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o control the interest rate risk of a

portfolio, a trading strategy, or a

dealer position, it is necessary to be

able to quantify this risk. Several
studies of the historical returns on U.S. Trea-
sury STRIPS using principal components anal-
ysis have found there are three factors that
explain almost all the variance of returns:
1) changes in the overall level of interest rates;
2) changes in the shape of the yield curve (i.e.,
steepening and flattening; and 3) changes in
the curvature of the yield curve.'

Changes in the first factor explain about
90% of the historical returns on U.S. Treasury
STRIPS, while the second factor explains from
7% to 8%. Similar results are reported for his-
torical returns on various types of collateral-
ized mortgage obligations by Schumacher,
Dektar, and Fabozzi [1994].

The most popular measure used to esti-
mate interest rate risk ateributable to a level
change in interest rates is duration. This mea-
sure assumes a parallel shift in the level of
interest rates. While there are several measures
of duration, the appropriate measure to use 1s
effective duration, a measure that takes into
account the effect of any embedded options on
the value of a security due to a parallel change
in interest rate. Most definitions of effective
duration use a change in the level of the spot
curve.”

Measures beyond effective duration that
measure exposure to changes in the level, slope,
and curvature of the vield curve have been
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proposed by Kuberek [1998], Willner [1996],
and Nelson and Carleton [1987]. More finely
tuned measures that focus only on measuring
exposure to changes in the shape of either the
yield curve or spot curves are partial and key
rate durations.

fartial durations, first introduced by Rei-
tano [1990, 1991], measure the sensitivity of
a bond’s price or porttolio’s value to changes
in maturity sections of the par yield curve or
the on-the-run Treasury yield curve.” Key rate
durations (KRD), introduced by Ho [1992],
are similar to partial durations except that the
underlying curve manipulated is the spot curve.
KRID measures the sensitivity of a bond’ price
or a portfolio’s value to changes in maturity
sections of the spot curve.

Both measures are easily converted into
level, slope, and curvature durations by per-
forming straightforward linear transformations.
Of course, the resulting level, slope, and cur-
vature durations are with respect to changes
in different reference curves.”

The appropriate measure should depend
on the particular application considered.
Traders often prefer the partial-duration frame-
work because it 1s based on a yield carve and
is easier to understand when placing trades
based on changes in vield. In asset liability
management, however, where the liabilities
are most often (and appropriately) evaluated
using the spot curve, the key rate duration
&IPPI'U;][‘}] is thl‘f nmore ;lpprupri;ltc‘ QI}TPI'U'JCII.

It is not that one measure 18 correct or
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incorrect. They simply measure very different sensitivi-
ties. Unfortunately, the two measures are often used inter-
changeably i the literature and in practice, but they are
very different. We aim to shed some light on the impor-
tant difterences between key rate durations and partial
durations so that users can better apply them to both
trading and risk management strategies.

I. COMPUTING KEY RATE
AND PARTIAL DURATIONS

We first define key rates along the interest rate curve
(spot curve for key rare durations and par curve for par-
tial durations) for: 1, 2, 10, 20, and 30-year maruri-
ties. To compute a key rate duration (KRRD), we shift the

appropriate key rate up and down by AY. For the upward
shift, the key rate is shifted up by AY; and the rates between
the adjacent key rates shift up in a linearly declining
(increasing tor a downward shift) manner so that the shift
at the two adjacent key rates is zero. For U.S. Treasuries
we price the security for each spot curve change.’

For each key rate j. we compute the KIRIDD as tollows:

|
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i

Pi(=) = Py{+)

KRD, =
Rt 2AY

(1)
where P, is the current price of the security; P(-) is the
price of the security following the corresponding down-
ward shift at key rate j; PJ (+) 15 the price of the security

following the corresponding upward shift at key rate J;
and AYis the shift in the key rate expressed in percentage
terms. Note that for j below and above the adjacent key
rates (j— Tand j + 1) Equation (1) will be equal to zero
as rates outside this range are not changed. so the numer-
ator in Equation (1) is always zero.

