RICHARD J.
RENDLEMAN, JR.
15 a professor of finance at

the Kenan-Flagler Busi-

ness School of the Univer

sity of North Carolina at
Chapel Hill.
richard_rendleman@unc.edu

80 INTERPOLATING

FHAE

FERM STRUCTURE FROM PAR YIELD

Interpolating the Term Structure
from Par Yield and Swap Curves

RICHARD J. RENDLEMAN, JR.

aluing fixed-income securities
depends on accurate estimation of
the term structure of interest rates,
especially when the cash flows of
the securities to be valued do not fall on the
same dates as the cash flows of the instruments

from which the term structure is estimated.

Jordan and Mansi [2003] look at interpolation

methods for estimating the term structure from
U.S. Treasury par vields. Although there are
many applications of par yield-based term
structure estimation, perhaps the most signif-
icant are the valuation of swaps and the
calibration of arbitrage-free stochastic term
structure models of the Heath, Jarrow, and
Morton [1992] class.

Unlike the U.S. Treasury market, where
it is highly unlikely one would ever observe a
series of bonds that sell exactly at par, pricing
services such as Bloomberg provide almost
continuous updating of swap curves, which
by definition are par yields. For this reason,
much of my focus 15 on estumating the
Eurodollar term structure from the swap curve.!

It U.S. Treasury bonds and notes paid
interest annually, and one could observe the
par yields of Treasury securities with maturi-
ties of 1, 2, .... n years, one could determine
algebraically the present value of $1 to be
received as of the end of each of the next n
years (and associated zero-coupon yields) from
the observed structure of par yields. Treasury
bonds and notes pay interest semiannually

rather than annually, however. Therefore, the

AND SWAP CURVES

price of a one-year bond 1s a function of two
cash payments; the price of a two-year bond
is a function of four cash payments, and so on;
the price of an n-year bond is a function of 2n
cash payments.

There 1s not enough information in the
pricing structure of a series of n Treasury bonds
or notes with successive maturities of one to
n years selling at par to extract present value
factors in either one-year or six-month time
increments. A similar problem arises for swaps,
since published swap quotes tend to be for
swaps with semiannual payments.

If one’s purpose in extracting the term
structure from a par yield or swap curve is to
estimate present value factors in time incre-
ments of one year, six months, or less, some
type of interpolation method must be
employed. As Jordan and Mansi describe, it 1s
standard practice to apply interpolation directly
to the par yield curve to infer what par yields
would be at the halfivay points between annual
maturity intervals. Interpolation, if applied to
the yields of a series of one-year, two-year, ....
n-year Treasury bonds or notes selling at par,
would provide estimates of the (.5-year par
yield, the 1.5-year par yield, and so on through
the #-0.5-year par yield, and thus would con-
tribute five additional pricing relationships
needed to estimate the 2n zero-coupon pre-
sent value factors in successive six-month time
increments. Obviously, the solution values for
the present value factors so derived will depend

upon the interpolation method that is used.’
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Jordan and Mansi demonstrate the potental accu-
racy of five interpolation methods applied directly to the
par yield curve to obtain interpolated estimates of par
vields at the halfway points between successive observed

vearly maturities:

* Linear discrete-time interpolation.

* Cubic spline-based discrete-time interpolation.

* The Nelson and Siegel [1987] three-parameter
exponential continuous-time model, which pro-
vides for level, slope, and curvature in the vield
curve.,

* The Diament [1993] model, which provides for a
three-parameter empirically based yield estimate and
two additional parameters to generate humped yield
curves.

* The four-parameter model of Mansi and Phillips
[2001].

When present value factors computed by these
methods are applied to the cash flows of the bonds from
which the tactors are estimated, the resulting present values
do not equal the theoretically correct value of par ($100)
except in a flat yield curve environment. Although the pre-
sent values tend to be close to par, there is inherent pricing
error in all five methods.

The interpolation method I develop produces pre-
sent value factors that, when applied to the cash flows of
the bonds or swaps from which the present value factors
are derived, give computed security values exactly equal
to the original set of security prices. Although there is
no guarantee that any present value factor so calculated
is individually correct, I can demonstrate that when the-
oretical term structures are generated by the Longstaft
and Schwartz | 1992] model, and par vield curves are gen-
erated from these term structures, the interpolated term
structures and associated present value factors derived
from the par yields are almost identical to those generated
by the Longstatf and Schwartz model.

