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he valuation of corporate debt 1s a
central issue in theoretical and
empirical work in  corporate

finance. The literature on pricing
risky debt has evolved in two main directions:
the structural approach and the reduced-torm
approach. As in Merton |1974], the structural

approach takes the dynamics of the assets of

the issuing firm as given, and prices corporate
bonds as contingent claims on the assets.
Assuming a constant interest rate ¢conomnuy,
Merton’s model provides an important insight
into the determinants of risk structure, and
shows how the default risk premium is affected
by changes in the firm’s business risk, debt
maturity, and the prevailing interest rate.
Black and Cox [1976] and Geske [1977]
provide generalizations that take into account
the effects of coupon and bond indenture
provisions. Shimko, Tejima, and Van Deven-
ter [ 1993] discuss the application of stochas-
tic interest rates in the valuation of corporate
debt using Merton's [1974] framework.
Longstaft and Schwartz [1995] adapt the
Black and Cox
istic setting. First, they allow interest rates to

1976] model for a more real-

be stochastic, with dynamics as proposed by
Vasicek [1977]. Second, they do not require
the recovery rate to be equal to the bound-
ary value upon first passage, but assume an
exogenously given rate of face value K. Third,
the default boundary is assumed to be K. This
approach explicitly allows for deviations from
absolute priority.

The introduction of bankruptey costs and
tax effects allows extension of the framework
to a richer extent, taking into account issues in
corporate finance. Examples that consider
endogenous capital structure, liquidation pol-
icy, recapitalization, and reorganization of debt
include Brennan and Schwartz [1984], Leland
[1994, 1998], Anderson and Sundaresan [ 1996,
Leland and Toft [1996], and Mella-Baral and
Perraudin [1997]. These models allow for
endogenous default, optimally determined by
equityholders when asset levels fall to some low
level. Anderson and Sundaresan [2000] con-
duct an empirical analysis of structural models
of corporate bond vields. Their results suggest
that recent modifications of the contingent
claims models to allow for endogenous default
barriers have improved the performance of the
models in tracking observed yield spreads.

The structural approach to the valuation
of risky debt has been criticized for not being
able to generate sufficient credit spreads for
short maturities of debt. In practice, even for
short maturides, the market recognizes that
some disaster may happen.

More recent literature has adopted an
alternative approach that offers a high degree of
tractability for credit-risky bonds. The reduced-
form approach relates default ime to an exoge-
nously given hazard rate process, and derived
formulas are calibrated to market data. This 15
illustrated by Jarrow and Turnbull [1995], Lando
[1995], Jarrow, Lando, and Turnbull [1997],
Duffee [1999], Duffie and Singleton [1999],
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and Madan and Unal [2000]. This approach provides a
model that is close to the data, and it is always possible to
fit some version of the model, although a fitted model may
not perform well on out of-sample analysis.

An in-between approach has been suggested. Cath-
cart and El-Jahel [1999] propose a framework that com-
bines structural and reduced-form approaches. It assumes
a default event occurs in an expected or unexpected man-
ner when the value of a signaling process reaches a cer-
tain lower barrier or at the first jump time of a hazard
rate process. Although the model can generate strictly
positive credit spreads for short maturities, the simple
assumption that the firm goes bankrupt immediately when
a jump in the asset value occurs for the first time needs
empirical justification.

Zhou [1997] proposes a numerical model for pricing
discount bonds in much the same spirit as in Longstaft and
Schwartz [1995], when the underlying asset value follows a
Jump-diftusion process that is similar to the stock price pro-
cess in Merton [1976]. Coupon bonds are not considered.

Instead of employing a jump process as a determinant
of the default mechanism, Duffie and Lando [2001] study
the implications of imperfect accounting information for
modeling corporate bonds. They suppose that bond investors
cannot directly observe the issuer’ assets, and receive only
periodic and imperfect accounting reports. As a conse-
quence of the uncertainty in asset values, bounding short
spreads away from zero can be obtained in their model.

There is a basic incompatibility in default mecha-
nisms between the Duflie and Singleton [1999] model
and the traditional models based on Merton. The reduced
form of a structural model is usually taken to mean a ver-
sion of the model in which endogenous variables are
expressed as a function of predetermined variables only.!
By this definition, the reduced-form model must be equiv-
alent to the original structural one. This is not true of the
Duffie and Singleton [1999] model, however.

In the Merton framework, where a firm’s asset value
follows a pure diffusion process, default can happen only
expectedly. Given that default has not happened yet, there
is a zero probability that the firm will become bankrupt
at the next instant. The reduced-form approach typically
assumes that default events are surprises. For example,
Duftie and Singleton [1999] consider that, given a posi-
tive hazard rate process h,, default occurs at a rate ot h,.

Neither the pure diffusion nor the reduced-form
approach appears to comport completely with empirical
evidence that default can happen in both an expected and
an unexpected manner.” Motivated by this observation,
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we provide an alternative to the problem by modeling
the firm’s asset value as a jump-diffusion process. While
a model based on jump-diffusion captures both expected
and unexpected defaults, we show thar it also exhibits the
interesting properties of the leptokurtic feature that are
empirically observable in asset returns.

