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Cross-Asset Speculation in Stock Markets
DAN BERNHARDT and BART TAUB’

ABSTRACT

In practice, heterogeneously informed speculators combine private information about
multiple stocks with information in prices, taking into account how their trades in-
fluence the inferences of other speculators via prices. We show how this speculation
causes prices to be more correlated than asset fundamentals, raising price volatility.
The covariance structure of asset fundamentals drives that of prices, while the co-
variance structure of liquidity trade drives that of order flows. We characterize how
speculator profits vary with the distributions of information and liquidity trade across
assets and speculators, and relate the cross-asset factor structure of order flows to
that of returns.

STOCK MARKETS ARE CHARACTERIZED by many stocks and many traders. Specula-
tors, especially institutional traders, often interact strategically in many stocks
simultaneously. When asset values are correlated, private information about
one stock may well provide a speculator information about other stocks that he
will incorporate in his trading. For example, a speculator with private informa-
tion about a new drug from Merck that affects the value of Glaxo Smith Kline
may trade both stocks.

But strategic interactions are far richer than just this observation suggests.
In practice, speculators also observe prices and use that information when trad-
ing. Concretely, traders may use information in the price of Glaxo to adjust
trades of Merck. Speculators also understand that their trades convey infor-
mation to others via their impacts on prices and that prices reflect information
of other speculators that they, themselves, can use.

The contribution of this paper is to characterize equilibrium outcomes in this
setting. To do so, we first solve for how speculators combine private information
about different assets with the public information in prices to determine how
much of each stock to trade. We then derive explicit analytical characteriza-
tions of the correlation structure of prices and order flows, determining both
how are they driven by the correlation structure of asset fundamentals and
liquidity trade, and how they are affected by the observability of prices; in ad-
dition, we quantify the links between the factor structures of order flows and
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prices. Finally, we document numerically how trading strategies and profits
vary with the distributions of information and liquidity trade across assets and
speculators.

The central studies of multi-asset stock markets are Admati (1985) and
Caballe and Krishnan (1994). Each of these papers simplifies the strategic
setting along one dimension to obtain answers about other dimensions. Admati
develops a multi-asset, noisy rational expectations model with a continuum of
agents. Her model has the feature that agents condition trades on both their
private signals and stock prices. However, the continuum of agents precludes
individual strategic behaviour—the informationally small agents ignore the
price impact of their trades and do not have to account for how their trades af-
fect information release. But, in practice, informed agents for a given stock are
few in number. Those few speculators are typically institutional traders who
understand that their significant trading has price impacts that they should
and do anticipate and internalize. To realistically model trading, it is important
to account for such strategic informed trade.

Caballe and Krishnan (1994) develop a static multi-asset formulation of the
competitive dealership model of Kyle (1985) and Admati and Pfleiderer (1988):
Speculators internalize the price impacts of their trades, but do not see prices.
Hence, as in Admati (1985), speculators need not worry about the informa-
tion their trades convey to other speculators. But, in practice, speculators use
information in stock prices when trading, and they worry about information
dissemination via prices.

Our model melds these two models, creating a strategic analogue of Admati’s
noisy rational expectations equilibrium (REE) model, along the lines of Kyle
(1989).! As in Admati, risk-neutral speculators combine private information
about various stocks with the information in prices to determine how much of
each stock to trade. As in Caballe and Krishnan, speculators internalize how
trades influence prices. In dynamic stock markets, speculators use information
in existing prices when determining trades, and strategically account for how,
via prices, their trades influence the inferences of other speculators, and hence
the trades of other speculators. Combining observable prices with strategic
speculators lets us capture this key feature of real world markets in a tractable
static setting. In particular, a speculator in our model must account for how,
via prices, his trades influence those of other speculators.

We first derive the form of equilibrium strategies. We prove that strategies
have a forecast error structure: From their direct trades on private signals,

! There is a large literature on the Kyle (1985, 1989) models of speculation with one asset in
one market; see the review by Biais, Glosten, and Spatt (2005). More closely related is the lit-
erature on splitting orders for the same asset across multiple markets, initiated by Chowhdry
and Nanda (1991) and Dennert (1993), and extended by Bernhardt and Hughson (1997) and Biais,
Martimort, and Rochet (2002) to allow for separated, strategic market makers who internalize how
their pricing influences the division of orders by traders across markets. Other papers consider
parameterized multi-asset models in which market makers only see their own order flow and look
at cross-autocorrelations in returns (see Chan (1993), Bernhardt and Mahani (2007), or Chordia
and Swaminathan (2004)).
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traders subtract the projections onto net order flows, so that a speculator’s net
trades correspond to the errors in market maker forecasts of his direct trades.
The economics underlying this result is that a speculator’s relevant private
information consists of the differences between what his signals are and what
market makers perceive those signals to be.

We then prove that there is a unique linear equlibrium. Establishing the
existence of an equilibrium is a formidable task due to the matrix structure in-
herent in multi-asset settings. With observable prices and nonstrategic traders,
Admati (1985) sets out (p. 633) the technical difficulties that explain why the
methods used by Hellwig (1980) to prove existence for a single asset do not
extend. Indeed, Admati does not prove existence. Strategic, informationally
large speculators present further challenges: We must resolve the forecasting-
the-forecasts-of-others issues that arise in this multi-asset strategic setting
when speculators use private information to filter the information in prices
(see Townsend (1985), Pearlman and Sargent (2005), or Malinova and Smith
(2003)).

To prove existence, we set up an iterative best-response mapping. Given an
initial conjecture about trading strategies—a conjectured matrix of trading
intensities—we compute the associated pricing, and solve for how speculators
should filter prices. We then compute best responses by speculators to these con-
jectures and iterate, using these best responses as the next conjectures. While
best responses are not well behaved, their inner product is, and for this recur-
sion we derive conditions under which this mapping is a contraction, whose
fixed point corresponds to the equilibrium. This proof is novel and unrelated to
standard contraction mapping constructions in growth theory.?

We go beyond this fundamental analysis to provide new analytical and quan-
titative characterizations of the economic structure of both our environment
and that of Caballe and Krishnan. By contrasting equilibrium outcomes when
speculators can see prices with those when they cannot, we show how the in-
formational structure of the market matters.

(1) We derive analytically the correlation structures of order flows and
prices. We prove that in our observable price framework, these correla-
tion structures are dual in the following sense: The correlation structure
of prices is driven only by the correlation structure of asset value funda-
mentals, while the correlation structure of order flows is driven only by
the correlation structure of liquidity trade. The economic logic for these
results is also dual: Were the correlation structure of liquidity trade
to affect that of prices, then prices would be systematically driven by
processes other than value, and risk-neutral speculators would exploit
such systematic mispricing; and were the asset value correlation struc-
ture to affect that of order flows, then market makers would unravel it,
lowering speculator profits.

2 Bernhardt, Taub, and Seiler (2007) analyze a dynamic stationary model with a single stock
and provide a related contraction mapping argument on a function space.
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We prove that in integrated markets, prices are more correlated than
the underlying fundamentals, especially when traders see prices. This is
because in integrated markets, market makers exploit the information
in cross-asset order flows. The resulting high cross-asset correlations in
prices raise price volatility.

Outcomes are very different when speculators cannot see prices. Most
starkly, with unobservable prices, symmetrically situated speculators,
and uncorrelated liquidity trade, speculators do not trade on cross-asset
information. For example, a speculator with a signal about Merck’s value
that is correlated with Glaxo’s value only uses that signal to trade Merck.
It is not that the information structure is irrelevant, but the opposite:
Speculators trade only on direct signals because order flow for Merck
also affects the price of Glaxo. In contrast, when speculators see prices,
they use Merck signals to trade Glaxo because they can subtract from
their trades on signals the projections onto prices, reducing the infor-
mation that market makers can extract from each order flow, thereby
mitigating the total price impacts of their trades.

We derive how the factor structure of order flow is related to that of
prices. Hasbrouck and Seppi (2001) apply a principal component de-
composition of cross-asset order flows and returns, and find that com-
monality in order flows explains roughly two-thirds of the commonality
in returns. We carry out a similar decomposition in our model. We find
that a moderate cross-asset correlation in asset value fundamentals plus
a slight positive correlation in liquidity trade across assets can quanti-
tatively match their empirical finding.? The primitive parameters that
we identify—the correlations in information and liquidity trade—thus
provide a theoretical underpinning to Hasbrouck and Seppi’s purely em-
pirical analysis.

We conclude by providing the first quantitative characterizations of equilib-
rium outcomes in multi-asset strategic settings for both symmetric and asym-
metric environments.

(1

(2)

We find that observable prices drive expected speculator profits down
sharply, especially when there are more speculators. Underlying this
result is the information exchange through prices, which induces spec-
ulators to trade more aggressively. In particular, each speculator inter-
nalizes the fact that as he increases an order, other speculators see the
price impacts and reduce their orders.

We find that the impact of the division of information between specula-
tors is very different from the impact of the division of information or
liquidity trade across assets. Total speculator profits are very sensitive
to the division of information between speculators, falling sharply when
information is more evenly divided and prices are observable. In stark
contrast, divisions of information or liquidity trade across assets have

3 Interestingly, this qualitative result also holds when prices are unobservable.
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only second-order effects on total speculator profits. However, this profit
irrelevance result masks the complicated ways in which asymmetries
across assets interact with the market structure to influence how spec-
ulators trade, and how equilibrium prices weight order flows in each
market. For example, speculators may trade against their cross-asset
information in a relatively illiquid market.

We next set out the model and analyze a speculator’s optimization problem.
In Section II, we then specialize to a symmetric setting to obtain analytical re-
sults. Section III offers numerical characterizations, showing how asymmetries
affect outcomes. A conclusion follows in Section IV. All proofs are given in the
Appendix.

I. The Model

In our multi-asset model of speculative trade in a stock market, speculators
are strategic and internalize how their trades affect prices, and hence the infer-
ences and trades of other speculators. N risk-neutral informed speculators and
exogenous noise traders trade claims to M assets. Prices are set by risk-neutral,
competitive, uninformed market makers.

We denote the vector of asset values by v’ = (vy, ..., vy). We consider a very
general formulation in which asset values are linear functions of K underly-
ing fundamentals, ¢’ = (e, ..., ex). These K fundamentals are jointly normally
distributed with means that we normalize to zero and an arbitrary variance—
covariance matrix, X,. The value of asset j is given by

Vj =Uj1e1 +Vjees + -+ Ujgex.