I. INTERPOLATION MODEL

Consider a set of m Treasury bonds or notes (or
swaps) indexed by 1 with the maturity in days of security
cppandt = T. Letp(t, c. ¢ T))
denote a function for pricing security 7 in terms of its

i denoted as £, with t<t

maturity date, 1; ¢ dollars be its annual coupon per $100
par paid in semiannual installments of ¢ /2 dollars; and
(1) be a continuous present value discounting function
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evaluated berween now (time zero) and T days from now.
Then. the prices of the n securities can be expressed

das:

l’\(!w Cys -‘~'[ !]) =
n"’:(’:- Cas -’JIT]) =P

J”u-(rm' (.n: d L"{ ]]) = I)"r ( l .J

where P is the observed market price of security i. When
the model is applied to estimating the term structure from
the Treasury par yield curve, P = $100, although there is
no requirement in Equations (1) that any of the observed
prices equal par.’

I assume the discount function, ¢(T). can be approx-
mmated by a cubic spline. Cubic splines are commonly
used for fitting a smoothed function to a set of observed
{x, yt coordinates called knots. Let l\! = :.\‘,., Y, denote
the knot represented by coordinate pair {x, Y, s(ky, ky,

., k ) denote the cubic spline function estimated with
knots k, ky, ..., k :and s(x; k), ks, .

cubic spline function evaluated at x.

fem} denote the

An appealing property of the cubic spline estima-
tion procedure, and the key to the interpolation method
I propose 1s that s(xs R K. 0 Y= y,» meaning that the
function will return the original value of y, associated
with cubic spline knot k. = {x, y | when evaluated at any
x value from the set of knots from which the spline is fit.

In the model, a cubic spline 1s used to estimate the
cumulative continuously compounded discount rate as a
function of tme.! The not-a-knot method is employed,
which is the recommended method when one s unsure
about the first or second derivatives of the cubic inter-
polating polynomial at its end-points (de Boor [2001]).

Note that m knots are used to estimate the cubic
sphine function, where m is the number of pricing equa-
tions from Equations (1).” Although the procedure requires
that x =1 . that is, the time in days associated with the
last knot equals the maturity of the longest-maturity bond
from Equations (1), there is no restriction on the other
values of x. other than x>0 for j < m. With these mild
restrictions, the cubic spline 1s used to interpolate the
term structure within the maturity range of the original
set of bonds rather than to extrapolate the term structure
outside the original maturity range.
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ExHIiBIT 1

Financial Instruments Used to Value Swaps from
U.S. Swap Curve Quotes and LIBOR as of 10/3/2001

Days to

Instrument Description Rate (%) Maturity
1. I-month LIBOR 2.589 31
2; 3-month LIBOR 2.500 94
3 6-month LIBOR 2415 182
4. 1-year LIBOR 2.533 367
3 2-year swap 3.256 731
6. J-year swap 3815 1.096
T 4-year swap 4.197 1461
8. S-year swap 4.471 1.826
9. 6-year swap 4671 2,191
10. T-year swap 4.833 2,558
L. 8-year swap 4.958 2922
12. 9-year swap 5.057 3.287
13. 10-year swap 5.145 3.652
14. I 5-year swap 5518 5479
15. 20-year swap 5.700 7.305
16. 30-year swap 5.785 10.958

Substituting ¢(T) = “'“_"i' ky, ...y k) Into each pricing
relationship in Equations (1), the pricing system can be

reexpressed as follows:

pilers 1 ke ke k)
piltas tay kg oy, o B]) = B

In this form, there are m non-linear pricing equa-
tions expressed as a function of the m spline knots, k. k.
, k. Using a multidimensional Newton-Raphson
search as formulated n Press et al. [1992, pp. 372-375],
| fix a set of x values associated with m spline coordinates,
and solve this system for the y values of the m spline coor-
dinates that cause Equations (2) to hold for all m securi-
ties. Once the solution values for the spline knots have
been determined, one can use the solution values to esti-
mate the cumulative continuously compounded discount
rate and associated present value factor for any time
between time zero and time T.
Although Equations (2) do not impose any restric-

tion on the x values of the knots, for the purposes of
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implementing the model I assume that x, = 1 for all /.
Theretore, the number of days into the future associated
with each successive spline knot corresponds to the matu-

rity of each successive bond or swap in Equations (2).