We present a tractable discrete-time model for valu-
ing typical coupon bonds under a jump-diffusion process
in asset value. For simplicity, we assume that a defaule
event can happen only on payment dates.” The firm goes
into bankruptey expectedly when the asset level hits a cer-
tain lower barrier through a continuous diffusion cross-
ing, or unexpectedly when its value drops precipitously
below the barrier. Consistent with Geske [1977], Leland
[1994, 1998], and Leland and Toft [1996], the default
boundary is determined endogenously by requiring the
value of equity to be at least the amount of the coupon
just paid, in order to avoid bankruptey. As investors in
corporate bonds are subject to state and local taxes, we also
consider the effects of tax premiums when jump risk is
correlated with a market portfolio.

Our contributions are several. We show some signif-
icant implications of the jump process for the level and the
term structure of credit spreads. For example, it is interest-
ing to note that while the presence of jumps in asset values
eliminates the undesirable qualitative feature of credit spreads
going to zero at the short end, negative jumps can have sig-
nificant and persistent eftects on spread levels. The jump
effects on spread levels are conspicuous for short maturities.
For long maturities, credit spreads are mdistinguishable from
those generated by a pure diffusion model. When down-
ward jumps are of higher variance, while the total variance
of the firm’s asset value remains the same, however, the
effects on credit spreads become more persistent.

Other important factors include taxes and dividends.
As suggested by Elton et al. [2001], taxes do have signif-
icant eftects on the levels of credit spreads. A further con-
tribution 1s that we provide characterizations of the default
boundary, and show how the endogenous default mech-
anism is affected by the presence of jumps and taxes. Our
results suggest that a reduction in federal tax rates may
affect the earlier default of low-grade bonds.

We first review a continuous jump-diffusion model
as presented by Zhou [1997]. We show a generalization of
the model to incorpoerate systematic jump risk. To facili-
tate efficient computation, we adopt Amin’s [1993] dis-
crete-time approach to approximate the continuous models.

We then extend Geske's |1977] model to incorpo-
rate 2 jump component by the discrete-time approxima-
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tion, as in Amin [1993], and price a defaultable coupon
bond with general jump risk in total firm value, We inves-
tigate some properties of credit spreads, and show how
term structures of spread levels under the jump-diffusion
process differ from those generated by a pure diffusion
approach. We present some noteworthy results about the
effects of non-diversitiable jumps on debt pricing.

Finally, we discuss a more practical approach to pric-
ing corporate bonds, by introducing state and federal taxes
into the model. The effects of state taxes and a dividend
payout rate on spread levels and bankruptey mechanisms
are also investigated.

I. THEORETICAL MODELS

We review two contnuous-time models with dif-
ferent types of jump risk.

Continuous-Time Model
with Non-Systematic Jump Risk

Zhou's [1997] model is in much the same spiric as
Longstatt and Schwartz [1995]. The underlying process
of the firm’s asset value is modeled as a jump-dittusion
process where the jump risk 1s assumed to be diversifiable.
Such an approach 1s analogous to the modeling of the
stock price process in Merton [1976].

Let I be the total market value of the assets of the
firm at time r. Under an equivalent martingale measure,
Zhou [1997] assumes that the dynamics of the firm’s asset
value process I tollow the jump-diffusion process:

dVi/Vi = (r = Aym) dit + o dZ; +m dJ., (1

where

* y s the constant spot rate of interest based on
continuous compounding;

* A 1s the intensity of the Poisson jump process
FEPdI=1]= )\,f de;

* nis the random percentage change in firm value if
a Poisson jump occurs: | + m is lognormally dis-
tributed: log(1 + m) ~ N|ym — %o, . o |. E(m) =
=M= 1;

* 0 is the instantaneous volatility conditional on
no jumps: and

* Z is a standard Brownian motion under the risk-
neutral measure.

_]LiNL 002

The process most often resembles geometric Brow-
nian motion, but on average }L! times per year, the price
Jumps discretely by a random amount. Thus the total
change in asset value of the firm is posited to be made up
of two types of changes. The first is the normal variations
in value due to changes in the economic outlook, which
cause marginal changes in the asset value. This compo-
nent is modeled by standard geometric Brownian motion,
7., with constant variance per unit time.

The second type of change is the abnormal varia-
tons in asset value due to the arrival of important new
information about the firm. This has more than a marginal
effect on price, and is modeled by the jump process, Z,
reflecting that such information arrives only at discrete
times. Under the assumptions of Merton |1976] and Zhou
[1997] that the two sources of uncertainties are indepen-
dent of each other and the information 15 specific to the
firm, the jump risk 1s uncorrelated with the market and
is not priced i equilibrium.