We can write the vector of asset values as v = Ve, where V is the M x K matrix,

Vi1 Vg -+ VIK
Vg1 Va2 -+ U2k
UM1 Um2 -+ UMK

We allow for the possibility that each speculator has access to many sources of
private information about asset values. Specifically, we let speculator i see a
vector of signals about the value fundamentals, s* = A'e, where A’ is an L; x K
matrix,

i i i i

51 AL Ay o Al €1
i i i i

Sy Ay Ay o Ay €2
; i i i

SL; AL,-1 AL,-z T ALL-K €K

Example: One speculator sees an asset’s value. There are M assets, N = M spec-
ulators, and K = M fundamentals. The value of asset j is v; = ¢;, that is, V is
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the M x M identity matrix. Only speculator i sees v; = e;, that is, s =e¢; and
s = =0, j #i. The A’ matrix capturing speculator 7’s information is an M x M
matnx which has only zero entries save for A’,, which is one.

Example: Each speculator receives one szgnal for each asset. There are M
assets, N speculators, and K = MN fundamentals. The value of asset j is
Vi =ej-1N+1+ - +ej-vn+i + - - +en. Thus, V is an M x MN matrix, where
the j” row of V captures the value of asset j, so it has vjG-1n+i = 1 for
i=1,...,N, and zeros elsewhere. Speculator i sees sJi. =e(,-_1)N+L- for asset

j=1,...M. Then A’ is an M x MN matrix, where the j* row of the A’ ma-
trix captures speculator i’s information about asset j: It has A’ N = =1, and
zeros elsewhere.

In addition to his signals s, speculator i knows the prices at which orders for
each asset will be executed. That is, our economy is a noisy rational expectations
economy in which agents are strategic and internalize how their trades affect
prices and the information content of prices. It is in this sense that our model
extends and melds the models of Admati (1985) and Caballe and Krishnan
(1994), allowing us to capture key aspects of a dynamic market in a simpler
static setting.

Let xJL be speculator i’s order for asset j, let x” = (x!, x5, ..., x},) be the vector
of his orders, and let X' = (X1, X, ..., Xy) = (Zfil xi, Zfil xé, ce, Zf\il xiy)
be the vector of net order flows across assets from speculators. In addition
to trade from speculators, there is exogenous liquidity trade of asset j of u;.
We let v’ = (u1, ug, ..., up) be the vector of liquidity trades. Liquidity trade is
distributed independently of the value fundamentals, and hence of speculator
signals. We allow for a general correlation structure in liquidity trade across
assets, assuming only that liquidity trade is jointly normally distributed with
zero mean and variance—covariance matrix .

Markets are cleared by competitive market makers who use the trading ac-
tivity throughout the entire stock market when setting prices. In particular,
a market maker observes the net order flow for his asset, and the prices of
other assets. Equivalently, with linear pricing, market makers see the vector of
net order flows for all assets, X + u) = X7 +u1,Xo +us, ... X, + un). Market
makers set the price of each asset equal to its expected value given the vector of
net order flows, that is, p; = E[v;|(X + ©)']: Competition drives market maker
expected profits from filling each order down to zero. At the period’s end, assets
are liquidated and trading profits are realized.

We focus on equilibria in which speculators adopt trading strategies that
are linear functions of both their private signals and net order flows, and
market makers set prices that are linear functions of net order flows.
Specifically, we conjecture that speculator i’s order for asset j takes the
form

xf = b8y + b8k 4+ b st 4+ BL (X +un) + BEy(X g + us)
+- o+ By (X +un).
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Hence, the vector of speculator i’s orders is x* = b’s’ + B{(X + u), that is,

i i i
Xy b11 b12 blLi S1
i ; i ;
X by, by - szi S2
i ; ; i
Xm b1 Vs o Oy, SL;
i i i
Bj, B - By X14+w
i i i
321 B22 .. BZM Xo+ug
+
i i i
By, Bys - Bywm Xu+um

Thus, b’ represents i’s trading intensities on his signals, and B’ represents i’s
trading intensities on the net order flows that he sees. The conjecture that
pricing is a linear function of net order flows implies that p = A(X + u), where
the pricing matrix A is an M x M invertible matrix that aggregates information
from the order flows of all assets to determine prices, that is,

p1 Al Az -0 A X1+ u
Do A2l Age -+ Aam Xo+us
M AM1 AM2 0 AMMm Xy +uy

The extent to which a market maker uses information from other stocks to
price a particular stock, and not just a stock’s own order flow, is captured by the
nondiagonal elements of A. Because the pricing matrix A is invertible, observing
prices is equivalent to observing net order flows.

Equilibrium. In a linear equilibrium, speculators maximize expected trading
profits given correct conjectures, net order flows are consistent with speculator
optimization, and market makers earn zero expected profits from filling each
order given the vector of net order flows.

Speculator’s Optimization Problem. Speculator i seeks to maximize ex-
pected trading profits given his signals s* and the net order flows X + u,
solving

N ’
max E[(v — p) x'|s, X + u] = max E |:(v —A (Zxk +u)> xst, X +u:|. (1)
xt xt o1

To solve for speculator i’s best response to the conjectured linear trading strate-
gies of the other speculators and the linear pricing, we first rewrite the vector
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of net order flows from i’s perspective,

Xt+u=x'+) O's" +BX +w)+u 2)
ki

Defining ¢' = (I — }_,_; B¥)™*, we solve equation (2) for

X+u=qi<xi+Zbksk+u>. (3)
kA

Speculator i understands and internalizes how his orders affect the trades of
other speculators through price via ¢*. Substituting for X + u into speculator
’s objective yields

max E |:(v—kqi (xi+2bksk+u)> xilsi,X+u:|. (4)

x kA
The associated first-order condition with respect to x? is
0=E[w—MX +uw) —q"Vx'|s’, X +ul. (5)

Proposition 1 describes the forecast error structure of a speculator’s
orders.

ProposITION 1:  Speculator i’s vector of orders, x', is a linear function of the
forecast errors of his trades on his private signals.

Proposition 1 reflects that a speculator’s relevant private information con-
sists of the differences between what his signals s’ are, and what the mar-
ket maker perceives them to be—that is, the errors in the market maker’s
forecasts of his signals, s' — E[s!|X + u]. Accordingly, the vector of speculator
i’s net orders, x%, is a linear function of these forecast errors. That is, B’ is a
matrix of projection coefficients of trading intensities on private signals onto
net order flows: From their direct trades on private signals, traders subtract
the projections of these trades onto net order flows, so that a speculator’s net
trades correspond to the market maker’s forecast error of his trades on his
signals.

Substituting this forecast error structure, we drop the conditioning on X + u
from the speculator’s first-order conditions and express the first-order condi-
tions solely in terms of the fundamentals. To do so, we first solve for net order
flows in terms of trading intensities on fundamentals:

N N
X+u=Zbksk+ZBk(X +ut+u
h=1 h=1

=X+u= (I—in>l(ibksk+u).

k=1
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We then substitute this solution for X + u into speculator i’s trade on net order
flow,

N /N
Bi(X+u)=Bi(I—ZBk> (Zbksk+u>,
k=1 k=1

and defining y' = B{(I — Y, B*)~!, we write speculator i’s vector of trades as

N
xt =b's + yi(Zbksk + u) (6)

k=1

We next add across traders, and defining I' = I + Y, y*,we write the vector of
net order flows as

X+u=<I+§:yk>(§:bksk+u)=F(ibksk+u). (7

k=1 k=1 k=1

Lemma 1 exploits this structure to write /s first-order conditions solely as
functions of y* and T'.

LeEmMA 1:  The first-order condition characterizing speculator i’s orders is given

by
si:|. (8)

The crucial point to note in this first-order condition is that the “same” b
sets the expectation to zero for each s'. As a result, we can integrate out over
s': The b’ that maximizes expected trading profits given any s’ also maximizes
expected profits unconditionally. The unconditional maximization problem is
easier to solve because it exploits the fact that the same b works for every

Sl

N N
0=E [(1 +y o — I +y"ar )y bhst 1w (bisi +y' Y bksk)
k=1 k=1

A. The Unconditional Problem

Informed speculator i’s trading intensities maximize unconditional expected
trading profits, solving

N ! N
maxE| | Ve — Al b A*e +u b'Ale + y b*Ake +u ,

where we recall that v = Ve and s' = A’e. Turning to the market maker’s ob-
jective, competition drives expected market maker profit to zero. This im-
plies that pricing minimizes the variance of the forecast error between prices
and values—prices equal the projection of the vector of equity values onto
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net order flows. Hence, pricing solves the following least-squares prediction
problem:

N ! N
m}nE[(Ve—)»F( bkAke—i-u)) (Ve—)»F( bkAke+u>>:|.
k=1 k=1

Proposition 2 details the first-order conditions for &%, ¢, and 1. To ease presen-
tation, we define

Al
bA=(' ... V)| :
AN
It also helps to take the portion of net order flow Z,]e\’:l b*s* + u that excludes

order flow due to the speculators’ filtering of prices, and to define ¥ as the inner
product of this signal-based order flow,

v =bAI) T 0 (AY = bAT,AbY + % 9)
- o x,/)\ 1) “

ProrosiTION 2:

b: A ABT NI 4y + A (AYD + Ab YAl = A'E, V(I 4+ ) (10)
vyl = —wlbAT, AV (11)
A TN =wlpAR, V. 12)

The first-order condition for b’, equation (10), characterizes the weights
that speculator i places on each private signal for each of his trades. The
equation lacks multiplicative symmetry because of the cross-correlation of in-
formation. Because of this structure, equation (10) alone cannot be solved
directly; the array of first-order conditions across all speculators must be
constructed.

The matrix equation (11) for y? is the matrix of regression coefficients of
the projections of speculator i’s orders based on private signals onto the vec-
tor of total net order flows. This equation captures the strategic interactions
between speculators via price. The negative sign indicates that speculators
subtract these projections from their trades on private signals to avoid paying
a quadratic cost on the portions of their trades on signals that are revealed
through prices.

