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ring losses due to unexpected

L‘h.mgt‘\ in the credi t]l1.1|il}' ot a

counterparty or issuer. Whether
becanse issuers are subjecr to common gen-
eral economic factors or because firms are
directly linked, the credic quality changes of
several 1ssuers are often correlated. Investors
holding positons with numerous counterpar-
ties such as Ainanaal mstitutions are theretore
L‘.\’PU\L’LI o EI&L' .lggl'k';'.ll‘vll I'l\I\ ("I-I”\‘\L"\ llUL’
to correlated credit event arrivals,

I'he effective measurement and man-=
agement of this aggregated credit risk 1s one
of the core businesses of a financial instrution.
Credit risk measurement mvolves estimating
the distribution of aggregated losses. Credit
derivatives, which allow haolders to isolate and
trade credit risk by providing a payoff upon a
credit event arrival with respect to a reference
entity, allow the actve management of eredit
risk. Mulriname credit derivatives have pavofts
contingent on the credit quality of a number
of reference enuaties. Collareralized debr obli-
gations (CDO) allow the restructuring of port-
folios of credit-risky securities. They involve
Pr'lnrmzcd tranches whose cash tlows are
linked to the performance of a pool of debt
INStruments,

The estimation of ageregated loss distri
butions in credit risk measurement and the
valuation of multiname crediv dervatves and
CDOs requires a mode] for the jome defaule

behavior of numerous credic=risky securities
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such as bonds or loans. Intensity-hased models,
which model the stochastic strucrure of default
by an exogenous intensity or conditional
defanle arrival rate, have been successfully
extended to multifinn settings.

Dufhie and Garleanu |2001] assume that
an andividual firm’s defaule intensity 18 com-
posed of some idiosyneratic component and
somme systematic component affecung all con-
sidered firms. Duffie and Singleton | 1998] pre-
sent several computationally efficient models
relying on intensity processes that exhibit
common or correlated jumps. Schoenbucher
and Schubert [2000] 1mpose an assumed
default dependence structure directly on a
genenc stochastie itensity model for indi-
vidual firms. Giesecke [2002] underpins a mul-
ntirm intensity model with a structural asset-
based model, where firms’ assets and defaule
thresholds are correlared.

We study here a simple and tractable
intensity-based model for correlated default
times that is in the spirit of Duffie and Gar-
leanu [2001]. The model is based on the idea
that a firm’ default is driven by idiosyneratic
as well as other regional. sectoral. industrv, or
economywide shocks whose arrivals are mod-
cled by independent Poisson processes.

In this approach, a defaulr 15 governed
again by a Peisson process, and default thmes
are jointly exponentally distributed. Various
important quanates such as moments, default
correlations. conditional detault probabilities,

and joinr detaulr probabilities can be calcu-
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lated explicitly. A closely related approach is in Lindskog
and McNeil [2001], who consider default losses of dif-
ferent types.

The complete non-linear detault dependence struc-
ture can be deseribed by the copula of the default nmes.
In the L'\‘p“lll.'ll[i‘l] model the ('.\"!wm'nfi'.rf .‘U;mh ATIses nat-
urally. This explicidy avatlable copula facilitaces the cal-
culadon of non-linear default correlation measures and
lends itself to flexible and efficient simulation algorithms
for correlated default arrival times for pricing and risk
management purposes. These algorithms can be used to
generate default times with an exponental dependence
structure but arbitrary marginal defaule distribution. This
means one can combine any given single default proba-
hility model with the exponential correlation model dis-
cussed here.

The parameters of the model can be calibrated from
individual defanlt swaps or bond price data (for pricing
purposes) as well as data provided by ranng agencies (e.q.,
Moody’s diversity score) and often-implemented credit
risk management solutions (e.g., KMV’ CreditMonitor).

I. EXPONENTIAL MODEL

We consider the model first in a tbwo-firm case, and
then extend to the general multivariate case.

Bivariate Case

We begin by deriving the basic properties of the
mode] with two firms labeled 1 and 2. The idea of the
approach is to let defaults of firms be driven by firm-spe-
cific as well as economywide shock events.

