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Risk-Neutral Parameter Shifts and
Derivatives Pricing in Discrete Time

MARK SCHRODER*

ABSTRACT

We obtain a large class of discrete-time risk-neutral valuation relationships, or
“preference-free” derivatives pricing models, by imposing a simple restriction on the
state-price density process. The risk-neutral stock-return and forward-rate dynam-
ics are obtained by changing only a location parameter, which can be determined
independent of the preference and true location parameters. The Gaussian models
of Rubinstein (1976), Brennan (1979), and Camera (2003), and the gamma model of
Heston (1993) are all special cases. The model provides simple relationships between
expected returns and state-price density parameters analogous to the diffusion case.

RUBINSTEIN (1976) DERIVES THE BLACK—SCHOLES FORMULA in a discrete-time model
by imposing a restriction on the joint distribution of the asset price and the
representative agent’s marginal utility. Similar to the complete-markets diffu-
sion result, the option price is independent of the expected stock return and the
agent’s preference parameters. As Heston (1993) points out, the noteworthy
property is the elimination of three parameters, a stock-price-distribution pa-
rameter and two preference parameters (governing subjective time discounting
and risk aversion), through the use of stock and bond prices. This so-called risk-
neutral valuation relationship (RNVR) has been extended to alternative joint
distributions of stock price and marginal utility by Brennan (1979), CAmera
(2003), and others. RNVRs are important because they provide conditions in a
discrete-time equilibrium setting under which (1) derivative prices are obtained
using only parameters that can, in practice, be estimated with precision, and
(2) derivative prices provide no information about the preference or expected
return parameters that is not already reflected in the stock price. RNVRs re-
semble the pricing method in the complete-markets diffusion setting, but are
obtained through a distributional assumption on marginal utility instead of
assumptions of continuous trading and complete markets.

Since RNVRs impose assumptions on the joint distribution of prices and
the state-price density (or stochastic discount factor), they are more restric-
tive than the method of risk-neutral pricing, which basically requires only
frictionless markets and the absence of arbitrage. Risk-neutral probabilities

*Mark Schroder is at the Eli Broad Graduate School of Management, Michigan State University.
I am grateful to Naveen Khanna, Hong Liu, an anonymous referee, and the editor, Richard Green,
for comments and suggestions. This paper subsumes the earlier working paper “Preference-free
Pricing of Contingent Claims in Discrete Time Models,” 1999.
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are obtained by multiplying the true probabilities by the state-price density
(which is the marginal rate of substitution of an expected utility maximizer)
and scaling by the price of a discount bond. These probabilities represent for-
ward shadow prices of consumption, making asset prices equal to expected
payouts discounted at the riskless rate.

This paper shows that most continuous-distribution RNVRs in the literature’
are special cases of a general model in which investor preferences influence
returns only through their effect on a stock-return location parameter. This lo-
cation parameter can be decomposed into the sum of a risk-free component (the
“risk-neutral location parameter”) and a risk-premium component, with the
latter determined by a preference parameter. Discounting by the state-price
density to obtain prices is equivalent to setting the risk-premium to zero and
discounting by the riskless rate. Since the risk-neutral location parameter can
be solved as a function of the riskless rate (it equates the expected stock return
to the riskless rate), derivatives are priced independent of the stock-return lo-
cation and preference parameters. The same idea applies to our discrete-time
version of the Heath—Jarrow—Morton (1992) model. Forward-rate location pa-
rameters are given by the sum of risk-neutral and risk-premium components.
The risk-aversion component of the state-price density and the risk-premium
component of the location parameters both cancel when discounting by the
state-price density. The risk-neutral location parameters, and therefore the
term-structure derivative prices, can be solved independent of the location
and preference parameters. This approach allows us to accommodate time-
varying conditional stock-return and forward-rate distributions in a tractable
manner.