Zhou |1997] also assumes the presence of a positive
threshold value, K, for the firm at which financial distress
occurs. I the firm value, 17, falls to or below the thresh-
old level, K, the firm defaults on all its obligations imme-
diately, and some form of corporate restructuring takes
place. The bondholder receives | — w(X) times the face
value of the security at maturity 7, where X, = /K is
the ratio of the firm value 17 to K. Under these assump-
tions, the bond price B(X,,
ment of | at time 0, is given by

0), with a promised final pay-

B(Xy,0) = exp{—7T) E[Ivp>k + (1 — w(Xo)) vy <k]-

Zhou [1997] proposes a numerical algorithm for com-
putation of the bond price. He also considers that interest
1977] process. Unlike Zhou,
we deal with endogenous default mechanisms by employ-
ing Geske's [1977] idea. We extend Zhous model in three
ways: 1) we take coupons into account; 2) we assume that

rates may follow a Vasicek

default barrier is determined endogenously; and 3) we con-
sider the effect of systematic jumps.

Continuous-Time Model
with General Jump Risk

The jump-diftusion processes as described by Mer-
ton [1976] and Zhou [1997] are perhaps the simplest type
of models to include jumps in asset prices. The crucial
assumption is that the jump risk is diversifiable and non-
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systematic. This assumption is questionable, as asset prices
appear to be correlated with market movements.

In an empirical scudy of an economy where stock
prices are assumed to follow a jump-dittusion process, Jar-
row and Rosenfeld [1984] investigate the effect of assum-
ing jumps to be diversifiable. Evidence has been found to
show that the jump component of a stock’s returns has a
strong correlation with the market portfolio; that is, the
market portfolio appears to include a jump component.

A similar conclusion is drawn by Kim, Oh, and
Brooks [1994], who study 20 component stocks of the
Major Market Index. They find that Poisson-type jumps
observed from both the index and its component stocks
constitute non-diversifiable risk. This implies that the
standard assumiption in option pricing as in Merton [1976]
that these jumps are not priced may be mvalid.

Relationships of common risk factors between returns
on stocks and on bonds have been investigated in Fama
and French [1993], and Elton et al. [2001]. Elton et al.
[2001] use the Fama-French three-factor model | 1993] to
find that expected default accounts for a surprisingly small
fraction of the premium in credit spreads of corporate
bonds. They conclude that, while state taxes explain a sub-
stantial portion of the discrepancy, the remaining portion
of the spread is closely related to factors commonly accepted
as explaining risk premiums for common stocks. They
show that a significant portion of the spread is compensa-
tion for systematic risk that is affected by the same influ-
ences of systematic risks in the stock market.

These results imply that it is hardly plausible to main-
tain Merton and Zhou's simplifying assumptions that jump
risk is non-systematic and diversifiable. To incorporate sys-
tematic jump risk into Equation (1), we adopt a jump-diftu-
sion process as in Bates | 1991] as a generalization of the model.

First, we assume that under the objective measure
the dynamics of the firm’s asset value are as follows:

dVi/V, = (it — Xk —8) dt + o dBy + k dg, (2)

where

o s the instantaneous cum-dividend expected return
on the asset;

* kis the random percentage change 1n firm value
it a Poisson jump occurs: 1 + kis lognormally dis-
tributed, log(l + k) ~ N[y — ¥c>, o], E(k) = k=
¢'—1; A is the intensity of the Poisson jump process
q: Pldg = 1| = A dt;

54 PracivG DEraurTasie Couron Bonns UNper A JUMP=DIFFUSION PROCESS

3 isa constant payout rate as a fraction of firm value;

= @ is the instantaneous volatility conditional on no
Jumps; and

* B, is a standard Brownian motion under the objec-
tive measure.

Second, several restrictions on utlity preferences are
imposed:

Al: Frictionless markets.
A2: Optmally invested wealth IV, follows a
Jump-diffusion:

AW, /Wy = (fy — Ak — C/W) dt + o, dﬁ’; + ko dg.

where [

in wealth when the Poisson jump happens. 1 + & s

lognormally distributed, log (l k] ~ N~ ‘/G‘

o; |; Ele) = k= — 1, sl (,m’|lowl + l\)
o i 1

log(l + k) -

A3: The representative consumier has time-separable

power utility:

is constant, and k_is the percentage change

E. /me-f"v(c;) dt, U(C)y=(C"® =1} }{(1 = B).

Assuming that jump risk is systematic, all asset prices
and wealth jump simultancously, possibly by different
amounts. As in Bates’s model [1991] of systematic jump
risk, we assume that under a risk-neutral measure, the
jump-diffusion model in Equation (2) takes the form:

AVi/Vi = (r— X'k —8) dt +o dB; + K dg°,  (3)

where

A=A E[l+A] /] 1= kexp[-Ry, + “R(1 + R)o; [

k* 15 the mndom percentage change in firm \.aius
if a Poisson jump occurs: | + kis lognormally dis-
tributed, log(1 + k%) ~ N[y* - 407, o], E(k¥) =&
= ¢ —1, and ¥* =7~ RO, ;and

¢* is a Poisson counter with intensity A*.