Suppose there are Poisson processes N, N5, and N
with respective intensities /'\i. /'l,_.f. and A" We iterpret 4
as the idiosyneratic shock intensity of firm 1, while A is
the intensity of a macroeconomic or economywide shock
affecting both firms simultaneously.

We define the default time 7, of firm 1 by

T, = inf{r = 0: N, (1) + N{t) > 0}

meaning that a detaule takes place completely unexpect-
edly if either an idiosyneratic or a systematic shock strikes
the firm for the first ttime. Note that there 1s a positive
probability of a simultaneous default of both firms. Thus
firtni 1 defaults with intensity A+ A, and we have:
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s ()= Pt 1) =P[N) +NtY=0]=e

[he expected default time and the default time vari-

ance are given by:

. |
Elr)|=——
A+ A
Var| T, | = — —
(A +A)

The joint survival probability s found to be:

s(t, u) = Pl >, T, >
= PIN, (1) = 0, No(ie) = QLN v ) = 0]

Il
~

Ll

s (s, (eomin(e™, e™) (1)

This. bivariate exponential distriburion 15 well known
in reliability modeling; see, for example, Marshall and
Olkin [1967]. The functon s has an absolutely contin-
vous and singular component, which can be calculated
explicitdy, The moment-generating function of s is avail-
able analyucally as well.

There is o unigue function €10, 17 =0, 1] . called
the survival copula of the default time vector (T, 7,) such

that joint survival probabilities can be represented as

st ) = Cols () s, (0]

The copula €F describes the complete non-linear
defandt time dependence somerure. As CF couples exponential
marginals s with the exponential jont survival function
s, we will eall €7 the exponential copula, In the reliabiliry
literature this copula is also known as the Marshall-Olkin
copula, See Nelsen [1999] for background mmformation.

Letting 5 ' denote the inverse function of s, and

defining:

as the rato of joint default intensity to the default inten-
sity of firm 1. we obtaim:

i

T . 1-H -
Ct ) = sy ()52 ()] = mingva ™, wv )
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ExHiBIT 1
Rank and Linear Default Correlation
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The parameter vector @ = IHI. 6,) controls the
degree of dependence between the defanle thmes: we
write C7= % If the irms default independently of each
other (A =0 or 4. A, = =), then 6, = 6, = 0. and we
get Chu,r) = vp, the product copula. If the firms are

perfectly positively correlated and they default simultane-

owsly (A= eeor 4, = 4, =), then 6, = 6, = |, and
Ci{uw) = u» v, the Fréchet upper-bound copula.
Hence:
< (II Hodt) S oAt (2)
0elo 1)

u, v |, 1]

meaning that in our model defaults can only be posinvely
related.

Besides the survival copula €7 there is a unique func-
tton. K701 =0, 1] such that the bivariate distribution

function p of T can be represented as

ply=Plt, 0.t < ul = Kip1) p.u))

where pir) =Pt 1] =1 —xsit) is the distribution functon
of T.

The (usualy copula K7 and rhe survival copula €F
describe inan equivalent way the dependence berween the
defaule times. Noting that s(e. w) =1 = piry — puiul + pir w), we

see that these copulas are related via:

Kinvy=Cl -, | —v)+u+v—1

min([1 = ][I = a1l 010 =wll] ="y 0+ v =1
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Equation (2) suggests a partial ordering on the ser of cop-
ulas as function-valued default correlation measures. A
scalar-valued measure such as rank correlation can per-
haps provide more intuition about the degree of stochastic
dependence between the defaults. Spearman’s rank cor-
relation p*is simply the linear correlation p of the copula
K" given by;

pT. ) =plp (T p 1))

12 [ K* G, v)cudy =3

) 36,0,
T 26, + 26, - 66,

. 34

T34+ 24, + 24, (3)

showing that p* is a function of the copula K7 only. Notice
that the same result obtains when we compute p* with
CTinstead of K7,

While Spearman’s p*(7,. T,) measures the degree of
monotonic default dependence, linear default time cor-
elation given by

PlT Ta) = - (4)

A+ A +A,
measures the degree of hnear default nme-dependence
only. Clearly p < p*, and linear default correlation under-
estimates the true default dependence.
Exhibit 1 plots both measures as functions of the

joint shock intensity A. We fix A, = A, = (.01, which

corresponds to a one-vear default probability of about 1%
when firms are independent. If 4 is zero, then firms default
independently and p = p* = 0. With increasing A. the

joint shock component of the defaulr risk dominates the

idiosyncratic component, and the default correlation
ICTEases.