The basic structure of the model is simple to outline in a one-period setting.
We restrict the state-price density so that the risk-neutral distribution of the
(possibly multidimensional) underlying state variable is obtained by a shift in
the location of the true distribution. That is, the risk-neutral probability of any
state z equals the true probability of state z + 5, where 7 is a (state-independent)
constant that embeds agent preferences. In the case of a multivariate-normal
state variable, for example, a necessary and sufficient condition for such a
shift is a state-price density whose logarithm is affine in the state variable.
The shift in the state variable under the risk-neutral distribution induces a
state-independent shift in the stock-return location parameter. Analogous to
the complete-markets diffusion setting, derivatives are priced by first modify-
ing the stock-return location parameter so that expected stock return equals
the riskless rate (since all expected returns equal the riskless rate under the
risk-neutral measure), and then computing the expected payout discounted by
the riskless rate. We show that in the case of Gaussian Z, the diffusion result
can be obtained as the per-period time length goes to zero. In the diffusion limit,

1The exceptions are the general model in Heston (1993), which is briefly discussed in
Section IV.C, and the model in Madrigal and Smith (1993), who examine risk-neutral measures in
a one-period model that are both form invariant (the actual and risk-neutral densities are in the
same class) and robust to wealth distribution changes.
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Girsanov’s Theorem implies that risk-neutral probabilities are necessarily ob-
tained by shifting the true probabilities.

Most RNVR examples in the literature correspond to the special case of a
multivariate-normal state variable and a state-price density exponential-affine
in that variable. Rubinstein (1976) derives the Black—Scholes formula when
the stock-price and state-price density are bivariate lognormal (returns are
exponential-affine in the state variable).? Brennan (1979) obtains RNVRs in a
multiperiod setting under either bivariate lognormality, or bivariate normal-
ity of the stock price and the logarithm of the state-price density. Stapleton
and Subrahmanyam (1984) generalize these results to multivariate contingent
claims, still under the assumptions of multivariate normality or multivariate
lognormality. Amin and Ng (1993) obtain an RNVR in a multiperiod model with
conditionally bivariate lognormal stock prices and the state-price density. Our
stock-derivatives RNVR under normally distributed shocks is similar to theirs,
except we allow returns to be any function of the shock (subject to the existence
of a unique risk-neutral location parameter), and we allow the parameters to de-
pend on the stock-price (and forward-rate) history. The stock-derivative RNVR
in Camera (2003), obtained in research independent from ours, corresponds to
the single-period and single-asset Gaussian case examined here with a strictly
monotonic return function.

Another special case is that of an exponential-gamma distributed state vari-
able and a log-gamma distributed state-price density, which is an example in
Heston (1993).

Section I presents the stock-derivatives RNVR, including applications with
Gaussian and exponential-gamma distributed state variables, and a discussion
of the relationship to the diffusion model. Section II presents a discrete-time
Heath—Jarrow—-Morton model and the RNVR for pricing term-structure deriva-
tives. Section III discusses equilibrium models consistent with a risk-neutral
distribution shift. Extensions to subordinated Brownian motion, pure-jump
processes, and more general RNVRs are presented in Section IV. Section V
concludes the paper. Proofs are contained in the appendices

I. Stock-Derivatives RNVR

We begin with a probability space (2, F, P),dates 0, 1, ..., T, and a filtration
{F::¢t=0,1,..., T} to which all stochastic processes introduced in this paper
are adapted. The conditional expectation operator E{- | ;] is abbreviated to E;
throughout (with E = Ej). Let IR, , denote the strictly positive real line, and
for process x, let Ax; = x;;1 — x; denote the forward difference. For any vector v,
we let ||v] = ('v)V/2 denote its norm, and diag(v) the diagonal matrix with the

2 See also Merton (1973), who notes that the Samuelson and Merton (1969) discrete-time equi-
librium option pricing model reduces to the Black-Scholes formula if there is a single constant-
relative-risk-aversion investor, and a lognormally distributed stock, which is the only asset in
positive net supply.
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vector v as its diagonal. The i*" row of the matrix o is denoted o**. As usual,
statements about equality and uniqueness are in the almost sure sense.

Uncertainty in prices and the state-price density is driven by the d-
dimensional state-variable process Z = (Z!,...,Z%). Let h; : Q x R > IR,,
denote the density function of the shock AZ, conditional on F; (think of h,(z) as
a function of both F; and the outcome AZ, = z). In addition to one-period risk-
less borrowing and lending at the short rate r; over the period [z, ¢t + 1], there
are n stocks (paying no dividends) with price processes S = (S}, ..., S"). Stock
returns are assumed to be driven by an affine combination of state-variable
shocks:

St+1 = dlag(St)Ft(p,, + O'tAZt), t= O, ey T - 1, @)

where F; : Q x IR" — IR" is the return function, and the location parameter p
and volatility parameter o are stochastic processes valued in IR" and IR™4,
respectively (that is, y, is a length-n vector and o; is an n x d matrix). It is easy
to show that equation (1) allows for any time-¢ conditional marginal distribu-
tion for each stock’s return; however, the joint distribution of returns and the
state-price density is restricted below. Let ;' denote the time-t information set
generated by the history of the stock prices.

