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Predictive Systems: Living with Imperfect
Predictors

LUBOS PASTOR and ROBERT F. STAMBAUGH*

ABSTRACT

We develop a framework for estimating expected returns—a predictive system—that
allows predictors to be imperfectly correlated with the conditional expected return.
When predictors are imperfect, the estimated expected return depends on past returns
in a manner that hinges on the correlation between unexpected returns and innova-
tions in expected returns. We find empirically that prior beliefs about this correlation,
which is most likely negative, substantially affect estimates of expected returns as
well as various inferences about predictability, including assessments of a predictor’s
usefulness. Compared to standard predictive regressions, predictive systems deliver
different expected returns with higher estimated precision.

MAaNY STUDIES IN FINANCE analyze comovement between expected asset returns
and various observable quantities, or “predictors.” A question of frequent in-
terest is how x;, a vector of predictors observed at time ¢, is related to u;, the
conditional expected return defined in the equation

Tep1 = My + Uy, D

where ;1 denotes the stock return from time ¢ to time ¢ + 1, and the unexpected
return u;.; has mean zero conditional on all information available at time .
One approach to modeling expected returns is to use a “predictive regression” in
which r;,; is regressed on x; and the expected return is given by u; = a + b'x;,
where a and b denote the regression’s intercept and slope coefficients.! This
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approach seems too restrictive in modeling expected return as an exact linear
function of the observed predictors. It seems more likely that the predictors are
imperfect, in that they are correlated with i, but cannot deliver it perfectly.

At the same time, the predictive regression approach seems too lax in ignor-
ing what we argue is a likely property of the unexpected return—its negative
correlation with the innovation in the expected return. For example, if the ex-
pected return obeys the first-order autoregressive process

per1 =1 = BE, + B + wit, (2)

then it seems likely that the correlation between the unexpected return and the
innovation in the expected return is negative, or that p,, = p(us1, wer1) < 0.
That is, unanticipated increases in expected future returns (or discount rates)
should be accompanied by unexpected negative returns. The likely negativity
of puw, which is not exploited in estimating the predictive regression, emerges
as an important consideration in estimating expected returns when predictors
are imperfect.

We develop an approach to estimating expected returns that generalizes the
standard predictive regression approach. The framework we propose, which
we term a predictive system, allows the predictors in x; to be imperfect, in that
u: # a + b'x;. When predictors are imperfect, their predictive ability is supple-
mented by information in lagged returns as well as lags of the predictors, and
the predictive system delivers that information via a parsimonious model. The
predictive system also allows us to explore roles for a variety of prior beliefs
about the behavior of expected returns, chief among which is the belief that
unexpected returns are negatively correlated with innovations in expected re-
turns (o, < 0). The correlation p,, plays a key role in determining how the
information in lagged returns and predictors is used as well as how important
that information is in explaining variation in expected returns.

The additional information in lagged returns is used in an interesting way.
Suppose that recent returns have been unusually low. On the one hand, one
might think that the expected return has declined, since a low mean is more
likely to generate low realized returns, and the conditional mean is likely to be
persistent. On the other hand, one might think that the expected return has
increased, since increases in expected future returns tend to be accompanied
by low realized returns. When p,,,, is sufficiently negative, the latter effect out-
weighs the former and recent returns enter negatively when estimating the
current expected return. At the same time, more distant past returns enter
positively because they are more informative about the level of the uncondi-
tional expected return than about recent changes in the conditional expected
return.

associated with predictive regressions, including Mankiw and Shapiro (1986); Stambaugh (1986,
1999); Nelson and Kim (1993); Elliott and Stock (1994); Cavanagh, Elliot, and Stock (1995); Ferson,
Sarkissian, and Simin (2003); Lewellen (2004); Campbell and Yogo (2006); Jansson and Moreira
(2006); and Lettau and van Nieuwerburgh (2008).
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We illustrate the role of lagged returns in a simplified setting where historical
returns are the only available sample information (D;). Suppose, for example,
that an investor in January 2000 is forming an expectation of the stock market
return over the following quarter based on the post-war history of realized
market returns. Does the dramatic rise in stock prices in the 1990s increase or
decrease the investor’s expectation of future return? The answer depends on
the extent to which the 1990s’ bull market was caused by unexpected declines
in expected returns. The conditional expected stock return in this simplified
setting is just a weighted average of all past realized returns,

t—1

E(ri11Dy) = ZKsrt—s»
s=0

and the weights «; depend on p,,. For example, if this investor believes that
ouw = —0.85, so that 72% of the variance in unexpected returns is due to changes
in expected returns (the estimates of Campbell (1991) are in that neighborhood),
then returns realized during the most recent decade receive negative weights,
while the returns from the previous four decades receive positive weights. The
investor in this example views the 1990s’ bull market as a bearish indicator.

Imperfection in predictors complicates inference about their relations to ex-
pected return. We show that if predictors are imperfect, the residuals in the
predictive regression of r;; 1 on x; are serially correlated. This correlation is
often ignored when computing standard errors in predictive regressions. The
serial correlation in residuals joins other features of predictive regressions that
are already well known to complicate inferences, especially in finite samples,
such as persistence in the predictors and correlation between the residuals and
innovations in the predictors (e.g., Stambaugh (1999)). Using our alternative
framework—the predictive system—we develop a Bayesian approach that al-
lows us to conduct clean finite-sample inference about various properties of the
expected return. This approach also allows us to incorporate prior beliefs about
Puw-

A striking example of the importance of such prior beliefs is provided by re-
gressing post-war U.S. stock market returns on the “bond yield,” defined as
minus the yield on the 30-year Treasury bond in excess of its most recent 12-
month moving average. That variable receives a highly significant positive slope
(with a p-value of 0.001) in the predictive regression, but its AR(1) innovations
are positively correlated with the residuals in that regression. The latter cor-
relation, opposite in sign to what one would anticipate for p,,,, suggests that
the bond yield is a rather imperfect predictor of stock returns. When judged in
a predictive system, the bond yield’s importance as a predictor depends heav-
ily on prior beliefs about p,,,. With noninformative beliefs about p,,,, the bond
yield appears to be a very useful predictor; for example, the posterior mode of its
conditional correlation with u, is 0.9. However, with a more informative belief
that innovations in expected returns are negatively correlated with unexpected
returns and explain at least half of their variance, the bond yield’s conditional
correlation with u; drops to 0.2. With the more informative belief, the current
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value of the bond yield explains only 3% of the variance of u;. Adding lagged
unexpected returns allows the system to explain 86% of this variance, and fur-
ther adding lagged predictor innovations increases the fraction of the explained
variance of u; to 95%.

Prior beliefs also affect the predictive system’s advantage in explanatory
power over the predictive regression. In the same bond yield example, with
noninformative prior beliefs, the predictive system produces an estimate of 1
that is 1.4 times more precise than the estimate from the predictive regression.
With the more informative beliefs, though, the system’s estimate is 12.5 times
more precise. We measure improvements in precision by improvements in ex-
planatory power. Specifically, we compute the posterior mean of the ratio of the
R? from the predictive regression to the R? from the regression of r;,1 on the
return forecast from the predictive system.

We also include as predictors two more familiar choices, the market’s divi-
dend yield and the consumption-wealth variable “CAY” proposed by Lettau and
Ludvigson (2001). Prior beliefs about p,, play a less dramatic role with these
predictors than with the bond yield, but different prior beliefs can neverthe-
less produce substantial differences in estimated expected returns. We assess
the economic significance of these expected return differences by comparing
average certainty equivalents for mean-variance investors whose risk aversion
would dictate an all-equity portfolio (i.e., no cash or borrowing) when expected
return and volatility equal their long-run sample values. When all three pre-
dictors are included, an investor with the more informative belief mentioned
above would suffer an average quarterly loss of 1.5% if forced to hold the port-
folio selected each quarter by an investor who estimates expected return by the
maximum likelihood procedure (which reflects noninformative views about all
parameters, including o).

Ferson, Sarkissian, and Simin (2003) show that persistent predictors may
exhibit spurious predictive power in finite samples even if they have no such
power in population (e.g., if they have been data-mined). We provide tools that
can be helpful in avoiding the spurious regression problem. A spurious pre-
dictor is unlikely to produce expected return estimates whose innovations are
substantially negatively correlated with unexpected returns. Therefore, un-
der an informative prior about this correlation, a predictive system would
likely find the spurious predictor to be almost uncorrelated with ;. The ba-
sic intuition holds also outside the predictive system framework: If a predic-
tor does not generate a negative correlation between expected and unexpected
returns, it is unlikely to be highly correlated with the conditional expected
return.

This study is clearly related to an extensive literature on return predictability,
but it also contributes to a broader agenda of incorporating economically mo-
tivated informative prior beliefs in inference and decision making in finance.
Studies in the latter vein include Pastor and Stambaugh (1999, 2000, 2001,
2002a, 2002b), Pastor (2000), Baks, Metrick, and Wachter (2001), and Jones
and Shanken (2005). Studies that employ informative priors in the context of
return predictability include Kandel and Stambaugh (1996), Avramov (2002,
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2004), Cremers (2002), Avramov and Wermers (2006), and Wachter and Waru-
sawitharana (2006).

The paper is organized as follows. Section I introduces the predictive system
and discusses its properties. Section II explains why p,,, is likely to be negative
and how it affects expected returns. Section III presents our empirical work, in
which we estimate the predictive system with a Bayesian approach. We compare
the explanatory powers of the predictive system and predictive regression and
quantify the differences in expected return estimates. We also assess the degree
to which various predictors are correlated with the expected return. Finally, we
decompose the variation in the expected return into three key components.
Section IV reviews and concludes.

I. Predictive System

In the predictive regression approach, the expected return is modeled as a
linear combination of the predictors in x;. This modeling assumption is unlikely
to be exact, in that no linear combination of the predictors is likely to capture
perfectly the unobserved expected return, ;. We relax this assumption and
develop an alternative predictive framework, which we call a predictive system.
The predictive regression is a special case of the predictive system, as we show
in Section I.C.

We define the predictive system in its most general form as a vector autore-
gression (VAR) for r;, x;, and w;, with coefficients restricted so that u, is the
mean of r,, 1. For example, in the first-order VAR, the coefficients relating r;, 1
to x; and r; are set to zero. That predictive system can be viewed alternatively
as an unrestricted first-order VAR for ry, x;, and a set of unobserved additional
predictors, as we explain in the Appendix.?

We do not analyze the most general form of the predictive system here. Given
our objective to provide an initial exploration of predictive systems, simplicity
is a virtue. We examine a simple version of the predictive system, in which
and x; follow AR(1) processes:

rep1 = Mg + Uyl 3)
X1 =U —AE, + Ax; + v 4)
wey1 =1 — BE, + B + wiegr. 5)

The residuals in the system are assumed to be distributed identically and in-
dependently across ¢ as

2 That VAR includes as a special case a first-order VAR for just 7, and x;, which is a model often
employed in research on return predictability. Kandel and Stambaugh (1987) and Campbell (1991)
are early examples.
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2
Us 0 0, Ow Ouww
Uy ~N 0,0 Zw Oww . (6)
2
Wy 0 Owu Owv Oy

We assume that 0 < 8 < 1 and that the eigenvalues of A lie inside the unit
circle. Denote the covariance matrix in (6) as . Keep in mind that the r,’s and
x;’s are observable but the u,’s are not.

The predictive system is a version of a state space model.? Equation (3) de-
fines the unobserved conditional expected return u;. Equation (4) is a standard
assumption in the predictability literature. A special case of the predictive sys-
tem arises when there are no predictors, in which case equation (4) is absent
and the data include only returns. Equation (5) postulates a simple persistent
process for u;. This reduced-form model could be consistent with a variety of
economic models, rational or behavioral, in which the expected return varies
over time in a persistent fashion.