Partial durations (PD) are computed in a similar
manner except that the curve shifted is the par curve. Fol-
lowing the par curve shift, the corresponding spot curve
change is determined in order to compute the new secu-
rity price. The PD is then computed as in Equation (1),
with AY the shift in the par curve and the prices com-
puted from the corresponding spot curve changes.

To illustrate the difference between the two
approaches, we use the spot curve as of the middle of
February 2003 as an example. Exhibit 1 presents the spot
curve and the corresponding par curve, The spot curve
is related o the par curve as follows:
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EXHIBIT 2

Different Spot Rate Curve Changes Resulting From KRD and PD Approaches
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where PY is the par yield, and SR, is the spot rate cor-
responding to a maturity of f years.

Let’s consider a simple example. Suppose the one-
year par yield PY, = 2.040%, and SR, = 2.040%, while the
five-year par yield and spot rate are PY, = 2.381% and SR,
= 2.390%, respectively. If both the one-year and the five-
year par yields are increased by 25 basis points, the spot
rates become SR, = =2291%and SR, = 2.652%. The
corresponding changes in the spot rate are not the same as
the par yield changes, and they also difter across the matu-
rity spectrum (ASR, = 0.251% and ASR, = 0.262%).

To illustrate these effects in the PD/KRD frame-
work, we use the rate for a ten-year maturity as a key
rate. Exhibit 2 shows the spot curve changes resulting
from each method. SCU and SCD are the spot curve
changes from an up and down move, respectively, for the
computation of the ten-year KR, Note that the changes
in rates at and beyond the adjacent key rates are zero.

These graphs also illustrate the change in par yields
used to compute the partial duration. SC(PCU) and
SC(PCD) are the changes in the spot curve from the up
and down changes to the par curve, respectively. Recall
that the spot curve is the pricing curve, so Exhibit 2 illus-
trates the significant differences between the two
approaches. To compute the ten-year duration measures
we add the changes in Exhibit 2 to the original spot curve
in Exhibit 1, compute the prices, and then use Equation

(1)
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Exhibit 3 presents a comparison of the two approaches
for some selected zero-coupon securities (i.e., STRIPS)
and two coupon securities. The exhibit shows PDs and
KRDs at each of the maturity points (1, 2, 3, 5. 10, 20,
and 30 years) for a range of the two security types. The
coupon securities are on-the-run 10- and 30-year U.S.
Treasury securities.” The AY used for all computations is
25 basis points.

The risk profiles for the different securities differ
significantly. All PDs for zero-coupon bonds at maturity
poirts shorter than the actual maturity of the security are
negative, while the corresponding KRDs are zero. The
PDs that correspond to the actual maturity of the zero-
coupon bonds are considerably higher than the corre-
sponding KRDs. For the coupon bonds, the differences
between PDs and KR Ds are less pronounced. PDs are
never negative, and PDs at the actual bond maturities do
not exceed the corresponding KRDs by as much.

Differences between PDs and KR Ds are due to the
spot curve reshaping caused by the PD approach as shown
in Exhibit 2. Particularly interesting is the PD profile for
the long-dated zeros as compared to the KRID profile.

Exhibit 4 presents the PDs and the KRDs for the
30-year zero-coupon bond where the differences are most
pronounced. It illustrates the extreme differences between
the risk measures.

The PD profile suggests that an increase in the
middle of the par curve results in an increase in the value
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EXHIBIT 3

Partial Durations and Key Rate Durations for Selected Securities

Partial Durations
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of the 30-year security. This result is due to the large neg-
ative partial durations at 10- and 20-year maturities caused
by the spot curve reshaping illustrated in Exhibit 2. The
rate inversions of the spot curve as a result of shifting the
par curve produce these results. The KRD profile is per-
haps more intuitive since its interpretation is that the only
rate that affects the price is the 30-year rate.