The relationships among p°, idiosyneratic intensi-
ties, and joint shock ntensities 15 shown m Exhibir 2,
where p* s plotted as a function of 4, = /13 for varving
A. Rank detault correlations dechne with idiosyncratic
default risk, because with increasing A, = A, the idiosyn-
cratic risk component dominates the joint shock com-
ponent of default risk. If A, = A, = 0, then only the joint
shock matters: if this shock oceurs, firms defaule simul-
taneously and the rank default correlation is one.

Summarizing, we have p°, pe 0. 1], where p*=p
=0ifA=0o0ord, A, = (Cis the product copula),

i
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EXHIBIT 2

Rank Default Correlation as Function of Idiosyncratic
Shock Intensity and Varying Joint Shock Intensity
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EXHIBIT 3

Default Indicator Correlation over Time—
Varying Joint Shock Intensity
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Fime

amdp*=p=1ifA—==cor A, =4, =0(C"isthe Fréchet
upper-bound copula).
Another conunon default correlation measure 1s the

limear correlation of the default indicator variables:

)1 | l S(E 1) = $,(2)8,(1)
Pl ariolipgn) = e -
| e NS ) pa ()8, (1) ()

Exhibit 3 shows PO e Vipie) OVer time for

varying degrees of joint shock intensities A (again we set

A, = A, = 0.01). In our model, default indicator correla-
tion declines with tume. This 1s different from the struc-
rural model of Zhou [2001], where the indicator
correlation 15 hump-shaped.

Conclusions drawn on the basis of linear defaule
time correlation p(7,, 7,) and linear default indicator cor-
relation p(1,_ .. 1, _ ) should be interpreted with care.
Both are covariance-based, and hence are only the nat-
ural dependence measures for joint elliptical random vari-
ables; see Embrechts. MceNeil, and Seraumann [2001],
Neither default times nor default events are joint-ellip-
tical, so these measures can lead to severe misinterpreta-
tions of the true default correlation structure, p* is by
contrast defined on the level of the copula C7, and there-

tore does not »h.lt'c [[]L’\C L'lL'ﬂn‘iL‘I]L'lt‘\.

General Multivariate Case

We now extend the default model to the general
multivariate case with 1 2 2 firms. The default of an indi-
vidual firm s driven by some idiosyneratic shock as well
as other sectoral, industry, country-specific, or economy-

W iL’IL‘ \ll()(l\\, ]--ih‘\c

I Yec Emamer 20003

m:z i
i=1li

shocks are governed by mdependent Poisson processes
that are numbered consecutively. To indicate whether a

non-firm-specific shock leads to a default of some given

firm, we muoduce a matrix (a.) e Where a, = 1if shock
.y, modeled through the Poisson process

N with mntensity A, leads to a defaule of firm j & {1, 2,

fie {12, v

cnhand g = 0 otherwise,
For example, for n = 3 firms, a full specification of

the model would involve:

(@)=[0 1 0 1 0 1 1

Orher specifications can be adapted to the case at
hand. For example, if economywide shock events can be
excluded, one would set a - =0 fori =1, 2, 3, which cor-
responds to bivartate dependence only.

