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Real Options, Product Market Competition,
and Asset Returns

FELIPE L. AGUERREVERE*

ABSTRACT

We study how competition in the product market affects the link between firms’ real in-
vestment decisions and their asset return dynamics. In our model, assets in place and
growth options have different sensitivities to market wide uncertainty. The strategic
behavior of market participants influences the relative importance of these compo-
nents of firm value. We show that the relationship between the degree of competition
and assets’ expected rates of return varies with product market demand. When de-
mand is low, firms in more competitive industries earn higher returns, whereas when
demand is high firms in more concentrated industries earn higher returns.

FIRMS’ INVESTMENT AND OPERATING DECISIONS CAN explain conditional dynamics in
expected asset returns. For example, consider a firm that has an opportunity to
expand its current production capacity. Since this growth option has leverage
arising from its investment costs, its systematic risk may be higher than that of
the assets already in place. Consequently, the firm’s exposure to systematic risk
increases as the investment in additional capacity is more attractive because
the growth opportunity accounts for a larger fraction of firm value.

Most of the recent theoretical work that links firms’ optimal investment be-
havior to their expected returns does not take into account the effect of compe-
tition in the product market when analyzing the risk dynamics of the firms in a
given industry. However, investment decisions in an oligopolistic industry may
involve strategic preemptive motives. Therefore, competitive pressures may af-
fect the value of the growth opportunities of individual firms and, consequently,
their exposure to systematic risk.

A recent empirical study on industry concentration and stock returns by
Hou and Robinson (2006) finds that firms in less concentrated industries earn
higher returns, even after controlling for size, book-to-market, momentum, and
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other known return predictors. They suggest an innovation risk interpretation
for their findings. Specifically, firms in less concentrated industries are riskier
because they engage in more innovation, thus commanding higher expected
returns. While this explanation seems plausible, it does not provide the precise
mechanisms through which market structure affects the risk dynamics of the
firms in a given industry. Hence the need for asset pricing models that explicitly
incorporate features of product markets as determinants of asset returns.

This article studies the effects of competitive interactions among firms on
asset returns in a real options framework. We model an industry in which all
the firms compete to supply a homogenous product in a market where demand
is stochastic. The firms’ production decisions are constrained by their installed
capacity, but they have the opportunity to invest to expand their capacity when
demand is favorable. In formulating their investment strategies, the firms must
take into consideration how the investment strategies of their competitors im-
pact their own payoff.

We find that the relationship between the degree of competition and the firms’
exposure to systematic risk varies with product market demand. Firms in com-
petitive industries are riskier when demand is low, while firms in concentrated
industries are riskier when demand is high. The intuition for this result follows
from the effect of competition on the value of growth options, and from the re-
lation between the level of demand and the relative riskiness of assets in place
and growth options.

The value of the growth options derives from the firms’ ability to decide when
to invest in additional capacity. Because the future value of additional capacity
is uncertain, there is an opportunity cost of investing today. Thus, the optimal
investment rule is to invest when the value of the additional capacity exceeds
the investment cost by an amount that corresponds to the value of the option
to wait. However, increasing competition leads firms to exercise their options
sooner, as the fear of preemption diminishes the value of their options to wait.
Therefore, the value of the growth options decreases with more firms in the
market. In the limiting case of a perfectly competitive industry, the value of the
growth options is zero.

The value of assets in place is the present value of the future cash flows
generated by the firm’s installed capacity. In our model, production costs in-
troduce operating leverage, which means that the risk of the firms’ cash flows
increases as their revenues decline due to lower demand. This makes assets in
place riskier than growth options when demand is low. But when demand is
high, firms are more likely to invest. The anticipated supply from new capital
attenuates the effect of demand shocks on the value of assets in place, hence
reducing their risk. Thus, assets in place are less risky than growth options
when demand is high.

The fact that the value of the growth options decreases with more firms in
the market implies that the value of the firms in a competitive industry is
mostly due to the value of their assets in place, while growth options account
for a larger fraction of firm value in a concentrated industry. Therefore, firms in
more competitive industries are riskier when demand is low because assets in
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place are riskier than growth options in bad times, whereas firms in more con-
centrated industries are riskier when demand is high because growth options
are riskier than assets in place in good times.

This article contributes to a growing literature pioneered by Berk, Green, and
Naik (1999) that links firms’ real investment decisions and asset return dynam-
ics. This literature includes Gomes, Kogan, and Zhang (2003), Kogan (2004),
Carlson, Fisher, and Giammarino (2004), Cooper (2006), and Zhang (2005).
These papers provide models that relate risk and return dynamics to firm-
specific characteristics such as size and book-to-market. Specifically, if assets
in place and growth options have different sensitivities to changing economic
conditions, their systematic risks will be different. The relative importance of
assets in place and growth options changes over time in response to optimal
investment decisions. Hence, the firm’s true conditional systematic risk or beta
can vary. By endogenizing expected returns through firm-level decisions, the
papers in this emerging literature show how firm characteristics such as size
and book-to-market can proxy for conditional beta.! We contribute to this liter-
ature by showing how competitive interactions among firms in a given industry
affect the dynamics of systematic risk.

Our framework also allows for a better understanding of the roles of operating
leverage and irreversibility in explaining the risk dynamics of individual firms.
In a monopolistic setting, Carlson, Fisher, and Giammarino (2004) and Cooper
(2006) rely on operating leverage to explain the positive correlation between
the book-to-market ratio and stock returns observed in the data. Intuitively,
when firms’ revenues fall due to a reduction in their output price, equity values
fall relative to installed capital, which can be proxied by book value. If the
fixed operating costs are proportional to installed capital, the risk of the firm
increases because of higher operating leverage.

In contrast, without relying on operating leverage, Kogan (2004) shows how
irreversible investment leads to a positive relation between the book-to-market
ratio and the conditional moments of returns in a perfectly competitive industry.
Intuitively, as firm value increases, investment in new capital becomes more
attractive. The new supply offsets the effect of demand shocks on the value of
the firm, reducing the volatility and systematic risk of stock returns. Therefore,
the expected return decreases as the value of the firm increases relative to its
installed capital.

Kogan’s model does not need production costs to obtain a positive relation
between the book-to-market ratio and systematic risk because in a perfectly
competitive industry the value of the growth options is zero as competition
erodes all the value of waiting to invest, and consequently, the value of the
firms consists entirely of assets in place. However, growth options can account
for a large fraction of firm value for a monopolist. This tends to make low
book-to-market firms riskier because of the leverage arising from investment
costs in the large growth option component of firm value. Hence, to account for

! Fama and French (1992, 1993) provide empirical evidence on the ability of size and book-to-
market to explain the cross-section of stock returns.
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the positive correlation between book-to-market and risk observed in the data,
Carlson, Fisher, and Giammarino (2004) and Cooper (2006) use fixed operating
costs that are proportional to installed capital. These costs introduce operating
leverage, which makes assets in place riskier than growth options.