This is not a matter of one measure being correct
or incorrect. Each is equally justifiable, depending on the
application. Each simply quantifies a very difterent interest
rate sensitivity. Many users of these measures seem to be
unaware of this characteristic.”

In Exhibit 4, the differences berween the two mea-
sures seem muted for shorter-maturity securities with
coupons. Even for the coupon securities, however, the
spot rate change profiles differ significantly. At first glance,
the PDs seem to overweight the influence of cash flows
at maturity and underweight the interim cash flows.

The PD profiles suggest that to hedge against adverse
yield moves the long-dated zero-coupon securities would
be hedged by increasing the PID exposure to the inter-
mediate portion of the curve. In other words, due to the
spot/par curve relationship, we would have to buy secu-
rities to reduce our long interest rate risk. Although this
seems paradoxical, it is perfectly consistent with the char-
acteristics exhibited in Exhibit 2. As a result of the neg-
ative PDs, in order to reduce our interest rate risk at the
center of the curve, we may actually have to increase the
effective duration of our overall position.

As long as the PDs at each point across the maru-
rity spectrum are zero, though, the overall risk associated
with changes in both curves is also zero. Since both KRIDs
and PDs ultimately measure the risk associated with
changes in the spot curve when we eliminate cither expo-
sure, the overall position will be protected against adverse
changes in the spot curve.

The PID approach works well if the strategy 1s to
eliminate risk exposure along the entire maturity spec-
trum. If the strategy requires altering exposure to dit-
ferent portions of the curve, the question arises as to which
curve is appropriate. Do we want to modify exposure to
changes in forward rates, spot rates, or yields? If it is to
spot or forward rates, then PDs must be applied with care.

For example, in Exhibit 2 we illustrate the net
changes to the spot curve from shifting the par curve.
Naotice the oscillatory effect this has on changes to the
spot curve [SC(PCU) and SC(PCD)]. This geometric
result may have consequences for the corresponding for-
ward rates since they are very sensitive to changes in the
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slope of the spot curve. Moreover, if the desire is to
increase exposure to portions of the spot curve, using PDs
is more difficult for the same reasons.

To put it simply, the user has to be aware of the
interrelationships between the par and spot curves before
implementing a trading strategy. Using KRDs to increase
exposure to forward and spot curves 15 more straightfor-
ward since it involves direct shifts in the spot curve.

The added layer of complexity imcorporated into
the PD computation and interpretation becomes more
complicated in the case of bonds with embedded options.
Many embedded options are highly sensitive to changes
in the forward curves, so using the par curve as the ref-
erence point may produce some peculiar results.

Exhibit 5 illustrates the differences in the implied for-
ward rates corresponding to Exhibits 1 and 2, FSCU is the
implied six-month forward curve that corresponds to the
spot curve that results from adding SCU in Exhibit 2 to the
spot curve in Exhibit [, FSC(PCU) is the implied six-month
forward curve that results from adding PCU to the par curye.
Hence, FSCU corresponds to a direct spot curve change
used to compute KRDs and FSC(PCU) corresponds to an
indirect spot curve change caused by a change in the par
curve used to compute PDs. FSCD and FSC(PCD) are
defined similarly for downward shifts in the spot/par curve.

Exhibit 5 illustrates differences in the impact of both
kinds of rate changes on the implied forward curve. The
plot should make it clear that any trading strategy based
on forward rates must be implemented with care even for
securities without embedded options. We intentionally
keep the analysis simple by using securities without
embedded options as we are trying to illustrate only the
significant differences in the approaches.”

Exhibit 6 presents the traditional duration measures
for each of our selected securities. Duration and modi-
fied duration are shown before the effective duration mea-
sures using the par curve |Effective Duration (PC)] and
the spot curve [Effective Duration (SC)] as a starting point
for the computations.”