Markets are assumed to be frictionless and free of arbitrage opportunities,
which implies (subject to technicalities) the existence of a state-price density
process m. The time-¢ price, p;, of a contingent claim paying K(St) at time T
is therefore p; = n;'E,(nrK(St)). Since markets in this setting are typically
incomplete, the state-price density may not be unique.

The risk-neutral conditional probability density of AZ, is obtained by mul-
tiplying the true density by the ratio of the state price density and then di-
viding by the one-period discount bond price: A;(z) = e"ht(z)”;—’:—l(z). Therefore,
h:(z) equals the time-t shadow forward price (density) of one unit of con-
sumption at time ¢+ 1 in state z (the state representing the realization of
AZ,). The time-t price of a contingent claim paying K(St) at T is then p; =
E,[exp(— EZ: r.)K(S7)], where E denotes expectation under the risk-neutral
probability measure, P.

The key assumption for the RNVRs in Propositions 1 and 2 is the following
restriction, which implies that the risk-neutral conditional probability of any
state z next period equals the true conditional probability of state z + 7, where
n: depends only on time-# information (and not the state).

AssumpTioN 1 (Risk-neutral density shift): A state-price density process satisfies

Teel Vtht(AZt + 1)

= , t=0,...,T -1, 2
T ht(AZt) ()

where 1 and V are stochastic processes valued in IR® and IR, respectively.
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Since the state-price density must correctly price one-period bonds, we im-
mediately get V; = e™". The risk-neutral density is

hi(z + 1)
hz(Z)

or, equivalently, AZ;, = AZ; + n, has the same distribution under the risk-
neutral measure as AZ; has under the original measure. Because the risk-
neutral measure change merely shifts the increments of Z by 5, the stock-price
dynamics under the risk-neutral measure are obtained by a simple shift in the
location parameter process .

The parameters V and n are related to agent preferences, with V interpreted
as a subjective discount factor, since it determines r in equilibrium, and the
shift parameter 7 interpreted as a measure of risk aversion. Idiosyncratic com-
ponents of Z correspond to zero elements of , and n = 0 to risk neutrality.
With two further assumptions (Assumptions 2 and 3, below), both parameters,
along with the location parameter w, will be shown to be invisible (using Hes-
ton’s (1993) terminology), in the sense that they are not needed for derivatives
pricing.

The case of Gaussian shocks, examined in Section I.A, includes most RNVRs
in the literature and is characterized by the standard multivariate-normal den-
sity function

he(z) = e (2)V, =h(z +n),

h(z) = (21) ™% exp (-12'z), z e IRY. (3)

The d elements of AZ; are standard normal, mutually independent, and inde-
pendent of F;. One can think of Z as d-dimensional standard Brownian motion
sampled at unit time intervals. The state-price density under Assumption 1 is
conditionally lognormal:

n—;;'—l = Viexp(—3mm — mAZ;).
Section I.C examines the case of exponential-gamma distributed shocks.

The next assumption requires the short-rate process and risk-neutral stock-
return parameters to depend only on the stock-price history. Under this assump-
tion, the risk-neutral stock-return dynamics and current stock-price history are
sufficient to determine the risk-neutral distribution of future stock prices, and
therefore the price of any stock derivative. Otherwise, if say o were to depend
directly on Z, the risk-neutral dynamics of o and therefore the distribution of
future prices would depend on 7. Note that the invisible parameters V, 5, and
1« may be adapted to the larger information set.

AssuMpTION 2: The processes r, o, h, and F are adapted to HS.

To recover the risk-neutral location parameter from the short-rate and stock-
returns equation, we need an invertibility assumption on F. It plays an analo-
gous role to Heston’s (1993) nondegeneracy assumption, and requires a unique
location parameter process fi that equates the per-period expected stock returns
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to the one-period riskless return. If, for example, every component i of F' is of
the form Fi(u; + 0/*AZ;), with F;(-) being monotonic (which is the typical case
in the literature), the assumption is automatically satisfied.