Operating leverage and irreversibility are both important in generating our
results on the effects of competition on risk dynamics. Firms in competitive
industries are riskier when demand is low because operating leverage makes
assets in place riskier than growth options. Furthermore, in Section III we
show that without production costs increased competition always reduces risk.
Hence, our model suggests that an unconditional competition premium must
be associated with high production costs, while low production costs lead to
an unconditional concentration premium. Regarding irreversibility, in Section
III we demonstrate that when investment is totally reversible the degree of
competition does not affect the risk exposure of individual firms.

Our work is also related to Aguerrevere (2003), who shows how operating
flexibility affects the behavior of equilibrium output prices in a model of strate-
gic capacity expansion. He demonstrates that when firms have the ability to
vary their capacity utilization in response to a shock in demand, output price
volatility is increasing in the number of firms in the industry.

This article is organized as follows. Section I presents our model of capacity
choice and operating flexibility. Section II derives the value of firms in the
market. Section III examines the effect of competition on expected returns.
Section IV concludes.

1. The Model

Our model extends the model of Grenadier (2002), who derives the equilib-
rium investment strategies of firms in a Cournot—Nash framework, by intro-
ducing an operating option that allows firms to vary their capacity utilization
in response to changes in demand.

Consider an industry composed of n firms producing a single non-storable
good. At time ¢, each firm i produces g;(¢) units of output. The output price is
a function of the industry output and a stochastic demand shock. Specifically,
we assume the following simple form for the inverse demand curve:

PH)=Y () x Qt)™V, 1)

where P(¢) is the output price, Y(¢) is an exogenous shock to demand, @ () =
Y 1qi(¢) is the industry output, and the constant y > 1 is the elasticity of
demand. With this assumed functional form, changes in the variable Y will be
reflected in parallel shifts to the demand curve. Thus, Y can be thought of as
the relative strength of the demand side of the market. Conditions affecting
the strength of demand include the level of industrial production, household
income, etc. The demand shock evolves as a geometric Brownian motion

dY(t)=puY @) dt + oY (t)dZ(2), (2)
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where u is the instantaneous proportional change in Y per unit time, o is the
instantaneous standard deviation per unit time, and Z is a standard Wiener
process. Both ¢ and o are constant.

Firms operate a simple production technology. Each unit of installed capacity
can produce one unit of output per unit time at a cost ¢, where c is the constant
marginal cost, assumed to be the same for all firms. At any time ¢ the firms
play a static Cournot game. Each firm chooses its output to maximize its profit.
This choice depends on current demand and is constrained by the firm’s current
production capacity, which is denoted by K;(¢). In addition, each firm must
condition its output choice on the output choices of the other firms, which are
also constrained by their capacity levels.

At any time ¢, each firm can invest in additional capital to increase its pro-
duction capacity by an infinitesimal increment dK;(¢). The price of a new unit
of capacity is a constant 1.2 Investment is irreversible; technically this means
that the process for the firm’s capacity, {K;(#)}, is non-decreasing.?

Each firm chooses its production capacity K;(¢) to maximize its value, condi-
tional on the capacity choices of its competitors. Thus, the optimal investment
decision is an endogenous Nash equilibrium solution in investment strate-
gies. Production capacity is the strategic variable and each firm must con-
dition its capacity choice on the strategies of its competitors. For each firm
i, let K ; = (Ky,...,K; 1, Ki11,...K,) denote the strategies of firm i’s com-
petitors. An n-tuple of strategies (K7, ...,K}) is a Nash industry equilibrium
if

K/ =K;(Y,K*), i=1,...,n (3)

To simplify the analysis we assume that the industry is composed of n iden-
tical firms. That is, all the firms start with the same initial capacity and, thus,
they all have the same size at any time. Our analysis therefore focuses on a
symmetric Nash equilibrium.

Let K(¢) denote the total industry installed capacity. Since all firms are iden-
tical it follows that K;(t) = K(¢)/n and K_;(t) = (n — 1)K(¢)/n. Thus, by focusing
on a symmetric equilibrium, the state space is substantially reduced and the
firms condition their investment and production decision on the level of the
demand shock Y and the total industry capacity K. For example, the instanta-
neous profit that firm i earns at time ¢ when the industry capacity is K(¢) and
the demand parameter is Y(¢) is given by

‘ _ 1" \g:(2) — co:
m(K(t),Y(t))—Osqi(rgg%c(t)/n[(Y(t)Q(t) ")qi(t) — cqi(@)]. (4)

2IfI = 1, then firm i’s capital K; can be interpreted as the book value of the firm’s assets.

3 The assumption of total irreversibility is done for tractability. The model can be extended to
allow the firm to sell part of its capacity. However, none of the basic results of the model are altered
under partial irreversibility. Furthermore, assuming that the installed capacity depreciates over
time at a given rate does not affect the model results qualitatively.
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From the symmetric equilibrium assumption the solution to (4) is

_ 14 1/y
1 < c )(ny 1Y) for Y = nycK

n ny—1 nyc ny—1
m(K,Y)= 6))
YK 1y
_ K fory = VKT
n n ny —1

The interpretation of the expression for the instantaneous profit flow in (5)
is as follows. When the industry capacity is K, each firm i has K/n units of
installed capacity. The optimal output is less than K/n when Y < nycK/7/
(ny — 1). Hence, when capacity is not fully used the profit flow depends only
on the level of demand. When Y > nycK'/7/(ny — 1), each firm produces at
maximum capacity selling K/n units of output, and the profit per unit produced
is YK ~1v —¢.

II. Valuation

Following Carlson, Fisher, and Giammarino (2004) we assume the existence
of traded assets that can be used to hedge demand uncertainty. Specifically, let
M be the price of a riskless asset with dynamics dM(¢) = rM(¢)dt, where r is
the (constant) risk-free rate of interest, and let X be the price of a risky asset,
which evolves as geometric Brownian motion

dX(@) =nX@)dt + o X(t)dZ(@). (6)

The risky asset and the demand shock are driven by the same Brownian
motion Z and have the same instantaneous standard deviation o of relative
changes. Thus, they are perfectly correlated. The difference in their drifts is
8 = n — u. To ensure that the value of the firm is finite we must have § > 0.
Since the relative changes in X and Y are perfectly correlated we can construct
a portfolio with X and M that exactly replicates the dynamics of the firm’s
value. To find the value of the firm we use the traded assets X and M to define
a new probability measure @ under which the process Z*(t) = Z(¢) + "¢ is
a standard Brownian motion. Under this risk neutral measure, the demand
shock follows the process

dY#)=(r —8)Y@)dt +cY @)d Z*(¢). @)

Let V;(K, Y) be the value of firm i when industry capacity is K and the level of
the demand parameter is Y. The firm’s problem is to choose the path of capacity
expansion that maximizes the present value of its future cash flows. Thus, each
firm solves the optimal control problem

Vi(K (), Y (¢)) = maXO}EQ {/me_”[m(K(t),Y(t))dt - IdKi(t)]}- €))
i(8).s> 0
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As in Pindyck (1988) and He and Pyndyck (1992), we approach the solution to
this problem by examining the firm’s incremental investment decision.*

The opportunity to invest in an additional unit of capacity is analogous to a
perpetual American call option. The underlying asset is the value of an extra
unit of capacity and the exercise price is the cost of investing in this unit.