The effective duration values resulting from the spot
curve are extrémely close to the modified duration num-
bers for all securities except the long-dated coupon bond.
This result is due to the relationship between the spot
curve and the yield to maturity of coupon bonds when
we have an upward-sloping spot curve, If the spot curve
were flat, there would be no difference between the two
measures. Parallel shifts in the spot curve, however, do
not resule in exactly the same changes in the yield to
maturity for long-dated coupon-paying securities.
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EXHIBIT 5

Differences in Applied Forward Rates between KRD and PD Approaches
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EXHIBIT 6

Traditional Duration Measures for Selected Securities

Modified Effective Effective
Maturity Duration Duration Duration (PC) Duration (SC)

Zero-Coupon i 2000 1931 als 1.031

10 101000 9.807 1173 9.808

20 20.000 19.558 21.014 19567

25 25.000 241402 27.363 24 41s

A0 30.000 20211 35.415 20,238
Coupon 10 (.000 T.7306 5029 7.730

30 LLOON 15.154 15800 14,339

The effecuve durations of the zero-coupon bonds
from shifting the par curve are higher than the maturity
of the securities. This 18 due to the effects illustrated in
Exhibit 2. When the par curve is shifted by AY, the cor-
responding change in the spot curve is greater than AY;
resulting in very high effective durations.

A compartson of the last colunin of Exhibit 3 to the
results in Exhibit 6 indicates that the sum of the PDs is
very close to the effective durations from shifting the par
curve, and the sum of the KIRDs is very close to the effec-
tive durations from shifting the spot curve. Any differ-
ences are due to rounding.

SEPTEMBER 20003

II. LEVEL, SLOPE, AND
CURVATURE DURATIONS

Following the approach outlined by Kuberek [ 1998],
we compute the level duration (which s the same as the
effective duration, ED), the slope duration (SD), and the
curvature duration (CID) using both the spot curve and
the par curve." The results are presented in Exhibit 7.
The level duraton resulting from par curve shifts 1s sig-
nificantly higher than the level duration from spot curve
shifts, while the curvature durations are significantly lower
and even negative for the longer-matarity securities,
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EXHIBIT 7
Level, Slope, and Curvature Durations

Par Curve Changes

Maturity Efective Duration

Zero-Coupon 5 5.017
10 10272
20 21014
5 P
S0 35415

Coupon 10 5.025
30 15884

Spot Curve Changes

Maturity Effective Duration

Zero-Coupon 3 1,831

10 W8O8

20 189506

25 24417

30 29.288
Coupon 10 7.730

30 14338
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IR, 362 ST
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15497 3:912

Slope Duration Curvature Duration
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23,730 6.660)
28 1683
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12.858 G.315

These results have significant implications for those
who use this framework of risk assessment. These dura-
tion measures are really just linear combinations of the
KRD and PD methods, so the same caveats apply as above.
Any hedging or trading strategy must be carefully imple-
mented, whether using the PD) or the KR approach.

I1I. AN EXAMPLE

A straightforward example illustrates how misusing
the duration measures can adversely affect the outcome
of a strategy. Suppose we have a liability consisting of a
series of four $10 million payments at 5, 10, 20, and 30
years. The liability is valued using the U.S. Treasury spot
curve as suggested in Ryan and Fabozzi [2002]. The cash
flows correspond to the maturities of our zero-coupon
securities outlined in Exhibit 3, so they have the same
sensitivities to changes in the spot curve as quantified by
the key rate durations at the same maturity points. Our
objective is to immunize the liability series.

Further assume that we use partial durations to
implement the immunization strategy. That is, we mis-
apply the measures and match the key rate durations by
using partial durations. Exhibit 8 shows the original spot
curve and the steepened spot curve used for the example.

We implement the strategy under the current spot
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curve and then evaluate it under the steepened curve sce-
nario. Exhibit 9 presents the results. The fourth row gives
the difference in the value of the labilities following the
steepening of the spot curve.