AssumpTION 3 (Unique risk-neutral location parameter): There is a unique
solution [i; € ’HtS to

e"1 = E[F:(ju +atAZt)[H;9], 4

for every t, where 1 is a vector of ones.

The restrictive part of the assumption is uniqueness, since Assumption 1,
together with the fact that the state-price density must correctly price the
stocks, imply existence. The HS measurability follows from Assumption 2 (see
Appendix A for details). The uniqueness assumption is sufficient, but not al-
ways necessary for Proposition 1 to hold. What is necessary is uniqueness of
the resulting risk-neutral stock-price distribution.?

The main result of the section follows.

ProposITION 1: Suppose stock returns satisfy equation (1) and that Assumptions
1 to 3 hold. Then risk-neutral stock returns satisfy

St+1 = dlag(St)Ft([Lt + oy AZ;), t= 0, ey T — 1,

where the risk-neutral distribution of Z is the same as the true distribution
of Z. Stock derivatives can be priced without knowing the state-price density
parameters V or n, or the location parameter .

Proof: See Appendix A.

Under the conditions of the proposition, derivative pricing is obtained us-
ing the same two-step procedure as in the complete-markets diffusion setting:
(1) Change the stock-return location parameter so that expected stock returns
equal the riskless rate, and (2) compute the expected derivative payout dis-
counted by the riskless rate process. The parameters V or 5, which typically
represent unobservable preference parameters, and the location parameter p,
which tends to be more difficult to estimate than o, do not enter into the pricing
formula. Conversely, derivative prices provide no additional information about
the preference or location parameters not already impounded in the stock price.
The key condition required for the RNVR is Assumption 1. The location shift
from the actual to risk-neutral shock distribution implies only a change in the
stock-return location parameter under the risk-neutral measure. Since the ex-
pected stock return under the risk-neutral measure equals the riskless return,

3 Assume, for example, a single stock and symmetrically distributed state-variable increments
(as in the Gaussian case). Then if the return function is even (F(x) = F(—x) for all x) and ji; is a
risk-neutral location parameter, then so is —fi¢. But both result in identical risk-neutral return
distributions.
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the risk-neutral location parameter can be solved as a function of the riskless
rate (and stock price history) under the invertibility condition of Assumption 3.

Agent preferences affect asset returns in our model only through a risk pre-
mium component of the stock-return location parameter, which is eliminated
when discounting by the state price density. The location parameter can be de-
composed, using AZ; = AZ; + 1, as u; = iz + o;1;. The riskless component is
ii;, and the risk-premium component is o;7;; therefore n; can be interpreted as
the market price of risk (per unit of the state variable). Discounting payouts
by the state-price density is equivalent to eliminating the risk premium and
discounting by the riskless rate. That is, the price of any derivative can be de-
termined as if investors were risk-neutral (n = 0), in which case the state-price
density represents a riskless discount factor, and expected returns all equal the
riskless rate.

The similarity to the diffusion setting is not coincidental. We show in Sec-
tion I.B below that when Z is Gaussian, the state-price density is essentially
a discretely sampled continuous-time state-price density with step function
(changing at unit intervals) V and n processes. Appendix B shows that the
complete-markets diffusion setting is then obtained by letting the per-period
time length go to zero.

Allowing the volatility parameter and the return function to depend on the
stock-price history allows considerable flexibility in modeling conditional het-
eroskedasticity of returns. For example, a GARCH-type model for the volatility
vector of stock i could take the form

o =8+ao 8+ + 0/t 0P + AS, (¢! + -+ AS]_ 0P,

with 8% € IR™? 8/ € R and ¢/ € R™?, j=1,...,p.

The cases of exponential returns and linear price change functions are par-
ticularly tractable, with the risk-neutral location parameter solved in closed
form for any state-variable distribution. When the returns of stock i satisfy
Si11/SE = exp(ul + 0f* AZ,), the risk-neutral location parameter is obtained
from the moment generating function of the state-variable shock:

i, =r, —In[E; exp (0;*AZ;)]. (5)

The risk-premium parameter o/*1; then has a simple relationship to expected
returns:

E,(S!,,/81) = exp (re + {'n.).

With the linear price-change function AS: = u! + ¢/*AZ,, the risk-neutral
location parameter is

Bo= (" —1S! — o*E(AZ,),
and the expected price change is

Et(AS;) = (er‘ - 1)8; + O’ti*f}t.
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When the state variable is symmetrically distributed (A:(z) = h;(—2) for all ¢
and z), additional closed-form solutions are available. For example, if the price-
change function is hyperbolic sine, AS: = sinh(u! + 0/*AZ,), then

i = arcsinh ( " ~ DS, ) .