Therefore, the solution to the firm’s capacity choice problem involves two
steps. First, the value of an extra unit of capacity must be determined. Sec-
ond, the value of the option to invest in this unit must be determined together
with the decision rule for exercising this option. This decision rule is the solution
to the optimal capacity problem.

The value of a marginal unit of capacity is the present value of the expected
flow of profits from this unit. Given the current capacity K and demand Y,
AF;(K, Y) denotes the value of a marginal unit of capacity. An expression for
AF; is derived in the Appendix.

After obtaining the value of the marginal unit of capacity, we can value the
option to invest in this unit. Let AG;(K, Y) denote the value of this option when
the current capacity level is K. The exercise price of this option is equal to the
investment cost I. Therefore, for any level of committed capacity K, AG;(K,Y)
is a perpetual American call option whose value depends on Y. Hence, there
will be a threshold value at which it will be optimal to exercise this option.
Specifically, for any K and n there exists a threshold Y"(K) such that the option
to build an additional unit of capacity will be exercised the first time that Y
equals or exceeds Y"(K).

The Appendix shows that the solution to the investment threshold in an
industry composed of n identical firms is of the form

YUK)=uv,KY, 9)

where the expression for v, is given in the Appendix.

In the Appendix we prove that for any given level of industry capacity K,
the investment trigger Y"(K) is decreasing in n. Thus, increasing competition
leads firms to exercise their expansion options earlier. Grenadier (2002) obtains
a similar result in a model without operating flexibility. The reason is that with
more competition each firm has to expand its capacity sooner to avoid losing
the investment opportunity to its competitors.

The result that the investment threshold for additional capacity Y*(K) is
decreasing in the number of firms in the industry is based on a given level of
industry capacity that is independent of the number of firms in the market.
Equivalently, we can show how the degree of competition affects the industry
capacity. Specifically, let K* be the total capacity for an n-firm industry. The
endogenous industry capacity is increasing in the number of firms. Specifically,
in the Appendix we show that for any number of firms n,

4 The value of the firm can be derived as the solution to an optimal instantaneous control problem.
He and Pindyck (1992) show that the solution to this type of capacity choice problem can be obtained
by examining the firm’s incremental investment decision.
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ny—-17 4
K'=|——| K. 1
|:n(y—1):| (10)

Thus, the capacity of an n-firm industry is equal to the monopoly capacity
times a factor that is greater than one, increases in n, and converges to [y/(y —
1)1” as n approaches infinity.

However, the investment threshold for new capacity, Y*(K"), is the same for
any number of firms in the market. To prove this result it suffices to show that
Y(K") = YYK?) for all n. Substituting equation (10) into equation (A5) in the
Appendix proves this result. As the next section illustrates, letting the industry
capacity be dependent on the number of firms in the market as in (10) allows us
to compare the values and returns resulting from different numbers of firms in
the market over the same interval for the demand values, that is, for Y between
zero and the investment threshold Y"(K").

Once we solve for the firms’ optimal investment rule we can derive an ex-
pression for their value. Given the industry capacity K and the current value
of Y, we can write the value of firm i, V;, as the sum of two parts:

VilK,Y)=Fi(K,Y)+Gi(K,Y), (11)

where F;(K,Y) is the value of the firm’s assets in place and G;(K, Y) is the value
of the firm’s growth options. Therefore, to get the value of each firm, we need
to obtain the value of its assets in place and the value of its growth options.

The value of the assets in place is the value of the firm’s installed capacity.
When industry capacity is K, each firm i has K/n units of capacity. This capacity
provides each firm a cash flow stream of 7;(K(¢), Y(¢)), which is the profit given
by (5). Also notice that in valuing the assets in place we have to take into
consideration the effect of future investment on the value of the firm’s installed
capacity. Specifically, the fact that firms can increase their capacity when the
demand factor Y hits Y"(K) cuts off some of the upside potential for prices and
profits. Therefore, to determine the value of the assets in place we first find the
present value of the profit flow 7;(K(¢), Y(¢)) for fixed K and then adjust this
value for the impact of future increases in industry capacity on the value of the
firm’s current capacity.

The Appendix shows that the present value of the profit flow 7 ;(K(¢), Y(¢)) is

EJ(K,Y),
n

where J(K, Y) is the value of one unit of capacity for fixed K, and is given by

c ny—1__1,\"
(ny - 1) ( nyc K ) A nycKr
+B(K)Y* forY < L=

JEK,Y)=] r—yr -8 —y(y —1s?/2 ny -1 (12
YK Kl
_ S AK)Y® fory > V2
8 r ny—1
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The expressions for the functions A(K) and B(K) and the constants « and A
are given in the Appendix.

To facilitate the interpretation of the results on the effect of competition on
asset returns, presented in Section III below, we provide an explanation for the
expression for the value of one unit of capacity in (12). Equation (5) gives the
profit function for a firm with K/n units of capacity. Thus, the profit per unit is

_ 14 1/y
( ¢ ) (”” 1YK‘1/V> fory < WK
i (K,Y) . ny —1

. nyc ny —1
(K, V) = K/n K/
YKV —¢ for Y > X%
ny —1
(13)
If the installed capacity is always used, the value of one unit of capacity is
YK ' ¢
5 r

Thus, when Y > nycKY"/(ny — 1), the term AK)Y” in (12) is the value of
the option to reduce output should Y decrease. This option is valuable because
firms can reduce their output when Y < nycK'?/(ny — 1) and earn a profit of
(nycfl)( ”r}l’;cl YK ") per unit of capacity. This profit is greater than YK ~1/7 —
¢, which is the profit per unit if installed capacity is always used. Therefore,
A(K) is positive for all n.

When the installed capacity is not fully used, that is, when Y < nycK"/
(ny — 1), the present value of the profits per unit of capacity is

(=) ()
ny—1 nyc
r—yr—-328)—yly— 1)02/2 '

The output of each firm and its capacity utilization increase as Y increases.
However, when the industry capacity is K, each firm can produce up to K/n
units of output. Therefore, the term B(K)Y” in (12) represents the impact of
the constraint imposed by installed capacity on the value of the firms’ assets.
This impact can be negative or positive depending on the degree of compe-
tition, which means that the sign of B(XK) depends on the number of firms
in the industry. For a monopolist, the capacity constraint reduces the profit
that would otherwise be earned if the capacity was larger. That is, for n =
1, (ﬁ)(yy—;lYK “Yry > YKY7 — ¢ for all Y. Hence, when capacity is not com-
pletely utilized, that is, when Y < ycK'/7/(y — 1), the term B(K)Y" represents
the reduction in the value of the firm’s assets in place if Y rises over ycK/7/
(y — 1) and capacity binds. Thus, for n = 1, B(K) is negative. As the number of
firms in the industry increases, the profit per unit produced when capacity is
not fully used declines because increasing competition leads firms to produce
more in response to increases in demand. But when demand is high, and the
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capacity is fully utilized, the constraint imposed by installed capacity is good
for competitive firms because it acts as a commitment device that prevents
them from increasing production in response to increases in demand. There-
fore, B(K) is increasing in the number of firms in the market, n. In the case of
perfect competition, which in the model is obtained as the limit as n approaches
infinity, the profit when capacity is not fully used is zero because the output
price is equal to the marginal cost c¢. But when capacity is fully utilized, that
is, when Y > cK!/7, the profit per unit is YK ~1/¥ — ¢ > 0. Therefore, B(K) is
positive and B(K)Y? represents the value of the option to earn a positive profit
if demand increases and firms produce at full capacity.