According to this default specification. we get

T, =inflr20: ) a,N,(n>0)

meantng that firm 1 defaults with imrensicy 2.4 and

5, (1) = c(pt—Zu]L,.H

Arguments stmilar to those leading to (1) yield the

Joint survival funcrion:
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i ) = PlEST wos . >t

= expil- zzt max( e, £, .o 1)) t6)

Joint defaule probabilities p and the associated copula

K™ can be abtained by standard arguments from s

plly con 1Y = z---21-lp AR 5 e B 1) (7)
=, g

where v, = . and v, = 0. The exponenual survival

cl’[r‘llln associated with s can be found via Clue... )

3 T/ e 0| l‘:ixil]:_! some f, | € P20 it with

i # j. the owo=dimensional marginal copula 1s given by:

o

5 |- [
Inll]”l" LN )

I

where we define. analogously to the bivariate case:

as the ratio of the jomnt default mtensity of firms 7 and §
to the default intensity of firm [ or j, respectively. In
analogy to (3), we can now compute Spearman’s rank

detault tme correlation matrix (p7) - by

5

306,

Pi = 36, + 26, — 0, (%)

Extensions

We note at least two extensions of the basic setup.
Instead of assuming that shock incidents lead to imme-
dhate default events, shocks niay not be necessarily fatl.
In the bivariate case, suppose an idiosyneratic shock leads
to a defaulr of firm 1 only with a prespecified probability
q- An economywide shock leads to a default of both firms
with probability g, . to a default of firm 1 only with prob
ability ¢,,. and to a default of firm 2 only with proba-
bility g,,. The exponential default me distribution is:

s(r, w) = "
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where 7, =A@ + Aq, T2 = Ags + Agy 0 and V= }\.q”.
Of course, with g, =g, = q,, = 1. we obtain the model
in Equation (1), The general case is analogous. Note,
however, that in the non-fatal model interpretation, there
are potentially many model parameters, which makes the
maodel caltbration very challenging.

Another extension concerns the variability of inten-
sities over time. In our Poisson setup, under risk-neu-
trality the term structure of model-implied credit vield
spreads is flat {the local vield spread is in fact given by the
constant intensity itself). In practice, however, credit
spreads often vary substantially over time.

To capture these eftects, in a first step the Poisson
framework can be generalized to determumistically varying
ntensites, 1.e., o lnl\nnmgcn;‘nm Poisson shock arrivals.
The mrtensity function may. for example, be assumed to
be piecewise constant, which is a reasonably flexible
approximation in certain applications. In the bivariate

Case; y(n= Lf\pIJ [A(r) + Alr)dry and

s, u) = ¢

It a second step, we can extend o general stochastic
mtensities. Such models would caprure, in a realistic way,
the stochastic variation in the term structure of credit
spreads. One needs, however, a large and reliable database
to calibrate the parameters of such a stochastic intensity

model. Now (1) = Elexpi| [4,(«) + Ao and

s, 1) = Ele

For an extensive ‘w[l](,l_\ nl'-\.'.irh_mx k'nl'l't:l.lllﬂ!! mm'icis

with stochastic intensities, see Duftic and Singleton [ 1998].

II. SIMULATING CORRELATED DEFAULTS

Let us consider a four-step algorithm. which gen-
erates default arrival imes with an exponental depen-
dence structure CTwhile allowing for arbitrary marginal
defaule oime distribunions, which we take as given.

L. Simulate an mi-vector (1, ..., 1) of independent

i
exponential shock armval fimes with given param-
eter vector (A,. ..., A ) where A, > 0. This i« done
by drawing, for ke {1, 2. ... i}, an independent

standard vniform random variare {7, and setting:
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Indeed. Plr, > T)=Pl-Inlij 4, > T = P, e " =¢

2. Simualate an n-vector (1 T ) of joint expo-
nential default omes by considering, for each firm
ie [ 1,2, ....0t}, the minimum of the relevant shock

arrival times:

T =mnft: 1<k <ma, =1]

o5

3. Generate asample (i, ... v ) from the (survival) default
time copula C7 by setting, forie {1, 2, ...}

=T = ::.\[)[—TZ¢.",&:1

+. In order to generate an n-vector Z = (7, ..., Z)
ot correlated defaule arrival dmes with given
marginal survival function ¢ and exponental defaule

dependence structure C7 set, forre {1, 2, ..., ul:

provided that the inverse g

of ¢ exists.