A. Conditional Expected Return

The conditional expected return u, is conditioned on a set of information
at time ¢, F;, that includes at least D;, the history of returns and predictors
observed through time ¢. The value of u; is generally unobservable, even with
complete knowledge of the predictive system’s parameters—E,, E,, A, 8, and X.
Those parameters do, however, imply a value for E(u; | D;) = E(ry1 | D). Using
the Kalman filter, we find that this conditional expected return can be written
as the unconditional expected return plus linear combinations of past return
forecast errors and innovations in the predictors. Specifically, if we define the
forecast error for the return in each period ¢ as

€ =r; — E@ry | Di_q), (7)

then the expected return conditional on the history of returns and predictors is
given by

E(rey1 | D) = Er + ) (hsers + dLvis), ®)
s=0

where E, denotes the unconditional mean return and, in steady state,

)Ls = mIBS (9)

¢s =np’, (10)

3 Harvey (1989) provides a textbook treatment of state-space models, including a brief discussion
of the case with nonzero correlations among all of the model’s disturbances, which is the case here. In
the Appendix, we provide an independent treatment specific to the system in (3) to (6). Studies that
analyze return predictability using state-space models include Conrad and Kaul (1988), Lamoureux
and Zhou (1996), Johannes, Polson, and Stroud (2002), Ang and Piazzesi (2003), Brandt and Kang
(2004), Dangl and Halling (2006), Duffee (2006), and Rytchkov (2007).
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where m and n are functions of the parameters in equations (3) to (6).* The
conditional expected return thus depends on the full history of returns and pre-
dictor realizations. We analyze this dependence in more detail in Section II.B,
where we plot A as a function of s and p,,, .

Since the forecast errors ¢; in equation (8) are defined relative to conditional
expectations that are updated through time based on the available return his-
tories, part of the effects of past return realizations are impounded in those
earlier conditional expectations. To isolate the full effect of each past period’s
total return, we can subtract the unconditional mean from each return, defin-
ing ¢/ = r, — E,, and then rewrite the conditional expected return in equation
(8) as

o0
E(riy11Dy) = E, + Z (wsftU_s + 5;Ut—s), (1D
s=0
where, again in steady state,

ws =m(f —m)® (12)

8 =n(B —m). (13)

It can be verified that the rate of decay in w; and &5, 8 — m, is nonnegative. This
alternative representation of the conditional expected return will also be useful
in Section II.B.

B. Temporal Dependence in Returns

Returns in the predictive system exhibit interesting temporal dependence.
Given the AR(1) process for u; in equation (5), we can rewrite u; as an MA(oco)
process (the Wold representation):

o0
we=Er+) B, . (14)
i=0
Using equations (3) and (14), the return % periods ahead can be written as
> .
ren =Er+ ) Bwiin1i + Ui (15)
i=0
B=1 A
=(1-p"HE, + " + Zﬂk_l_lwtﬂ‘ + Ut ik- (16)
i=1

4In general, m and n are also functions of time, but as the length of the history in D, grows long,
they converge to steady-state values that do not depend on ¢. That convergence is reached fairly
quickly in the settings we consider. We first present the steady-state expressions, for simplicity, but
later employ the finite-sample Kalman filter as well. The Appendix derives the functions m and n
in finite samples as well as in steady state. The Appendix also shows (in equation A20) that the
finite-sample versions of m and n can be interpreted as the slope coefficients from the regression
of u; on r; and x;, respectively, conditional on the sample information at time ¢ — 1.
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This equation implies that the autocovariance of returns is equal to
Cov(ry, re—p) = B 1(Bo? + ouw), (17)

where o/f = 02/(1 — B?)is the unconditional variance of ;. As a result, the serial
correlation in returns can be positive or negative, depending on the parameter
values. The positive component of (17) is due to persistence in y;; the negative
component is due to p,,, < 0. The knife-edge case of zero autocorrelation obtains
for Puw = _ﬂo-w/(o'u(]- - /32))

The AR(1) process for u; also implies that returns follow an ARMA(1,1) pro-
cess,

riy1 =0 —BE, + Bri + €/ — Ve (18)

When we implement the Kalman filter without using any predictor information,
so that D, includes only the return history, we obtain equation (8) without the
last term (3".2, ¢.v;—s). That equation implies a specification of (18) with ¢/ = ¢,
and y = 8 —m.

C. Predictive Regression

The traditional approach to modeling return predictability, a predictive re-
gression

rev1 =a+b'x +epq, (19)

arises as a special case of the predictive system if the predictors in x; are “per-
fect” in that u; = a + b'x;. The predictors are perfect if there exists a b such that
w, = b'v, and A’b = Bb.? For example, if x; contains one predictor, this predictor
is perfect if its innovations are perfectly correlated with the innovations in u;
(i.e., ppw = £1) and if its autocorrelation is the same as that of u; (i.e., A = ).
In general, though, the predictors in x; are imperfect in that u; # a + b'x;.

When the predictors approach perfection, then m — 0,n — b, and equa-
tion (8) becomes

E(ris1|1 D) =E, + 0 ZAsvt,s =E, +b[x, — E;]=a+bx, (20)

s=0

where E, is the unconditional mean of x;. That is, when the predictors ap-
proach perfection, the system-based conditional expected return approaches
the regression-based conditional mean, a + b’x;. When the predictors are im-
perfect, however, their entire history enters the conditional expected return,
since the weighted sum of their past innovations in equation (8) does not then
reduce to a function of just x;. Moreover, when the predictors are imperfect, the

5 A’b = Bb means that § is an eigenvalue of A’ corresponding to the eigenvector b; one example
isA =gl
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expected return depends also on the full history of returns in addition to the
history of the predictors.

Predictive systems have interesting implications for predictive regressions.
All parameters of the predictive regression in equation (19) can be computed
from the parameters of the predictive system in equations (3) to (6).6 Most
interesting, the residual autocovariance is given by

Covles,ery1) = ﬂ(oﬁ -V V‘leu) + 0w — V!V 1ow

xp " xx xp "’ xx

= BVar(u; | x;) + Cov(uy, w; — b'vy). (21)

If the predictors are perfect, Var(u; | x;) = 0 and w; = b'vy, so Covle, e;11) is zero.
With imperfect predictors, though, Var(u, | x;) > 0, w; # b'v, and Cov(e;, e;11) is
generally nonzero. This observation suggests a simple diagnostic for predictor
imperfection: If the residuals from the predictive regression exhibit nonzero
autocorrelation, then the predictors x; are imperfect.

The serial correlation in the residuals complicates the calculation of standard
errors in the predictive regression approach. Since the first term in equation
(21) is nonnegative, Cov(e;, e;11) is often positive, in which case assuming un-
correlated predictive regression residuals leads to understated standard errors.
Ferson, Sarkissian, and Simin (2003) make a similar point when the predictor is
“spurious,” or uncorrelated with expected return. Their setting is a special case
of (3) to (6) with one predictor and a diagonal covariance matrix in (6).” In spec-
ifying a diagonal covariance matrix for the disturbances, they assume not only
that the predictor is spurious but also that the innovations in expected return
are uncorrelated with unexpected returns (i.e., p,,, = 0). In this special case, we
see from (21) that Cov(e;, e;1) = ﬁa/f. Ferson et al. do not report this expression
but do find, using simulations, that the positive residual serial correlation can
substantially affect inference in predictive regressions. Duffee (2006) also uses
simulations to make a related point in the context of bond predictability.

II. Correlation between Expected and Unexpected Returns

A key quantity in this paper is p,,, the correlation between the unexpected
return, u;, and the innovation in the expected return, w;. Henceforth, we refer
to puw simply as the “correlation between expected and unexpected returns,” a
slightly inaccurate but much shorter description. This correlation is important
for return predictability in several ways. First, it determines how past returns
affect the forecasts of future returns, as we show in Section II.B. Second, prior
beliefs about p,,, play an important role in various inferences about predictabil-
ity, as we show in Section III. The ability to incorporate prior beliefs about oy,

8 For example, the regression slope b can be computed from the system’s parameters as b =
V_1V,,, where V,, is given in the Appendix in equation (A33), V,, = (Ix — BA) 'o,,, and I is a
K x K identity matrix.

7The objectives of Ferson et al. differ from ours. For example, they do not use this multiple-
equation setting to estimate expected return or to examine its dependence on lagged returns and
predictors.
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is a key feature of the predictive system. We begin this section by discussing
some theoretical properties of o, .

A. Why py, Is Likely to Be Negative

The basic motivation behind the belief that p,,, < 0 is that asset prices tend
to fall when discount rates rise. More precisely, p,, < 0 means that unantic-
ipated increases in expected returns tend to be accompanied by unexpected
negative returns. This intuition holds perfectly for nominal returns on Trea-
sury bonds. Since the nominal cash flows of Treasury bonds are fixed, the bond
price variation is driven only by discount rate shocks, and p,,, = —1. Stock re-
turns, however, are driven also by cash flow shocks. It is possible, at least in
principle, that positive discount rate shocks could be accompanied by such large
positive cash flow shocks that stock prices rise rather than fall as a result. In
this section, we derive conditions under which p,, < 0, and argue that these
conditions are likely to be satisfied for the aggregate stock market.

Following Campbell (1991), the unexpected return can be decomposed ap-
proximately as

Uil = NCt+1 — NE,t+1, (22)

where nc.+1 represents the unanticipated revisions in expected future cash
flows and ng .41 captures the revisions in expected future returns. If the ex-
pected return follows the process in equation (2) with 0 < 8 < 1, then ng ;.1 is
equal to w;,; multiplied by a positive constant, so that

Puw = pUs41, ﬂE,t+1)- (23)

Since the partial correlation between u;.; and ng,.1 is minus one (equation
(22)), it seems natural to believe a priori that the simple correlation between
usr1 and ngsi1, OF Py, is negative. Before seeing any data, it is not obvious
why nc:+1 and ng+1 should be correlated, and a belief that nc 11 and ng 11
are uncorrelated translates into a belief that p,,, is negative. More precisely, it
follows directly from equations (22) and (23) that p,,, < 0 if and only if

0(’7E,t+1)

> 24
G(Uc,t+1) 24)

P('?C,t+1, 77E,t+1) <
where the o’s denote standard deviations (SD). In order for p,, < O to be vi-
olated, cash flow shocks would have to be more important than discount rate
shocks in explaining the variance of stock returns, that is, o(nct+1) > 0 (nE 41),
and the correlation between those shocks, p(nc 11, nE:+1), would have to be
positive and sufficiently high. It seems difficult to argue that one could expect
such a high correlation a priori.? In fact, such a high correlation between the

8 Consistent with our perspective, Campbell (2001) argues that negative p,,, “is of special inter-
est.” Campbell’s table 1 reports the implied values of p,, for various combinations of parameters
related to the same Campbell (1991) decomposition that we use in our equation (22). All values of
Puw Teported in Campbell’s table 1 are negative.
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shocks to cash flows and discount rates seems unlikely because it would make
stock returns unrealistically smooth. It is easy to see from equation (22) that a
violation of the condition in (24) would require that

Var(u;11) < Var(ne,s4+1) — Cov(ne 11, nE,t4+1)

< Var(ne,:41) — Var(ng ¢ 41) < Var(ne,41). (25)

That is, for p,, < 0 to be violated, stock returns would have to be less volatile
than when the expected return is constant (i.e., when Var(ng ;1) = 0).

In reality, though, stock returns appear to be more volatile than when the ex-
pected return is constant. For example, Shiller (1981) finds that stock returns
are much more volatile than the present value of future dividends discounted
at constant rates. To explain this “excess volatility puzzle,” discount rates must
vary over time in a way that increases stock volatility. But if p,,, were positive,
discount rate variation would actually reduce stock volatility, thereby deepen-
ing the puzzle.? Shiller’s results largely pre-date the sample period that we use
in our empirical work in Section III—only one quarter of Shiller’s sample pe-
riod (1871 to 1979) overlaps with ours, which begins in 1952. Therefore, we feel
comfortable using Shiller’s results as one source of prior information suggesting
Puw < 0.