The value of one unit of capacity for fixed K, J(K, Y) in equation (12), does
not take into consideration the effect of future investment on the value of the
installed capacity. However, the fact that firms can increase their capacity when
the demand factor Y hits Y"(K) removes some of the upside potential for prices
and profits, so the value of one unit of capacity must be less than J(K, Y).
Denote by H(K, Y) the value of one unit of capacity. The Appendix shows that

HKK,Y)=JK,Y)+ EEK)Y*, (14)

where E(K)Y” represents the impact of future increases in industry capacity on
the value of the firm current capacity. Since increased supply has a negative
effect on output prices, and therefore on future cash flows, the sign of E(K) is
negative.

When the industry capacity is K, each firm i has K/n units of capacity. There-
fore, the value of firm i’s assets in place is

FAK,Y) = %H(K,Y). (15)

The value of the growth options derives from the firms’ ability to decide when
to invest in additional capacity. Because the future value of any additional
unit of capacity is uncertain, there is an opportunity cost of investing today,
rather than waiting and keeping open the possibility of not investing should
demand conditions for the firm’s output change adversely. Thus, the optimal
investment rule is to invest when the value of the additional capacity exceeds
the investment cost by an amount that corresponds to the value of the option
to wait.

The value of the growth options is

Gi(K,Y)=CEK)Y" (16)

The expression for the function C(K) is given in the Appendix.

The value of the growth option decreases with more firms in the market
because, as shown above, increasing competition leads firms to exercise their
options sooner, as the fear of preemption diminishes the value of their options
to wait.
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II1. Expected Returns

This section analyzes the effect of product market competition on asset re-
turns by examining how the strategic behavior of firms affects their betas. The
demand factor Y is the source of risk in our model, and the beta of a firm mea-
sures the sensitivity of relative changes in the firm’s value to relative changes
in the demand factor. Thus, a firm’s beta is the elasticity of its market value
with respect to the demand factor. Formally, if the demand factor has a beta of
one, then the beta of firm i is®

Y 9Vi(K,Y)
VilK,Y) Y
Our model assumes that investment is completely irreversible. To highlight
the importance of irreversible investment in generating our results the effect
of product market competition on asset returns below, we first compute the

beta of the firm when investment is completely reversible. When investment is
unconstrained the industry capacity K is not a state variable, and the value of

the firm is
1 I -1 4
Grmn) ()
VA(Y) = n\ny — nyc

r—yr—68—yly— 1)02/2.

Bi(K,Y) = (17

It follows that beta is 8;(Y) = y, which is the elasticity of demand. Therefore,
when investment is totally reversible, the beta of the firm is a constant inde-
pendent of the number of firms in the market. Hence, irreversible investment is
essential to generate our results on the effects of competition on asset returns.®

We study the effect of competition on asset returns by analyzing the betas of
the assets in place and growth options. The beta of assets in place is

Y OF(K,Y) Y 9HK,Y)
F(K,Y) oY  HK,Y) 93y

where the last equality in (18) follows from equation (15). From (18) and (14)
we can get the following expression for the beta of assets in place:

Br(K,Y)= (18)

EEK)Y"*

,BF(K;Y)—ﬂJ(K,Y)‘Fm(A—ﬂJ(K,Y)), (19)
where Bs(K, Y) is the beta of one unit of capacity for fixed K, which is given by

Py 17y

Y+ G — ) BET” for Y < MK

J(K,Y) ny —
c/r o nyc
1+ —— -1)—"—— forY > —~—
et Vg Yo

5 For a formal derivation of equation (17) see the proof of Proposition 2 in Carlson, Fisher, and
Giammarino (2004).

6 We thank an anonymous referee for suggesting this emphasis on the role of irreversibility in
generating our results.
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Figure 1. The beta of assets in place as a function of Y for different numbers of firms
in the industry. This figure shows the beta of the firm’s assets in place as a function of Y when
K depends on the number of firms in the market for 1 firm, 2 firms, 5 firms, 10 firms, and perfect
competition. The assumed parameter values are I = 1, ¢ = 0.06, y = 1.6, r = 0.06, § = 0.05, and
o =0.2.

The interpretation of (19) is as follows. In the previous section we show that
the value of one unit of capacity, H(K, Y), is equal to the value of one unit of
capacity for fixed K, J(K, Y), adjusted for the impact of future increases in
industry capacity on the value of the firm’s current capacity. New investment
affects the beta of assets in place because the additional supply from the added
capacity buffers the effect of changes in demand on the firm’s value. Thus, the
first term in equation (19) is the beta of the value of the profit stream provided
by the firm’s current capacity, and the second term takes into account the effect
of future investment on the beta of assets in place.

Figure 1 illustrates the relationship between the beta of assets in place and
the level of demand for a monopoly, a duopoly, a 5-firm oligopoly, a 10-firm
oligopoly, and perfect competition. The beta of assets in place is increasing
in the number of firms in the industry for any level of Y between zero and the
investment threshold, Y*(K"), where K" is the total capacity of an industry with
n firms. To obtain Figure 1 we assume that the relationship between industry
capacity K* and the number of firms n is given by (10), which means, as seen in
the previous section, that the investment threshold Y*(K") is independent of the
number of firms in the market. Thus, we can compare the betas resulting from
different numbers of firms in the market over the same interval for the demand
values. Figure 1 also shows the level of Y above which firms will produce at
full capacity, which is denoted by Y*. This level is the same for all n when the
relationship between industry capacity and the number of firms is given by (10)
because nyc(K")'/7/(ny — 1) is the same for all n.
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The intuition for the result that the beta of assets in place increases with more
competitorsis as follows. When capacity is partially used, increased competition
leads firms to produce more in response to changes in demand. Thus, assets
in place in more competitive markets are riskier because their cash flows are
more sensitive to demand shocks. When a firm produces at full capacity, its
total production cost is constant because its output is fixed. The constant cost
introduces leverage, which increases the risk of the firm’s cash flows when
revenue falls due to a negative shock to demand. On the other hand, the option
to reduce output in response to a fall in demand attenuates the effect of leverage
on risk. However, the value of this option decreases with the number of firms in
the industry. The reason is that firms in more competitive markets optimally
delay their output reductions because the benefits of lower production accrue
most to industry rivals. This causes competitive firms to have higher operating
leverage as demand falls. Therefore, when capacity is fully used the beta of the
firms’ assets in place is increasing in the number of firms in the industry.