It is noteworthy that Equation (3) is a generalization
of Equation (1). It reduces to (1) when the dividend pay-

out rate © = 0, and the coefficient of relative risk aver-
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ston R = 0, meaning that imvestors are risk-neutral. Fur-
thermore, in the event that jump risk is firm-specific, y
=0, =0,,= ll.ﬁ.mﬁdﬁ the model reduces to the Merton
model with & =k, A = A,

A notable feature of the two processes is that they
share the same modeling structure. The implicit nature of
the relative risk aversion coeflicient, R, adds to their struc-
tural similarity and makes pricing on the basis of Equation
(3) convenient. For example, pricing European options
using Equation (3) 1s straightforward (see Merton [1976]).

This is also the case for parameter estimation.”
Parameters estimated from a pricing model based on the
underlying risk-neutral jump-diffusion process in Equa-
ton (3) are of course those of the same process. Deduc-
ing the true parameters in Equation (2) requires additional
assumptions about the coeflicient of relative risk aversion
and about the degree to which jumps in Equation (3) are
related to jumps in wealth.”

II. DISCRETE-TIME APPROXIMATION

To implement the model, we need a discrete-time
tormulation that provides us with a computational tool for
pricing derivative instruments. We apply a discrete-time
approach to the solution of the process in Equation (3).
As in Merton [1976] and Zhou [ 1997], the asset value of
the firm under the risk- neutral measure is of the form:

NI
1 4 S n . ' !
i,f Nk =dlt+aB) + Zl(l‘g(_l 4 A-“)).
(4

where NJ is the total number of Poisson jumps over time

Vi = Viexp ([r

=t

f, and the Poisson jump sizes (1 + L") are independent
and identically lognormally distributed random variables
with parameters N|y" — Yo7, 0;].

For computational convenience, we turn I into a
logarithmic scale and define the drift of the logarithm of
the asset value in Equation (4) by:

- =
0 21'7(5*30’“*/\*!“.

&

Equation (4) can be rewritten as:

N
Xy = log(Vi/Vo) = at + o B] + > log(1 + k;).

#=g
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To approximate X, we adopt a method Amin [1993]
uses to discretize the process. The discrete-time formu-
lation is based on the work of Cox, Ross, and Rubinstein
[1979] as the starting point. Multivariate jumps are super-
imposed on the model to obtain the model with a lin-
iting jump-diffusion process.

Let T be the maturity of a coupon bond. For a tixed
positive integer, n, we divide the interval [0, T into n
subintervals of width i = T/n. Leti = 1, ..., n. At each
date, i . the value of the approximate process, X, is shifted
upward by o/ relative to the grid at time (i— 1)h . There-
fore, the asset value at time il and in state j relative to date
0 is given by IV, = V|, exp(ouh, + ioyh, ). At any time
(i— 1h, can move to any other points at time il .

As discussed in Amin [1993], there are two types of
movements as to the dynamics of changes in the asset val-
ues over time, namely, local and non-local change. The
asset price undergoes either of the two different types of
mutually exclusive price changes. In most periods, asset
prices undergo only local changes. This 1s as in Cox, Ross,
and Rubinstein | 1979], where the asset price moves up or
down by one step. This price change 1s due to the diffu-
sion component of the continuous-time case. Given that
a local change of asset prices has occurred, for a suthciently
large integer, i, the probabilities of an upward movement
and of a downward movement are taken to be p = 4.

[f the change in asset price is in any other number
of steps, a jump has occurred. This event has a low prob-
ability of occurring in any given period. In this case, deter-
mining the corresponding transition probabilities is more
tedious. At each discrete date, we approximate the jump
distribution on the entire real number line by breaking it
into non-overlapping intervals of equal width. The entire
probability mass over each of these intervals is assigned to
the state included in one of these intervals.

Let the cumulative density function of the jump size
be F(.). Forany state, [, not equal to —1, 0, or 1, the jump
probability P, is given by:

1
Py = Flah, + {1+ 3)”‘/””] — Flevhy, + (1 = éjrr\/. )

When [ = 0, we take:

I | =

Py = Flovhy, + (1 + 2)ov/hy) — Fleh, — (1 + %}a\/h._,,}
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Finally, when [ = -1 or +1:

We have thus specified the risk-neutral measure for
the discrete-time framework.”

Let B (i) be the value of the risky bond at time ih,
and in state s. Then, for any state k, the bond price
between two consecutive payment dates is given by the
iterative formula:

Bi(@) = e (X h By [ By (i + D]+

%(1 - ,\*h,‘,)(Bk ii+1) + By (i + 1)))'

The first term on the right-hand side represents a
fraction of the bond price as a consequence of non-local
changes in the asset prices. The second term is the
expected value of two bond prices resulting from local
movements of the asset value. Here, we assume that the
probability of a jump in the discrete model at any time is
equal to A'h . We also assume that h is so small that mul-
tiple jumps cannot occur within the same period.

At each coupon date ¢ = il , the bond price imme-
diately before coupon payment is given by:

Be(i™)= Mri'u(\'},('uf.'.pm} + Bk(ff)).