We can base our defaule tiime simulation onsurvival
marginals ¢, from a model completely different from the
exponential shock model already developed. One could
use a general stochaste inensity-based model or a struc-
tural model for ¢. or use some estimated survival func-
tion. To account for ditferent types of idiosyneratic default
risk, we can also choose different survival marginals g, for
different firms. The algorithm then generates correlated
default times Z with these, given g and an exponential
dependence structure:

PIZ, 5 it Z, =1 = Cllg(t,) v g (L))

In the special case where g = ¢ for all i, the simu-
lated default time vector Z is jointly exponentially dis-
tribured. That 1s. Z has exponental marginals and an
exponential copula €7, and its joint survival function is
given by Equation (6). In that case, Z, = T, and we have
to perform steps | and 2 only.

From the methodology; this approach bears some
interesting similarivies to the approach followed by
Schoenbucher and Schubert [2001]. In thewr approach.

Dcemprr 2003

the survival marginals are given by somg stochastic inten-

sity model, while one 1s free to choose the default copula

Joining marginals and joint default distribution (the copula

is not directly prescribed by their intensity model). In our
approach, the copula of the detault imes 15 preseribed by
the maodel structure, while one is free to choose appro-
priate marginals. The exponental marginals would be

only one possible cholce, although a natural one.

[T1. ESTIMATING SHOCK INTENSITIES

A first step in estimating the model parameters is to
specify the shock impact matrix (a ). In a second step, the
relevant (at most m) shock intensities must be estimated.
Here one may be interested in risk-neatral intensities for
derivatives pricing purposes, or real-world objective inten-
sities for risk management purposes,

[o deal with the limited appropriate data available
for the estimation of higher-order shock intensities, 1t
might be reasonable to specify a model (a ) with bivariate
(rrivariate) dependence only, e a model where at most
two (three) simultaneous detaults are possible, Another
asstmption to account for limited data 15 to set higher-
order shock mtensities equal for shocks leading to more
than one (two. three, ...) defauls. The simplest model o
account for default correlation m a credible way would
then rely on bivariare dependence with equal intensinies
tor the joint defaults of two firms (we refer to this as
hivariare syminetric dependence). We would then have to esoi-
mate 1+ 1 intensities.

Risk-Neutral Intensities

Liquid bond price or corporate credit default swap
quotes can be used to back out risk-neutral survival prob-
I ’ \ - ~ — . .
abilities s” (1) of each firmy  for some fixed horizon ¢ (see
Hull and White |2000] for the basic procedure).
We then have the relations:

I .
—Ins’ iy = Y a, A tori= 1,2, ....n (Y)
I 3

If quates for a range of different bond or swap matu-
rigies ¢ are available, we can obtain a system of m equa-
tions in the m unknown intensities A, I this system does
not admir a unique solution, we can choose the ).j, via
some least squares minimization procedure, tfor example.

If price observations are available only for some par-

ncular dare ¢ the relanons (9) alone are not suthcient to
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determine all imtensities uniquely; higher-order survival
probabilities are needed m addinon. If prices of appropriate
products (such as first-to-default swaps) are quoted, one
can back out risk-neutral higher-order survival probabil-
ities . Liquid quotes are rarely available, however.

Bivariate joint survival probabilities s” can be derived
from single-firm default swap values if the protection-selling
swap counterparty is itself subject to default. With surtable
assumptions on the model structure (q,) and the associated
shock intensities, we can then exploit the relation:

"

= (tyeeenn 1,) = X Agmax{agri, ... a2 0

t
=1

in addition to (9) 10 order to determine the shock inten-
SI01es A*_.

Objective Intensities

Real-world (objective) survival probabilities s (1) of

individual firmis can be esumated trom historical default
data. Without a proprietary database, one can use long-
run average values of credit rating classes, which are com-
monly provided by credit rating agencies. Equation (9) 15
then used with s, in place of 57 Data on joint defaults,
however, are much too sparse to obtain rehiable statistical
estimates tor joint default probabilities, so one has to resort
to other sources of surtable informanon.

Suppese Moody's supplies a diversity score d for the
n-firm porttolio under consideration. This is most com-

mon if the underlying portfolio is the collateral pool of

some collateralized debt obligation (CDO). That s, the
original portfolio of n correlated firms is considered to be
equivalent to a portfolio of d independent firms with the

same survival probability (1) but a netienal principal of

(n/d) tmes the original notional.