We can expand our explanation of the effect of competition on the beta of
assets in place by examining the expression for the beta of one unit of capacity
for fixed K in equation (20). When Y < nycK'/?/(ny — 1), the expression for the
beta of the firm’s capacity in equation (20) has two terms. When capacity is not
fully used, each firm varies its output in response to changes in demand. The
first term is the beta of the firm’s profits. This is also the beta of a firm that
operates without a capacity constraint. Therefore, the second term captures the
impact of the capacity constraint on the risk of the firm’s assets. As explained in
the previous section, this term is increasing in the number of firms in the market
because the constraint imposed by installed capacity is good for competitive
firms. Therefore, when capacity is partially used, the beta of the firm’s capacity
increases with more competition.

When Y > nycK'/”/(ny — 1), the expression for the beta of the firm’s capacity
in equation (20) has three terms. The first term is the firm’s revenue beta.
When a firm produces at full capacity its output is constant and its revenue
varies linearly with Y. This can be seen in equation (5) when Y > nycK'/7/
(ny —1). Thus, the revenue beta is equal to the beta of demand, which is assumed
to be one. The second term captures the leverage effect from production costs.
This leverage effect is more pronounced in more competitive markets because
the value of one unit of capacity, J(K, Y), decreases with the number of firms
in the market. The third term derives from the option to reduce output in
response to a fall in demand. This option diminishes the effect of leverage on
risk, and consequently reduces beta.” However, as explained above, the value
of this option decreases with the number of firms in the industry. Therefore,
when capacity is fully used, the beta of the firms’ current capacity is increasing
in the number of firms in the market.

Figure 1 also shows that the beta of assets in place is zero at the investment
threshold Y*(K™) for any number of competitors. The reason is that production
from new capacity completely absorbs the effect of demand shocks on the value

"The sign of this term is negative because a < 0 and A(K) > 0.
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Figure 2. The beta of the firm as a function of Y for different numbers of firms in the
industry. This figure shows the beta of the firm as a function of Y when K depends on the number
of firms in the market for 1 firm, 2 firms, 5 firms, 10 firms, and perfect competition. The assumed
parameter values are ] = 1,¢ = 0.06, y = 1.6, r = 0.06, § = 0.05, and o = 0.2.

of assets in place. Also notice that, except for perfect competition, the beta of
the assets in place is the same for any number of firms in the industry when
Y = 0. It follows from equations (19) and (20) that 8r(0, Y) = y. Thus, for any
number of competitors the beta of the assets in place is equal to the demand
elasticity when Y = 0.

The beta of the growth options is

Y  0Gi(K,Y)
G/(K,Y) dY N

Ba(K,Y)= A, (21)
where the last equality follows from equation (16). Equation (21) shows that
the beta of the growth options is a constant independent of industry capacity,
the demand factor, and the number of firms in the industry.® The reason is
that the option to invest in additional capacity is a perpetual American call
option. While the beta of the growth options is the same constant irrespective
of the number of firms in the industry, the level of demand and the degree of
competition affect the value of these options and thus the firm beta.

Figure 2 illustrates the effect of competition on the beta of an individual firm
using the same parameters of Figure 1. As in Figure 1, Y* denotes the level
of demand above which firms will produce at full capacity, and Y"(K") denotes
the investment threshold. The relationship between the degree of competition

8 The Appendix shows that we must have A > y, where y is the elasticity of demand, to ensure
that the value of the firm is finite.
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and the firms’ beta depends on the level of demand. Firms in more competitive
industries are riskier when demand is low, while firms in more concentrated
industries are riskier when demand is high. The explanation for this result is
as follows. The beta of the firm is the value-weighted average of the betas of its
assets in place and growth options. The proportion of the growth options in the
total value of the firm increases with the level of demand because investment
in new capacity becomes more attractive when demand is favorable. Hence, it
follows that assets in place amount to a larger fraction of the total value of the
firm when demand is low. This means that firms in more competitive markets
are riskier because, as seen above, the beta of assets in place increases with
the number of competitors. When demand is high, firms in more concentrated
markets are riskier because growth options, which are riskier than assets in
place, account for a larger fraction of firm value in a concentrated industry.

Notice that in Figure 2 there is a level of demand at which beta is the same
for any number of competitors. For levels of demand below this critical level the
beta of individual firms is increasing in the degree of competition, while for any
level of demand above this critical level firms in more competitive industries
have a lower beta. Capacity is fully used at this critical level. As explained
above, when firms produce at full capacity the difference among the betas of
assets in place for different numbers of competitors declines to zero as demand
increases to the level that triggers investment. At the same time, the increase
in the value of the growth options is more pronounced for a less competitive
industry. Thus, for any two different levels of competition there must be a level
of demand at which the betas of individual firms should be the same. Note
that the reason there is one level of demand at which beta is the same for
any number of competitors in the example of Figure 2 is that this example is
generated using the relationship between industry capacity and the number of
firms given in (10). This relationship implies that the investment threshold is
the same for any number of firms in the industry.

The main result of this paper is that the effect of competition on individual
firms’ exposure to systematic risk is conditional on the level of demand for the
industry output. As illustrated in Figure 2, there is a region of “low” demand
values in which increasing competition leads to higher risk and higher returns,
and a region of “high” demand values in which increasing competition leads
to lower risk and lower returns. The size of these two regions depends on the
production cost c¢. Specifically, the size of the low region increases with pro-
duction costs. This implies that high production costs are required to generate
an unconditional competition premium, while an unconditional concentration
premium requires low costs. To clarify this claim, and to obtain further insights
into the role of operating leverage and irreversibility in explaining the risk dy-
namics of individual firms, it is useful to consider a special case in which the
production cost is zero.

The base case in Grenadier (2002) is a special case of our model with ¢ = 0.
Since the variable production cost is zero, the firms always produce at full capac-
ity. In this case, we can get closed-form solutions for the investment threshold
and the value of the firm:
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_ A ny
= (25) () @)

The value of assets in place is F;(K,Y ) = %H (K,Y), where

HK,Y)=J(K,Y)+ EK)Y"

with
YK 1r
JK,Y)= 5 (23)
and
e Ny
EK)=—-—-L_—K™*7, 24
(K) 3 (24)
The value of the growth options is G;(K, Y) = C(K)Y*, with
I K5 K
CK)=—L— = ==Y k), (25)
A—yny—1 n nix—vy
where ¢(K) = %v; *K 7 and ¢(K)Y* is the value of the option to invest in
one unit of capacity.
The beta of assets in place is
EEK)Y*
Br(K,Y)=14+(O—1) (E) (26)

HKK,Y)

The first term in Equation (26) is the revenue beta, which is the same as the
beta of demand because the firms always use all their installed capacity, which
means that their revenue varies linearly with Y. The second term captures
the effect of new investment. Expansion is more likely as Y increases, and the
additional output from the new capacity offsets the effect of demand changes on
the value of the assets in place. Thus, the beta of assets in place is decreasing
inY.