The pricing matrix equation (12) is the matrix of regression coefficients from
the projection of the vector of values onto the vector of total net order flows. In
equilibrium, market makers have correct conjectures about {y*}, that is, how
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speculators trade on net order flows. Inspecting the pricing equation reveals
that the “effective” pricing filter for market makers, u = AT' = A(I + Y, y*), de-
pends only on the “primitive” b trading intensities for speculators: Market mak-
ers see the same net order flow as speculators, and hence can unwind the {y*}
filtering by speculators to filter directly the signal-based portion, ZkN:1 brsk +u.
It follows that the observability of prices ultimately affects profits only through
its effect on the strategic behavior of speculators.

Finally, note that b’ and y’ enter nonquadratically into speculator i’s ob-
jective. However, the speculator’s objective can still implicitly be decomposed
into two quadratic parts, one in b’ and the other in y’. This is because y’ is
the projection of b's’ onto the vector of net order flows and (from Proposi-
tion 1) speculator i’s vector of orders is orthogonal to the vector of net order
flows. Even so, the associated first-order conditions characterizing optimiza-
tion are nonlinear because the {b*} enter {y*}, which, in turn, multiply the
{b*}. This reflects the strategic use by traders of the information in prices.
The practical consequence is that we cannot just invert a matrix to solve for
equilibrium trading strategies. Rather, we must iterate, first solving for the
best responses to conjectured trading strategies and pricing, and then iter-
atively substituting these best responses in as the basis for a new round of
conjectures.

Stacking the first-order conditions for &', we can write the recursion as

D ohar AT AR B (1 + y ) + T+ y )™
(@A = :
Yohan AVEAN O (W + yM) + T+ yN !

(13)
A'Z VI 4y +yH+ U +yHw) !

+ :
AN VI 4+ yM)uw' T +yN)+ T +yN )t

The left-hand side represents the vector of best-responses by speculators to
conjectured strategies of other speculators and the associated pricing. The con-
jectured b’ shows up on the right-hand side both directly and in the {y*} pro-
jections. That is, a conjectured b’ implies values of {y*} and hence AI" on the
right-hand side; and the left-hand side is the best-response to those conjectures.
We use an iterative algorithm to solve for the equilibrium values of b. We first
conjecture a value of b, use this value to compute {y*} and u, and then sub-
stitute these values into the right-hand side of (13). We then compute the best
response to these conjectures. Finally, we use this vector of best responses as
the new vector of conjectured strategies, and iterate.

II. Theoretical Characterizations under Symmetry

The theoretical analysis is more complicated than the discussion above sug-
gests. The iterative mapping might not be stable: Each speculator responds to
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an entire matrix of trading intensities, and also to a pricing matrix. Because
his response influences the pricing matrix, a speculator’s best response might
be to overreact to the trading intensities of rivals. Iteration on this overreac-
tion would vitiate the equilibrium. We now demonstrate that the iterated best
responses are in fact stable. Specifically, we prove in symmetric settings that
for sufficiently small correlations in asset values, this best-response mapping
is a contraction on the appropriate space of matrices. Further, our numeri-
cal analysis strongly suggests that the contraction mapping property extends
to asymmetric settings and arbitrary cross-asset correlations. It follows that
there is a unique linear equilibrium. We present the contraction mapping the-
orem in the two-asset, two-speculator setting that we focus on numerically, in
which each speculator sees one of the two innovations to each asset, and the in-
novation that he sees for one asset has correlation § with the innovation to the
other asset that he does not see. The proof considers a more general symmetric
case,? and the analytical argument extends to environments that are “close” to
symmetric, due to the slackness in the approximation bounds that we derive.
We state the simpler case because it lets us simplify presentation by redefining
notation:

ProrosiTioN 3: Let there be two assets, j = 1,2, and two speculators, i = 1, 2.
The value of asset j is UJ = e + e , for j = 1, 2. Speculator i sees innovations e1
and ez, i =1,2,where ej and ej are identically and independently dzstrzbuted ac-
cording to a normal N(0, 1) distribution, and corr(el,ez) =0<3 L fori+#j. Let
liquidity trade be distributed according to an arbitrary symmetric variance—
covariance matrix, X,. Then the mapping T implicit in equation (13) is a con-
traction mapping, implying that there is a unique symmetric linear equilibrium.

The proof approach is novel. Because y’ and 1 are highly nonlinear in b, the
direct recursion is highly nonlinear. To prove the contraction mapping property,
one must transform the direct recursion in b into a recursion of a quadratic form
in b, that is, bAX.A'b’. With symmetry, b! = b2, and we write the recursion in

bi(; 6{)bi/ = b'(I + p)b’' = @, which is well behaved:

. 1
Q=QU+p p+yH '+ 7 Zu- (14)

Using (14), we establish the contraction property by showing that the norm of
the coefficient term (I + p)~p(I + y*)~!is a fraction. The norm of the factor (I +
p)~'p can be made arbitrarily small by shrinking 6. Even though (I 4+ y*)~!is
endogenous, alemma establishes that its norm is bounded. With the contraction
property established, we recover the fixed point of &’ by finding the Cholesky
factor of the fixed point of the mapping, and then multiplying that factor by the

4The analysis also applies to the symmetric N-asset, N-speculator environment set out in ex-
ample 1, in which speculator i alone sees the sole innovation to asset i.
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inverse of the Cholesky factor of I + p, that is, by multiplying by

1 6 -1
@ u_wﬁ>'

Unobservable prices. This theoretical analysis also provides an easy way to
derive equilibrium outcomes if speculators cannot see prices. With unobservable
prices, we obtain equilibrium trading intensities by setting y* = 0 for all i. In
symmetric settings such as Proposition 3, this allows us to extend Caballe and
Krishnan to obtain closed-form solutions: Substituting y* = 0 into (14) yields

Q=QU+pﬂp+%Ew

Rearranging and substituting back for @ yields

4 § 1
I +pb'I—T+p)'p = & T

Expanding the left-hand side yields

B(I+pb'(I—-UI+ptp=bT+pb'I+pI+p-p
— b+ p'(I +p) ! =bb.

Hence, b'b" = +%,. When liquidity trade is uncorrelated across assets, the fol-
lowing is immediate.

CoroLLARY 1: If speculators do not see prices, then in symmetric settings in
which liquidity trade is uncorrelated across assets, speculators only trade di-

rectly on their signals—b is a diagonal matrix with identical entries ;MN

Concretely, Corollary 1 says that in symmetric settings where speculators do
not see prices, each speculator uses his Merck signal only to trade Merck in-
dependently of the correlation of the Merck signal with the value of Glaxo.
This remarkable outcome arises because speculators understand that a mar-
ket maker for Merck will use order flow for Glaxo to price Merck, estimating
the value of Merck via a projection onto the order flows for both stocks.

In contrast, when speculators see prices, they can account for the market
maker’s projections. The y’s in trading strategies are (minus) the coefficients of
the projections of the speculators’ direct trades onto order flows (equivalently,
prices). Speculators subtract these projections, so that their total net trades are
effectively the market makers’ forecast errors of their direct trades on signals.
Hence, the same direct trading intensities convey less information to market
makers, mitigating the total price impacts of their trades. In turn, this encour-
ages speculators to trade more aggressively on the remaining forecast error
components of private information. In particular, in contrast to the unobserv-
able price setting, when asset values are positively correlated, a positive signal
for Merck will lead a speculator to buy both Merck and Glaxo.
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Extending Corollary 1, we will show numerically that when information or
liquidity trade is divided asymmetrically between assets, and speculators do
not see prices, then speculators trade against their signal from the more liquid
or more volatile stock. For example, when speculators do not see prices, and
one asset has more than half of the liquidity trade, speculators trade against
signals about the more liquid stock in the less liquid market: The direct trading
losses are more than offset by the beneficial price impact on the more liquid
stock. In symmetric settings these two effects have offsetting impacts on prof-
its, so that speculators only use “Merck” signals to trade Merck. So, too, with
unobservable prices, if one speculator has access to more private information
than other speculators, the speculator with more information trades against his
“cross-asset signal,” selling Merck when he has a positive signal about Glaxo
(and asset values are positively correlated). In the observable price setting,
asymmetries have similar qualitative marginal effects on cross-asset trading
intensities. However, because speculators can exploit the observability of prices
to subtract the projections of their direct trades, the asymmetries must be ex-
treme in order to induce a speculator to trade against cross-asset signals. For
example, (ceteris paribus) there must be far less liquidity trade in the Merck
market than the Glaxo market for a speculator to sell Merck when he receives
a positive signal about Glaxo (about 1/8th as much as in our numerical exam-
ples). These observations emphasize how radically the observability of prices
alters trading strategies.

A. Trading Strategies

We say that an environment is fully symmetric if information is symmetrically
distributed across both assets and speculators, and liquidity trade is symmet-
rically distributed across assets. With this added structure, we now show that
trading strategies take a form that mirrors their structure in standard single-
asset settings: Trading strategies are proportional to the ratio of the standard
deviation of liquidity trade to the standard deviation of speculator signals (see,
for example, Kyle (1985)).

ProrosiTiON 4:  In the fully symmetric, two-speculator observable price environ-
ment of Proposition 3, speculative trading intensities on intrinsic information
are characterized by

b~ (A, A)12xl2,

In sharp contrast, with unobservable prices, Corollary 1 immediately reveals
that trading strategies are not proportional to (AX,A")~1/2,

B. Cross-asset Correlations

We now derive a result of the unraveling by market makers of the filtering
by traders of order flow.
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ProrosiTiON 5: In the fully symmetric, two-speculator observable price envi-
ronment of Proposition 3, the covariance matrix of price changes, A\TU'WI')/, is
independent of X, that is, of the distributional properties of liquidity trade.
Only the variance—covariance structure of the innovations to asset values, .,
affects the correlation structure of price changes.

The economic force driving this result is that if the correlation structure of
noise trade affected the correlation structure of prices, then prices would be
systematically driven by processes other than value—market makers would
be systematically mispricing stocks—and speculators would exploit this. For-
mally, using b ~ o/ 2, we have that the inner product of net order flow,
W =pAT AL+, ~3,;and A ~ X, 12 unwinds the correlation structure of
liquidity trade, leaving only the impact of the variance—covariance struc-
ture of intrinsic information. Our numerical investigations indicate that
this result extends to arbitrary numbers of speculators and to asymmetric
settings.

We next prove that in fully symmetric environments, the strategic behavior
by speculators causes price changes to be more correlated than the underlying
fundamentals. Our numerical investigations strongly suggest that this result
extends more generally to asymmetric environments.