Et exp (Uti*AZt)

If the return function is hyperbolic cosine or quadratic, we get closed-form so-
lution pairs, but Proposition 1 still applies to either solution in the case of
derivatives on a single stock (see footnote 3).

The following is a multivariate example in which stock returns are linear
combinations of exponentials. One interpretation is that each asset is a portfolio
of stocks, and each stock has an exponential return function. The risk-neutral
location parameters in this model must be solved simultaneously.

ExampLE 1: Linear combinations of exponentials. Suppose there are n = d stocks
with returns given by

Ft([th + UtAZt) = Mt[exp ([J,tl + O’tl*AZt), ..., exXp (M;i + O’td*AZt)]/,

for every t, where M, is an HS-measurable d x d invertible matrix. In the
case of Gaussian Z, returns are linear combinations of lognormal random vari-
ables. To compute the risk-neutral location parameter, first define the diagonal
d x d matrix A, withith diagonal element A% = E; exp(c;*AZ;). The risk-neutral
location parameters then satisfy

~1 ~d -/ _ _
[e*,...,e" ] =e"A; M 1.

Option prices are given by the Black—Scholes model if Z is Gaussian, both the
volatility parameter o and short rate r are constant, and M equals the identity
matrix.

Our stock-return model is flexible enough to accommodate discretely dis-
tributed returns. In the single stock case, for example, we can generate any
marginal discrete return distribution by restricting F(-) to be a monotonic step
function. As long as it is not a constant function, the risk-neutral location pa-
rameter is unique.

A. Gaussian Applications

Most previous RNVRs are special cases of Proposition 1 with Gaussian Z, in
which case stock returns are functions of a conditionally normal variate, and
the state-price density under Assumption 1 is conditionally lognormal. The bi-
variate lognormal RNVRs in Rubinstein (1976), Brennan (1979), Stapleton and
Subrahmanyam (1984), and Amin and Ng (1993) for pricing derivatives on stock

i correspond to the exponential return function, Si, ,/Si = exp(u} + o/*AZ;).
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Risk-neutral stock returns are conditionally lognormal, but with location pa-
rameter (from equation (5)) il =r, — %llati*llz. Unlike the earlier papers, Amin
and Ng (1993) allow for stochastic state-price density and stock-return pa-
rameters. The displaced lognormal RNVR in Camera (1999) and Camera and
Stapleton (2001) corresponds to S}, | /S} = ¢} + exp(u} + 0/* AZ;), where ¢} < €™,
and a risk-neutral location parameter i = In(e” — ¢) — |lo/*||>. RNVRs for
multivariate normality of stock prices and the log state-price density, derived
in Brennan (1979) and Stapleton and Subrahmanyam (1984), correspond to
AS} = pl +of*AZ,.

The RNVR in Camera (2003), obtained in research independent from ours,
corresponds to the single-period and single-asset Gaussian case of our model,
with the return function F assumed to be strictly monotonic. The above
hyperbolic-sine example is based on theirs.

B. Relationship to the Continuous-Time Brownian Model

This section heuristically derives the diffusion model as a limit of the discrete-
time model with Gaussian Z. The details are contained in Appendix B. The main
result is that in the continuous-time limit, the state-price density restriction in
Assumption 1 becomes void. Continuous trading and complete markets imply
the ability to perfectly hedge derivatives, which results in pricing independent
of preferences and expected stock returns.

We first change the period length from one to d¢t and modify the state-price
density equation (2) accordingly:

Tt+dt hi(dZ; +n; dt)
JTt =V AR t=1,...,T.
The state variable Z is now standard d-dimensional Brownian motion, and the
density function of dZ; is therefore h;(z) = (2I1)~%/2 exp(—%) (recall that each
component of dZ,; has variance dt). After substituting the density function and
the per-period discount factor, V; = e "4¢, we get

d ln(nt) = —-(rt + %ﬂ;ﬂt)dt — 7]; dZt (6)

To obtain the stock-price dynamics with period length dt, we consider the case
of one stock with exponential return function and scale the location parameter
by dt to get S;i4:/S: = exp(u.dt + o;dZ;); or, equivalently

d ln(S,) = ,I.Ltdt + oy dZt (7)