II. NUMERICAL EXAMPLE

A numerical example is based on the U.S. swap
curve as reported by the Bloomberg system at 5:30 pm,
October 3, 2001. The first four instruments of the swap
curve, shown in Exhibit 1, are Eurodollar rates indexed
by LIBOR." For pricing purposes, each uses the actual/
360 day-count convention. Instruments 5-16 are newly
issued swaps with maturities ranging from 2 to 3() years.
The rates quoted for each of these instruments are based
on semiannual payments using a 30/360 day count and
represent the rates that cause the present value of the
swaps’ fixed pavments (plus par at the end) to equal par
at the time of issuance.

Using the data in Exhibit 1, the present value of $1
to be received in six months can be determined directly
from the six-month LIBOR.. Similarly, the present value
of $1 to be received in one year can be determined from
the one-year LIBOR.

The one and three-month LIBOR,, along with the
six-month and one-year rates, are used to compute cumu-
lative continuously compounded rates of discount through
the end ot the first year. These cumulative rates of discount
and their associated maturides, along with the cumula-
tive rate of zero as of day zero, form the coordinates for
five fixed knots in the cubic spline function that is to be
estimated. The y coordinates (cumulative continuous dis-
count rates) for the remaining 12 knots are determined
as the solution to Equations (2).

Exhibit 2 summarizes the solution values for the
cubic sphine knots associated with cumulative continu-
ously compounded discount rates estimated in connec-
tion with the ULS. swap curve shown in Exhibit 1.7 The
first 5 knots, based on observed LIBOR and a zero starting
point, are fixed. The last 12 knot values are solution values
to Equations (2) determined by Newton-Raphson search.

Exhibit 3 summarizes the present value calculations
for the 12 swaps at the spline knot solution values.” The
shaded cumulative continuous rates are computed directly
from LIBOR and represent fixed y coordinates of the
cubic spline. The unshaded boxed rates are y coordinate
solution values to Equations (2). All other cumulative
continuous rates are interpolated values from the cubic
spline function. The present value of the fixed side of the
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EXHIBIT 2
Illustration of Spline Interpolation of Cumulative Continuous Discount Rates
Associated with U.S. Swap Curve on 10/3/2001

Spline Knots at Solution

Swap Term Cumulative Present

J (Years) Days (x)) Continuous Rate (v;) Value $1
n/a n/a 0 0.00000 1.00000
n/a n/a 31 0.00223 0.99778
n/a n/a 94 0.00651 0.99351
n/a n/a 182 0.01214 0.98794
n/a n/a 367 0.02549 0.97483
| 2 731 0.06496 0.93711

2 3 1.096 0.11436 0.89194

3 ot 1461 (.16823 0.84516

- 5 1.826 0.22462 (.79882
5 6 2,191 0.28226 0.75407
6 7 2,558 0.34167 0.71059
7 8 2922 0.40123 0.66950
8 9 3.287 0.46120 0.63052
9 10 3.652 0.52239 0.59310
10 15 5479 0.85278 0.42623
11 20 7.305 1.18500 0.30575
12 30 10,958 1.79584 0.16599

Values in italics are fixed and observed directly from LIBOR or from the
zero-day starting point.

30=year swap 1s within $10" of $100. III. MODEL CALIBRATION

Although it is not shown in Exhibit 3, the present

values for the other swaps are within $10° of $100. With To determine the accuracy of the individual pre-

greater computer precision, these errors could be reduced sent value factors, I generate four hypothetical yield curves
using the stochastic mnterest rate model of Longstaff and
Schwartz [1992]. Using the hypothetical vield curves, I
calculate what the fixed swap payments should be for

even further.