When the industry capacity depends on the degree of competition, we can
show, by substituting (10) into (23), (24), and (26), that for all n

Br(K",Y) = Br(K1,Y). 27

Thus, when the relationship between industry capacity and the number of
firms is given by equation (20), the beta of assets in place is independent of the
number of firms in the industry.

The beta of the firm is

C(K)Y*
Vi(K,Y)

To get (28), notice that the beta of the firm is the value-weighted average
of the betas of assets in place and growth options. The second term in (28) is

Bi(K,Y)=pBr(K,Y)+ (A= Br(K,Y)). (28)
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positive because the beta of the growth options, A, is greater than the beta of
the assets in place, 8r(K, Y). To see this note that A > 1, and from (24) and
(26) we have Br(K,Y) < 1. The value of the growth options, C(K)Y?, decreases
with more firms in the industry since competition erodes the value of waiting
to invest. Combining this result with the result of equation (27), we find that
the beta of individual firms decreases with more competition for all levels of
demand. This implies that firms in more competitive industries earn lower re-
turns unconditionally. This contrasts with the empirical findings in Hou and
Robinson (2006) that firms in more competitive industries earn higher returns.
However, as explained above, with production costs and the option to vary ca-
pacity utilization in response to changes in demand, firms in more competitive
markets earn higher returns when demand is low.

This special case is also useful in understanding the roles of irreversibility
of investment and operating leverage in explaining the relationship between
conditional beta and firm characteristics such as the book-to-market ratio. For
this purpose, we use the following alternative expression for the beta of the
firm:®

K (E(K) + 7 c(K)) y*

' . _ n A=y
Bi(K,Y)=14+(O—-1) VK.Y

(29)

Given the industry capacity K, the book value of each firm is IK/n, and the
market value of each firm, V;(K, Y), increases as Y increases. Thus, the book-to-
market ratio declines as demand increases. We can get the relationship between
the firm’s beta and its book-to-market ratio using equation (29) by looking at the
sign of the derivative of 8;(K, Y) with respect to Y. It is straightforward to show
that this sign is the same as the sign of E(K) + #C(K ). In a monopoly, that is,
n=1, E(K)+ ﬁc(K) > 0, so beta is increasing in Y and thus decreasing in
the book-to-market ratio. This does not confirm the positive relation between
book-to-market and expected returns observed in the data. However, the sign
of E(K)+ ﬁc(K ) will become negative as n increases because the value of

the option to invest in one unit of capacity, c(K)Y?, is decreasing in n. When
EK)+ ﬁc(K ) < 0, beta is increasing in the book-to-market ratio.
Intuitively, as demand increases and investment in new capital becomes more
attractive, there are two offsetting effects on expected returns. On the one hand,
the new supply absorbs the effect of changes in demand on firm value and re-
duces its beta. On the other hand, the value of the risky growth options in-
creases with high demand offsetting the reduction in risk resulting from new
investment. In monopolistic markets, the latter effect dominates and beta in-
creases as demand increases or book-to-market declines. But with more firms
in the market the value of the growth options decreases and the first effect
can dominate in more competitive markets, causing beta to be decreasing in
demand or increasing in book-to-market. In a perfectly competitive industry,

9 This expression follows from (16), (23), (24), and (25).
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the correlation between book-to-market and beta is positive because the value
of the growth options is zero.

Kogan (2004) shows how irreversibility of investment leads to a positive cor-
relation between the book-to-market ratio and risk. His analysis does not rely
on operating costs because he investigates the effect of investment frictions on
asset prices in a perfectly competitive industry. The rationale for Kogan’s result
is similar to our intuition for the perfectly competitive case above. In sum, it
is possible to obtain a positive relation between book-to-market and beta in a
model that does not rely on production costs if the number of firms in the in-
dustry is sufficiently large. However, as seen above, such a model implies that
more competition always reduces risk, which does not confirm the empirical
findings of Hou and Robinson (2006).

We show above that without operating costs, the beta of a monopolistic firm
is negatively correlated with the book-to-market ratio, which contrasts with
the positive correlation observed in the data. Carlson, Fisher, and Giammarino
(2004) and Cooper (2006) study the effects of firm investment decisions on their
risk dynamics in a monopolistic industry. These papers use fixed operating costs
that are proportional to the level of capacity as a plausible explanation for the
observed relationship between the book-to-market ratio and risk. These costs
introduce operating leverage, which increases the risk of the firm as demand
falls. Therefore, beta is increasing in book-to-market if the leverage effect over-
whelms the contribution of the growth options to the risk of the firm.

A major difference between our model and the models of Carlson, Fisher, and
Giammarino (2004) and Cooper (2006) is in the nature of the production costs.
These two papers assume that production costs are fixed and proportional to
capital, while our model assumes that costs are variable. Operating leverage
is lower with variable costs because firms can lower costs by reducing output
when demand falls. Recent analysis by Xing and Zhang (2004) fails to find
much support for the operating leverage hypothesis of Carlson, Fisher, and
Giammarino (2004) and Cooper (2006). By measuring operating leverage as
the elasticity of operating profits with respect to sales, Xing and Zhang (2004)
find that value firms have slightly lower operating leverage than growth firms.
Our model is consistent with this evidence because the option to reduce capacity
utilization when demand falls reduces operating leverage when firm value is
low. This implies that high book-to-market firms have lower operating leverage.

Finally, in a recent empirical study that examines real and financial out-
comes of industry booms and busts, Hoberg and Phillips (2007) find support for
the key prediction of our model, that firms in competitive industries are riskier
when industry demand is low (industry busts) and firms in concentrated indus-
tries are riskier when industry demand is high (industry booms). Hoberg and
Phillips (2007) use the Herfindahl index, a common measure of market con-
centration, to classify industries by their competitiveness. In order to identify
the conditions that likely surround industry booms and busts they construct
proxies of relative industry valuation that reflect beliefs about future indus-
try prospects. Consistent with the main prediction of our model, Hoberg and
Phillips (2007) find that during industry booms, systematic risk decreases more
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for firms in competitive industries than in concentrated industries. Following
decreases in demand (industry busts), systematic risk increases more for firms
in competitive industries than in concentrated industries.