ProrosiTION 6: In the fully symmetric, two-speculator observable price envi-
ronment of Proposition 3, price changes (returns) are more correlated than the
underlying fundamentals. For small correlations in fundamentals, 0, the price
change correlation is approximately g@.

Corollary 1 revealed that in symmetric settings, unobservable prices cause
speculators to trade only on their direct signals; whereas with observable prices,
speculators weight positively their signal for one asset when trading the other
asset. Proposition 6 just showed that observable prices cause price changes to
be more correlated than the underlying fundamentals; and we find numerically
that price changes are more correlated when prices are observable than when
they are not. These findings would seem to suggest that the cross-asset cor-
relations in net order flow should be higher when speculators see prices than
when they do not. We now show that this intuition is completely misplaced.
The variance—covariance matrix of net order flows is I'(bAX,A'b’ + X,)I'’. The
next result shows that this matrix takes a simple form.

ProrosiTioN 7:  The variance—covariance matrix of net order flows is X, I". In the
fully symmetric, two-speculator observable price environment of Proposition 3,
only the variance—covariance structure of liquidity trade, and not the correlation
structure of the innovations to asset values, X, affects the correlation structure
of order flows.

Numerical analysis suggests that this result extends more generally to asym-
metric environments. The economic force driving this result is analogous to
that for the correlation structure of pricing—were net order flows to reflect the
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correlation structure of speculators’ private information, market makers would
exploit this in their pricing, reducing speculator profits. The upshot of Propo-
sitions 5 and 7 is that the correlation structures of order flow and prices are
dual to each other in the following sense: The covariance structure of prices is
driven only by the covariance structure of value, while the covariance structure
of order flows is driven only by the covariance structure of liquidity trade.

The next proposition derives the surprising consequences of Proposition 7 for
the correlation structure of net order flows when liquidity trade is uncorrelated
so that only the intrinsic correlation in fundamentals and strategic speculative
behavior affect the order flow correlation.

ProrosiTioN 8: Consider the fully symmetric, two-speculator environment of
Proposition 3, and suppose that liquidity trade is uncorrelated across assets
and asset values are positively correlated, that is, 0 > 0. Then, with observable
prices, cross-asset net order flows are negatively correlated. If, instead, prices are
unobservable, cross-asset net order flows are positively correlated.

With observable prices, the negative correlation in cross-asset net order flows
is immediate: With uncorrelated liquidity trade, X, is diagonal, so the cross-
asset correlation takes the sign of the off-diagonal term in I' = I, y;;, which is
negative. Even though speculators trade directly on their cross-asset signals,
they also subtract out the projections of these direct trades onto net order flows,
and with uncorrelated liquidity trade this latter effect dominates, leading to
negative cross-correlations in net order flows.

In contrast, with unobservable prices, speculator 1’s signal for asset 1 is cor-
related with speculator 2’s signal for asset 2, and both trade with the same
intensity on those signals. As a result, even though speculators only trade on
direct signals, the cross-asset correlation in order flow is positive. Hence, with
uncorrelated liquidity trade, observable and unobservable prices generate op-
posing predictions—but they are the opposite of what a casual contemplation of
direct cross-asset trading intensities suggests. This result indicates that with
observable prices, some correlation in liquidity trade is needed to reconcile the
positive cross-asset correlation in order flows found in the data.

Numerical investigation reveals that with observable prices and modest cor-
relation in liquidity trade across assets (relative to the correlation in private
signals), net order flows become positively correlated across assets, but remain
less correlated than liquidity trade. In contrast, with unobservable prices, net
order flows are always more correlated than liquidity trade.

C. Factor Structure

Hasbrouck and Seppi (2001) apply a principal component decomposition of
cross-asset order flows and returns, and find that commonality in order flows
explains roughly two-thirds of the commonality in returns. We can apply the
same decomposition in our model to cross-asset order flows and price changes
(our analogue of returns). This factor analysis reveals the dimensions along
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which our stylized model can reconcile the data. Moreover, the primitive pa-
rameters that we generate—the correlation in information of speculators and
the correlation in liquidity trade—provide a theoretical underpinning for Has-
brouck and Seppi’s purely empirical findings.

Hasbrouck and Seppi note that the principal common factors of cross-asset
order flow and cross-asset returns are the eigenvectors of the covariance matrix
of the relevant variable. The eigenvectors are ordered by the magnitudes of
the corresponding eigenvalues. Hasbrouck and Seppi initially regress returns
on the first principal component of order flow PX**, This results in a set of
residuals w;. They next calculate the principal components of those residuals,
P*. Finally, they show that together PX** and P¥ explain 21.7% of the total
variance of returns, of which PX** comprises 14.6%, or about two-thirds.

We can carry out a parallel principal components analysis in our model. To
ease presentation, we focus on a two-asset, two-speculator, fully symmetric set-
ting. With symmetry, the covariance matrices of order flow and price changes
take the form (Z 3). The associated eigenvalues are a — b and a + b, and eigen-
vectors are 271/ 2(_11) and 21/ 2(i). The scaling factor 2-1/2 can be ignored as it
drops out in the calculations. We focus on the empirically relevant case where
(a) cross-asset order flows and (b) cross-asset returns (price changes) are each
positively correlated. With positive correlation, a + b is the larger eigenvalue
and (%) is the corresponding eigenvector.

The analogue of Hasbrouck and Seppi’s first-step regression analysis in our
model is

bi = CPX+u +w;,

where c is a regression coefficient and w; is a residual. Exploiting symmetry,
we have

o= VP, q1+g2) _ covlhings + Aing2, g1+ q2) _ Aiz +Ain
var(q: +qz2) var(q: +qz2) 2

The covariance matrix of the residuals is
cov <w1) = cov <p1 a CPX+M> = cov <p1 —dat q2))
wa p2 —cPXu p2—clgi+q2))
Under symmetry, the eigenvalues again take the form ¢ — b and a + b. The
relevant principal component is

w1 —we = p1 —clq1 +q2) — (p2 —c(q1 +q2)) = q1 — q2,

as it must be orthogonal to PX+« 5
Following Hasbrouck and Seppi, we next calculate the regression coefficients
for w; on P¥:

w; =d;P¥ +¢.

5 The other principal component is (1 — 2¢)(q; + q2), which is perfectly correlated with PX+,
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With the principal component (q; — g2), we obviously have ds = —d;, where

cov(p1 —c(q1 +q2),q1 —q2) _ cov((A11 — c)g1 + (A2 — €)g2, 1 — q2)
var(qi — q2) var(qi — q2) '

A1l — A2 A2 — A1l
— " and A9 —c= —————
2 12 2

di =

Substituting for A1 — ¢ = , and rearranging

yields

A1 — A1z
cov | ——5—(q1 —q2),q1 — q2
dy— 2 A1 — g
var(qi — q2) 2 '

The respective shares of the total variation attributed to PX+* and P¥ are

var(PX*t*) , var(qi +q2)
var(py) + var(ps) - var(p1) + var(ps)
var(q;) + cov(q1, q2)
(A2 + AL»ZJ- Jvar(q;) + 2 Aijcovig;, q;)

S(PX+u) — 202

= 2¢2

var(P¥) o2 var(gi—q2)
var(py) + var(ps)  © var(py) + var(ps)
) var(q;) — cov(q1, q2)

' (2 + Afj)var(qi) + 2hiihijeoviqi, ;)

S(Pv) =2d?

1

which we can calculate numerically.

Calibration. Our model is sufficiently stylized that it is not directly compa-
rable to the Hasbrouck and Seppi framework. To appreciate the stylization,
note that in our model only two factors drive pricing (reflecting the two net
order flows),® whereas Hasbrouck and Seppi find three significant factors.
Further, in our two-asset model, the ratio of the first two eigenvalues is en-
tirely driven by the correlation structure of the matrices, whereas in the data,
the correlation structure is not the sole determinant. We also consider a sym-
metric setting, whereas Hasbrouck and Seppi average over heterogeneous
stocks.

Our findings in Propositions 4 and 5 that (a) speculative trade is proportional
to (AX.A)"1/2%4/? and (b) the correlation of price changes is unaffected by the
cross-asset correlation of liquidity trade n together imply that as long as the
correlation in liquidity trade is high enough that cross-asset order flows are
positively correlated, then WPST% depends only on the cross-asset signal
correlation 6, and not on either 5 or the scales of asset value innovations and
liquidity trade. Raising 6 increases the fraction explained by commonality in
order flow. We find that a relatively small signal correlation of = 0.2 generates

6 We would have more factors if we added noise from public information arrival or order flow
from additional heterogeneous assets.
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the two-thirds share ratio that Hasbrouck and Seppi find.” For 6 = 0.2, the
cross-asset correlation in liquidity trade must be at least n = 0.135 for net order
flows to be positively correlated (and, for example, n = 0.25 generates a net
order flow correlation of 0.12).

Taking our model further, we can compare the ratios of the first two eigen-
values in the covariance matrices of order flow and price changes with their
empirical counterparts. Fixing 6 = 0.2, a liquidity trade correlation of n = 0.5
allows us to match the 2.183 eigenvalue ratio for order flows that Hasbrouck
and Seppi find. Because the correlation of price changes is unaffected by the
correlation of liquidity trade, n only influences the eigenvalue ratio for or-
der flow; and 6 = 0.2 implies an eigenvalue ratio for price changes of 1.968,
which is about one-third of the ratio for returns that Hasbrouck and Seppi
find.

Summarizing, we highlight three points. First, our model can generate the re-
sult that the primary principal factor for order flow is also the main influence on
price changes or returns. This result requires a relatively small and believable
cross-asset correlation in innovations to asset values. Second, we require some
minimal level of cross-asset correlation in liquidity trade,® and a relatively high
correlation in liquidity trade to match the eigenvalue ratio that Hasbrouck and
Seppi find. Third, with unobservable prices, one needs a slightly higher corre-
lation in value innovations, 0 = 0.236, to match % =2/3;n=0.283
allows us to match the eigenvalue ratio for order flow; and 6 = 0.236 implies
an eigenvalue ratio for price changes of 2.071.