In the continuous-time limit, the state-price density necessarily satisfies
equation (6), based only on the assumptions of frictionless markets, continuous
trading, and uncertainty generated only by the Brownian motion Z. Girsanov’s
theorem implies that under the risk-neutral measure change, only the
Brownian motion drift is altered: The process dZ; = dZ; + n.dt is standard
Brownian motion under the risk-neutral measure, P. For the state-price den-
sity to correctly price a stock with the dynamics in equation (7), the risk-neutral
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drift ji; must equate the instantaneous expected stock return and short rate:
fie =r; — §llo¢||%. Analogous to Assumption 2 in the discrete-time model, the
(effective market completeness) assumption in the diffusion model that the
stock volatility process is adapted to the stock-price history permits the pricing
of any derivative knowing only the risk-neutral stock-price processes.

The discrete-time Gaussian model makes the strong assumption that Aln(z;)
is affine in AZ;. As the time per interval shrinks, the state-price density as-
sumption becomes less restrictive as trading becomes more frequent, and the
diffusion model is obtained in the limit.

C. Exponential-Gamma Applications
The exponential gamma case is characterized by the density function

exp[miz! + - + mizd — (ezl + ...+ezd)]
Fnd) )

ht(Z) =

b

where I'() is the gamma function and m/}, . .., m¢ are strictly positive and deter-

ministic. This implies that AZ; is independent of F; and that the exponentials
of the state-variable increments, e2%¢, ..., e%%!  are independent and gamma-
distributed random variables with degree-of-freedom parameters m}, e m‘ti,
respectively.* Assumption 1 implies that the logarithm of the state-price density

ratio is an affine combination of independent gammas:

d d ) .
n—;:—l =V, exp(Zm§n§+Z(1—e"5)eAzf) . (8)
i i=1

i=1

The gamma distribution is a rich class, including both the chi-squared and
exponential distributions as special cases, and the normal distribution as a
limiting case.

Heston (1993) proposes gamma-distributed noise driving stock returns as a
parsimonious way to induce the type of skewness and kurtosis in risk-neutral
returns that is evident in option prices. He examines a model in which the log
return is affine in a one-dimensional gamma-distributed random variable. In
our model, this corresponds to a single stock, one-dimensional Z, and

In(S;11/8;) = ¢y + et +2%, 9

where ¢ is some adapted process satisfying ¢ < r. The change to the risk-neutral
measure only affects the “volatility” term e} that scales the gamma-distributed
random variable e*?:. The risk-neutral location parameter is

fi; =1In [1 — exp (u)] , (10)

my

which yields risk-neutral stock returns independent of V, n, and u.

4 That is, the density of Y = exp(AZﬁ) ish(y)=e™Y ymi_l/ T(mb), y > 0.
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A more flexible stock-return model, tractable even with multivariate noise,
is the exponential return function

d
Sl /St = exp (i +al"a2) =< [ ]

where we assume m’, +o? >0, j=1,...,d. Returns are driven by products of
powers of the 1ndependent gamma random variates.® In contrast to the returns
model in equation (9), the random component of log returns can be both positive
and negative. Risk-neutral returns are in the same class, but with a risk-neutral
location parameter satisfying

./

II. Term-Structure RNVR

We introduce a discrete-time Heath—Jarrow—Morton term structure model
with state-variable shocks having any density function (with support equal to
the real line), and forward-rate changes that are any monotonic function of an
affine combination of these shocks.® The appeal of directly modeling forward-
rate dynamics, rather than the short rate, is that we obtain a risk-neutral short-
rate process that automatically fits the existing term structure. Similar to the
results in Section I, Assumption 1 implies that preferences affect forward rates
only through the location parameters, which can be eliminated by comparing
riskless and expected discount-bond returns.

Let Pi(s),s =t + 1,t+2,...,T, denote the time-t price of a unit default-free
discount bond maturing at s, and define the time-¢ forward rate from s tos + 1
as

fi(s) =In[Pi(s)/Pi(s + D], s=t,...,T -1

Since P;(t +1) =e™™, we have fi(t) = r;. To simplify notation, we let the dot
product denote the inner product of two vectors. Assume that forward rates
satisfy

fir168) = fu(&) + Hf(of +1v] - AZ;), O0<t<s<T, (11)

where Hf : @ x IR — IR is the forward-rate function, and for each s, the location
parameter o® and volatility parameter v® are stochastic processes valued in
IR and IR?, respectively. For simplicity, we assume that F;(w, -) is monotonic

®Such distributions are contained in the generalized gamma convolution class, members of
which are essentially limits of distributions of sums of independent gamma random variables (see
Bondesson (1992)).