IV. Concluding Remarks

This article studies the effects of competitive interactions among firms on
asset returns in a real options framework. We analyze the asset pricing impli-
cations of product market competition by examining how the strategic behavior
of market participants affects their equilibrium investment and production de-
cisions. Our model extends the approach of Grenadier (2002), who derives the
equilibrium investment strategies of firms in a Cournot—Nash framework by
introducing an operating option that allows firms to vary their capacity utiliza-
tion in response to changes in demand. Specifically, capital is the only factor of
production in our model, and in any given period each firm chooses its output
to maximize its current profit. This choice depends on current demand and is
constrained by the firm’s current production capacity. Each firm must also con-
dition its output choice on the output choices of the other firms, which are also
constrained by their capacity levels. All of the firms can expand their production
capacity by investing in additional capacity and they must determine when to
exercise their investment opportunities. Each firm’s investment strategy is con-
ditional on its competitors’ investment strategies. Therefore, investment and
operating decisions arise from equilibrium in the product market, reflecting
strategic interactions among market participants.

We find that the relationship between the degree of competition and the firms’
exposure to systematic risk varies with product market demand. Firms in com-
petitive industries are riskier when demand is low while firms in concentrated
industries are riskier when demand is high. This result follows from the effect
of competition on the value of growth options, and from the relation between
the level of demand and the relative riskiness of assets in place and growth
options.

Although our model assumes identical firms, the economic mechanism driv-
ing our main result is fairly general. The model could be extended to allow for
firms of different sizes and cost structures. This would provide greater realism
to the model, but the loss of the simplifying feature of a symmetric equilibrium
would greatly diminish the tractability of the model.°

Other issues remain that we leave for further research. In particular, our
model assumes that the number of firms in the industry is exogenous. It is
important to study the implications of firms’ entry and/or exit. Additionally,
it would be interesting to consider the risk dynamics is an industry in which
firms can merge.

10 Carlson et al. (2007) analyze risk dynamics in a duopolistic output market with asymmetric
firms. They find that increased competition results in risk reduction. Novy-Marx (2008) studies
the value premium in a model that allows for firms of different sizes and cost structures.
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Appendix
A. Capacity Choice

The solution to the firm’s capacity choice problem involves two steps. First,
the value of an extra unit of capacity must be determined. Second, the value of
the option to invest in this unit must be determined together with the decision
rule for exercising this option. This decision rule is the solution to the optimal
capacity problem.

B. The Value of a Marginal Unit of Capacity

Given the current capacity K and demand Y, AF;(K, Y) denotes the value
of a marginal unit of capacity. The value of a marginal unit of capacity is the
present value of the expected flow of profits from this unit. It follows from (4)
that the profit from the marginal unit of capacity at any time ¢ is

Ami(K,Y (t)) = max |:ny —

1
YKV e, 0] . (AD)
ny

Thus, after it is completed, each incremental unit of capacity will be used
only when the additional profit it generates is positive, that is, when Y >
nycKY" /(ny — 1).

Following standard arguments, the value of the marginal unit of capacity
satisfies the differential equation

Y282AF

7 e (K, Y)+(r—8)Y (K Y)-rAF(K,Y)+ Am(K,Y)=0

where Arx; is given by (A1). In the region in which Y < nycKY"/(ny — 1), AF;
satisfies the equation

5 02AF; BAF

Y Y2

—rAFi(K,Y)=0

subject to the boundary condition
AF{(K,0)=0
Therefore, the solution is of the form
AFYK,Y)= ABK)Y*,

where 1 is the positive root of the characteristic equation

o2
55(5—1)4—(1‘—5)‘5—1‘:0. (A2)
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In the region in which Y > nycK'/”/(ny — 1), AF; satisfies the equation

2 2AF; AF;
o y2? <K,Y)+(r—a>YaaY

2 Y2

(K,Y)-rAF;i(K,Y)

~1
T 2ygr e =0,
ny

subject to the boundary condition

ny —1YKY" ¢

h) r’

}lim AFi(K,Y) =

which implies a solution of the form

_ =1/y
ny —1YK 3 E’ (A3)
1) r

AF%K,Y)= AAK)Y* +

where « is the negative root of equation (A2). To solve for AA(K) and AB(K) we
consider the point Y = nycKY"/(ny — 1), where the two regions meet. AF(K,
Y) must be continually differentiable across Y = nycK'/7/(ny — 1), therefore
AA(K) and AB(K) are the solutions to the system of equations

1/y 1/y
ARt (&, VTN apr (g, KT
ny —1 ny—1

dAF! <K nchl/V> _ OAF? ( nchl/V>

Y ny —1 Y ny —1

Solving this system we get

. (nchl/V)“ (& A= 1>
_ ny—1 r 3
AAK) = - (Ad)
nyeKY"\ " (0 a—1
C( ny —1 ) <7 8 )
AB(K) = - .

C. The Decision to Invest in the Marginal Unit

Having valued the marginal unit of capacity, we can now value the option
to invest in this unit. Let AG;(K, Y) denote the value of this option when the
current capacity level is K. The exercise price of this option is equal to the cost
of construction. Therefore, for any level of committed capacity K, AG;(K,Y)is a
perpetual American call option whose value depends on Y. Hence, there will be
a threshold value at which it will be optimal to exercise this option. Specifically,
for any K and n there will exist a threshold, Y*(K), such that the option to build
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an additional unit of capacity will be exercised the first time that Y equals or
exceeds Y*(K).
Following standard arguments AG; satisfies the equation

2AG;

- A K, Y) - raGHE, Y) =0,

0
Y

(K,Y)+ (@ —98Y

2

o

—y?
2

The solution is subject to the following boundary conditions:

AGi(K,0)=0,

AG(K,Y"(K)) = AF{(K,Y"(K)) - I,

IAG; OAF;
— K, Y"K)) = ——(K,Y™K)).
aY(,()) 8Y(,())
The first boundary condition arises because Y = 0 is an absorbing barrier for
the process described in (2), and therefore the option to invest has no value at
that point. This implies the following functional form for the option to invest in

a marginal unit of capacity:
AG{(K,Y)=ADK)Y"* forY <Y"(K),

where A is the positive root of (A2). The last two boundary conditions form
the system of equations that must be solved to get the values of Y*(K) and
D(K). They are the value-matching condition and the smooth-pasting condition,
respectively, and they imply that Y"(K) is the value of Y that maximizes the
value of the option to invest. In solving this system of equations we notice that
the option to expand capacity will not be exercised when the current capacity is
not fully used, that is, when Y < ycK/7/(y — 1); there is no reason to incur the
investment cost to keep the additional capacity idle for some time. Therefore,
using the expression for AF;(K,Y) for Y > nycK'”/(ny — 1) in equations (A3)
and (A4), the system becomes

ny —1Y(KyK-Y ¢

ADK)Y (K) = AAK)Y™"(K)* + ¢
ny 5 r
— -1/y
AADK)Y (K = a AAKOY (K~ + 7L = 5
14

Eliminating AD(K) we are left with the following equation for the investment
threshold:

—1YXK)K~ Y
y 8
Using the solution for AA(K) in (A4) we can write this equation as

nyc \"*/r arA-1 ny —1lv, c
—— ) -1 ——r=-+1)= A
c(ny—l) (r ) )Un—i_(k ) ny & A(r+ ) 0, (46)

(O — ) AAK)Y "(K)* + (0 — D —a (5 + 1) —0. (A5)
n r




Real Options, Product Market Competition, and Asset Returns 979

where v, = Y*(K) K ~'/7 is the output price at which firms expand their capacity.
It follows that for a given number of firms n in the industry, v, is a constant that
is independent of the industry capacity K. This last equation cannot be solved
analytically to get an expression for v,,; however, it is easily solved numerically.
Once we get v, then the investment threshold is

Y™K)=uv,KY. (A7)

It follows that the equilibrium investment strategy is for each firm to invest in
an additional unit of capacity whenever the demand factor Y rises to the trigger
Y"(K). Given the number of firms n in the industry, the trigger function is an
increasing function of K. We can also evaluate how the degree of competition
affects the equilibrium investment strategies of firms. By totally differentiating
equation (A5) we get

IYNE)  Y™K)

= nty =D " 0. (A8)

Thus, increasing competition leads each firm to expand its capacity sooner
to avoid losing the investment opportunity to its competitors.