Exhibit 4 shows a plot of the interpolated daily con-
tinuous forward rate curve that is implied by the U.S.
swap curve on October 3, 2001. (Each rate is scaled to swaps with terms of 2 to 30 years using the same pay-

an annualized equivalent percentage rate by multiplying ment dates shown in Exhibit 3. 1 also compute the cumu-
by 36,500.) Letting PV denote the interpolated present lative continuous discount rates for 31, 94, 182, and 367

value of $1 to be received on day 1, each value plotted in days. corresponding to the observed LIBOR maturities

Ly . _ T ! o I .. TS 9
Exhibit 4 1s computed as 36,500 X In (PV/PV ). summarized in E}]"hm I'and 2.
[ am therefore able to compute hypothetical U.S.

Although the interpolation method guarantees that
each swap, when evaluated with the present values from swap curves with maturity structures identical to the

the interpolated term structure, will have a fixed-side pre- October 3, 2001 example, but using the Longstaft and

sent value equal to $100 (within computer precision), Schwartz model to generate the curves rather than actual

there is no way to determine the accuracy of the individual market quotes. Using the hypothetical U.S. swap curves.
interpolated present value factors without knowing the I use cubic spline interpolation to generate interpolated

functional form of the underlying yield curve to begin cumulative continuous discount rates and associated pre-

withic sent value factors and compare these cumulative rates and
discount rates to their “known” values from the Longstaff-
Schwartz model.

[ generate four hypothetical term structures fol-

lowing the Longstaff and Schwartz model, using the model
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ExXHIBIT 4

Interpolated Forward Rate Curve Implied in 10/3/2001 U.S. Swap Curve

£ 00

Daily Continuous Forward Rate x 36,500

Years

ExXHIBIT 5

Parameter Values for Four Term Structure Curves Generated by Longstaff and Schwartz Model

Parameter Curve | Curve 2 Curve 3 Curve 4
) 0.0550 0.0550 0.0550 0.0550
! 0.0030 0.0070 0.0140 0.0120
o 0.0011 0.0011 0.0030 0.0011
p 0.1325 0.1325 0.1325 0.1325
Y 3.0490 3.0490 3.0490 3.0490
o 0.0566 0.0566 0.0566 0.0566
n ().1582 0.1582 0.1582 (.1582
v ().3350 ().3350 0.3350 (0.3350

parameters summarized in Exhibit 5. The parameters for
curve 1 are the same as those estimated empirically in
Longstaff and Schwartz [1993]. Parameters for the other
curves are chosen to obtain four distinctly different term
structure shapes.

Exhibit 6 shows a plot of the known curves of the
annualized percentage daily forward rate generated by the
four versions of the Longstatt and Schwartz model. Exhibit
7 shows percentage errors in single cash flow present value
factors with maturities ranging from 1 day to 30 years when
present values are calculated using the interpolated versions
of the four curves. Exhibit 8 provides a similar plot for
single cash flow maturities of 1 day to 10 years only.

Exhibit 7 shows that the highest absolute percentage
errors n present value factors ranging in maturity from
I day to 30 years are 0.0188%, 0.0445%, 0.0779%, and
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(0.2034% for curves 1 through 4, respectively. Over the 1-
day to 10-year maturity range, the errors are much lower;
the highest absolute percentage error drops to (.0001%,
0.0002%, 0.0005%, and 0.0007% for curves 1 through 4.”

Clearly, the greatest interpolation errors occur be-
tween years 20 and 30. This is due to the length of tme
between successive swap maturities at the long end of the
maturity spectrum as well as the general nature of cubic
spline mterpolation.

Cubie spline interpolation is most accurate when
the first or second derivative of the spline function at its
end-points can be accurately specified in advance. If the
end-point derivatives, specified explicitly or implicitly
(through the not-a-knot condition), are specified with
error, the resulting interpolation will also be subject to its

greatest error near the end-points.
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EXHIBIT 6

Annualized Daily Forward Rate Curves Generated from Longstaff and Schwartz Model

Daily Continuous Forward Rate x 36,500

Years

ExHIBIT 7

Percentage Errors Using Four Different Term Structure Curves Generated by Longstaff and Schwartz Model—

Years 0-30

Percentage Error in Present Value of $1

Years

Generally, cubic spline-based interpolation error can
work 1ts way out within several knots of the end-points
in either direction. In the case of the swap curve, any
error associated with the short end of the curve should
work 1ts way out after six months to a year, since the ini-
tial spline knots are associated with O-month, 1-month,
3-month, and 6-month LIBOR. Starting at the end of the
swap curve and working backward, however, the first sev-

eral spline knots are associated with 30-year, 20-year, 15-
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year, and 10-year swap rates. As a result, interpolation
error at the front end of the curve can be resolved after
only several months into the LIBOR maturity range,
while it could take 10 years or more to resolve the error
working backward from the back end ot the swap matu-
rity range.