We assume Geske’s [1977] condition that coupon
payments are financed by issues of new equity. The firm
goes bankrupt only when its stock value immediately after
a coupon date is lower than the total coupon payment.
Black and Cox [1976] argue that this will happen when-
ever the value of the equity, after payment is made, is less
than the value of the payment. The argument is intuitive
in that the firm will find no takers for its stock if investors
know that the stock will become less valuable than the total
value they need to contribute to the promised payment.
This condition endogenously determines an asset level
position of default barriers that is consistent with Leland
[1994, 1998] and Leland and Toft [1996].

This condition is not completely necessary, however;
other bankruptey criteria can also be used in the model. For
example, Kim, Ramaswamy, and Sundaresan [1993] assume
a lower reorganization boundary for the firm’s value, at

56 PRICING DEFAULTABLE COUPON BONDS UNDER A JUMP-DIEFUSION PROCESS

which the total cash flow per unit time will be just suffi-
cient to pay the contractual coupon. Furthermore, we also
assume that bankruptcy costs are not a significant determi-
nant of firm value.” With this discrete-time formulation,
we can compute bond prices by dynamic programming
using a backward recursion on the state space that we have
developed.

II1. PRICING WITH GENERAL JUMP RISK

We demonstrate the model using a numerical exam-
ple. We consider a corporate bond with half-yearly coupon
payments, ¢K/2, where K is the face value. In order to
study the properties of credit spreads, we consider a base
case environment in the risk-neutral world with param-
eters as follows: r, = 0.08, § = 0.07, 6 = 0.2, ¢ = 0.05,
Vi, = 100, K =70, A" = 0,05, and 6, = 0.25. As obser-
vation indicates that downward jumps are more likely to
happen than upward jumps, we also assume ¥ = —0.1.
The parameter k" in Equation (3) becomes —9.5%, imply-
ing a negative average jump size in asset value.

Exhibit 1 shows the corresponding term structures
of credit spreads for three jump-diffusion cases and a pure-
diffusion case. In the jump-diffusion cases, the total vari-
ances under the risk-neutral measure are kept the same,
and the contributions of jump components to total vari-
ance are 55% and 9%, respectively.” We assume that the
misspecified pure-diffusion process has a constant variance
equal to the total variance of the jump-diffusion case.

While the term structures are similar in shape for
both jump-diffusion and pure-diffusion cases, the gap
between credit spreads in the two cases narrows with
maturities. In the presence of jumps, the possibility of
sudden default raises the levels of credit spread only for
short maturities."" This effect becomes more evident for
bonds with shorter maturities when jumps occur more fre-
quently and have higher variability.

As maturity lengthens, the differences in credit
spreads narrow, implying that the effect of a jump becomes
less important for bonds with long maturities. Similar
results are shown in Exhibit 2, which plots the term struc-
ture of credit spreads for a different face value K = 70.

The rationale behind these results is as follows. Recall
that the total variance per unit of time remains constant
in all cases. When maturity is short, the diffusion volatil-
ity in the pure-diffusion model can cause only relatively
small changes in the asset value. A single jump, however,
can cause a relatively large change in the asset value.
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ExHIBIT 1
Term Structures of Credit Spreads Under Jump-Diffusion Process

== — — v T v T
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Tenm sinuctieres of credit spreads of 5% coupon bond when underlying process follows a_jump-diffusion process with the same total variance but different jummp com-
ponents: 1) A" = 0.3 (heavy solid line); 2) A = 0,05 (lighter solid line). Term structure (dashed line) under a pure-diffusion process with a constant variarice
equial 1o the rotal variance (]!'rl_ic:jump-:i’i[ﬁl.ﬂ'tm case shown for comparison. Parameter values: r, = 0.08, §=0.07, 6=0.2,¢=0.05, V, = 100, K = 50,
o, = 0.25 7 =—0.1,and k =—=9.3%. Total variance per unit of time remains constant in all cases.

EXHIBIT 2
Term Structures of Credit Spreads Under Jump-Diffusion Process
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JUNE 20612 THE JoUurNaAL oF Fixep Income 57



EXHIBIT 3
Risk-Neutral Probability Density Functions of Asset Value Under Jump-Diffusion Process

0,035

0.025

0,01k
0,001

0,008

o] 51 1La0 180 200
Asser Value

Three probability density functions of V' wnder @ jump-diffusion: process widly the same total vatianee but different usp components: 1) A" = 0.3 (heavy solid
lie); 2) A" = 0.05 (lighter solid liné). Corresponding density function (dashed line) of asset value wnder-a pure-diffusion process with a constant variance cqual

to-the total variance of the franp=diffision case is shown for comparison. Parameter values: r

, = 0.08, O=0.07, o=102 ¢=1.05, l'” =100, g,= 0.25,

}

yo=—00 and k= =9.5%. Total variance per wiilt of tinié vemiains constant i all cases.

Exhibit 3 shows the risk-neuntral probability density
functions for the jump-diffusion and pure-diffusion cases.
It 15 evident that the functions are fat-talled when jumps
can happen.'" Here, the time horizon is half a vear.
Numerical computations show that the differences in
shape gradually disappear as the time horizon lengthens.