As seen above, the function Y*(X) is the firms’ optimal investment rule. If Y
and K are such that Y > Y(K), firms should add capacity, increasing K until
Y = Y"(K). Equivalently, given the current level of the demand shock Y, we can
determine the industry’s optimal capacity by rewriting equation (A5) in terms
of K(Y):

y—1YKY) —A(C ):0.

(h — DAAK (Y)Y + 0. — D2 ot I (A9)

ny 8

When the current level of demand is Y, the solution to equation (A9) gives
the optimal capacity, K(Y), for an industry that has no capacity. Alterna-
tively, since investment is irreversible, at any time ¢, K(Y(¢)) is the level
of “desired capacity.” Thus, the irreversibility constraint implies that K(¢) >
K(Y(¢)) for all ¢, and K(¢) = K(Y(¢)) if the industry is expanding its capacity at
time ¢.

Equation (A8) shows that the investment threshold for additional capacity
is decreasing in the number of firms in the industry. This result is based on a
given level of industry capacity that is independent of the number of firms in
the market. Equivalently, we can show how the degree of competition affects
the industry optimal capacity. Let K*(Y) be the optimal capacity for an n-firm
industry. Comparing equation (A1) for n = 1 to the same equation for any n it
is easily verified that

_ y
K(Y) = [Ll} KYY). (A10)
n(y —1)
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D. The Value of Assets in Place

First we derive the value of one unit of capacity for fixed K. Following stan-
dard arguments, the value of one unit of capacity J(K, Y) satisfies the following
differential equation:

32

_ 2— J— —
2Y Ty K Y)+(r a)Y (K Y)—rd(K,Y)+#(K,Y)=0

where #; is the profit per unit of installed capacity given by (13). In the region
where Y < nchl/V/(ny —1), J satisfies the equation

92J
R 2— J— J—
5 Y aYz(K Y)+(r 8)Y (K Y)-rd(X,Y)

+< c )(”V_lYK—W) —0
ny —1 nyc

subject to the boundary condition

J(K,0 =0

Therefore, the solution is of the form

¢ \'7 [y \’
(ny - 1) ( ny )
—y(r =8 —yly — Do?/2’

Werequirer > y(r — 8) — y(y — 1)02/2 to ensure that J1(K,Y) is well defined.
Since y > 1 and A is the positive root of (A2), we must have y < A.
In the region where Y > nycK'/7/(ny — 1), J satisfies the equation

JUK,Y)=BEK)Y" +
r

9%J
28Y2(K Y)+(r— B)Y—(K Y)-rAJ(K,Y)+YK " —c=0.
subject to the boundary condition
—1/y
lim J(K, V)= X T _¢,
Y- )
which implies a solution of the form
YK e

JUK,Y)=AK)Y* +

8 r

To solve for A(K) and B(K) we consider the point Y = nycK”/(ny — 1), where
the two regions meet. J(K, Y) must be continually differentiable across Y =
nycKY"/(ny — 1), therefore A(K) and B(K) are the solutions to the system of

equations
s (& nycKv\ 72 (k nycKr
“ny—-1 ) T ny -1
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dJt nycK'v\  0J2 nycKYr
Y “ny—-1 ) 9Y “ny -1/

Solving this system we get

A(K)

nycKr\™* A—y A A—1 ny
_c<ny—1) ((ny—1)(7“—7/(7‘—5)—7/(}/—1)02/2)+;_ 5 ny—l)
B O —a)

(A11)

B(K)

(nchl/V)*< a—y +g_w—l ny )
Uy -1 iy D0 —70 -0 -7 —Do%2 T 7 " 5 ny—1
B O —a) :

The value of one unit of capacity for fixed K, J(K, Y), derived above does
not take into consideration the effect of future investment on the value of the
installed capacity. However, the fact that firms can increase their capacity when
the demand factor Y hits Y"(K) cuts off some of the upside potential for prices
and profits, so the value of one unit of capacity must be less than J(K, Y). Since
Y = 0 is an absorbing barrier for the demand shock process the value of one
unit of installed capital is of the form

HK,Y)=EK)Y"*"+J(K,Y), (A12)

where E(K)Y” represents the impact of future increases in industry capacity
on the value of the firm current capacity. To find E(K) we use the following
boundary condition for the value of the Kth unit of capacity H(K, Y):

OH . o
S K Y E) =0, (A13)

This condition ensures that when the trigger Y"(K) is reached, K increases
by an infinitesimal amount dK and J changes from J(K,Y) to J(K + dK, Y).

Combining (A12) and (A13) and the fact that firms invest when capacity is
fully used we have

1Y"K)K-Yr—1

E(K)=— [A/(K)Y(K)“ - ; ] Y™K)™,

where A'(K) and E'(K) are the derivatives of the functions A(K) and E(K) with
respect to K.
Using the expressions for Y"(K) and A(K) in (A7) and (A11), we get

1
E'(K)= [%ang + ;‘;—n:| VAK MY
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where
e * A—y N A a-1 ny
o — _\ny -1 (ny — D —ye -8 —y(ly —1)02/2) r 5 ny-—1
" A —a) '
Therefore,

1
B(K)=— |:a9nv2‘_}‘ + ”"T} K.

E. The Value of the Growth Options

When the industry capacity is K the value of the option to invest in one unit
of capacity g(K, Y) satisfies the boundary conditions

g(K,00=0 (A14)

gK,Y"(K))=HK,Y"K)) —1I. (A15)

Condition (A14) implies that the value of the option has the functional form
gK,Y)=c(K)Y".
From boundary condition (A15),

¢(K) =[H(K,Y"K)) - IIY"(K)™"

A—a —1v,
= v + —— = — = —I *)‘K*)\/V‘
[ py i+ 2 w8 1 ]

To get the value of firm i’s growth options we sum the value of these unit
options by integrating to get

Gi(K,Y)=CK)Y",

where
1 [ y A—a 1v, K%
C(K)_E/K c(z)dz_m[ - Gnvn*‘T?—;—I] ~ .
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