Another source of prior information suggesting p,, < 0 is the evidence of
Campbell (1991). Campbell uses a vector-autoregressive approach to decom-
pose unexpected stock market returns into components due to cash flow shocks,
nc.t+1, and discount rate shocks, ng .11, as in our equation (22). Campbell con-
siders two subperiods, 1927 to 1951 and 1952 to 1988, so we can view his results
from the earlier subperiod as prior information for our empirical analysis begin-
ning in 1952. Based on quarterly data (which we also use in our empirical work),
Campbell estimates in his Table 2 that o (ng ++1) > 0(nc ¢+1) in the period 1927 to
1951, meaning that discount rate news is more important than cash flow news
in explaining the variance of stock market returns. This result makes the con-
dition (24) hold trivially, since p(nc 41, ng,:+1) < 1. Moreover, Campbell obtains
negative estimates of p(1¢ ++1, nE+1) in the period 1927 to 1951, which again
makes (24) hold trivially independent of o (ng+1)/0(nc+1). In fact, Table 2
of Campbell (1991) points to large negative estimates of p,,. He reports es-
timates of the variance of ng ;41, aan, and its covariance with n¢ 11, o (e, ng),
both as fractions of 02, from which the implied estimates of p(u.1, ng 1) can
be computed as [o(nc, ng)/o? — o2, /021/l0,, /o). Given equation (23), we in-
terpret these values as implied estimates of p,,,. For the period 1927 to 1951,

9 Qur argument is not fully precise because Shiller analyzes the unconditional variance of stock
returns, whereas Var(u,, ) in equation (25) represents the conditional variance. But the difference
between the two variances is relatively small because the variance of u, is generally agreed to be
much smaller than the variance of u,,; in equation (1). Moreover, we can allow plenty of margin
for error on both sides of our argument. On the one side, p,, > 0 implies Var(u,,;) < Var(nc1)
with as many as three inequality signs in equation (25). On the other side, Shiller’s evidence that
Var(u,;1) > Var(nc..1) seems quite strong (see Shiller’s Figure 1).
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Campbell’s results imply values of p,,, ranging from —0.67 to —0.87 across three
different specifications.

Campbell uses three predictors: the dividend-price ratio (D/P), the lagged
stock return, and the (relative) 1-month T-bill rate. He reports that his results
are sensitive to the exclusion of D/P but robust as long as D/P is included. To
assess further the sensitivity of the pre-1952 evidence about p,, to the choice
of predictors, we estimate predictive regressions based on quarterly data in
1927 to 1951 with various combinations of five predictors: D/P, the AAA-BAA
default spread, the term spread, and both the long- and short-term government
bond yields in excess of their 12-month moving averages. We find large negative
estimates of p,,, in all cases when D/P is included and in most cases when it is
not. Tabulated results are omitted to save space.

The empirical evidence from earlier periods, coupled with the basic discount
rate motivation, suggests that p,,, < 01is a sensible prior belief for our empirical
work. To broaden our investigation, however, we entertain three different priors
on Py, including a noninformative prior.

Finally, we should note that various studies provide post-war empirical ev-
idence that p,, < 0. The implied estimates of p,, from Table 2 of Campbell
(1991), discussed earlier, range from —0.92 to —0.94 in the later subperiod (1952
to 1988) and from —0.71 to —0.86 in the full sample (1927-1988). Campbell and
Ammer (1993) use seven predictors and report estimates in their Table III
that imply estimates of p,,, ranging from —0.93 to —0.95. van Binsbergen and
Koijen (2007) estimate p,, ranging from —0.67 to —0.45. They do not rely on
pre-specified predictors but instead use data on dividend growth and returns
in the context of a present value model. They also find a positive correlation
between shocks to expected return and dividend growth, similar to Menzly, San-
tos, and Veronesi (2004), Lettau and Ludvigson (2005), and Kothari, Lewellen,
and Warner (2006). Note that p(n¢ 11, 7£,++1) can be positive without violating
the condition in equation (24).

B. The Role of pyy in Determining Expected Returns

The correlation between expected and unexpected returns, p,,, plays a crit-
ical role in determining the conditional expected return. To illustrate this role,
we consider a special case of the predictive system in which there are no pre-
dictors. With no predictors, D, includes only the return history, and the condi-
tional expected return in equation (8) is simply E(r;41 | D;) = E, + Y o0 ) As€r—s,
a weighted sum of past forecast errors in returns (the Wold representation).
Panel A of Figure 1 plots the values of A, in an example with the predictive R2
(the fraction of the variance in r,; explained by ;) equal to 0.05, 8 equal to 0.9,
and four different values of p,,, ranging from —0.99 to 0. The figure shows that
different values of p,,, produce different values of m, and hence also different
behaviors for A,(=mpg*).

The results in Figure 1 can be understood by noting that there are essentially
two effects of the return history on the current expected return. The first might
be termed the “level” effect. Observing recent realized returns that were higher
than expected suggests that they were generated from a distribution with a
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Figure 1. The effect of lagged returns on E(r;,; | D;) when no predictors are used. Panel
A plots Ag, the coefficients on lagged forecast errors (€;_s = ri—s — E(ry—s | Dy_s_1)) in E(ry1 1 | Dy),
where r;, 1 denotes the stock return from time ¢ to time ¢ + 1 and D; denotes the history of returns
and predictors observed through time ¢. Panel B plots «s, the weights on lagged total returns in
E(r;y1 | D:) when the unconditional mean return is estimated by the sample mean over the previous
208 quarters (which is the length of the sample used in subsequent analysis). No predictors are used
in the predictive system. The steady-state values of all coefficients are plotted. The different lines
correspond to different values of p,,, the correlation between expected and unexpected returns.
The mean reversion coefficient in the AR(1) process for the conditional expected return p; is set
equal to 8 = 0.9. The predictive R2—the fraction of variation in r,, ; that can be explained by ;—is
set equal to R2 = 0.05.

higher mean. If the expected return is persistent, as it is in this example with
B = 0.9, then that recent history suggests that the current mean is higher as
well. So the level effect positively associates past forecast errors in returns with
expected future returns. The second effect, which might be termed the “change”
effect, operates via the correlation between expected and unexpected returns. In
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particular, suppose p,,, is negative, as we suggest is reasonable. Then observing
recent realized returns that were higher than expected suggests that expected
returns fell in those periods. That is, part of the reason that realized returns
were higher than expected is that there were price increases associated with
negative shocks to expected future returns and thus to discount rates applied
to expected future cash flows. So the change effect negatively associates past
forecast errors in returns with expected future returns. Overall, the net impact
of the return history on the current return depends on the relative strengths of
the level and change effects.

The level and change effects can be mapped into the return autocovariance in
(17). When p,,, is sufficiently negative, then fo2 < —o,,, returns are negatively
autocorrelated, and the change effect prevails. Also, m < 0 in that case, so the
As’'sin (9) are negative. When ﬂaf > —oyuw, returns are positively autocorrelated,
the A,’s are positive, and the level effect prevails.

When p,,, = 0, there is no change effect and only the level effect is present.
For that case, the A,’s in Figure 1 start at a positive value for the first lag,
about 0.04, and then decay toward zero. The level and change effects offset
each other when p,,, = —0.47 (this is the knife-edge case of zero autocorrelation
in equation (17)), or when the fraction of the variance in unexpected returns
explained by expected return shocks, p2,, is about 22%. In that case, the Ay’
plot as a flat line at zero. This result is worth emphasizing: For p,, = —0.47,
rational investors who know the unconditional expected return do not update
their beliefs about the conditional expected return, regardless of what realized
returns they observe. The change effect dominates when p,,, = —0.85, where the
As’s start around —0.04 at the first lag, and it is even stronger when p,,, = —0.99,
where the A,’s start around —0.08. Clearly, the correlation between expected and
unexpected returns is a critical determinant of the relation between the return
history and the current expected return.

The conditional expected return depends on the true unconditional mean, E,.,
which must be estimated in practice. A natural estimator is the sample mean.
Consider again the no-predictor case where the summation on the right-hand
side of equation (11) is truncated at s = ¢ — 1 and E, is replaced by the sample
mean, (1/¢)Y";_, ;. The estimated conditional expected return then becomes a
weighted average of past returns,

t—1

E(ri11Dy) = Zst‘t—s, (26)
s=0

where

1 t
KS=?<1—Zw1)+ws (27)
=1

and Zi;(l) ks = 1. The weights (k’s) are plotted in Panel B of Figure 1 for ¢ = 208,
corresponding to the number of quarters used in our empirical analysis. When
ouw = 0, all past returns enter positively but recent returns are weighted more
heavily. In the p,, = —0.47 case, where the level and change effects exactly
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offset each other, all of the weights equal 1/¢, so the conditional expected return
is then just the historical sample average. For the larger negative p,,, values,
where the change effect is stronger, the weights switch from negative at more
recent lags to positive at more distant lags (as the weights must sum to one). For
example, when changes in expected returns explain about 72% of the variance
in unexpected returns (p,,, = —0.85), the returns from the most recent 10 years
(40 quarters) contribute negatively to the estimated current expected return,
while the returns from the earlier 42 years contribute positively.

An additional perspective on the role of p,,, is provided by the time series of
conditional expected returns plotted in Figure 2. In constructing these series,
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Figure 2. The equity premium E(r; ; | D;) from the predictive system with no predictors.
This figure plots the time series of the quarterly equity premium estimated for four different values
of puw, the correlation between expected and unexpected returns. The mean reversion coefficient
in the AR(1) process for the conditional expected return p; is set equal to 8 = 0.9. The predictive
R?—the fraction of variation in r,,; that can be explained by u;—is set equal to R? = 0.05. The
parameters represent quarterly values.
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we maintain the same setting and same parameter values as in Figure 1. The
unconditional mean return E, is set equal to the sample average for our 208-
quarter sample period, and then, starting from the first quarter in the sample,
the conditional mean is updated through time using the finite-sample Kalman
filter applied to the realized returns data. As before, the level and change effects
exactly offset each other when p,,, = —0.47, so the conditional expected return
in that case is simply a flat line at the sample average for the period. A striking
feature of the plot is that the expected return series for p,,, = 0 is virtually the
mirror image of the series for p,, = —0.85. Moreover, the differences among
the various series of conditional expected returns are large in economic terms,
often several percent per quarter. As before, we see that p,,, plays a key role in
estimating expected returns.

Figure 3 compares the R%s from three approaches to predicting r;,; using
some or all of the information observable at time ¢, which includes the history
of returns and a single predictor x;. The first approach is the predictive system,
which uses all of that available history. The second is the predictive regression,
which uses only the current value x;. The third approach is the ARMA(1,1)
model in equation (18), which uses only past returns. The four panels correspond
to the values {0, 0.3, 0.6, 0.9} for p,,,, the conditional correlation between u; and
the single predictor x;. In all four panels, 8 = A = 0.9, and the true predictive
R? (from the regression of r,.1 on ;) is 0.05. We consider two values of p,,,
“high” and “low,” which correspond to partial correlations between u; and v;
given w; of pyy|w = 0.9 and pyy |, = —0.9, respectively.1”

Since all three approaches compared in Figure 3 use only information ob-
servable at time ¢, they all produce R?s smaller than 0.05. The R? from the
predictive regression rises from zero to 0.04 as p,,, rises from zero to 0.9 across
the four panels. This increase is intuitive: As u; and x; become more highly cor-
related, the predictive regression becomes more useful in predicting returns.
The predictive regression R2 is invariant to p,. In contrast, the R? from the
ARMA(1,1) model, which summarizes the usefulness of past returns in pre-
dicting future returns, is heavily influenced by p,.,. When p,,, = —0.47, this R?
is zero: Past returns contain no information about future returns because the
level and change effects cancel out. For p,,, # —0.47, stock returns are serially
correlated and the ARMA(1,1) R? is positive; in fact, it can be higher than the
predictive regression R?. For example, when p,,, = 0.3 and p,,, ¢ (—0.74, —0.13),
past returns are more useful than x; in predicting r,,1. The highest R?’s are in-
variably achieved by the predictive system, which uses more information to
predict future returns than do the other two approaches.