We should emphasize that the percentage pricing
errors reported apply to the valuation of single cash flows.

They thus represent the maximum absolute percentage
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EXHIBIT 8

Percentage Errors Using Four Different Term Structure Curves Generated by Longstaff and Schwartz Model—

Years 0 through 10

Percentage Error in Present Value of $1

Years

errors in the valuation ot a financial asset with a series of

positive cash tlows ranging from 1 day to 30 years in the
first instance and 1 day to 10 years in the second.

When a series of cash flows is valued using the inter-
polated term structure, some cash flows could be subject
to positive pricing error, while others could be subject
to negative error. Unless all the cash flows are concenerated
around the maturity of the cash flow with the maximum
absolute percentage pricing error, the positive and nega-
tive pricing errors should tend to cancel out, bringing
the overall pricing error much closer to zero.

For example, for a financial asset that pays $1 at the
end of each day for 30 years, the pricing errors using
interpolated present value factors are —0.00088%,
—0.00272%, =0.00610%, and —0.00715% for curves 1
through 4, respectively. For a financial asset that pays $1
at the end of each day for 10 years, the respective pricing
errors are ()1115‘ 0.000051%,, 0.0000353%, 0.000010%, and
~(.000002Y

IV. SUMMARY AND CONCLUSIONS

Jordan and Mansi |2003] have demonstrated the
potential accuracy of five interpolation methods applied
directly to the ULS, Treasury par yield curve to obtain
interpolated estimates of par vields at the halfway points
between successive observed yearly maturities. Using the

mterpolated halfway point par vield estimates, along with
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the original set of par yields, they use a bootstrap method
to estimate the present value of §1 to be received every
six months. Unfortunately, when these solution values
are applied to the cash payment streams of the bonds from
which they are estimated, the resulting present values only
approximately equal the original bond prices.

I develop an entirely different approach to estimating
the term structure from the ULS. swap curve, The model
takes the prices ot m swaps with different but not neces-
sarily equally spaced maturities of t,, t,, ..., t, days (with
t. <t ). When the methodology is applied to the U.S.
swap curve as reported by the Bloomberg system, t,
through 1, represent the days to maturity associated with
swaps with maturities of 2 to 10 years, inclusively, and r, |
through r,, =t represent the days to marurity associated
with swaps with maturities of 15, 20, and 30 years. LIBOR
is used to estimate present value factors and associated
cumulative yields over the short end of the swap curve.

I use a multidimensional Newton-Raphson search
applied to m cubic spline knot coordinates, L: = {.\‘J. y}},
where the x value of the coordinate represents days to
maturity associated with swap j, and the y coordinate rep-
resents the cumulative discount rate through the same
number of days. to determine what the cumulative dis-
count rate would have to be, as of the maturity date of
each swap, to cause the present value of the fixed pay-
ments from each swap (plus principal at the end) to simul-
taneously equal par.
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By construction, the interpolation method causes
computed swap values to equal observed swap values. At
the same time, there is no guarantee that individual daily
present value factors computed along the interpolated
curve are accurate. To test the accuracy of the method, |
use the Longstaft and Schwartz [1992] model to generate
four different vield curves with distunctly different shapes.
From each curve [ compute what fixed swap rates should
be for swaps with the maturity structure as described
above. I then apply my methodology to compute an inter-
polated vield curve (and associated present value factors)
from each set of fixed swap rates and compare the inter-
polated curve to the original known Longstaff-Schwartz
curve from which it 1s generated.

The methodology proves to be extremely accurate
in reproducing the original set of Longstatf-Schwartz
curves, especially in the 2- to 10-year maturity range.
Owver this range, the highest absolute error in a single-day
present value factor is 0.0007%. Over the entire 1-day to
30-year maturity range, the highest single-day present
value error is (.2034%, and the highest error among the
four Longstaff-Schwartz curves associated with a finan-
cial asset that pays $1 per day for 30 years is 0.000051%.
Therefore, the interpolation method appears to be very
robust in providing consistently accurate present value

r;]CfUT.\ over the entire 3 ’-—'}”t‘.ll' swap llLll’UI‘il’_\' range.