III. Numerical Characterizations

We now explore the quantitative properties of our model further. To isolate
the strategic effects due to information linkages across assets, we normalize
parameter values so that if (a) a market maker only sees the net order flow
for his own stock and (b) speculators do not see prices, then (c) total expected
speculator profits do not change as we vary the parameters that describe the
economy. It follows that any variations in speculator profits in an integrated
stock market are due to the interaction between the economic environment and
market information structure.

If speculators only see their private signals and do not see prices, and a
market maker only sees the net order flow for his stock, it is well known (Kyle
(1985)) that trading strategies for each asset are proportional to the ratio of
the standard deviation of liquidity trade to the standard deviation of informed

7In our model, S(PX**) + S(P*) = 1 because our model has no noise, so that the order flows
of the two assets perfectly determine pricing—simply adding a third heterogeneous asset would
change this.

8 This should not be confused with standard “measures” of liquidity—the inverses of the esti-
mated A;—which are constants in our model, reflecting the amounts of intrinsic private informa-
tion relative to liquidity trade. In our model, correlation of liquidity trade is reflected in the use
by market makers of cross-asset order flow in pricing—that is, the off-diagonal elements of the A
matrix.
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signals, ‘;—“ Hence, pricing is proportional to ;—2, and expected speculator profits
are proportional to o, 0.. Therefore, multiplying the variance—covariance matrix
of signals by a constant simply scales trading intensities and profits, so we
can normalize these totals without loss of generality; the variance—covariance
matrix of liquidity trade can be normalized for the same reason.

We perturb the economy in three ways.
Division of Information between Speculators. We impose symmetry across asset
values and liquidity trade, and vary the share of the variance to asset values
that one speculator observes. This isolates how the division of private informa-
tion between speculators affects equilibrium outcomes. The normalization that
preserves total expected speculator profits when a market maker only observes
own order flow holds constant the total variance of each asset and preserves
the cross-asset value correlation structure. Within this setting, we characterize
the impact of increased competition by varying the number of speculators who
receive the same set of signals.
Division of Liquidity Trade between Assets. We impose symmetry across asset
values and speculator signals, and vary the share of liquidity trade between
assets. This isolates the effects of relative liquidity levels between assets. With
independently distributed liquidity trade, the appropriate normalization holds
constant the sum of the standard deviations of liquidity trade across assets.
Division of Uncertainty between Assets. We impose symmetry across speculators
and liquidity trade and vary the variance share of asset values between assets.
This isolates the effects of relative levels of private information between assets
on equilibrium outcomes. The normalization holds constant the sum of the
standard deviations of asset values and preserves the correlation structure.

A. Division of Information between Speculators

Our numerical analysis focuses on the economic environment of Example 2,
in which speculators see one signal for each asset. In our base two-speculator,
two-asset setting, liquidity trade is independently and normally distributed
with u; ~ N(0, 1). Using the notation of Proposition 3, the value of asset j is
v = ej1 + ejz. Speculator i sees signal s"1 = e"1 for asset 1 and signal sg = e; for
asset 2. The signals e! and e? that the two speculators receive for asset j are
independently and normally distributed with mean zero. However, even though
speculator 1 does not see e%, we allow cross-asset signal correlations to be posi-
tive, corr(e), e5) = 0, for i # j, so that speculator 1’s signal e} about asset 2 also
provides him information about the innovation e to asset 1 that he does not
see. The variance—covariance matrix for asset value innovations is

e; el e €
el (v 0 0 o0&
e210 (1-v) o0t 0
e | 0 OE v 0 ’
e2 \0¢ 0 0 (1-v)
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where & = +/v(1 — v) is the normalization factor that preserves the correlation
structure as we vary the information that speculator 1 has relative to speculator
2. We vary v from 0.1 (so that speculator 1 sees 10% of the variance of each asset
value) to v = 0.9. Because of the cross-asset correlation structure, speculator
1’s share of the private information is

var(ej) + var(E [e?|e3]) v+ 621 —v)

var(e}) + var(E [e?|e]] ) + var(E [ejle2]) + var(e?) T 14062

We focus on a high correlation of § = 0.75, as higher correlations largely serve
to magnify the qualitative impacts.?

The top line in Figure 1 represents expected total speculator profits when
market makers only see “own” net order flow and speculators do not see prices.
Their constancy reflects that we have normalized informational parameters to
leave profits in this setting unaffected by the division of information between
speculators. The middle line plots profits in the Caballe-Krishnan environment
in which market makers see stock prices, but speculators do not. Finally, the
bottom line plots profits in the integrated market that we study, where both
market makers and speculators see all prices.

Figure 1 shows how the observability of prices amplifies competition between
speculators. The added channel of prices through which speculators gain and re-
lease information intensifies competition because each speculator internalizes
the fact that as he increases an order, other speculators see the price impacts
and reduce their orders. This “order reduction” raises the speculator’s profit. In
turn, speculators raise trading intensities, competing away more of the poten-
tial profits.

This figure also highlights that the observability of prices amplifies the sensi-
tivity of total expected speculator profits to the division of information between
speculators, especially when their information is highly correlated. Profits are
far higher when one speculator has most of the information than when infor-
mation is evenly divided. In turn, comparing the Caballe and Krishnan setting
with the isolated markets benchmark surprisingly reveals that the observabil-
ity of all prices by market makers only modestly reduces speculator profits
when information is unevenly divided, but significantly substitutes for the ob-
servability of prices by speculators when information is evenly divided.

Figure 2 shows how a speculator’s expected trading profit rises with his share
of private information, v. The figure reveals that the smaller is v, the more a
trader is hurt by the observability of prices (the profit difference narrows with
v). This is because the smaller is v, the less the speculator contributes to total
order flow, and hence, the less he can back out from prices.

Figure 3 shows how trading intensities vary with a speculator’s share of
private information. The figure highlights that trading intensities are far
higher if prices are observable. In part, this reflects that when speculators

9 Lowering correlations raises aggregate profits for any v, reduces cross-asset trading, and
shrinks the consequences of market design.
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Unobservable price: Isolated: ------

Figure 1. Total speculator profit as a function of speculator 1’s share of the total private
information. There are two speculators. Speculator 1 sees asset fundamentals for each of the
two stocks that are normally distributed with mean zero and variance v; speculator 2 sees asset
fundamentals for each of the two stocks that are normally distributed with mean zero and variance
1 — v. The asset i fundamentals are distributed independently across speculators. The covariance
of the fundamental to each asset that one speculator sees with the fundamental to the other asset
that the other speculator sees is scaled to generate a cross-asset correlation of § = 0.75. Liquidity
trade for asset i = 1, 2 is independently normally distributed with zero mean and unit variance.

see prices, they offset the impact of their trades on private signals by subtract-
ing their projections on net order flows via y*. In addition, trading intensities
with observable prices are higher due to the strategic “order-reduction” effect:
Speculators have incentives to increase trading intensities to influence price,
which causes other agents to scale down orders, thereby mitigating price im-
pacts.

The first panel of Figure 3 reveals that trade on direct information first rises
rapidly with a speculator’s information share, before declining as v is further
increased. The second panel shows that indirect trading intensities exhibit
an entirely different pattern: When a speculator has little private informa-
tion, he uses his asset 1 signal to trade asset 2 extremely aggressively. In fact,
when prices are observable and v = 0.1, speculator 1 uses his noisy signal e%
of €2 to trade asset 2 more aggressively (b? = 1.56) than speculator 2, who sees
e2(b2 = 1.15). This reflects that when v is small, the expected (squared) size of
speculator 1’s trade on indirect information, (b%)?v, is far less than (63)%(1 — v).
As v rises, indirect trading intensities fall sharply. Indeed, when prices are
unobservable, the speculator with more information trades against his asset 2
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Figure 2. Speculator 1’s expected profit as a function of his share of the total private
information. There are two speculators. Speculator 1 sees asset fundamentals for each of the
two stocks that are normally distributed with mean zero and variance v; speculator 2 sees asset
fundamentals for each of the two stocks that are normally distributed with mean zero and variance
1 — v. The asset i fundamentals are distributed independently across speculators. The covariance
of the fundamental to each asset that one speculator sees with the fundamental to the other asset
that the other speculator sees is scaled to generate a cross-asset correlation of = 0.75. Liquidity
trade for asset i = 1, 2 is independently normally distributed with zero mean and unit variance.

signal when trading asset 1 (see Corollary 1). By doing so, the speculator gains
more through the influence on the price of asset 2 than he loses through the
(small) quadratic loss in market 1 due to his trade against his asset 2 signal.

Figure 4 reveals the “direct” trading weights on the net order flow for the
asset being traded first fall slightly (in absolute value) as the speculator’s share
of private information rises and then more than triple in magnitude as v rises
from 0.4 to 0.9. That is, the speculator with most of the private information
more extensively exploits the information in prices in his trading. The opposite
pattern arises for “indirect” trading intensities on net order flow, that is, when
traders use information in the order flow for asset 2 to trade asset 1. Indeed,
when v is large, the sign switches. This result reflects that when speculator
1 has most of the private information, speculator 2 trades very intensively on
his noisy indirect signals of speculator 1’s information. From 1’s perspective,
speculator 2 so overtrades that it changes the sign of the projection.

The trades by speculators on information in prices are predictable by market
makers—market makers unwind their impact to filter directly the signal-based
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Figure 3. Speculator 1’s trading intensities on his intrinsic asset signals as a function
of his share of the total private information. The first panel is speculator 1’s direct trading
intensity on the fundamental to asset i of asset i. The second panel is speculator 1’s indirect trading
intensity on the fundamental to asset i of asset —i. There are two speculators. Speculator 1 sees asset
fundamentals for each of the two stocks that are normally distributed with mean zero and variance
v; speculator 2 sees asset fundamentals for each of the two stocks that are normally distributed
with mean zero and variance 1 — v. The asset i fundamentals are distributed independently across
speculators. The covariance of the fundamental to each asset that one speculator sees with the
fundamental to the other asset that the other speculator sees is scaled to generate a cross-asset
correlation of & = 0.75. Liquidity trade for asseti = 1, 2 is independently normally distributed with
zero mean and unit variance.

portion of order flows. Figure 5 reveals how significantly market makers use
information in the order flow for other assets. In particular, if information is
evenly distributed between speculators, the weight a market maker places on
order flow for the “other” asset is almost half that on “own” asset order flow;
and if information is unevenly distributed, the weight on “other” order flow is
about 25% of that on “own” order flow. In sum, market makers heavily use the
information contained in the prices of other assets.