% The suggestion by an anonymous referee to examine the Heath—Jarrow—Morton model is grate-
fully acknowledged.
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(but nonconstant) for all w and ¢, though Proposition 2 still holds under the
weaker condltlon that unique risk-neutral forward-rate location parameters
exist. We let Ht denote the time-t information set generated by the history of
forward rates.

The short-rate process is obtained by writing equation (11) in integrated
instead of differenced form, letting s = ¢, and using f;(¢) = r; to get

t—1

re = fo®)+ Y Hi(ah +v.-AZ,).
u=0

The close connection between the stock-price and term-structure RNVRs is
seen by using the identities P,(s) = e [/t®+f:t+D++f(s=D) and f£,(t) = r, to obtain
the bond-price dynamics

Pia(s) X g,

Similar to the stock-return dynamics in equation (1), bond returns are driven
by affine functions of state-variable shocks.

Asin Assumption 2, we require the (visible) parameters and functions driving
the risk-neutral forward-rates to depend at most on the history of the forward-
rate processes. This ensures that the risk-neutral forward-rate dynamics, to-
gether with the current forward-rate history, are sufficient to determine the
risk-neutral distribution of future forward rates.

AssuMPTION 2.A: The processes h, H*, and v*,s = 1, ..., T, are adapted to H' .

The main difference in the following term-structure RNVR, compared to
Proposition 1, is the computation of the risk-neutral location parameters based
on the bond-return dynamics (12). At each time ¢, the risk-neutral location pa-
rameters {&;;s =t + 1,..., T — 1} are solved to equate all one-period expected
bond returns with the riskless return. But because the location parameter o} af-
fects the time-t expected returns of all bonds maturing before s, the risk-neutral
parameters must be solved sequentially, from the earliest to latest maturity.

ProposiTioN 2: Suppose forward rates satzsfy equation (11), and Assumptions 1
and 2.A hold. Then, for each t, the Ht -measurable risk-neutral location pa-

rameters, &%, ..., &l !, can be computed by sequentially solving (starting with
n=t+1)
n
1=E(exp|:— Z Hf(&f+vts‘AZt)] ’Htf), n=t+1,...,T—-1. (13)
s=t+1

The risk-neutral forward-rate processes are

fir1(s) = fi(s) + Hf (& + vi - AZ,), 0<t<s<T,
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and the risk-neutral short-rate process is

t—1
re=fo®)+Y Hi(a,+vi-AZ,), t=1,...,T-1,

u=0

where the risk-neutral distribution of Z is the same as the true distribution
of Z. Term-structure derivatives can be priced without knowing the state-price
density parameters V or n, or the location parameters a®,s = 2,...,T — 1.

As in Proposition 1, derivative pricing is accomplished in two steps. First
replace the forward-rate location parameters with those that equate expected
bond returns with the short rate (equation (13)). Then compute the expected
derivative payout discounted by the short rate. The risk-neutral location param-
eters are implicit functions only of the volatility parameters and the observed
forward rate history. Pricing is therefore independent of the preference and
forward-rate location parameters. The key condition is again Assumption 1,
which implies that preferences affect forward rates only through each location
parameter «;, which can be decomposed into the sum of a risk-neutral compo-
nent, @/, and a risk-premium component, v{ - 7;. The risk-aversion component in
the state-price density cancels the risk-premium terms in the location parame-
ter, leaving risk-neutral returns and discounting. Derivatives can therefore be
priced as if agents were risk neutral (or n = 0).