For properly immunized liabilities, we expect the
change in the assets to be equal to the change in the lia-
bilities. Under “Asset Changes,” we present the change
in assets using each measure. Here we consider only the
first-order effects. The “Immunization Results™ section
computes the net change between assets and liabilities. Notice
that the PD approach is not nearly as effective as the KRD
approach.”

The last row of Exhibit 9 presents the actual PDs that
would need to be applied in order to have equally effec-
tive immunization strategies.

The example is offered for illustration purposes only.
The reverse is also valid. If we were to misapply the KR
approach within a yield curve strategy, the results would
be equally problematical.

IV. CONCLUSION

We have shown that using the par curve to measure
interest rate sensitivity is very different from using the
spot curve. We do not suggest that one is correct and the
other is not. Instead we simply want to highlight the sig-
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ExHIBIT 8
Spot Curves for Asset/Liability Example
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Asset Liability Example
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mficant ditferences that result, and how the interpreta-
tion and implementation of the results vary significantly.
Users of these measures should ensure they understand
the underlying relationships before they apply any strategy.

Users of the partial duration methodology are explic-
itly assuming that the par curve is the driving interest rate
curve in the market, and that all strategies should be based
on par yield changes, not spot rate changes. Users of the
key rate duration methodology base their strategies directly
on th(‘ SPU[ curve. SUIH(‘ may .lrguc l'l'lilt r]]L‘ Sl."U[ curve i\
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more theoretically sound. given that it is the pricing curve
for fixed-mcome securidies. If it is the expected change
in price that we base our strategies on, then the pricing
curve should be more appropriate to use. An equally
cogent argument is that the on-the-run yields are the
driving force behind the fixed-income market, so the par
curve should be the appropriate curve as the securities
will be priced close to par.

Which of the two measures to use will depend on
the application under consideration. Users must under-
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stand the dynamics of each, and ensure that they prop-
erly interpret the measures prior to implementing a trading
or risk management strategy.

ENDNOTES

The authors thank Thomas Ho and Robert Reitano for
helpful comments.

"The first studies are Jones [1991] and Litterman and
Scheinkman [1991],

*For a discussion of the difference between effective dura-
tion and a measure called modified duration, see Fabozzi,
Buetow. and Johnson |2002].

Partial duration is alse discussed by Waldman [1992].

“We are taking some liberties with terminology. Both
approaches are often referred to as key rate duration or partial
duration. We refer throughout to the Ho [1992] approach as
the key rate duration and the par curve approach as partial dura-
tion to distinguish the two approaches.

“There are some callable Treasury issues in the market.
The Treasury stopped issuing callable bonds in the early 1980s.
We ignore these issues in our discussion.

“The coupon securities are the U.S. Treasury note with
a coupon of 4-3/8% and a maturity of August 15, 2012, and the
U.S. Treasury bond with a coupon of 5-3/8% and a maturity
of February 15, 2031. We will refer to these as the 10- and 30-
vear bonds (although their exact maturities are 9.5 and 28 years).

"We can confirm that a wide range of users of these mea-
sures in the fixed-income industry do not differentiate between
PD and KRD.

bSecurities with embedded options are properly evaluated
using a term structitre model. Most term structure models use
the spot curve as an input to establish the no-arbitrage rela-
tionship. Exhibit 5 highlights the different spor curves to use
in a term structure model, depending on the approach used. The
obvious result of this is that the sensitivity measures would also
be very different.

“We use both reference curves to compute the effective
duration in order to continue to highlight the differences that
result between the two approaches. As we note earlier, most
sources suggest using the spot curve directly for the computa-
tion of effective duration. As result, the user should be partic-
ularly careful in comparing effective duration to partial duration.
If the effective duration is computed using the spot curve, it
cannot be compared directly to the partial durations without
making the appropriate adjustments we outline.

As before we use a AY of 25 basis points for the
computations.

"The non-zero differences under the KR approach are
due to the convexity of the liabilities (ignored in computation
of the change in asset values).
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