ITI. Empirical Analysis

In this section, we use the predictive system to conduct an empirical analysis
of return predictability. We first present evidence from predictive regressions,

10 We specify the partial correlation p,, |, instead of the simple correlation p,, because our control
over p,, is limited. The permissible range of values for p,, depends on p,, and p,, (see equation
(32)) and we vary both p,,, and p,,,. By choosing p,, |, of 0.9 and —0.9, we are specifying p,, close to
the boundaries of its permissible range.
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Figure 3. Predictive R?s. Each panel plots the R2s from three approaches to predicting stock
returns ;1 using information observable at time ¢. The approaches are: the predictive regression
of r;;1 on a single predictor x; (solid line); the ARMA(1,1) model that uses the full history of
past returns but no predictor data (dotted line); and the predictive system, which uses the full
history of returns and predictor realizations (dashed and dash-dot lines). The dashed (dash-dot)
line corresponds to a “low” (“high”) value of p,,, which represents the value obtained when the
partial correlation between u; and v; given w; equals pyy |, = —0.9 (0.9). The conditional correlation
between w; and x;, pyw, ranges from zero in Panel A to 0.9 in Panel D. In all four panels, 8 = A = 0.9,
and the true predictive R? (from the regression of r,,; on ;) is 0.05. In Panel A, the solid line
coincides with the x axis, and the dashed and dash-dot lines overlap.



1600 The Journal of Finance®

for benchmark purposes. Then we discuss identification issues and use the
system to estimate expected returns via maximum likelihood. Finally, we turn
to the main analysis, which takes a Bayesian approach.

A. Evidence from Predictive Regressions

We begin by estimating predictive regressions on quarterly data in 1952 to
2003 for three predictors.!! The first predictor is the market-wide dividend
yield, which is equal to total dividends paid over the previous 12 months divided
by the current total market capitalization. We compute the dividend yield from
the with-dividend and without-dividend monthly returns on the value-weighted
portfolio of all New York Stock Exchange (NYSE), Amex, and Nasdaq stocks,
which we obtain from the Center for Research in Security Prices (CRSP) at the
University of Chicago. The second predictor is CAY from Lettau and Ludvigson
(2001), whose updated quarterly data we obtain from Martin Lettau’s web site.
The third predictor is the “bond yield,” which we define as minus the yield on the
30-year Treasury bond in excess of its most recent 12-month moving average.
The bond yield data are from the Fixed Term Indices in the CRSP Monthly
Treasury file. The three predictors are used to predict quarterly returns on the
value-weighted portfolio of all NYSE, Amex, and Nasdaq stocks in excess of the
quarterly return on a 1-month T-bill, which is also obtained from CRSP.

Whereas the first two predictors have been used extensively, the third pre-
dictor appears to be new. On the one hand, this predictor has some a priori mo-
tivation. It seems plausible for the long-term Treasury bond yield to be related
to future stock returns since expected returns on stocks and bonds may comove
due to discount rate-related factors. Moreover, subtracting the 12-month aver-
age yield is an adjustment that is commonly applied to the short-term risk-free
rate (e.g., Campbell (1991) and Campbell and Ammer (1993)). On the other
hand, there is no ex ante reason to choose this particular predictor over plausi-
ble alternatives such as the term spread, credit spread, etc. We choose the bond
yield as the third predictor simply because it illustrates well the effect of prior
beliefs about p,,, on inference about predictability, as shown below.

Table I reports, for various predictive regressions, the estimated slope co-
efficient vector b, the R2, and the estimated correlation between unexpected
returns and the innovations in expected returns. This correlation, which rep-
resents the regression-based counterpart of p,.,, is computed as Corr(é;, b'9;),
following equations (4) and (19). Table I also reports the ordinary least
squares (OLS) ¢-statistics and the bootstrapped p-values associated with these
t-statistics as well as with the R2.12

1 Since we use the T-bond and T-bill yields in our analysis, we begin our sample in 1952, after
the 1951 Treasury-Fed accord that made possible the independent conduct of monetary policy.
Campbell and Ammer (1993), Campbell and Yogo (2006), and others also begin their samples in
1952 for this reason.

2 Our bootstrap repeats the following procedure 20,000 times: (i) resample T pairs of (9,, é,),
with replacement, from the OLS residuals in regressions (4) and (19); (ii) build up the time series
of x;, starting from the unconditional mean and iterating forward on equation (4), using the OLS
estimate A, sample mean E,, and the resampled values of 9,; (iii) construct the time series of
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Table I
Predictive Regressions

This table summarizes the results from predictive regressions, r; = a + b'x;_1 + e, where ry is
the quarterly excess stock market return and x;_; contains the predictors (listed in the column
headings) lagged by one quarter. The sample period covers 1952 (Q1) to 2003 (Q4). The table
reports the estimated slope coefficients b, the (unadjusted) R? of the predictive regression, and the
correlation between the estimated unexpected return é; and the estimated shock to expected return
&0;. The value of i is the fitted residual vector from the vector autoregression, x; = (I — A)E, +
Ax;_1 +v;. The R? and correlation are reported in percent (i.e., x100). The OLS ¢-statistics are
given in parentheses “().” The ¢-statistic of Corr(é;, b'9;) is computed as the ¢-statistic of the slope
from the regression of the sample residuals é; on b0;. The p-values associated with all ¢-statistics
and R2s are computed by bootstrapping and reported in brackets “[ 1.”

Bond Yield Dividend Yield CAY Corr(é;, b'v;) R?
2.716 21.735 4.231
(3.024) (3.204) [0.002]
[0.001] [0.001]
1.153 —91.887 2.252
(2.184) (—33.506) [0.059]
[0.057] [1.000]
1.704 —53.556 7.292
(4.085) (—9.124) [0.000]
[0.000] [1.000]
2.573 1.028 1.346 —35.635 11.777
(2.902) (1.966) (3.139) (—5.487) [0.000]
[0.003] [0.058] [0.003] [1.000]

The results suggest that all three predictors have some forecasting ability.
The dividend yield is marginally significant, whereas both the bond yield and
CAY are highly significant predictors. When used alone, both of the latter
predictors exhibit p-values of 0.1% or less, and they are about equally sig-
nificant when all three predictors are used together. It is also informative to
examine the correlation between estimated unexpected and expected return,
Corr(é;, b'0;), shown in the fourth column of Table I. When the single predic-
tor is either the dividend yield or CAY, this correlation is negative and highly
significant: —91.9% for the dividend yield and —53.6% for CAY. These negative
correlations are not surprising since both predictors are negatively related to
stock prices, by construction. For the bond yield, however, this correlation is
positive (21.7%) and highly significant. This positive correlation makes it un-
likely that the bond yield is perfectly correlated with the conditional expected
return ;.

The correlation between expected and unexpected returns is a useful diag-
nostic that should be considered when examining the output of a predictive

returns, r;, by adding the resampled values of &, to the sample mean (i.e., under the null that
returns are not predictable); and (iv) use the resulting series of x; and r; to estimate regressions
(4) and (19) by OLS. The bootstrapped p-value associated with the reported ¢-statistic (or R?) is
the relative frequency with which the reported quantity is smaller than its 20,000 counterparts
bootstrapped under the null of no predictability.
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regression. Since this correlation is likely to be negative, predictive models in
which this correlation is positive seem less plausible.!® The model in which the
bond yield is the single predictor is a good example. Based on the predictive-
regression p-value, the bond yield would appear to be a highly successful pre-
dictor whose forecasting ability is better than that of the dividend yield and
comparable to that of CAY. However, the bond yield produces expected return
estimates whose innovations are positively correlated with unexpected returns,
suggesting that this predictor is imperfect. We suspect that the same statement
can be made about many macroeconomic variables that the literature has re-
lated to expected returns. In the rest of the paper, we develop a predictive
framework that allows us to incorporate the prior belief that the correlation
between expected and unexpected returns is negative.

B. Identification and Maximum Likelihood Estimation

In the absence of any priors or parameter restrictions, not all of the parame-
ters in equations (3) to (6) are identified. We can nevertheless obtain estimates
of conditional expected returns using equation (4) and the recursive represen-
tation for returns,

rep1 =0 —BE, + pr +n'vy, — (B —mde + €41, (28)

which follows directly from the steady-state representation of the conditional
expected return in (8). The parameters in (4) and (28) are identified and can be
estimated using maximum likelihood by representing the two equations as a
state-space system and applying standard methodology (e.g., Hamilton (1994),
Section 13.4).1* The parameters in these equations, along with the covariance
matrix of [¢; v;/], identify the parameters appearing in equations (3) to (5) but
not all of the parameters in the covariance matrix in (6). Only ¥,, is identified
just by the data. Identifying the remaining elements of X requires additional
information about at least one of them.!5

Figure 4 plots the time series of expected returns obtained via maximum
likelihood estimation as well as the expected return estimates obtained from
OLS estimation of the predictive regression. Panels A and B display results
with a single predictor, either the dividend yield or CAY. In Panel C, these
variables are combined with the bond yield variable in the three-predictor case.
First, observe that the fluctuation of the expected return estimates seems too
large to be plausible. In Panel B, for example, expected returns range from
—5% to 8% per quarter, and the range is even wider in Panel C. Later on,
we obtain smoother time series of u; by specifying informative prior beliefs.

13 Strictly speaking, the arguments based on equations (22) and (24) apply when r;,; denotes the
total stock return, but they should hold to a close approximation also when r,,; denotes the excess
stock return, as used here. For excess returns, Campbell (1991) shows that equation (22) has an
additional term representing news about future interest rates, and he estimates the variance of
that term to be an order of magnitude smaller than the variances of 1c ;1 and ng 1.

14 The likelihood function is detailed in the online Internet Appendix in the “Supplements and
Datasets” section at http://www.afajof.org/supplements.asp.

15 Rytchkov (2007) discusses identification issues in a similar setting.
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Figure 4. The equity premium: Regression versus system with no prior information.
This figure plots the time series of the quarterly equity premium estimated in two different envi-
ronments. The dotted line plots the OLS fitted values from the predictive regression of ;1 on the
given predictor(s). The solid line plots the maximum likelihood estimates of E(r,1 | D;) from the
predictive system. In Panel A, the estimation uses one predictor, dividend yield. In Panel B, the
single predictor is CAY. In Panel C, three predictors are used: dividend yield, CAY, and the bond
yield. The sample period is 1952Q1 to 2003Q4.

Second, observe that although the series of estimated expected returns exhibit
marked differences across the three sets of predictors, the differences between
the predictive regression estimates and the predictive system estimates for a
given set of predictors are much smaller.'®

16 We also estimate expected returns from the predictive system under diffuse priors (the dis-
cussion of prior beliefs follows later in the text). We find that the resulting estimates (not plotted
here) behave similarly to both the OLS estimates from the predictive regression and the maximum
likelihood estimates from the predictive system.
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As the length of the sample grows, posterior beliefs about the parameters in
(28) and thus (8) will converge to values that do not depend on prior beliefs
about the parameters in the predictive system (as long as those priors do not
strictly preclude such values). Therefore, after observing a sufficiently long
sample, prior beliefs about p,,,, for example, will not impact forecasts of future
returns. (Our actual sample is evidently not long in that sense, as prior beliefs
about p,, exert a substantial effect on estimates of expected returns.) On the
other hand, given the lack of full identification of X, prior beliefs about p,,, will
matter even in large samples when making inferences about the correlation
between the predictors and the unobservable expected return ;.

