameters a and b. This config-
uration of the volatility curve is observed in the
market, 0'(n) = (a, + byn)exp(~¢,n) + d,, and 6°(n)
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EXHIBIT 2

Market Swaption Volatility Surface

Option Swap Tenor (vears)

Term lyr  2yr 3yr  4yr  Syr  6yr  Tyr  8yr  9yr 10yr
(vears)

lyr 44.40 36.50 3290 29.70 27.60 25.70 25.40 24.00 23.40 23.30
2yr 31.20 28.80 27.10 25.30 24.20 2290 23.00 21.80 21.30 21.10
3yr 27.00 25.30 24.30 23.10 22.20 21.30 21.10 20.40 20.00 19.90
dyr 24.00 22.80 21.90 21.20 20.70 19.90 19.70 19.10 18.70 18.60
Syr 22.30 21.30 20.80 19.90 19.40 18.70 18.50 18.00 17.70 17.40
Tyr 19.80 19.10 18.50 18.10 17.60 16.90 16.70 16.30 16.00 15.80
10yr 17.40 16.40 1590 15.60 15.10 14.50 14.50 14.10 13.90 13.70

=(a, + bymexp(- ¢,n) + d,. The constants i il €,
d, for j =1, 2, are estimated from the benchmark
securities market prices.

5. Calibration. Caplet, floorlet, and swaption observed
market prices give us a set of equations to be satis-
fied by fitting the model volatility factors 8!, 87 to
the closed-form pricing models of these benchmark
securities. Such volatility factors are determined by
a non-linear search procedure in determining the
parameters a, bi‘ G d. j=1, 2, such that the sum of
squares of the errors between the observed and model
prices of the benchmark securities is minimized.

The objective function is:

N [ MarketPrice; — ModelPrice; |
i=1 MarketPrice;

where N is the number of benchmark securities.

The term structure of interest rates is the U.S. dollar
zero swap curve on July 31, 2002. The market swaption
volatility surface is given by the Black volatilities quoted in
Exhibit 2 (in %). The calibrated yield curve movements are
given by the estimated volatility parameters:

0:a, = 0.772079, b, = —0.168097, ¢, = 0.498474, d, = 0.113347
0, a, = 0.023701, b, = ~0.014509, ¢, = 0.003260, d, = 0.245125

The first term 0, (n) 1s a curve that falls from 0.8 to
0.1 and remains level. The second term o,(n) falls steadily
and reaches zero in year 10. The results are consistent
with observations that the term structure of volatilities
declines with the term.

The valuation errors derived from the estimated
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swaption prices are given in Exhibit 3.

Results show that the model fits the observed data
quite well. Previous work using the Brace, Gatarek and
Musiela [1997] model calibrates only to the counter-diag-
onals of the swap volatility surface, confined only to swap-
tions where the option term plus the swap tenor is 31
vears. When the two-factor model is confined to one
factor, the average error exceeds 3%.

Results for tests of the model over 24 months are
similar in all periods as shown in Exhibit 4. The average
errors are less than approximately 1.5%, reasonably low,
especially when the market was quite volatile in this time
period. Over the period, the five-year swap rate reached
a high of 5.6% and a low of 2.8%; the one-vear Black
volatility reached a high of 60.8% and a low of 26.1%.
Average errors remained quite stable, despite the large
changes in both the level and the volatility of rates.

IV. CHARACTERISTICS AND
APPLICATIONS OF THE MODEL

The interest rate model has a number of useful char-
acteristics for practical applications. First, it provides us
with a closed-form solution for term structures of interest
rates at each node. Therefore, we can determine the
interest rate yield curve at each node point. The model
is thus computationally efficient and minimizes errors in
approximation. Compare this to the Black, Derman, and
Toy model [1990], which requires numerical construction
of the spot rate for each node point on the lattice. In this
case, the yield curve at each node point has to be calcu-
lated numerically from the binomial lattice of the spot
rates, requiring significant computation with the possibility
of significant numerical estimation errors.
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EXHIBIT 3
Swaption Matrix: Two-Factor Model Errors (in %)

Swap Tenor (vears)