According to the central limit theorem, one insight
mnto the nature of these results is that the horizon distri-
bution of a jump-diffusion process converges to the pure-
diftusion one as maturity lengthens. This shows that jumps
bring about additional risk for short-term bonds only.
Similar resules are obtained when we increase the jump
variance, G, and reduce the jump frequency L', while
keeping its total contribution and total variance constant.

To plot the corresponding objective density fune-
tions of the firm’s asset return, estimation of an instanta-
neous expected return on the asset in the real world is
required, but this 1ssue 15 beyond the scope of this article.
Here, we simply assume that the asset return in the real
world is characterized by g = 15%, R = 0.5,y = v. and

Gr'u' - GL = Lriﬂ'
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Two points are revealed. First, the risk-neutral density
function tends to give a higher estimate of detault probability
than the objective one, as a consequence ot the lower instan-
taneous asset return in the risk-neutral world. Second, the
close resemblance in shape to the corresponding risk-neu-
tral density functions shows that the empirical property of
fac tails in asset returns can also be observed in the real world.

Note that our comparison is based on the assump-
tion of constant total variance, measured in the risk-
neutral world. One point is of paramount importance
in our credit spread analysis. In the case of non-system-
atic jumps, the total variances of the jump-diftusion pro-
cess in the real and the risk-neutral world are the same.
This implies that the theoretical levels of credit spread
due to default risk can be estimated from the observable
parameters in the real world. If the jump risk 1s system-
atic, however, estimation of spread levels becomes more
complicated. This is particularly the case if the average
jump sizes in the asset value process and market portfo-
lio are negative; that is, ¥, ¥ < 0
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Under this assumption, it is casy to see that:

| .
A = Xexp[—Ryw + SH“ + R)op, | > A,
¥o= A= R <y <O

The implication is that total variance measured in
the risk-neutral world is higher than that observed in the
real world. Jumps in the risk-neutral world tend to be
more influential as they become more negative. This is also
trie in times of economic recession when investors
become more averse to risk. In the presence of system-
atic jumps, the true spread levels cannot be approximated
accurately by the theoretical levels based on the observ-
able parameters without making specific assumptions about
risk aversion and the market portfolio. In fact, without
knowledge of risk aversion or the market portfolio, the
Jumps would not be priced correctly, so there is a tendency
to underestimate the spread levels. Consistent with the
findings in Elton et al. [2001], this result implies that with-
out taking the systematic jump risk into account, Mer-
ton-type models tend to underestimate the credit spreads.

When we compare them with the empirical prop-
erties of credit spreads, it is evident that the spread levels
generated in Exhibits 1 and 2 do not quite resemble those
observed in the market. The empirical findings in Kim,
Ramaswamy, and Sundaresan | 1993] indicate that, over the
1926-1986 period, the vield spreads on high-grade cor-
porates (AAA-rated) ranged from 15 to 215 basis points
and averaged 77 basis points; and the yield spreads on
BAA bonds ranged from 31 to 787 basis points and aver-
aged 198 basis points.

IV. PRICING WITH GENERAL JUMP RISK,
TAX, AND DIVIDEND EFFECTS

State taxes have been ignored in almost all model-
ing of defaultable bonds (see, for example, Jarrow, Lando,
and Turnbull [1997] and Duffee [1999]). To improve
spread level estimation, we introduce the two important
factors of taxes and dividends. We then investigate their
etfects on spread levels and default mechanisims.

Tax effects are important because investors in corpo-
rate bonds are subject to state and local taxes on interest
payments, while government bonds are not subject to these
taxes. Thus, corporate bonds have to offer a higher pre-tax
return to investors to compensate for tax expenses.
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Elton et al. [2001] show that expected default
accounts for a small fraction of the premium in corpo-
rate yields over Treasuries. State taxes explain a substan-
tial portion of the difference. Taxes account for a
significantly greater portion of the spreads than do
expected losses. They find that for ten-year A-rated bonds,
taxes accounted for 36.1% of the spreads, compared to
the 17.8% accounted for by expected losses.

Since state taxes are deductible from income for fed-
eral tax purposes, the state tax rate is reduced by the ted-
eral tax rate. Hence, the effective tax rate, as a measure of
marginal impact of state taxes, is of the form:

== ok

where T_is a state tax, and T, is the federal tax rate. We
assumme T = 4.875% by following the arguments in Elton
etal. [2001] that we choose T = 7.5% as the midpoint of
maximum marginal state taxes and T, = 35% as the max-
imum federal tax rate. It is easy to modify the model to
accommodate this tax factor.

We assume that default can happen only on coupon
payment dates. There are two cases that atfect the bond
price. On cach coupon payment date, if default does not
happen, the actual bond value 1s the origmnal bond value
less the total amount of tax on the interest payment. If the
bond defaults, the bond price becomes the residual asset
value plus the tax refund due to a capital loss."” We take
the after-tax coupon rate to be 5%.

The tax effects on spread levels are shown in Exhibits
4 and 5. Exhibit 5 shows the term structures of the credit
spread of two risky bonds with different face values and
the spread component generated by pure tax effeces. ™
Note that the pure tax level is the same in both cases.”