C. Bayesian Approach

We develop a Bayesian approach for estimating the predictive system. This
approach has several advantages over frequentist alternatives such as the max-
imum likelihood approach. First, the Bayesian approach allows us to specify
economically motivated prior distributions for the parameters of interest. Sec-
ond, it produces posterior distributions that deliver finite-sample inferences
about relatively complicated functions of the underlying parameters, such as
the correlations between u; and x; and the R?s from the regression of r,,; on
. Finally, it incorporates parameter uncertainty as well as uncertainty about
the path of the unobservable expected return wu;.

We obtain posterior distributions using Gibbs sampling, a Markov Chain
Monte Carlo (MCMC) technique (e.g., Casella and George (1992)). In each step
of the MCMC chain, we first draw the parameters (E,, A, E,, B, X) conditional
on the current draw of {u;}, and then we use the forward filtering, backward
sampling algorithm developed by Carter and Kohn (1994) and Frithwirth-
Schnatter (1994) to draw the time series of {u;} conditional on the current
draw of (E,, A, E,, 8, 2).

We impose informative prior distributions on three quantities: the correlation
ouw between expected and unexpected returns, the persistence 8 of the expected
return u;, and the predictive R? from the regression of r,,1 on y,. These prior
distributions are plotted in Figure 5.

The key prior distribution is the one on p,,,. We consider three priors on p,,,
all of which are plotted in Panel A of Figure 5. The “noninformative” prior is
flat on most of the (—1, 1) range, with prior mass tailing off near +1 to avoid
potential singularity problems. The “less informative” prior imposes p,;,, < 0in
that 99.9% of the prior mass of p,,, is below zero. As shown in Panel B, this prior
implies a relatively noninformative prior on p2, , with most prior mass between
zero and 0.8. Finally, the “more informative” prior on p,,, is specified such that
the implied prior on p2, has 99.9% of its mass above 0.5, with a mean of about
0.77. Since p2, is the R? from the regression of unexpected returns on shocks
to expected returns, it represents the fraction of market variance that is due to
news about discount rates. Therefore, the more informative prior reflects the
belief that at least half of the variance of market returns is due to discount rate
news.
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Figure 5. Prior distributions. Panel A plots three prior distributions for the correlation between
expected and unexpected returns, p,,,. The noninformative prior (dotted line) is flat between —0.9
and 0.9, with tails fading away as p,,, approaches 1. The less informative prior (dashed line) has
99.9% of its mass below zero (p,,, < 0). The more informative prior (solid line) has 99.9% of its mass
below —0.71, so that p,%w > 0.5 (i.e., unexpected changes in the discount rate explain over half of
the variance of unexpected market returns). Panel B plots the corresponding implied priors on p2,,.
Panel C plots the prior on the predictive R? from the regression of returns r,,1 on expected returns
u¢. Panel D plots the prior on the slope coefficient 8 in the AR(1) process for u;. All parameters
correspond to quarterly data.



1606 The Journal of Finance®

The three priors on p,,, are chosen to represent a wide range of possible prior
beliefs. The noninformative prior is obviously weak, whereas the more informa-
tive prior can probably be characterized as strong. For example, the latter prior
is slightly stronger than the posteriors of p,, based on various estimates of
Campbell (1991) from a sample period that predates ours: Campbell’s evidence
from 1927 to 1951 implies estimates of pZ, ranging from 0.44 to 0.76 (i.e., puw
ranging from —0.67 to —0.87). The more informative prior does not appear to
be extreme, though, as it is consistent with most empirical estimates. For ex-
ample, the evidence of Campbell (1991) implies estimates of p2, ranging from
0.50 to 0.74 across three different specifications in his full sample period 1927
to 1988. The estimates of p2, implied by the post-war evidence range from 0.84
to 0.88 in 1952 to 1988, and the estimates of Campbell and Ammer (1993) in
their Table III range from 0.86 to 0.91. All of these estimates are in line with
the more informative prior.

Putting a prior on p,, presents a technical challenge. We do not impose the
standard inverted Wishart prior on the covariance matrix X because such a
prior would be informative about all elements of ¥, not only about p,,, and
we do not wish to be informative about the elements that involve v;. Instead,
we build on Stambaugh (1997) and form the prior on X as the posterior from
a hypothetical sample that contains more information about u; and w; than
about v;. In addition, we develop a hyperparameter approach that allows us to
change the prior on p,,, without changing the priors on any other parameters.
Further discussion of the priors appears in the Appendix.

In addition to putting a prior on p,,, we also impose a prior belief that the
conditional expected return u, is stable and persistent. To capture the belief
that u, is stable, we impose a prior that the predictive R? from the regression
of r;11 on p; is not very large, which is equivalent to the belief that the total
variance of y; is not very large. The prior on the R?, which is plotted in Panel C
of Figure 5, has a mode close to 1%, most of its mass is below 5%, and there is
very little prior mass above 10%. To capture the belief that u, is persistent, we
impose a prior that 8, the slope of the AR(1) process for i, is smaller than one
but not by much.? The prior on 8, which is plotted in Panel D of Figure 5, has
most of its mass above 0.7 and there is virtually no prior mass below 0.5. We do
not impose a prior belief that u; > 0. Although such a belief is reasonable under
a fully rational view, we do not wish to preclude the possibility that some of the
variation in u, is driven by investor sentiment. The prior distributions on all
other parameters (E,, A, E,, and most elements of X) are noninformative. Sep-
arately, we also consider a “diffuse” prior, which is completely noninformative
about all model parameters, including p,.,, 8, and R2.

D. Predictive System versus Predictive Regression
In contrast to a predictive regression, the predictive system allows us to con-

duct finite-sample inferences that explicitly incorporate predictor imperfection.

17 Ferson, Sarkissian, and Simin (2003, footnote 2) discuss several reasons to believe expected
return is persistent.
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The predictive system also produces more precise inferences about expected re-
turns. To demonstrate this, we compare the explanatory powers of the system
and the regression for a broad range of parameter values. Specifically, we com-
pare the R? in the regression of ;1 on x, for the predictive regression with the
R? in the regression of ;.1 on E(r;1 | D;) = E(u, | D;) for the predictive system.
The ratio of these R? values when r;; is the dependent variable is the same as
when p; is the dependent variable,

R2(7’t+1 on x;) _ R2(Mt on x;)
R2(ri,yon E(u; | Dy))  R2%(u; on E(uy | Dy))’

(29)

since each of the R? values in the latter ratio is equal to its corresponding value
in the first ratio multiplied by Var(r,,1)/Var(u;). The parameters in equations
(3) to (6) can be used to obtain the covariance matrix of u; and x; and thereby
the R? in the regression of y; on x;,

_ Var[E(u; [ x,)]
Var(u,)
As shown in the Appendix, we can solve analytically for the steady-state value

of Var(u, | D,), which allows us to compute the R? in the regression of i, on
E(us | Dy) as

R%(reg) (30)

9 _ Var[E(u; | D)) . Var(u.| D)
RYsys) = —mm 17 Varu)

The ratio in equation (29) is computed as R%(reg)/R?(sys). Note that this R? ratio
cannot exceed one because x; € D;. In other words, the estimates of 1, from the
predictive system are at least as precise as the estimates from the predictive
regression, simply because the system uses more information. The smaller the
R? ratio, the larger the advantage of using the predictive system.

We use the R? ratios to quantify the explanatory advantage of the predictive
system, using the same sample as in Section III.A. Panel A of Table II shows
the posterior means and SD of the R? ratios for four different priors and four
different sets of predictors. First, observe that the posterior means of the R?
ratios are all comfortably lower than one, ranging from 0.08 to 0.86 across
the 16 cases, and from 0.46 to 0.70 when all three predictors are used jointly.
Second, the R? ratios are sensitive to the prior on p,,. For example, with the
bond yield as the single predictor, the R? ratio is estimated to be 0.73 under
the diffuse prior. When we impose the prior belief that p,,, is negative, the R?
ratio declines to 0.34 under the less informative prior and then further to 0.08
under the more informative prior. In other words, under the prior that more
than half of the market variance is due to discount rate news, the expected
return estimates from the predictive system are about 12.5 times more precise
than those from the predictive regression. For the dividend yield, we observe
the opposite pattern—the R? ratio increases from 0.28 to 0.59 to 0.81 for the
same priors. The opposite patterns result from the opposite effects that the
prior on p,,, has on the adequacy of x; as a predictor in the two cases, as we will
see later.

(31)
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Table II
Explanatory Power of the Predictive Regression Relative
to the Predictive System

Panel A shows the posterior means and standard deviations (the latter in parentheses) of the
ratios of two R2s, R2(reg)/R2(sys). A ratio smaller than one indicates that the predictive system
estimates u; more precisely than the predictive regression does. The smaller the ratio, the larger
the advantage of using the predictive system. R2(reg), computed as the R? from the regression of i;
on the given predictors, summarizes the usefulness of the predictive regression in estimating u;.
R2(sys), computed as 1 — Var(u; | Dy)/Var(u;), where D; contains all historical market returns and
predictor realizations, summarizes the usefulness of the predictive system in estimating u;. Panel
B shows the posterior means and SD of 1 — MSE(sys)/MSE(reg). MSE(reg) is the mean squared
error from the predictive regression of r;, 1 on the given predictors. MSE(sys) is the mean squared
error from the predictive system. Positive values of one minus the MSE ratio indicate that the
predictive system forecasts returns more precisely than the predictive regression does. The results
are reported for four different prior distributions on p,,, the correlation between expected and
unexpected returns. Four sets of predictors are considered: dividend yield, bond yield, CAY, and all
three predictors combined. The sample period is 1952Q1 to 2003Q4.

Predictors

Dividend Yield Bond Yield CAY All 3 Predictors

Panel A: The R? Ratios, R2(reg)/R2(sys)

Diffuse 0.28 0.73 0.86 0.59
Prior (0.17) (0.23) (0.16) (0.30)
Noninformative 0.50 0.44 0.61 0.46
Prior on puu (0.27) (0.25) (0.27) (0.22)
Less Informative 0.59 0.34 0.73 0.50
Prior on py, (0.22) (0.20) (0.23) (0.22)
More Informative 0.81 0.08 0.64 0.70
Prior on pyy (0.19) (0.08) (0.22) (0.19)

Panel B: The Mean Squared Error Ratios, 1 — MSE(sys)/MSE(reg)

Diffuse 0.04 0.06 0.03 0.17
Prior (0.07) (0.15) (0.09) (0.22)
Noninformative 0.02 0.02 0.02 0.03
Prior on pyy (0.04) (0.05) (0.04) (0.04)
Less Informative 0.02 0.02 0.01 0.04
Prior on pyy, (0.04) (0.06) (0.04) (0.05)
More Informative 0.02 0.03 0.02 0.02
Prior on puu (0.07) (0.07) (0.06) (0.07)

Panel B of Table II shows the posterior means and SD of one minus the
ratio of the mean squared errors from the predictive system and the predictive
regression. The mean squared error is defined as MSE = E{(r;.1 — f)?}, where
f; is a return forecast. All posterior means in Panel B are positive, ranging
from 0.01 to 0.17, confirming that the predictive system forecasts returns more
precisely than the predictive regression does.