The diversity score d 18 determined so thar the tirst
two moments of the distribution of the number of defaults
in these two portfolios

3, ., and %il - (10)
L PSS

are equal for some fixed horizon r, say, one year. The 1,
are independent and identically distributed Bernoulh
random variables with success probability g(r). This yields

the relations:
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nglr) = Z\.(JJ

1

n
(i)l — () =
d

Y[ (1= s+ X (.\',,H.Hf.v‘(!).\'f(!)})

M =i

Given the diversity score d, one can now use these equa-
tions to obtain an estimate of the sum of the pairwise
joint survival probabilities s for firms i and j. Assuming
a model (a) with bivanate 'synun:‘trn‘ dependence. we
are then able to estimate the shock mtensity leading to a
simultaneous default of two firms.

Credit risk management software packages such as
KMV’ Portfolio Manager often provide parrwise default
event correlations m the form of (5). Rating agencies pro-
vide default correlation matrices for industries. Erturk
[2000] and Nagpal and Bahar [2001] estimate these cor-
relations using historical default data from Standard &
Poors. For estimates of rating category correlations from
Moody's data, see Carty [1997],

Such correlations let us calibrate a model with (not
necessarily symmetric) bivanate dependence via (5).
More consistent would be the use of rank default cor-
relations (3), which would let us estimate a model (a,)
that is fully specified (i.e., a model beyond bivariate sym-

metric dependence).

IV. APPLICATIONS

We describe two applications of the model.

Default Distribution

In credit risk management, the exponential default
model can be used to measure the aggregated defaule risk
associated with some portfolio of eredits. The most com-
prehensive measure of that aggregated risk is the distri-
bution ot total losses due to defaults.

We consider such a loss distribution under the sim-
plifying assumption that there is zero recovery in case of
default. The default loss L at some fixed horizon tis then
equal to the number of the defaulted firms L, = n— M,

where:
’11 = 21\:‘ vt |
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is the number of firms that are stll operating at 1. The
distribution of A [ can be computed directly from the joint
survival probabihies.

By standard arguments we find

n 7\

PIM = k| = ZU ]l'ull" 3

I=k dellmnf =

PNz, > 1)1
e/
where the | [|-dimensional marginal joint survival probability

PN, > 1]

is directly available from (6) for 1”] c 1, .... n}. This
can be simplified if the firms in the portfolio are homao-
geneous and symmetric, 1.e., if the default ntme vector 1

Cx\'}l.lllgt‘dl‘lci

(Tiy om T ) 2= (Tugyo o Taggy)
for any permutation (1), ..., =(n) of indexes (1, ..., n)
(by — we mean equality in distribution).

Such a portfolio structure is a reasonable approxi-
mation for a well-diversified retail or small and medium
sized exposures (SME) portfolio (or at least subportfolios
ot such portfolios). We then denote by m, the k-th dimen-
stonal survival prabability:

T ()=PlT, >t..4T >

fi,. ouiyyelccon), 1<kZn

which is the probability of survival of any arbitrarily
selected subgroup of &k firms by horizon 1.

We then have simply

n!
PIM,=k]= > (=1)———m,_(1)
1M l Z‘ kN n—k—i

To illustrate the effect of default correlation on the
default distribution, let us consider an exponential model
(a.) with symmetric bivariate dependence, where firms
default individually with intensity A4, and shocks leading
to a default of any two firms arrive simultaneously with
intensity A. Then:
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EXHIBIT 4

Distribution of Number of Defaults—
Varying Joint Shock Intensity
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Exhibit 4 graphs the distribution of the number
ot defaults P[L = k] = PIM, = n— k| for a ten-year time
horizon with # = 30 firms, where the joint shock inten-
sity A 1s varied. We hold the one-year default probability
fixed at 1%,

Itis clear that the expected number of defaults E[L |
mcreases with the systemic shock probability. This effect
s shown in Exhibit 5. It is interesting that the variance of
the number of defaults is hump-shaped: the variance
mcreases with A up toa certan point only; after that point
it declines with A, B

The joimnt shock intensity 4 starts to dominate the
idiosyncratic risk component A after it has reached some
critical level. Then a default 1s mainly due to a systemic
shock, and there is a greater probability of a systemic
default of all firms, while the probability of few defaults
vanishes. This means that for increasing A all the default
probability mass will be shifted toward the right end-point
of the default distribution (see Exhibit 6). For sufficiently
high A, it is almost certain that all firms default before
the horizon. and the variance vanishes.