As expected, tax effects represent a considerable por-
tion of total spread levels. The persistent difterence in
spread levels berween the spread curves indicates that taxes
are a more important influence on spreads. There are two
important points worth noting.

First, pure tax effects appear to be proportionally
more significant when the face value becomes smaller. This
is because the spread levels remain the same while the frac-
tion of premium due to defaule risk becomes smaller when
K = 50. Second, the spread levels are closer to the empir-
ical averages of yvield spreads on high-grade and on medium-
grade bonds as found in Kim, Ramaswamy, and Sundaresan
[1993]." The model including tax effects 1s more able to
produce realistic spread levels.
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EXHIBIT 4
Term Structures of Credit Spreads Under Jump-Diffusion Process for Face Value K = 50 with Tax Effects

i

\.l.u‘.'lﬂl

Spread

001 5

| N S —— I .y |
10 15 20

Maturity

Tenmn structures of credit spreads (solid line) of 3% (after-tax vate) coupon bond when wnderlying process follows a jump-diffusion process. Credit spread without

taking tax ¢ffects dnito account is the dashed line, Parameter values: 1, = 0,08, 8 = 0.07, @ = 0.2, after-tax ¢ = 0.05, V, = 100, A" = .03, 6, = (.25,

Y =01, and b = —=9.5%. Total variance per unit of time remains constant in all cases.

EXHIBIT 5
Term Structures of Credit Spreads Under Jump-Diffusion Process for Different Face Values of K =70 and K = 50 with Tax Effects

e p—— .
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Maturity

Tetm strutctures of credit spreads of 5% (aftev-tax rate) coupon honds with different face values: 1) K = 70 (heavy solid line) and 2) K = 50 (lighter solid line),
when underlying process follows a jump-diffusion process. Credit spread generated by pure tax effects is the dashed linte. Parameter values: v, = 0.08, 6 = 0.07,
0 = (.2, after-tax ¢ = 0,03, T = 4.875%, 1/, = 100, A" = 0,05, 0, = 0.25. Total variance per wnit of time remains constant in all cases.
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The term structure of default barrier remains nearly
stationary, even when there is a change in the average jump
size in asset value k™ from —9.5% to 0%. The implication is
that spread levels rise, as downward jumps accelerate the
default mechamism by increasing the probability of
bankruptcy, rather than raising the barrier to a higher level.
The same result holds when different face values Kare used.

We also look at the properties of spread levels and
default barriers when there is a change in the effective
tax rate. We assume that the distribution of state taxes
remains unchanged. When we reduce the federal tax rate
by 5 percentage points to 30%, there is an increase in the
effective tax rate to T = 5.25%. Numerical computations
show that the spread level becomes higher as a result of
the increase in T. Moreover, Exhibit 6 indicates that the
default barrier becomes higher.

This can be explained as follows. In order to avoid
bankruptey, the asset value has to be maintained at such
a level that the stock immediately after a coupon date

is worth at least the coupon payment. The bankruptcy
boundary is determined at the asset level where the stock
price is equal to the coupon payment. If a default is inumi-
nent, the total debt value increases slightly because of the
refund of capital loss in the event of bankruptey. As a con-
sequence, an increase in the effective tax rate raises the
bankruptcy barrier. Furthermore, as the firm’s value drops
to a low level, the tax shelter for coupon payments will
not be fully realized."”

While how firms consider taxes in making default
decisions is a complicated issue, our result suggests that a
change in the federal tax rate may be a factor in the ear-
lier default of low-grade bonds.

Finally, the effect of dividends is shown in Exhibit
7, which plots the term structures of the credit spread
under a jump-diffusion process for different values of div-
idend payout rate 8 = 7% and 5%. It is evident that a small
change in dividend rates can have significant and persis-
tent effects on spread levels.

EXHIBIT 6

Default Boundaries Under Jump-Diffusion Process for Different Values of Tax Rate
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Default boundaries of 5-year 5% {affer-tax rate) coupen bonds with different values of 7: 1) T = 4.875% (solid ling) and 2) T = 3.25% (dushed line), when underly-

ing process follows jump-diffusion process. Parameter valies: r, = 0.08, 8 = 0.07, @ = 0.2, after-tax ¢ = .05, 1
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=100, K= 70, A’ = (.03, g, =(.25.
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ExHIBIT 7

Term Structures of Credit Spreads Under Jump-Diffusion Process for Different Values of Dividend Payout

X

Maturjty

Term strucnres of credit spreads of 5% (afier=tax rare) coupon boreds wit differenr valies of delea: 1) 8= 7% (solid line), and 2) 8 = 5% (dashed line), when

underlying process follows junp-diffision process. Paranteter values: 1, = (008, ¢ = 0.2, afier-tax ¢ = 0.05, T= 4.875%, |

g, =0.25.