Another way of comparing the predictive system with the predictive regres-
sion is to compare their estimates of the slope coefficient b from the predictive
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Figure 6. Posterior distributions of slope coefficients from predictive regressions. We
estimate both the predictive system and the predictive regression with three predictors: the bond
yield, dividend yield, and CAY. The dashed line plots the posteriors from the standard predictive
regression of ;1 on x; under the diffuse prior. The dotted line plots the implied posteriors con-
structed from the results of the predictive system under the “noninformative” prior on py;,. The
solid line plots the implied posteriors from the predictive system under the “more informative” prior
on pyw (puw < —0.71). To facilitate comparisons across panels, all predictors are scaled to have unit
variance. The sample period is 1952Q1 to 2003Q4.

regression. Figure 6 plots the posterior distributions of b computed under three
scenarios. The dashed line is the posterior of & computed from the predictive
regression under no prior information. This posterior has a Student ¢ distri-
bution whose mean is equal to the maximum likelihood estimate (MLE) of
b (Zellner (1971), pp. 656—67). The dashed line thus represents “conventional
inference” on predictability. The other two lines in Figure 6 plot the implied
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posteriors of b computed from the predictive system.!® The dotted line corre-
sponds to the prior that is noninformative about p,,, but informative about g
and R2. In all three panels of Figure 6, the dotted line is substantially different
from the dashed line, which means that imposing the prior that ., is stable and
persistent significantly affects the inference about predictability. In addition,
the dotted line is shifted toward zero compared to the dashed line, which means
that the prior belief that ., is stable and persistent weakens the evidence of
predictability. Finally, the solid line corresponds to the prior that is informative
not only about g and R? but also about p,,,. The prior on p,, clearly affects the
inference about predictability. Consider Panel A, in which the single predictor is
the bond yield. Whereas the traditional inference (dashed line) would conclude
with almost 100% certainty that the bond yield is a useful predictor (b > 0),
the system-based inference with the more informative prior on p,,, (solid line)
concludes no such thing because almost half of the posterior mass of b is be-
low zero. This prior also slightly weakens the predictive power of CAY but it
strengthens the predictive power of the dividend yield.

E. How Imperfect Are Predictors?

The predictive system also allows us to learn about the correlation between
the expected return u; and the predictors. Since u; is not observed, the manner
in which one learns about such correlations merits some discussion. Consider,
for simplicity, the case of a single predictor x; whose autocorrelation A is equal to
B. The unconditional correlation between the expected return and the predictor,
Pxyu, 18 then equal to p,,,, the conditional correlation.! By virtue of the fact that
the correlation matrix for (u;, v, w;) must be nonnegative definite, it is readily
verified that

Pow = PuvPuw + Pa, Where Pi = (1 - PZU)(l - Pgw) (32)

In other words, even though correlations are not transitive (two correlations do
not imply the third), they become nearly transitive when at least one of them
approaches +1.

We specify noninformative priors for p,, and p,,. Doing otherwise would
involve priors about each predictor’s usefulness—directly through p,, but in-
directly through p,, as well, given informative priors about p,,. While such
an approach could be reasonable, especially in a forecasting setting, we wish
to illustrate how our framework can deliver inferences about each predictor’s
usefulness without making prior judgments about that property. Moreover, we

18 Although b does not appear explicitly in the predictive system, its value can be computed from
the system’s parameters (see footnote 6), so its posterior draws can be constructed from the draws
of the system’s parameters.

19 More generally,

o [a-pHa-4)7
Pxp = Pow [W} s

so that p?, < o7,
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prefer not to add complexity to this initial exploration of predictive systems. The
data are quite informative about p,, anyway, in that with only modest return
predictability, the value of p,, is close to that of p,,, which can be estimated
from the series of r; and x;. (When the predictive R? is low, p2, = (1 — R?) is
close to one, and equation (32) then implies that p,, is well approximated by
prv.) Information about p,,, enters largely through the prior. When the prior is
concentrated on large negative values, then the likely values of p, in (32) are
small, so the prior information about p,, and the sample information about
puv get combined to provide information about p,,. Alternatively, if the data
indicate that p,, is close to +1 (e.g., in Table I, p,, ~ —0.9 when the predictor is
the dividend yield), then again p, is small, so that p,, and p,,, are again jointly
informative about p,,,.

Figures 7 and 8 analyze the degree to which two of our predictors can cap-
ture the unobservable expected return ;. We report results for two predictive
systems, in which the predictors are the dividend yield alone (Figure 7) and the
bond yield alone (Figure 8). Panel A of each figure plots the posterior distribu-
tion of the R? from the regression of y; on x;. This R? is assumed to be one in a
predictive regression, but its posterior in the predictive system has very little
mass at values close to one. In both figures, the R2s larger than 0.8 receive very
little posterior probability and the values larger than 0.9 are deemed almost
impossible, regardless of the prior. This evidence suggests that neither of the
two predictors is perfectly correlated with ;.20

The R? depends on the prior for p,, in an interesting way. In Panel A of
Figure 7, becoming increasingly informative about p,, shifts the posterior of
the R? to the right, with the mode shifting from about 0.3 under the noninfor-
mative prior to about 0.6 under the more informative prior. This makes sense:
Since the dividend yield exhibits a highly negative contemporaneous correla-
tion with stock returns, imposing a prior that 1, also possesses such negative
correlation makes the dividend yield more closely related to ;. Exactly the op-
posite happens in Panel A of Figure 8, where becoming increasingly informative
about p,,, shifts the posterior of the R? to the left so that its mode is close to
zero under the more informative prior. This makes sense as well because the
bond yield is positively correlated with stock returns (Table I).

Panel B of both figures plots the posterior of the predictive R? from the re-
gression of r;,1 on ;. Putting a more informative prior on p,, increases the
R? in both figures, but these effects are relatively small. Since we put a fairly
informative prior on the predictive R? (see Panel C of Figure 5), the posterior
is not dramatically different from the prior in either figure.

Panels C and D of both figures plot the posteriors of the correlations between
each predictor and p,, both conditional (p,,) and unconditional (p,,). These
correlations are all well below 1 and they are quite sensitive to the prior on o, .
As we become increasingly informative about p,,,, we perceive the dividend

20 Note that even if x, were perfectly correlated with ., in population, the posterior of their
correlation would have nontrivial mass below one in any finite sample. Since we always observe
finite samples, we always perceive imperfect correlation between x, and p,. Also note that in the
NBER version of this article, we report results analogous to those in Figures 7 and 8 for a predictive
system that uses three predictors: the dividend yield, bond yield, and CAY.
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Figure 7. Posterior distributions for the relations between the dividend yield and ex-
pected return. Panel A plots the posterior of the fraction of variation in the expected return u;
that can be explained by the predictor x;, which is the dividend yield. Panel B plots the posterior
of the predictive R2. Panel C plots the posterior of the conditional correlation p,, between the
dividend yield and p;. Panel D plots the posterior of the unconditional correlation py, between the
dividend yield and ;. The three lines in each panel represent three different prior distributions.
The solid line represents the “more informative” prior on oy, (o < —0.71), the dashed line is the
“less informative” prior on oy, (ouw < 0), and the dotted line is the “noninformative” prior on pyy, .
The sample period is 1952Q1 to 2003Q4.

yield to be more highly correlated with u; but the bond yield to be less highly
correlated with p;. The effect for the bond yield is dramatic, judging by the
posterior modes in Panel C of Figure 8. Under the noninformative prior, the bond
yield has 90% conditional correlation with u;, but under the more informative
prior, this correlation drops to 20%.

Overall, Figures 7 and 8 show that our predictors are imperfectly correlated
with u; and that the inference about this correlation is substantially affected by
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Figure 8. Posterior distributions for the relations between the bond yield and expected
return. Panel A plots the posterior of the fraction of variation in the expected return u; that can be
explained by the predictor x;, which is the bond yield. Panel B plots the posterior of the predictive
R2. Panel C plots the posterior of the conditional correlation p,, between the bond yield and ;.
Panel D plots the posterior of the unconditional correlation py, between the bond yield and ji;. The
three lines in each panel represent three different prior distributions. The solid line represents
the “more informative” prior on p,,(ouw < —0.71), the dashed line is the “less informative” prior
on puw(ouw < 0), and the dotted line is the “noninformative” prior on py,. The sample period is
1952Q1 to 2003Q4.

the prior beliefs about p,,. Prior beliefs that p,,, < 0 strengthen the predictive
appeal of the dividend yield but they weaken the predictive appeal of the bond
yield.

F. Estimates of Expected Return

Figure 9 plots the time series of expected returns estimated by three dif-
ferent approaches. The dashed line plots the fitted values from the predictive
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Figure 9. The equity premium: Regression versus system with prior information. This
figure plots the time series of the quarterly equity premium estimated in three different environ-
ments. The dashed line plots the OLS fitted values from the predictive regression of r;,1 on the
given predictor(s). The dotted line plots the posterior means of E(r,,1 | D;) from the predictive sys-
tem under the “noninformative” prior on p,,. The solid line plots the posterior means of E(r,1 | D;)
from the predictive system under the “more informative” prior on py, (o < —0.71). In Panel A,
the estimation uses one predictor, dividend yield. In Panel B, the single predictor is CAY. In Panel
C, three predictors are used: dividend yield, CAY, and bond yield. The sample period is 1952Q1 to
2003Q4.

regression. These traditional expected return estimates seem too volatile to
be plausible, as we also observed in Figure 4. For example, in Panel C, which
includes all three predictors, expected returns range from —6% to 9% per quar-
ter. Not surprisingly, imposing the prior that u; is stable and persistent (dotted
line) produces smoother expected return estimates. Adding the more informa-
tive prior on p,, (solid line) further smoothes the expected return estimates:
in Panel C, they range from —1.5% to 3.5% per quarter. The informative priors
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have substantial effects on expected returns not only in Panel C but also in
Panel B in which CAY is the single predictor: while the regression-fitted values
range from —5.5% to 7.5% per quarter, the solid line ranges from —1.5% to 2.5%.
Only in Panel A, in which the dividend yield is the single predictor, is the effect
of the prior relatively mild. The reason is that the regression-fitted values in
Panel A are already fairly smooth and negatively correlated with stock returns.

While eyeballing the expected return estimates seems informative, we also
compute measures summarizing their differences. Table III compares five
different series of expected return estimates. The first is the series of fitted val-
ues from the predictive regression, and the others are produced by four different
approaches to estimating the predictive system. One of the latter approaches es-
timates the predictive system by MLE, while the other three impose the prior
that u, is stable and persistent but differ in their prior on p,,. We compare
the five series of expected return estimates in three different ways: pairwise
correlations, mean absolute differences, and average utility losses. The utility
losses are computed for a mean-variance investor allocating between the mar-
ket and the T-bill who knows the variance of market returns but must estimate
the market’s expected return. The investor’s risk aversion, 2.54, is such that
the optimal portfolio is fully invested in the market, on average. We compute
the investor’s certainty equivalent loss resulting from holding a portfolio that
is optimal under a different approach for estimating expected returns. For ex-
ample, the 0.11% per quarter average utility loss in the first row of Panel A is
suffered by an investor who wants to estimate expected return in the predic-
tive system by MLE but is forced to use the fitted values from the predictive
regression. Finally, the three panels consider three different sets of predictors:
the dividend yield, CAY, and the two predictors combined with the bond yield.

Panel A of Table III shows that when the dividend yield is the single predic-
tor, the expected return estimates are fairly similar across the five estimation
approaches, confirming the evidence from Panel A of Figure 9. No average util-
ity loss exceeds 0.20% per quarter, no mean absolute difference is larger than
0.65% per quarter, and all correlations exceed 81%.

The differences across the five approaches are substantially larger in Panel
B where we use CAY to predict returns. For example, compare the system-
based estimates obtained by MLE versus the more informative prior. The mean
absolute difference in expected returns is 1.65% per quarter, and the average
certainty equivalent loss from using one estimate in place of the other is 1.38%
per quarter. Both quantities are highly economically significant. In Panel C,
where we use all three predictors, the differences across the five approaches
are also large and similar in magnitude.

In all three panels, the smallest differences are obtained for the noninforma-
tive versus the less informative prior on p,,. No average utility loss exceeds
0.06% per quarter, no mean absolute difference is larger than 0.37% per quarter,
and all correlations exceed 95.4%. However, moving from the less informative
to the more informative prior on p,, can produce sizeable differences in ex-
pected returns. For example, the mean absolute difference in Panel C is 1.46%
per quarter and the average utility loss is 0.84% per quarter.
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Table III
Comparing Estimates of Expected Return

This table compares the time series of the posterior means of E(r;,1 | D;) obtained in five different
environments:

(1) Predictive regression: OLS fitted values.