ENDNOTES

The author thanks James Jordan and Patrick Dennis for
helpful comments and suggestions,

'At the time a swap is issued, its value should equal zero.
Although interest rate swaps do not involve an exchange of
principal, if a hypothetical principal payment, as of the swap’s
maturity date, is added to both the fixed and tloating sides of
the swap, the present value of the floating payments plus the
hypothetical principal payment will equal par at the time the swap
is issued and at each interest reset date, Therefore, in order for
the swap to have zero value at the time of issuance, the present
value of its fixed payments plus the hypothetical principal pay-
ment at maturity must also equal par. Thus, the fixed rate asso-
ciated with a newly issued swap can be interpreted as a par yield.

Given the inferred par yields obtained by interpolation,
the six-month par yield infers a six-month zero-coupon pre-
sent value factor. This present value factor, along with the one-
year par yield is used to solve for a one-year zero-coupon
present value factor. The six-month and one-year present value
factors, along with the 1.5-year par yield obtained by interpo-
lation, are used to solve for a 1.5-year zero-coupon present
value factor, and so on. This method of solving for present

value factors successively m terms of solution values of shorter-
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term present value factors is known as the bootstrap method.

If we apply the model to bonds whose prices are sigmif-
icantly different from par, those prices could reflecr tax and hi-
quidity considerations not reflected in the prices of par bonds.
As a result, the term structure so derived could be contaminated
by tax and liquidity considerations not reflected in the math-
ematics of Equations (1). Nevertheless, the mathematics of the
model do not require that the bonds sell for par, and in the
absence of tax- or liquidity-based pricing eftects, the term struc-
ture derived from the model should be accurate for any set of
original bond or note prices.

The cumulative continuously compounded discount
rate through 1 days is the negative of the natural loganithm of
the present value of §1 to be received in 1 days.

*Compared with a natural spline, the not-a-knot method
reduces the valuation error in calibration by a factor of approx-
imately /3.

“The U.S. swap curve, as reported by the Bloomberg
system, does not include the one-month LIBOR. T add it to
]111)\'1du an additional data poimnt for L‘\tilllzl[i[]g the curvature
of the front end of the swap curve.

"All swap payment dates and LIBOR matunity dates are
determined using the modified following business day convention.
According to the Bntish Bankers” Association (hetp://www.,
bba.org.uk/public/libor/41635/4307): “The modified fol-
lowing business day convention states that the maturity date (or
swap payment date) is the first following day (relative to the
normal payment date) that is a business day in London and the
principal financial centre of the currency concerned (United
States), unless that day falls in the next calendar month. In this
case only, the maturity date will be the first preceding day in
which both London and the principal financial centre of the cur-
rency concerned are apen for business.”™ This is why there are
367 days unul maturity for the one-year LIBOR.

*Swap interest is paid semiannually and accrued using the
30/360) day-count convention. According to Campbell Harvey,
the number of days from M /1D, /Y, to M,/D,/Y, 1s com-
puted as follows: 1) If D, 15 31, change 1D, to 30; 2) It D, is 31
and D, is 30 ar 31, then change 1, to 30; 3) If M, 1s 2, and
D, 15 28 (in a non-leap year) or 29, then change D, to 30
(heep://www.duke.edu)
~charvey/Classes/ba350_1997/pricing/daycount.htm). Then
the number of days between payment dates is 360(Y, =Y ) +
IOM, =M} + (D, - D), and the accrued interest amount is
the annual interest amount times the number of days so calcu-
lated divided by 360. With the modified following business
day convention for computing swap payment dates and the
30/360 day-count convention, a swap’s fixed payment can be
shightly different on its various paymerit dates. This is why the
semiannual fixed swap pavments shown in Exhibit 3 are not all
the same.

“Interpolation was also carried out using a natural cubic
spline. With a natural spline, the second derivative of the spline
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tunction is set to zero at both end-poimnts. Using this method,
pricing errors at the long end of the 30-year maturity range are
approximately twice the size of those reported here, but on the

short end the errors are approximately the same.
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