First-to-Default Baskets

The exponential model can also be applied to the
valuation of multifirm credit derivatives. Commonly
traded are k-th-to-default basket swaps, which pay some
specified amount if at least b defaults i the reference bond
basket occur before the maturity of the conrract,

Asan example, we consider a binary first-to-default
swap, which involves the payment of one unit of account
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ExHIBIT 5

Expected Defaults and Variance of Total Defaults
as Function of Joint Shock Intensity
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EXHIBIT 6

Distribution of Number of Defaults—
Varying Joint Shock Intensity
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upon the first defaultin the reference portfolio mn exchange
for a periodic payment (the swap spread). The swap spread
is pard up to the maturity T of the swap or the first default,
whichever is first. The index set of the reference portfolio
s ¢, 2, ..., i}

Let us denote by 7= min_ (7) the first-to-defauls
time, We have

it

Plt > 1] = exp(—=t X Ay max(ags «oee ;1))
k=1

Assuming that P 1s some risk-neutral probabilicy,
the value cof the contingent leg of the swap 15 at tme zero
given by

o= Ele »™* |

where (r), 518 the riskless short rate. Supposing tor sini-

plicity that r = r > 0 for all r, we get

= [ t‘””];“(-i Pt € dul

where A= Zt Aymax(a,
spread R is paid at dates by B S e S =T, then the

~a, ). IF the (constant) swap

fee leg has a value of

f:ZEkLJMMJ:sz“”
i1,2T i

=
where for the second equality we invoke the assumption

of constant short rates. We neglect any accrued swap

spread here,
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I'he value of the fee leg paid by the protection buyer
compensates the protection seller for paving one unic of
account upon the first default in the reference porttolio.
The swap spread R is therefore such that ¢ = fat incep-
tion of the contract {r = 1),

For illustration, we assume that the reference port-
folio has a bivariate symmetric dependence structure with
idiosyncratic shock mtensity A and jomnt shock intensity
A. Svmmetry and homogeneity are quite realistic for first-
to-default baskets. Then

A=An+ A"

Supposing that n =5, r =0, T'= 1,1, = 0.5, and
r, = 1 (i.e., semiannual coupon payments), in Exhibic 7
we plot the swap spread R as a function of the joint shock
intensity A for varying one-year default probabilities
(while mcreasing A, we reduce A so that the default prob-
ability remains constant). Since the likelihood of a pay-
ment by the protection seller increases with individual
firm default probabilities, the spread widens with these
default probabilities. The spread narrows with A, which
is also mtuitively clear: for increasing (positive) default
correlation, the probability of multiple defaults increases
and the degree of default protecuon provided by a first-
to-default swap is diminished. With zero correlation the
premium is at its maximum, because the likelihood of
multple defaults 1s at its minimum (given that negative
correlation is excluded).

Finally note that we can use the distribution of the
number of defaults to analyze general k-th-to-detault baskets,

DEcEMBER 20003




EXHIBIT 7
Swap Spread as Function of Joint Shock Intensity—
Varying Individual Default Probability
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V. CONCLUSION

A thorough understanding of the joint default be-
havior of credit-risky securities 15 essential for credit risk
meastrement as well as the valuation of muluname eredit
derivatives and collateralized debt obligations, We study a
simple and tractable intensity-based model for correlated
defaults, i which default arrival times are jointly expo-
nentially diseributed. The model can be easily implemented
since all relevant quantities are available in closed form.

Simulation of dependent default times is shown to be
stratghtforward as well.

ENDNOTES

Ihe author thanks Peter Bank, Bernd Schinnd. and Rainer
Schulz for helptul discussions. Frnancial support of Deutsche
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All random variables are defined on a fixed probabilicy
space (€2, A ). Depending on the specific apphication, ['is the
physical probability (risk management setting) or some risk-
neutral probability (valuation setting).
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