(2) Predictive system: Maximum likelihood estimates.
(3) Predictive system: Noninformative prior about py,.
(4) Predictive system: Less informative prior about oy, .
(5) Predictive system: More informative prior about oy, .

The priors in (3)—(5) are informative about the persistence and volatility of 1;. The correlations
between the quarterly series of the posterior means of E(r;, 1 | D;) are reported in italics below the
main diagonal of each left-panel 5 x 5 matrix. Above the main diagonal of the same matrix are
the mean absolute differences between the posterior means of E(r., 1 | D;) in percent per quarter.
Each right-panel 5 x 5 matrix reports the average utility losses, in percent per quarter, of a mean-
variance investor who is forced to hold a suboptimal portfolio of the stock market and a risk-free
T-bill: a portfolio that is optimal under the beliefs in the given row when the true beliefs are in
the given column. (For example, the (2,5) cell of the 5 x 5 matrix reports the certainty equivalent
loss of an investor who has the more informative prior but is forced to hold the portfolio that is
optimal under the maximum likelihood estimates.) The risk aversion is chosen such that there is
no borrowing or lending given the sample mean and variance of market returns. The sample period
is 1952Q1 to 2003Q4.

Correlation (%)/Mean Abs Diff (%) Average Utility Loss (%)
(1 (2) 3) (4) (5) 1 (2) 3) (4) (5)

Panel A: Predictor: Dividend Yield

(1) 0.57 0.44 0.41 0.29 0 0.11 0.09 0.07 0.03
(2) 97.49 0.65 0.62 0.49 0.11 0 0.20 0.18 0.10
(3) 90.47 81.11 0.06 0.27 0.09 0.19 0 0.00 0.03
4) 92.42 83.49 99.78 0.22 0.07 0.17 0.00 0 0.02
(5) 97.67 91.32 95.81 97.41 0.03 0.10 0.03 0.02 0

Panel B: Predictor: CAY

(1) 0.66 1.13 1.22 1.60 0 0.19 0.57 0.65 1.13
(2) 94.82 1.36 1.39 1.65 0.19 0 0.88 0.95 1.38
3) 86.28 82.02 0.37 0.96 0.57 0.85 0 0.06 0.39
(4) 96.88 93.26 95.43 0.63 0.64 0.92 0.06 0 0.16
(5) 89.71 92.03 59.38 80.11 1.09 1.32 0.38 0.16 0

Panel C: Predictors: Dividend Yield, CAY, Bond Yield

(@8] 0.92 1.33 1.27 1.60 0 0.40 0.82 0.74 1.19
(2) 91.06 1.27 1.22 1.62 0.42 0 0.76 0.68 1.16
3) 80.38 82.36 0.14 1.51 0.80 0.72 0 0.01 0.94
(4) 82.30 84.11 99.79 1.46 0.72 0.64 0.01 0 0.84
(5) 83.42 89.93 80.75 84.00 1.19 1.13 0.96 0.87 0

To sum up, when we use the dividend yield as the single predictor, the system-
based expected return estimates are close to the regression-based estimates. In
all other cases, the system and the regression generate substantially different
expected returns, and the system-based estimates are significantly affected by
the prior on py,,.
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G. Variance Decomposition of Expected Return

In the predictive regression approach, expected return p; is modeled as an
exact linear function of the predictors in x;. In a predictive system, however,
the data provide additional information about u; because the lagged values of
unexpected returns and predictor innovations also enter the expected return
estimates (see Section II.B). In this section, we decompose the variance of w;
to assess the relative importance of the various sources of information in a
predictive system.

We can rewrite the AR(1) process for x; as an MA(oco) process, as we did for u,
in equation (14): x;, = E, + ) ;2 Alv,_;. Then we project w; linearly on u; and
Ug:

-1
O’2 Oyv U
w = [owy  Owol |: “ :| |: :| + X = Yully + Yol + X5 (33)

Ovu  Zwv Uy

Substituting for w; from equation (33) into equation (14), we obtain

e = (E, — WUEx) + VX + Y Z,Biut—i + ¥y Z (ﬂLIK - Ai)vt—i + Z,Bixt—ia
=0 i=0 =0

(34)

where K is the number of predictors and Ik is a K x K identity matrix. Equa-
tion (34) shows how the lagged values of unexpected returns u;_; and predic-
tor innovations v, ; affect u; in the presence of the current predictor values
in x;. Based on this equation, we can decompose the variance of u; into the
components due to x;, {us}s<;, and {vs}s<;. See the Appendix for details.

Table IV reports the posterior means and SD of the R2s from the regressions
of u; on x; (column (1)), u; on x; and {us}s<; (column (2)), and u; on x; and
{us, Us}s<¢ (column (3)). For x;, we consider four sets of predictors: the dividend
yield, bond yield, CAY, and the combination of all three predictors. For each set
of predictors, we estimate the predictive system under three different priors.
All three priors assume that u; is stable and persistent but they differ in their
degree of informativeness about p,,,.

First, note that x; never accounts for more than 63% of the variance of «; and
that it can account for as little as 3% of this variance. In contrast, x; combined
with {us, vs}s<; can account for as much as 95% of the variance of w;, and those
components account for more than 80% of the variance of u; in 10 of the 12
cases in Table IV. The most striking effect obtains for the bond yield, for which
adding {us, vs}s<; to x; increases the R? from 0.03 to 0.95. It seems clear that
a predictive regression, which uses only x; to predict returns, does not use the
data as effectively as a predictive system, which also uses {u;, vs}s<; in addition
to Xt

The R?s in Table IV are substantially affected by the prior on p,,. For exam-
ple, consider the first columns of Panels A and B. Under the noninformative
prior on p,,, both the dividend yield and the bond yield explain about a third
of the variance of u;. As we become more informative about p,,,, this fraction
increases from 0.34 to 0.40 to 0.57 for the dividend yield, but it decreases from
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Table IV
Variance Decomposition of Expected Return

This table reports the posterior means and SDs (the latter in parentheses) of the R2s from the
regressions of the market’s expected excess return u; on its selected components. The first column
of each panel, labeled x;, shows the fraction of variance of u; that can be explained by the set of
predictors listed in the panel heading. Four sets of predictors are considered: the dividend yield,
bond yield, CAY, and the combination of all three of these predictors. The second column of each
panel, labeled x;, {us}s<:, shows the fraction of variance of 1, that can be explained jointly by the
predictors and by the innovations to stock market returns w;, u;_1, 4;_9, .... The third column,
labeled x;, {us, vs}s<:, shows the fraction of variance of p; that can be explained jointly by the
predictors, by the innovations to stock market returns wu;, u;_1,u;_o, ..., and by the innovations
to the predictors v, v;_1,v;_9, .... For each set of predictors, the predictive system is estimated
under three different priors, which are described in the row labels. The sample period is 1952Q1
to 2003Q4.

Components of Expected Return Components of Expected Return
Xt Xp {Usts<e X, {Us, Ushs=s X X {usts<e X, {Us, Ushs<t
Panel A: Dividend Yield Panel B: Bond Yield
Noninformative 0.34 0.43 0.48 0.33 0.64 0.83
Prior on pyy (0.20) (0.21) (0.21) (0.21) (0.21) (0.13)
Less informative 0.40 0.49 0.53 0.24 0.73 0.86
Prior on puw (0.18) (0.18) (0.18) (0.17) (0.16) (0.11)
More informative 0.57 0.80 0.81 0.03 0.86 0.95
Prior on pyy, (0.15) (0.06) (0.06) (0.03) (0.05) (0.04)
Panel C: CAY Panel D: All Three Predictors

Noninformative 0.50 0.59 0.81 0.42 0.49 0.90
Prior on pyy, (0.22) (0.22) (0.12) (0.20) (0.22) (0.07)
Less informative 0.60 0.70 0.83 0.46 0.55 0.90
Prior on pyy (0.20) (0.17) (0.10) (0.20) (0.22) (0.07)
More informative 0.53 0.87 0.92 0.63 0.85 0.94
Prior on py, (0.18) (0.07) (0.05) (0.17) (0.12) (0.04)

0.33 to 0.24 to 0.03 for the bond yield. These opposite patterns reflect the op-
posite signs of the correlations between stock returns and the two predictors,
as explained earlier.

The lagged unexpected returns {u,}s<; contain a significant amount of in-
formation about u; beyond that included in x;. When {u;};<; is added to x; in
estimating 1, the R%s increase by anywhere between 7% and 83%. For exam-
ple, under the more informative prior on p,,, the R? increases from 0.03 to
0.86 for the bond yield, from 0.53 to 0.87 for CAY, and from 0.63 to 0.85 when
{us)s<: is added to all three predictors. The lagged predictor innovations {vs}s<;
also contain useful information about u;. When {v};<; is added to x; and {us}s<,
the R?s increase by between 1% and 41%. The smallest increases, of 1% to 5%,
obtain for the dividend yield, while the largest increases, of 9% to 41%, obtain
for all three predictors combined.
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To summarize, the past values of unexpected returns and predictor innova-
tions contain useful incremental information about the current expected re-
turn. This information is used by the predictive system but not by the standard
predictive regression.

IV. Conclusion

Predictive systems allow predictors to be imperfectly correlated with the con-
ditional expected return. When predictors are imperfect, expected returns con-
ditional on available data depend not only on the most recent values of those
predictors but also on lagged returns and lags of the predictors. Recent re-
turns receive negative weights when a significant portion of the variance in
unexpected returns is due to changes in expected returns. The lags of returns
and predictors often account for a large fraction of the variation in estimates of
conditional expected returns. Predictive systems also allow one to incorporate a
prior belief that expected and unexpected returns are negatively correlated. We
find that such a belief can have a large impact on estimates of expected returns
and various inferences about predictability, including a predictor’s correlation
with the conditional expected return.

Although our focus is on predictive systems, we also find two implications for
predictive regressions. First, we show that if predictors are imperfect, the pre-
dictive regression residuals are generally autocorrelated. This autocorrelation
should be incorporated when computing standard errors in predictive regres-
sions. In addition, this autocorrelation provides a simple diagnostic for predictor
imperfection: Nonzero autocorrelation indicates imperfect predictors. Second,
we argue that researchers running predictive regressions should examine the
regression-implied correlation between expected and unexpected returns. Pre-
dictive regressions in which this correlation is positive are unlikely to perfectly
capture time variation in expected stock market returns.

Our initial exploration of predictive systems can be extended in many di-
rections. First, we are intentionally noninformative about the degree of im-
perfection in a predictor, but one could instead incorporate an informative
prior belief about a predictor’s correlation with expected return. The latter
approach is likely to be preferable when inference is less the objective than
is producing the best forecast given one’s own prior judgment. Along these
lines, one could study the implications of predictive systems for asset alloca-
tion. Second, we assume that the conditional mean return follows an AR(1)
process, but it would also make sense to consider more complicated processes.
For example, if the mean were allowed to have not only a slow-moving per-
sistent component but also a higher-frequency transient component, the bond
yield, which is not very persistent, might be inferred to be more highly corre-
lated with the conditional mean. Third, we assume that the return variance
is constant, but one could allow it to be time-varying, potentially in a man-
ner correlated with expected return (e.g., Brandt and Kang (2004)). Fourth,
we consider three predictors but it would also be interesting to examine the
degrees of imperfection in various other predictors that have been proposed in



1620 The Journal of Finance®

the literature (e.g., Ferson and Harvey (1991), Lamont (1998), Lewellen (1999),
Santos and Veronesi (2006), Ang and Bekaert (2007), etc.). Fifth, we analyze
predictability in U.S. stock market returns, but it would also be interesting
to apply predictive systems to international markets (e.g., Ferson and Harvey
(1993)).