Increased Competition. To uncover the impact of greater competition, we double
the number of speculators who see the same signals, that is, we consider four
speculators, with two speculators seeing the same signal pair. For simplicity, we
focus on the symmetric setting with v = 0.5. We find that doubling competition
causes direct trading intensities to fall marginally to 1.08 from 1.17, while
indirect trading intensities almost double from 0.20 to 0.38. That is, aggregate
direct trading intensities almost double, because there are now two of each
speculator type, and aggregate indirect trading intensities almost quadruple.
This percentage increase in trading intensities is more than twice as great as
that when prices are unobservable.

The increased competition between speculators when prices are observable
drives their total profit down by 36%, from 0.76 to 0.56. As a benchmark com-
parison, going from a monopoly to a symmetric duopoly in the canonical linear
demand oligopoly output game reduces total profits by only 12%. This impact is
overwhelmingly due to the observability of prices; when speculators do not see
prices, doubling competition reduces their profits by only 6% from 0.84 to 0.79.



Cross-Asset Speculation in Stock Markets 2409

0.1 0.1

_ 0 = 0
= k=2
2 g
g >
= °
S Q
£ 5
[a) £

-0.5 -0.5

0.1 0.9 0.1 0.9
Trader 1's share of information (v) Trader 1's share of information (v)

Figure 4. Speculator 1’s trading intensities on prices as a function of his share of total
private information. The first panel is speculator 1’s trading intensity on price p; of asset i.
The second panel is speculator 1’s indirect trading intensity on price p; of asset —i. There are two
speculators. Speculator 1 sees asset fundamentals for each of the two stocks that are normally
distributed with mean zero and variance v; speculator 2 sees asset fundamentals for each of the
two stocks that are normally distributed with mean zero and variance 1 — v. The asset i fundamen-
tals are distributed independently across speculators. The covariance of the fundamental to each
asset that one speculator sees with the fundamental to the other asset that the other speculator
sees is scaled to generate a cross-asset correlation of ¢ = 0.75. Liquidity trade for asseti = 1,2 is
independently normally distributed with zero mean and unit variance.
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Figure 5. The coefficients of the market maker’s effective pricing filter, =T, as a
function of the share of total private information that speculator 1 has. The first panel is
the coefficient on net order flow of asset i for the pricing of asset i. The second panel is the coeffi-
cient on net order flow of asset i for the pricing of asset —i. There are two speculators. Speculator
1 sees asset fundamentals for each of the two stocks that are normally distributed with mean zero
and variance v; speculator 2 sees asset fundamentals for each of the two stocks that are normally
distributed with mean zero and variance 1 — v. The asset i fundamentals are distributed indepen-
dently across speculators. The covariance of the fundamental to each asset that one speculator
sees with the fundamental to the other asset that the other speculator sees is scaled to generate
a cross-asset correlation of & = 0.75. Liquidity trade for asset i = 1, 2 is independently normally
distributed with zero mean and unit variance.

The differential impacts of increased competition on speculator profit when
prices are and are not observable reflect the differential impacts on trading
intensities.

Price Correlations. Figure 6 displays how the cross-asset correlation in price
changes varies with v. In contrast to the correlation of information across
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Figure 6. The ratio of the correlation in asset prices to the underlying correlation in
asset values. There are two speculators. Speculator 1 sees asset fundamentals for each of the
two stocks that are normally distributed with mean zero and variance v; speculator 2 sees as-
set fundamentals for each of the two stocks that are normally distributed with mean zero and
variance 1 — v. The asset i fundamentals are distributed independently across speculators. The
covariance of the fundamental to each asset that one speculator sees with the fundamental to the
other asset that the other speculator sees is scaled to generate a cross-asset correlation of 6 = 0.75.
Liquidity trade for asset i = 1,2 is independently normally distributed with zero mean and unit
variance.

speculators, which is fixed at 0.75, the cross-asset correlation 6+/v(1 — v)/2 rises
as v — 1/2. Consequently, in the figure we normalize price correlations by di-
viding by the asset value correlation.

Strikingly, in integrated stock markets, prices are far more correlated than
the underlying asset values, but in isolated markets, prices are far less corre-
lated. This reflects that market makers in integrated markets digest the infor-
mation in order flows for all assets when pricing. This cross-asset correlation
raises the volatility of prices in integrated markets.'® Cross-asset correlations
are higher yet when speculators see prices, because speculators trade more ag-
gressively on their cross-asset information. The price volatility consequences
of the informational environment are substantial. For example, when informa-
tion is evenly divided between speculators, the variance of price changes is 19%
higher when prices are observed by speculators than when they are not.

10 This indicates that failing to account for market integration on an individual stock basis biases
predicted price variances downward.
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Figure 7. Direct and indirect trading intensities of asset 1 as a function of market
1’s share of the total standard deviation of liquidity trade across assets. There are two
speculators. Speculator 1 sees asset fundamentals for each of the two stocks that are normally

distributed with mean zero and standard deviation %; speculator 2 sees asset fundamentals for

each of the two stocks that are normally distributed with mean zero and standard deviation %

The asset i fundamentals are distributed independently across speculators. The covariance of the
fundamental to each asset that one speculator sees with the fundamental to the other asset that the
other speculator sees is scaled to generate a cross-asset correlation of & = 0.75. The total standard
deviation of liquidity trade across the two markets is 2.

B. Division of Liquidity Trade across Assets

We now explore how the division of liquidity trade affects outcomes. That
is, we address what happens when one asset has more liquidity trade be-
hind which speculators can hide their trades. To do so, we consider symmet-
rically distributed asset values and symmetrically situated speculators. We
then vary the share of the standard deviation of liquidity trade between the
assets.

We find that total expected speculator profits are remarkably insensitive to
the division of liquidity trade between assets. Maintaining a total standard de-
viation of liquidity trade across assets of 2.0, going from a setting in which each
asset has liquidity trade of 1.0 to a very unbalanced distribution of liquidity
trade where asset 1 has a standard deviation of liquidity trade of 1.45, raises
speculator profits by only 2%. That is, in stark contrast to the impact of the divi-
sion of information between speculators, the division of liquidity trade between
assets has trivial consequences for speculator profits, even when speculators
see prices.

However, Figure 7 shows that the division of liquidity trade affects how spec-
ulators trade on their signals. Increasing asset 1’s share of liquidity trade from
0.1 to 0.9 causes speculators to double direct trading intensities on asset 1 sig-
nals; when asset 1 has almost all of the liquidity trade, speculators use their
asset 2 signal to trade both assets equally aggressively, and they trade against
asset 1 signals in the illiquid asset 2 market. Still, liquidity trade must be very
asymmetrically divided before speculators trade against their indirect signals
in the less liquid market. In contrast, if speculators do not see prices, they
always trade against their indirect signals in the less liquid market. When
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Figure 8. Direct and indirect trading intensities of asset 1 as a function of asset 1’s
share of the total standard deviation of private information across assets. There are two
speculators. The total standard deviation of private information across assets is 2. The speculators
each see a fundamental to asset 1 that is distributed normally and independently of the other
speculator’s signal of asset 1, with a mean of zero and a standard deviation that varies between
1 and 1.45. The speculators each see a fundamental to asset 2 that is distributed normally and
independently of the other speculator’s signal, with a mean of zero and a standard deviation such
that the sum across assets is 2. The covariance of the fundamental to each asset that one speculator
sees with the fundamental to the other asset that the other speculator sees is scaled to generate
a cross-asset correlation of 6 = 0.75. Liquidity trade for asset i = 1, 2 is independently normally
distributed with zero mean and unit variance.

speculators see prices, they are more willing to trade in the same direction
as their signals because they can unwind the trade’s projection onto net order
flows, mitigating price impacts.

C. Division of Uncertainty between Assets

We next explore how the division of uncertainty across assets affects out-
comes. That is, we address what happens when there is more private informa-
tion about asset 1’s value than asset 2’s. To do so, we assume that speculators
are symmetrically situated, and the distribution of liquidity trade is the same
across assets. We fix the total standard deviation of liquidity trade to 2.0 and
then progressively increase the standard deviation of asset 1 from 1.0 to 1.45.

We find that total expected speculator profits are as insensitive to the division
of private information between assets as they are to the division of liquidity
trade. More asymmetric divisions of private information between assets lead
to higher profits, but there is only about a 2% difference between profits when
uncertainty is evenly and very unevenly divided.

Figure 8 reveals that speculators trade more aggressively on their signal for
the less volatile asset both directly and indirectly. Also, as with very unevenly
distributed liquidity trade, if information is very unevenly divided between
assets, speculators trade against their more volatile asset signal of the less
volatile asset’s value. In sum, the division of information between assets mat-
ters in complicated ways for trading strategies, but not aggregate outcomes.
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IV. Conclusion

This paper develops a method to solve for strategic speculative outcomes in a
multi-asset stock market when speculators see prices and internalize how their
trades affect the informational content of prices. We thereby build on Admati’s
(1985) noisy rational expectations model to allow for strategic behaviour by
speculators. In particular, speculators in our model internalize the fact that
they are informationally large and that their trades have impacts on prices that
convey information to other speculators. Because asset values are correlated,
a signal about one asset contains information about other assets, and because
there are multiple speculators, each speculator uses the information in prices
to try to unravel the signals of others. We prove that there is a unique linear
equilibrium by developing an iterative best-response mapping and showing that
it is a contraction.

We then offer several testable predictions. We generate predictions about the
covariance structures of prices changes (returns) and order flows across stocks
that are driven solely by strategic behaviour. In particular, we find that the
covariance structure of prices is driven by the covariance structure of asset
fundamentals, while the covariance structure of order flows is driven by the
covariance structure of liquidity trade. We also show that in integrated markets,
the use of cross-asset information by market makers causes prices to be more
correlated than the underlying fundamentals, and that this, in turn, raises
the volatility of prices. Finally, we provide theoretical underpinnings for the
Hasbrouck and Seppi (2001) finding that commonality in order flows explains
two-thirds of the commonality in returns, generating this in our model with
a moderate cross-asset correlation in asset value fundamentals plus a slight
positive correlation in liquidity trade across assets.