100, K = 70, ' =0.05,

i

V. SUMMARY

We have compared the seructural framework of bond
pricing models under a jump-diftusion process and under
a pure-diffusion process. We use a tractable discrete-time
model for the valuation of defaultable coupon bonds when
the underlying firm value process follows a jump-difiu-
sion process. The method yields a framework that requires
only simple mathematics.

The modeling of a firm’s total asset value as a jump-
diffusion process can provide a more realistic model of
spread levels that, unlike diffusion-based models, do not
2o to zero for short maturities. This is because the jump-
diffusion model enables us to generate a leptokurtic (fat-
tailed) distribution for the firm’s asset values. We have also
found that negative jumps can have significant and per-
sistent effects on spread levels.

As in Geske [1977], we assume that a default event
can happen only on payment dates. Bankruptey can hap-
pen expectedly when the asset level hits a certain lower bar-
rier through a conanuous diffusion crossing, or wnexpectedly
when its value drops precipitously below the barrier. Con-
sistent with Leland [1994, 1998] and Leland and Toft
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[1996]. the default boundary is determined endogenously
by requiring the value of equity to be at least the amount
of the coupon just paid, in order to avoid bankruptey.
Alternative bankruptey criteria can also be used in the
model. The model 15 flexible enough, that is, to accom-
modate a given lower reorgamzation boundary below
which the firm will be unable to pay contractual coupons.

The effects of jumps on the levels of credit spreads
can be significant and persistent over time. The effects on
spread levels are conspicuous for short maturities. The
higher the jump frequency and variability, the higher the
short-term spreads. For long maturities, credit spreads are
not distinguishable from those generated by a pure diffu-
sion-model. When downward jumps are of higher volatil-
ity, however, the effects on credit spreads become more
persistent. Furthermore, if the downward jumps are sys-
temartic, there 15 a tendency to underestimate spread lev-
els. This result may partly explain why without taking
the systematic jump risk into account, models after Mer-
ton tend to underestimate credit spreads.

Orther important factors include taxes and dividends.
State taxes have been ignored in almost all modeling of
defaultable bonds. We have shown that taxes do have sig-
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nificant and persistent effects for bonds with long matu-
rities. In fact, credit spreads increase with the effective tax
rate on coupon payments. Tax effects appear to be the
second-most important factor for spread levels, as docu-
mented in Elton, et al. [2001]. We have also found that
while downward jumps in firm value increase the prob-
ability of default, the bankruptey boundary does not seem
to be affected.

We have also investigated the eftects of state and fed-
eral taxes on default mechanisms. Assuming the distribu-
tion of state taxes remains unchanged, we have shown
that a change in the federal tax rate may be a factor in
the earlier default of low-grade bonds. Finally, we have
found that dividend payout rates can have significant and
persistent effects on spread levels.

With deployment of the additional factors of taxes
and dividends, the jump-diffusion model has been shown
to be more flexible than pure-diffusion models in fitting
empirical spreads. It remains to be seen whether it is suf-
ficiently flexible and sufficiently easy to fit to be useful in
empirical work.

ENDNOTES

IFor an econometric definition, see Koutsoyiannis [ 1973].

See Delianedis and Geske [1998]. This empirical study
indicates that risk-neutral default probabilities using the Merton
[1974] and Geske [1977] diffusion models appear to incorporate
significant information about credit migrations and default.

The method 1s flexible enough to be modified and to allow
bankruptey events to happen in any between-payment period.

Hence one would expect to see a marked increase in
the volatility of bond returns and a sudden drop in equity prices,

"See Bates [1991].

“It is not necessary to know the true parameters in the
process in Equation (2) as far as pricing issues are concerned.

TAmin [1993] shows that the discrete-time process con-
verges weakly to the continuous-time process. This guarantees
that the prices of European options computed from the dis-
crete-time model will converge to their corresponding con-
tinuous-time values under fairly undemanding regularicy
conditions. For example, the option payoft must be uniformly
integrable in /i .

See Kliger and Sarig [2000] for an empirical justification.

"The total variance is 6* + A'(0}, + (Y — 120,)%), where
the first and second terms are due to the diffusion and jump
components, respectively,

“Analytically, we can prove that there is a positive instan-
taneous default hazard ac time 0, which is equal to A¥ times the
probability of default in the case of a jump.

UThe leptokurtic properties of fat tails, especially in the
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left tail, and a high peak that are evident in Exhibit 3 are nor-
mully observable in empirical densities of market indexes, such
as the S&P 500 index.

PDownward jumps are more likely than upward jumps.

BWWhen a bond defaults at ime (. the amount K — 1,
lost in default is a capital loss, and taxes T(K — ) are recov-
ered. See Elton et al. [2001].

He assume the bonds are issued by two identical firms.

BSpread levels are computed when the firn’s asset value
is large relative to the amount of debt.

"“The remaining discrepancies may be due to the illiquid-
ity of corporate bonds.

"Under U.S. tax codes, to benefit fully from a tax shel-
ter, the firm must have earnings before nterest and raxes that
are not lower than total coupon payments. When default is
inuminent, it is quite possible that profits will be less than the
coupon payout and tax savings will not be fully realized. See
Leland [1994].
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