It could also be useful to expand the predictive system to incorporate cash
flow news. We have argued that the innovation in the expected return should
be negatively correlated with the unexpected return, but if one could account
for the portion of the latter that is correlated with cash flow news, the remain-
ing portion would be driven entirely by news about expected return. These
issues are beyond the scope of this paper but they merit more attention. See
Cochrane (2008), Rytchkov (2007), and van Binsbergen and Koijen (2007) for
recent analyses of the interaction between return predictability and cash flow
predictability. Cash flow forecasts also enter the calculations of the implied cost
of capital, which is used by Pastor, Sinha, and Swaminathan (2008) to proxy
for the conditional expected market return.

When compared to predictive regressions, predictive systems typically de-
liver more precise estimates of expected return. Recall that, in reaching this
conclusion, we measure precision as the posterior mean of the ratio of true
RZ2s. One could instead ask whether expected returns estimated using a predic-
tive system are more precise out of sample, for example, whether they exhibit
lower mean squared error (MSE) than a simpler approach such as a predic-
tive regression or the sample average.?! A Bayesian investor with a quadratic
(MSE) loss function would prefer a forecast that combines his priors and the
data to estimate the conditional expected return based on the correct model.
The correct model, when estimated using a finite sample, tends to produce
out-of-sample MSEs higher than those from estimates of simpler models when
the true degree of predictability is sufficiently small, as discussed by Clark
and West (2006, 2007) and Hjalmarsson (2006). Thus, a simple comparison of
out-of-sample MSE’s would not speak directly to the question of whether the
predictive system is the right model from the investor’s perspective. That ques-
tion, one of model selection, is beyond the scope of this study but could be an
interesting area for future research.

Appendix

We summarize here the analytical basis for various relations discussed in the
text, and we briefly describe the specification of prior distributions. A lengthier
Internet Appendix,?? available on the Journal of Finance web site, provides
a more thorough treatment, including details of constructing the prior and
posterior distributions.

21 Goyal and Welch (2003, 2008), Rapach, Strauss, and Zhou (2007), and Campbell and Thompson
(2008), etc., investigate the abilities of predictive regressions and sample averages to forecast stock
returns out of sample.

2The Internet Appendix is available online in the “Supplements and Datasets” section at
http://www.afajof.org/supplements.asp
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A. General Form of the Predictive System

We define the predictive system in its most general form as a VAR for r;, x4,
and u,, with coefficients restricted so that u, is the conditional mean of r; ;. We
also assume that x; and u; are stationary with means E, and E,. The first-order
VAR, for example, is

rip1— E, 0 0 I re—E, Ust1
X1 —Ey | = A A Aoz || x—Ee [+ v |- (A1)
i1 — E, Azr Asy Ass| | e —E, Wil

The predictive system in (Al) can be viewed alternatively as simply an unre-
stricted VAR for returns and predictors when some predictors are unobserved.
Specifically, consider an unrestricted VAR for r;, x;, and 7;, where 7; has the
same dimensions as r; and contains additional unobserved predictors:

riv1— E, Bii Big Bis|| r—E; Uyl
X1 —Ey | =|Ba1 Baa Bos| | x—Ey |+ | ve1 |- (A2)
T — By B31 Bsy Bss || m—E; Uyl

When B3 is nonsingular, (A1) and (A2) are equivalent, as shown in the Internet
Appendix. The general form in (Al) is treated there. Note also from (A2) that
the general form nests the traditional VAR for just r;, and x; (as the variance of
;41 as well as Bsy, Bsg, and Bss approach zero). Below we confine attention to
the simplified version of the predictive system in equations (3) to (5).

B. Expected Returns and Past Values

Let z; denote the vector of the observed data at time ¢, z; = (r;// x;’)’. Denote
the data we observe through time ¢t as D, = (z4, ..., z;), and note that our com-
plete data consist of Dy. Let Dy denote the null information set, so that the
unconditional moments are given as

ry Er Vrr er Vru,
Xt | Do ~ N E, s Vi Vi qu . (A3)
Mt E, V;Lr Vux V,uu
Also define
B = E, V.. — Vir Vix V. — Vru (Ad)
T E, = Vi Vix P qu .

Define the conditional moments

a; = E(u | Di—1), by = E(uy | Dy), ft = Bz | Di—1),
(A5)



1622 The Journal of Finance®

P, = Var(u, | D;-1), Q: = Var(u; | Dy), R; = Var(z; | us, Dy 1),
(A6)
St = Var(zt |Dt_1), Gt = COV(Zt, Mt |Dt_1). (A7)

Conditioning on the (unknown) parameters of the model is assumed through-
out but suppressed in the notation for convenience. As shown in the lengthier
Internet Appendix, the above conditional moments can be computed iteratively.
FiI‘St, ai =Er,P1 ZVML,fl ZEZ,Sl sz,Gl zﬂ,

Ri1 =81 -G{P'G} (A8)
Q1= Pi(P1+ G\R;'G1) ' Py (A9)
by = a1 + Pi(P, + G\R;'G1) 'G\R z1 — fo). (A10)

Then, fort=2,...,T,

Pi=p*Qi 1+ Zuw (A11)
- Euu Euv
S, = [Qt Lt ] (A12)
Evu 2:l)l)
Suw
Gt:[ﬂQt 1+ :| (A13)
R, =8S; - G,P/'G, (A14)
Q. = P.(P. + G\R'G,) ' P, (A15)
ar =1 - BE, + b1 (A16)
fi= o (A17)
‘T UI-AE, + Ax, 4
b =a;+ P,(P, + G,R;'G,) 'G/R; Yz, — 1) (A18)
=a;+ G;S;I(Zt — fo). (A19)

The conditional expected return b; = E(r,1 | D;) can be expressed as a function
of past returns and predictors. Denote

[me n)] = Pi(P, + G,R;\G,) "G/ R; ! = G, 8,1
= Cov(z}, us | D;_1)[Var(z; | D;_1)171, (A20)
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so that, from equation (A18), for ¢ > 1,

b =ar+[my njlz, — f1)

= (1= BE, +Bb1+[m; n}] re- b
- PP T s — (I - A)E, - Axiy
= (]_ — ﬁ)Er + (,3 — mt)bt,:[ + myry + n;Ut, (A21)
or
b —E, =Bbi—1— E.)+m(ry —b—1) + n;Up (A22)

For t = 1, we obtain
b1 — E, =mq(r;1 — bg) + n’lvl,

where vy denotes x; — E,. Repeated substitution for the lagged values of (b; —
E,) gives

¢ ¢
bt =FE, + st(rs —bs_1) + Z(ﬁ‘;vs, (A23)
s=1 s=1
where
As = mgBiE (A24)
b5 = nsp 7. (A25)

This is equation (8) in the text.

The conditional expected return b; can be rewritten so that past forecast
errors are replaced by returns in excess of the unconditional mean E,. To do so,
modify equation (A21) as

b —E, =B —m)bi_1— E,)+mr; — E,) + nuy, (A26)

so that repeated substitution for the lagged values of (b; — E;) then yields

t t
by=E.+Y ors—E)+ Y 8, (A27)
s=1 s=1
where

o = { (B—m)B—my_1)--(B—mgp1)m,, fors <t (A28)

mg, fors =t
5, — { B—m)B—my_1)---(B—msi1)ns, fors <t (A29)

ng, for s =¢.

This is equation (11) in the text.



1624 The Journal of Finance®

IfE, is replaced by the sample mean in equation (11), then the estimate of b,
becomes

t t
by =Y ks + ) S, (A30)
s=1 s=1
where
1 t
ks = 1—sz + ws, (A31)
=1

and Y'_, i, = 1. This is equation (26) in the text.

C. R? Ratios

The numerator of the R? ratio in equation (29) is computed as

Var[E(,ut |xt)] _ Var[E(Mt) + V/ Vﬁl(xt - Ex)] _ V/ Vﬁle/l,

2 _ xXp ' xx XU XX
R onx) = Var(u,) Var(u,) o2
(A32)

where 03 =02/(1- 8%,V =T ~- BA) oy, and
vec(Vyey) =[I — (A® A)] vec(T,0). (A33)

Equation (A33) follows from the relation V,, = AV,,A’ + X, and the well-known
identity vec(DFG) = (G’ ® D)vec(F).
The denominator of the R? ratio in equation (29) is computed as

VarlBGu | D)) _ Var(u) = Varu |D) 1 @ a0

Var(u,) Var(u;) N o2

R%*(ju; on D;) =

where @, is given in equation (A15). We replace Q; by its steady-state value, @,
which equals a solution of a quadratic equation:

2
62 _ 48, _
Q _ él 2;):2 %1 ’ (A35)
& =010~ ﬁZ)(GuZ — Owy E&;lo'vu) + 2/3(Guw — Ouwv El;,lavu) - (G£ - Uwvzl)_ylavw)
= (1 — %) Var(u |v) + 28Cov(u, w |v) — Var(w | v)
& = (Guw — Owv lel;lauu)Q - (63 — Ow E;Ulavu)(o—i — Owv 21;7111‘711w)

= Cov(u, w |v)? — Var(u |v)Var(w |v) < 0.

The value of @ is also used in computing the steady-state values of m; and n;
from equation (A20),
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m = (BQ + Cov(u, w |v)(Q + Var(u |v)~! (A36)

n' = (0py — Mmoyw)X, L. (A37)

D. Variance Decomposition of Expected Return

In equation (34), the conditional expected return u; depends on three time-
varying variables:

1. C1 = x;, the current predictor values,

2. C2 =Y, B'u;—;, an infinite sum of current and lagged unexpected re-
turns,

3. C3=Y,(B Ix — A)v,_;, an infinite sum of current and lagged predictor
innovations, plus an error term. In the variance decomposition in Table IV,
we consider regressions of u; on various subsets of (C1,C2,C3). Let C
denote a given subset of (C1, C2, C3). The R? from the regression of u; on
C is equal to

Vi VeV,
R%(u; on €) = —-C <. (A38)
n

The matrix V¢, the covariance matrix of C, is constructed from
Var(C1l) = V,,
Var(C2) = 02(1 — )7}
vec(Var(C3)) = [(1 — %) . — Ik — BA ' @ Ix — Ix ® Ug — A"

+ g2 — A® A)Hvec(Zyy)
Cov(C1, C2) = (Ix — BA) Loy,

Cov(C2, C3) = [(1 - p*) g — U — BA) ow
vec(Cov(C1, C3") = [Ix ® (Ix — BA) ' + (Ig: — A® A)']vec(Z,),
and V¢, the vector of covariances between p; and C, is constructed from
Cov(u, C1) = ¥, Var(C1) + ¥,Cov(C1, C2) + ¥,Cov(C1, C3'Y
Cov(us, C2) = ¥, Var(C2) + ¥,Cov(C1, C2) + ¥,Cov(C2, C3)
Cov(u,, C38') = ¥, Var(C3) + ¥,Cov(C1, C3') + ¥,Cov(C2, C3).

E. Prior Distributions

We require both x; and u; to be stationary, so that all eigenvalues of A
must lie inside the unit circle and g € (—1, 1). Apart from this restriction, our
prior is noninformative about A but informative about 8, 8 ~ N(0.99, 0.152) (see
Figure 5). We put a mildly informative prior on E,, E, ~ N(f, 01%,)a centered
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at the sample mean return with a large prior SD of 1% per quarter. We use
a noninformative prior for E,, E, ~ N(O, al%x Ix) with a large oz, . All four pa-
rameters, A, 8, E,,, and E,, are independent a priori.

The prior on X is more complicated. We divide the elements of X into two sub-
sets: first, the 2 x 2 submatrix 11 = [02 0y; 0wy 021, and second, the elements
of X that involve v: () = (Zyy, oy, ovw). We choose a prior that is informative
about ¥1; but noninformative about X(,). Such a prior is obtained as a poste-
rior of ¥ when a noninformative prior is updated with a hypothetical sample in
which there are T observations of (u, w) but only Sy <« T observations of v (see
Stambaugh (1997)). Details are provided in the lengthier Internet Appendix.
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