While one must be careful translating predictions from a stylized model to
the real world, the qualitative implications are clear. The transparency of pric-
ing and order flows across assets has greatly increased in recent years. This
suggests that the market has become “closer” to our observable price setting.
Accordingly, (a) the volatility of returns and net order flows should have in-
creased, and (b) the contemporaneous correlation in returns (e.g., within in-
dustries) should have risen, but (c) the contemporaneous correlation in order
flows should not.

Our companion numerical analysis provides insights into the quantitatively
important aspects of (a) the informational structure of the market and (b) the
distributions over fundamentals, private information, and liquidity trade. The
observability of prices sharply lowers speculator profits, especially when more
speculators compete over the same information. This is because prices provide
additional channels through which speculators receive and transmit informa-
tion, giving each speculator incentives to raise trading intensities to influence
the trades of other speculators. As a result, the observability of prices enhances
the sensitivity of total speculator profits to the division of information between
speculators. In sharp contrast, the divisions of liquidity trade and uncertainty
across assets have little effect on aggregate speculative profits. In sum, the
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division of private information between speculators matters for aggregate out-
comes, but the division of information and liquidity between assets does not.

Appendix

Proof of Proposition 1: Use the law of recursive projections to expand the first
term in the first-order condition (5),

Elv|s, X +ul = Elv|X +ul+ Elv — E[v|X + ul|ls’ — E[s'|X + u]]
=p+E[v—E[vX +ulls — Ele|X +ull,

where the last equality reflects that E[v|(X + u)] = p. By construction, the
vector of net order flows X + u is orthogonal to the vector of forecast errors
s — E[s'|X + ul, so that

E[E[v|X +ulls' — E[s'|X +ull = 0.

Hence, we can remove the conditioning on X + u from the first-order condition
(5), which reduces to

0= El(p+ Elv|s' — E[s'|X 4+ ull — p) — ¢"'V'x?|s]
= E[E[v|s' — E[s'|X + ull — ¢"'V'x'|s'].
Solving for x’ yields
xl = (W) Ug") EIEDls' — Els'1X + ulll.
Q.E.D.
Proof of Lemma 1: Substitute for y* and I' into the first-order condition (5).

Recognizing that we do not need to condition on net order flow, u drops out and
the first-order condition becomes

N N
0=E |:v — Al Z brst — ') <bisi + ! Zbksk)
k=1 k=1
The goal is to remove ¢’ = (I — )", ; B*)~! from the first-order condition. To do
this, we use
-1
r=I1+) y'=I+) B (1-23’@)
i i %
-1
=(I—ZBk+ZBk> <I—ZBk> (AD)
k 2 k

=1 (1—;Bk>_l
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and
I+y'=I+B <1_Xk:3k)_1: (I_;Bk+3i> (I_;Bk>_
_ (1 —ZBk) (1_;Bk)l (A2)

kA
= (g")"T.

1

Hence, if we multiply the first-order condition by I + y* = I''(¢* )1, the ¢’ terms
cancel. Q.E.D.

Proof of Proposition 2: First-order condition for A: Exploiting the fact that
market maker expected profits are a scalar, and hence equal to its trace, we
first rewrite the market maker’s least squares prediction problem as

N N !
/ k Ak k IYARY.
/\intr V—E (bA +y E bA)A

k=1 (=1
—I'V
N k Ak kN AL by 0
x [V — b*A* + b'AY|x  —Ta < > ,

where we have commuted under the trace. The associated first-order condition
is

N N !
V/_Z<bkAk+ykZblAe> I

x (-i <bkAk oyt ibe) - (i vt o+ 1)) (% 20>}

k=1 (=1
N N N
=tr { <—Z (bkAk +y* wa) - (Zyk +1))
k=1 =1
N N !
V/_Z (bkAk +VkZbZA£> I

. 0 k=1 =1
X (0 Eu> (N / ) (A3)
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where we commuted under the trace. We now compute the trace to rewrite (A3)
compactly as

e 0\ [V —AbTNY

S TGA I <% 20 ) <A}b') Iy =T(bA I) (% 20 ) (‘g) (Ad)

The speculator’s optimization problem. We first rewrite the speculator’s objec-
tive, commuting under the trace to obtain

N /
E Ak i Ai i
Ibr,l,%),(E|:tr[ (V —M‘};:lb A —AF) (bA +y (

N
V=Y AR TN S
= rglaéxtr ! ( ,; ) (b’A‘ + yt (
’ l"/)“/ k

First-order conditions for b'.

M=

bkAk) yi) (Z)(e/u’)” "
o) ) 2]

B
Il
-

M=

1
—

kzlr/k’ 0 2:u

A'TNN (i i iN ik [ 2 O
—( 0 )(bA+ykZ;Ab y)(o 2)}
N ’
V- ZAk TN

o (Al +yi Al 0)%, — (
I’y

N
x ((biAi + vt ZAkbk) e yizu) } .
k=1

The off-diagonals drop out due to the trace operation, leaving

N
’_ R pk 1y ) o
o—uwl|V ZAbm (A i 0)(28 o)

iy
. AFA)

0

N N
0= tr{ (v' - ZA’“b”I‘W) (A" +y A, — (A'T'V) (biAi + ZAkbk) ze}.
k=1 k=1

We now manipulate the first-order condition to isolate the {b*} terms. The trace
is preserved under transposition: Taking the transpose of the second term and
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then commuting under the trace yields

N N !
0= tr{AiEe (V/ — ZA%”FW) I+y)—3, (biAi + ! ZA""bk> AFAi}

k=1 k=1
. N ’ ’ . . . . . N '
= tr{A’Ze (V/ — > AP r/x/) (I+y) - A%, (bLA‘ +y! ZAkbk> ,\F}
k=1 k=1

N N
= AiZeZAk’bk/F,A/(I + yi)+AiEe (Ai/bi/ +ZAk/bk/yz
= k=1

= A'B VI + ).

First-order condition for Bi. We first note that

-1 -2
S I (O S B
k

Differentiating (18) with respect to B! and setting it equal to zero yields

N N !
V’—Z(bkAk-i-ykZbgA[) N

k=1 =1

N
—<Zyk+1> A
i BA K,ar N v 5 o
—tr = aBl (biAi+inbkAk ]/l>( e >
k=1

0B’

/N
ay' Z E oAk % 0
aBi <k_1b A I) <0 Eu)

Using the fact that the transpose is the identity under the trace, we rewrite
this as:

=1

N ’
— <Zyk+l> A
k=1

N i
%, 0 bA 4y bkAk) or (v

14

N N !
/ k Ak k (Al /
V—kE_I:(bA +y E:bA)A ay‘<N
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Commuting under the trace, we have

. [ N
tr aB‘ (ZbA I)(O 2)

k=1

N N !
- Z (bkAk + p* Zb‘fA‘f> X
(Z v+ I N

N i Al i k k
el (S 1) (5 2) (par ) &

(=1 J/i/
N
N V-3 (bkAk +yk wa )\
— 8_7/{ <Z bk Ak I) (X(D)e 2(:) ) k=1 Ny
9B k=1 v k /
- Zy +1]x
k=1

N I
_ inAZ 7V (% O <biAi +v! ZbkAk> yxiial
= 0 X, k=1 8Bl

i

14

We rewrite this expression more compactly as

3y V/—ABTN
o= oa b5 2) (V4

0 ) (Ai’bi/ + Ay ) ,

0 X y 9 B!
V/_A/b/l"/)\'/
— (I + YT (A I)(O Z)( e )
—(bA 1)(26 0)(“”’1 +.Abyl>x1“2.
0o %=, yt

Inspection of the first term reveals that it is (I + y?) times the market maker’s
first-order condition (A4), and hence equal to zero. Thus, the first order condi-
tion for B' simplifies to

(bA 1)(26 0 ) (Al b+ AbY! )m —0
0o %, y

. 0\ (AP ..o ABN .,
- (bA 1)(0 E)( 1 )y AL2 = —(bA 1)(0 E)( o )xr.

Carrying out the matrix multiplications yields the solution in (11):

_(bA 1)(

= —(bAT,AY +3,) AT, AV,
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Proof of Proposition 3: Defining p = <2 g) , routine algebra reveals that

ZAiEeAj/ =p, and A'S,V' =1+p.
J#

Because each b’ is identical, symmetric, and countersymmetric in the sense
that the diagonal elements are identical, we can focus on a generic row of this
recursion, which is a matrix equation:

(I +p' = pb' W' +yH)+ U +yHw) 1+ + p)T + yH(/' + yh)

., A6
+ U +yHwt (46)

Before proving the contraction mapping property we need two lemmas.

LeEMMA 1: Given symmetry across assets and agents, || < %, where N is the
number of agents.

Proof:

p e 0 [AB\\ " S 0
y :—<(bA I)(O E)( 7 )) (A I)(O 2u>

S 0\ /A \\ ! %, 0)1
—(ea (5 2) (7)) ea 0(T S)w
Ly
= N(I (J'J) 2.

J’J has positive eigenvalues because it is positive definite, and since it is the
sum of two positive definite terms the eigenvalues of X, must be positive but
smaller than the eigenvalues of J'JJ. Hence, (J'J)~'%, has fractional eigenval-
ues, and (I — (J'J)~1%,) must also have fractional eigenvalues (Dhrymes (1978,
p. 74.)). Q.E.D.

LEMMA 2: Let @ and R be symmetric 2 x 2 matrices that are also countersymmet-
ric, that is, they have identical elements on the diagonals as well. Then QR = RQ.

Proof: Direct computation.

We now bound the nonlinear terms.
LemMA 3: [|u(u/ (I +yH) 4+ +yHuw)~ Y < 1.
Proof: Using Lemma 2,

. ., . 1 .
w (I +yH)+ T +y )™t = w@d + yHu) ™t = Q(I + 9L
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Because an upper bound on ¥’ is —ﬁ] , it follows that

H %(1 +y)7! <1 QE.D.

1| N
< ol
2|N -1

We now establish the contraction property of the mapping. Using symmetry
across agents

I
bATLAY =b' (I --- DATA|: |6 =bNU +p)'.
I
Next note that using Lemma 2,
. . , 1 1
I +y)W T +yH+UT +yHw™t = Q;rl = E(bAEeV/)‘l(bAZeA/b/ + 20,

where the last equality follows from the definition of wu. Substituting for
bAX,A'V' and bAS,A'b into ! yields

1 ) . ,
E“_l = §(Nbl(l + p) UG (I + pb” + ).