Option

Term lyr  2yr 3yr  4yr  Syr  6yr  Tyr  8yr  9yr 10yr
(years)

lyr [0.55 -1.67 135 035 -0.11 -1.60 197 046 162 447
2yr 291 -1.05 029 -0.83 -0.55 -2.01 208 0.09 084 2.68
3yr 1.00 045 1.13 0.11 -030 -1.14 098 046 1.18 3.19
4yr 036 -0.77 -1.23 -1.21 -0.55 -1.59 0.18 -023 0.13 195
Syr 061 -0.72 -0.01 -1.54 -1.27 -2.27 -070 -095 -0.27 0.27
Tyr 0.54 -0.35 -0.77 -0.29 -047 -2.03 -078 -092 -0.63 0.12
10yr 363 061 019 081 000 -1.77 041 -040 0.00 0.24

ExHIBIT 4
Average Errors over 24 Months (in %)

Date Average Error
1/30/2004 1.76
11/28/2003 1.51
9/30/2003 1.57
7/30/2003 1.22
5/30/2003 1.55
3/31/2003 1.23
1/30/2003 1.61
11/29/2002 1.56
9/30/2002 1.37
7/30/2002 112
5/30/2002 1.40
3/29/2002 1.50

Date Average Error
12/31/2003 1.58
10/30/2003 175

8/29/2003 1.75
6/30/2003 1.46
4/30/2003 173
2/28/2003 1.61
12/30/2002 1.70
10/30/2002 1.69
8/30/2002 1.63
6/28/2002 1.55
4/30/2002 1.49
2/28/2002 1.51

Second, the two-factor binomial model takes the
initial spot yield curve and initial term structure of volatil-
ities as input data. It does not specify the precise nature
of the mean reversion process of the interest rate, but the
mean reversion process is instead indirectly specified via
the term structure of volatilities. As a result, the model is
more flexible in calibration to the observed benchmark
securities prices. The Vasicek [1977], Cox, Ingersoll, and
Ross [1985], and Hull and White [1990] models, by way
of contrast, assume that short-term interest rates follow a
certain process. These models may not fit the observed
benchmark securities prices satisfactorily.

Third, the two-factor binomial model 1s a discrete-
time and combining model and not a contunuous-time and
non-combining model. Das and Sundaram [2000] and Grant
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and Vora [1999] have pointed out that discrete-time models
provide computational efficiency for practical implemen-
tation. Since we have to convert continuous-time models
into discrete-time versions when we implement them for
empirical testing or practical purposes, discrete-time models
can be used directly. Since the model is recombining, the
model is more effective at pricing options (European and
American) without using Monte Carlo simulations.

The model can be used to calculate the interest rate
sensitivities of a large portfolio. Brace, Gatarek, and Musiela
[1997] use a string model that provides flexibility in mod-
eling the yield curve movements, but the valuation of
securities requires a Monte Carlo simulation method that
often lacks the pricing accuracy of the recombining bino-
mial model.
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Fourth, since the model can be calibrated to a large
sample of benchmark securities of a broad range of interest
rate options, it can provide relative valuation of any con-
tingent claims relative to its hedging instruments or an
appropriate spectrum of liquid securities. Therefore, the
model can provide more accurate pricing of securities
and ratios required for hedging strategies.

Finally, the model 1s in closed form without any
numerical procedures needed to estimate security prices.
[t is similar to a Black model, where the closed-form solu-
tion provides a direct mapping from prices to volatilities.
Therefore, it can be used effectively as a standard model
in interest rate-contingent claims management. The mod-
el’s two-factor movements can be used as inputs to value
securities that are affected by multifactor movements as
Black volatilities are used for the one-factor models.

V. CONCLUSIONS

The multifactor binomial interest rate model we
propose 1s a discrete-time recombining lattice model that
provides a closed-form solution for the discount function
at each node point. Interest rate movements have the
Markovian property that exhibits a mean reversion derived
by the term structure of volatilities. The multifactor prop-
erty enables the model to fit both the current yield curve
and the volatility surface at the same time.

Such a model has a broad range of applications in
valuing interest rate-contingent claims. It can be cali-
brated to a large set of benchmark securities of different
security types, so it offers a robust methodology to value
interest rate-contingent claims.
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"The variance of a two-factor binomial model has six
terms(,C,), each of which represents the spread between the
two-factor binomial outcomes. If we replace r|,, r} , by r}, and
Biis e DY 1, Tespectively, we will have (r|(T) — #(T))*/4, which
15 the spot volatlity of a one-factor binomial model.

16 A Crosep—Form MULTIFACTOR BINOMIAL INTEREST RATE MODEL
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