1

Now substitute for %u‘ into the first-order condition for agent i, equation (A6),

to obtain

., L1 . 1 . . .
(I + p)b* = pb 5(1 +yHt 4 5(1 + p)INV(I + p)) " HNb I + p)b’ + %)
, 1 . : ,
=b' =+ p)ipt 5(I +yH 1+ §(Nb’(I + p) " HNB T + p)b’ + Ty).

Multiplying both sides by Nb'(I + p) yields

. ., . L1 . 1 . .,
Nb(I + p)b'' = Nb'(I + p)I + p) ' pb S+ Yo+ VBT + P’ + %),
1 . o

Next subtract §N b'(I + p)b* from both sides to obtain

1 . i ; 1 il i1, L

SNOU +p)bt = N6+ pXI +p)'pb ST +7")7 + 550
Since p is diagonal and bis symmetric and countersymmetric, then again by
Lemma 2 we can commute (I + p)~1pb’'to &' (I + p)~'p and divide by %to ob-
tain

(I + pb’ =b (I + pb' I +p) 'p +yH) '+ ~ S (A7)
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Defining the 2 x 2 matrix @ = b'(I + p)b’, we can write equation (A7) as

: 1
Q=QU+p pd+yH 1+ ~ Zu-

From Lemma 1
I +yH7 < 2.

It is straightforward to establish that the maximum singular value of ( + p)~p

is 12;. For 6 < %, we then have {2, < 1, so that

I+ p)'p +y)7 Y <1,

implying that the mapping of @ is a contraction. We recover the fixed point of
b' by finding the Cholesky factor of the fixed point of @ and multiplying that
factor by the inverse of the Cholesky factor of I+ p. The Cholesky factor of

I+pis
1 0
0 (1—62))

Proof of Proposition 4: Matrices that are both symmetric and countersymmet-
ric commute with each other. Exploiting that y* is symmetric and countersym-
metric and identical across agents we multiply the first-order condition for &°,

equation (10), by &’ and add across i to obtain
BAT, AT N + y') + 200 AP S, A D' AT 4+ bAX AL ! AT 48)
=bAZ, V' + ).

Using the definition of ¥ in (9), we next substitute ¥ — X, in the first term to
rewrite (A8) as

(¥ — SOV +y') + 26 AIS, AU AT + bAS, AWy AT = bAS, V' + y')
= WA + ),

where the last equality follows from the first-order condition for A, equation
(12). Subtracting (W — X, )I"A + y*) from both sides yields

AT, A'YAT + BAS, ALY AT = S,V +9) = =, + y")ra,

where the final equality follows from the symmetric-countersymmetric struc-
ture of I'"\" and I + y*, which allows us first to transpose and then commute.
Dividing by AT then yields

2 AT, A'D + AT AV Y = 5, + vH). (A9)
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We now use the first-order condition for y, equation (11), to simplify (A9). Mul-
tiplying both sides of (11) by ¥ = bAX,A'b’ + ¥, and rearranging yields

AT, AbDy" = —(T,7" + bAT,AVD"). (A10)
We substitute (A10) for bAX,A'b'y"in (A9) and rearrange to obtain
AT, A'D — bAT AVY = 3,(I 4+ 2y%) = 5, T.
Subtracting the common b’ A* =, A" b on the left-hand side gives us
BA'S,A'D —pH AT, AV = B, = 1%

where the final equality follows from substituting for I using the first- order
condition for y?, equation (11). Multiplying both sides by W~! then yields

VAT, A'Y — pIF A S, AV = X2, (A11)

We now substitute the structure from the setting of Proposition 2,

A, A" =1 and AFD A = (2 g) —»p,

to simplify the inner term on the left-hand side of equation (A11),
BA LAY — bIFAIFS, AV = bi(I — p)b
=2b'(1 + p)bi%(l +p) ' -p) (A12)
= @ =BT+ py M - p)

The first equality follows because with two agents, b' = b#. The second follows
from commuting I — p with 5" using symmetry-countersymmetry. The third
uses 2b/(I + p)b'' = bAY,A'b' = ¥ — %,. Now substitute for the inner term on
the left-hand side of (A11) using (A12) to obtain

1
VW — 250+ p) - p) =3
Multiplying both sides by (¥~1)? yields

(I~ B)5 T+ U p) = (075,
or
I-v1lz,)C=w1x,?, (A13)
where
C=

17 _ _ _ )2
U+pd=-p=gq—"pd-D

1 1+6% 20
T921-62)\ —20 1+062)°

N| =

(A14)
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Equation (A13) is a quadratic in ¥~'X, (or equivalently I'), and its solution
takes the general form

vl = £(C).
Substituting for ¥ = bAY,A'b’ + ¥, and rearranging yields
bAY AV = f(O)T, — X, =(f(C)-DZ,,
which establishes the result.
Proof of Proposition 5: Using Proposition 4, we have
U =bAT AY + 3, ~ ZVA(AZA)VPAS,A(AS,A) V2 + DEL2,

Prices are A(X + u) = AI'(bAe + u), so that the variance—covariance matrix of
prices is
AT(BAT,A'Y + X, )TN = ATWIVA/
=VE AU WU -1pAY, V'
=V ALV 1bAS, V'
= (VEAD S, ) (2220157 (2. PbAZ, V),
where the first equality follows from substituting for A" from the first-order

condition (12), and the final equality follows from multiplying and dividing by
25/ 2 The middle term can be written as

(Z20s12) 7 = (5, 2(0ATAY + 2,5, 7).

From Proposition 4, b ~ (AX,A')"2%}2 5o the X,/? terms cancel, leaving only
the effect of %,. Q.E.D.

Proof of Proposition 6: Substitute for A" using (12) to write the price change
covariance matrix as

Ve, AV v WU 1pAS, V' = VS, AV 1bAS, V' . (A15)
We have
1) 1 6 . .
VAW =2 0 1 b =21 + p)b, V.V =20+ p),

and  bAT AW =2b(I + p)b''.

Exploiting the symmetric-countersymmetric structure, we commute and write
(A15) as

(V. V)bAZ, A )WL, (Al6)
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where VX,V is the value covariance matrix. Now substitute
bAT AL =V -3, =(f(C)-DZ, and v =F(C)x, (A17)

from the proof of Proposition 4 into (A16) to obtain

(VEV)FC) = DEJLFOZ) L= (VEVFEC) - DFEC)E  (A18)

To calculate the correlation, we divide by the square root of the product of the
diagonal terms: In this symmetric environment, to prove that the correlation
in price changes exceeds that in values, we must prove that the ratio of an
off-diagonal element to a diagonal element exceeds 6. To do so, we use the
structure of the solution f{C) for W~1%, = I' from equation (A13). Writing (A13)
as

CI-T)=r?, (A19)

we complete the square,
1 1
M 4+Cr+-C%*=C+ -C?
+CT+ 5 +4C%
and take the square root to solve for
1 1\ 2
r‘=—§C-|-Cl/2 <I+ZC> . (A20)

We next use
CI-T)=T?=—(-I)=C"'T?
and substitute into (A18) to obtain
(VEVF(C) - DfIC) T =2+ pXT = DIt =-2I+ p)C~'T
— oI + p)C! _%c L (1 + %c) 1/2) (A21)
= (I + p)(—I + C~Y2(4] + C)/2).

We now use the definition of C in (Al4) to calculate the components of
(A21):

2 (1+6% 20 1 9-176% —20
_1 _ —

¢ _1—92< 20 1+92> and 47 +C 2(1—92)< —20 9762

0

2 \12(1 ¢ 1 \2f-a -

~1/2 _ 1/2 _ a
=C <1—92> <9 1> and (41 +C) (2(1_92)) o

a

o 9—T6%+1(9— 7627 — 46212

2 , with a > 0 the relevant solution to

where a
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a* + 602 — (9 — 760%)a® = 0. Substituting into (A21) yields

(VEV)(f(C)—DfEC)

1 0 1/2 12 [ —a
() () G )ae) (o f
a

QI

2

6 0
-1-6)+a—-— ah — —
a a 9

0 0
ah — — ~-1-6H+a—-—
a a

a
(1 6 —(1-62% 0 1 0 a -
o 1 o —a-e) e 1)|_¢

62 62 62 1
—1-6%)+a—-—+ab? - — 9(—(1—92)+2a————>
a a a a

%2 1 62 92
9(—(1—92)+2a————> —(1-6%4a——+ab?>— —
a Qa a a

Hence, the off-diagonal/diagonal ratio exceeds 6 if

62 62 62 1
~1-60)+2a———=>-1-6H4+a—- —+ab’ - — a—=
a

a a a
> 92<a — 1)
a

which holds as long as assets are not perfectly correlated. Substituting § — 0
into the off-diagonal/diagonal ratio yields %9, which our numerical analysis
confirms. Q.E.D.

Proof of Proposition 7: The variance—covariance matrix of net order flows is
FbAZA'L + ). We first simplify the solution for I'. From equation (11), we
have

=l =1 ((bA I)<oz ) (A}b/))_l(bA I

(5 )&
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Adding and subtracting (bA  1)(' g)(AIb

i 5 w5 )
o (5
—I-I+ ((bAI) (%;) (A}b/))l %,
(f52) () =

)13, we write I' as

We use this solution for I' to simplify the variance—covariance matrix of net

order flows,

MbAZ, AW + X, =T(bAXAY + £,)2, 1%, " =TT 18, I =

In the fully symmetric two-speculator setting, I' does not depend on 3. (see

Proposition 6).

Proof of Proposition 8 (Unobservable prices): The variance—covariance matrix
of net order flows is (bAX.A'b’ + X,): With uncorrelated liquidity trade ¥, is
diagonal, so that the off-diagonal terms equal their values in bAX,A'b’. From
Corollary 1, with symmetry, speculators only trade on their direct signals and

they trade with the same intensity on each direct signal. Hence,

1
5 00
100 0 1 e
bu 0 by 0)|0 0 1 0|]0 5 3
AX,A'Y =
0001922
5 00
1 0 0 O\ [y O
00 10||lo0o &y
“1o 1 0 of|bn ©
000 1/\0 &y
1
_OOQ
2 2
1 0 bir O
_(bllobu 0)0550 0 bn
“\0 by 0 by 0?10 bii 0
_00_
2 2

1 0
= (b11)? (9 1> .

=0

S N D

Nl= O
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