ExaMPLE 2: Linear forward-rate function. Letting H;(x) = x for all x,¢, and s,
equation (12) becomes

Py y1(s)
—I;t’(—s)=er:exp(uf+ats.AZt), t+2<s<T,

where we define uf = —(&/™ + .- + o)) and 67 = —([*! + - +vj1). Model-
ing in terms of forward rates instead of bond returns is just a matter of pa-
rameter redefinition. The risk-neutral location parameters must satisfy (from
either equation (13), or equation (5) with r = 0)

at'+...+a ' =In(E;exp(of - AZ;)), s=t+2,...,T—1,

which can be solved sequentially, starting with s =¢+ 2, to get an implicit
relationship between & and the volatility parameters (v/*!, ..., v9).
In the Gaussian case, discount bond prices are conditionally lognormal, and

In(E; exp(of - AZ,)) = 307 - of implies
~s __ .8 & u l s (14)
o = v - Z vt+2vt )
u=t+1

which is similar (and equal in the diffusion limit) to the drift restriction in
Heath, Jarrow, and Morton (1992) derived in a diffusion setting.
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In the exponential-gamma case, log returns of discount bond are proportional
to products of powers of independent gamma-distributed variates, and the risk-
neutral location parameters are’

B d T(mi — Y5, v
df = Zlogl: ( 3 Z__i+1 ;,J) )
j=1 r(

m{ =3 iav’)

where 1}/ denotes the jth element of the vector vy

The next example specializes the linear forward-rate model to obtain discrete-
time versions of the Hull and White (1990) and Vasicek (1977) models that fit
the current term structure, but without specifying the distribution of state
variable shocks.

ExampLE 3: Discrete-time Hull-White model. Let H(x) = x for all x, ¢, and s, and
assume, for each ¢, that volatilities for forward rates of all maturities are scalar
multiples of one another:

il =%, vtl=e®y, s=t+1,...,T -1,

where X is a stochastic process valued in R* and a;,i=1,... ,T — 1 are con-
stant scalars. The impact on time-¢ forward rates of the shock AZ; therefore
declines exponentially for successive maturities. From Proposition 2, the risk-
neutral short rate satisfies

Ary = folt + 1) — fo®) + 8 + (e™* — 1)ry — fo@®) + Z; - AZy,

where

u=0 u=0

The short rate incorporates mean reversion (for positive a) and history depen-
dence only through history of the risk-neutral location parameters, which, in
turn, are functions of the volatility parameters.

III. Consistency with Equilibrium Models

This section outlines some pure-endowment representative-agent equilib-
rium models which are consistent with Assumption 1. We begin with time-
additive preferences, and then briefly discuss the case of Epstein—Zin (1991)
recursive preferences.

7Use In(E; exp(af “AZy)) = Z;i:l log[[‘(m{ + af J )/ F(m{ )], where ats i is the jth element of
the vector o
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If the time-additive utility function

T t-1
E (Z u(ct)nBs) , By>0Vs, (15)
s=0

t=0

has an interior optimum ¢, then the first-order optimality condition is 7, =
uc(és) ]_[2;(1, B;. In a pure-trade economy with endowment e, we have é = e, and
therefore Assumption 1 is equivalent to the following consistency condition on
the utility function and endowment dynamics:

uc(esy1) hi(AZ; +ny)
=V t=1,...,T. 16
uc(er) ! hi(AZy) ’ (9

t

In the one-period (T' = 1) Gaussian model of Cidmera (2003), their assump-
tion on the joint distribution of the end-of-period aggregate wealth and stock
price is equivalent, in our model, to requiring the marginal utility of terminal
wealth, u.(e1), to be proportional to exp(—nyAZy). Equation (16) is then obvi-
ously satisfied.

In a dynamic setting, suppose the representative agent’s time-additive utility
function satisfies

uc(x) = v(x)E, R >0,0()>0, a7

defined for all x such that v(x) > 0. For example, v(x) = x, for all x, corresponds
to power utility with coefficient of relative risk aversion R (log utility is R = 1);
v(x) = €* corresponds to exponential utility, with R representing the coefficient
of absolute risk aversion. With Gaussian shocks, and an endowment process

Aln(v(e)) = a; + b, AZ;, (18)

where a and b are stochastic processes, the consistency condition (16) is satisfied
(and Assumption 1 therefore holds) with the parameter assignments

ng = sz, ‘It = Bt exp (—Rat + %sz;bt) (19)

The state-price density parameter 7 is the product of the risk-aversion coeffi-
cient and the consumption-growth volatility parameter, and V is proportional
to the subjective discount factor, B. The endowment process is conditionally log-
normal in the power utility case (Rubinstein (1976), Brennan (1979), Stapleton
and Subrahmanyam (1984), and Amin and Ng (1993)), and conditionally normal
in the exponential utility case (Brennan and Stapleton and Subrahmanyam).
Rubinstein shows that with power utility, deterministic B, and a deterministic
investment opportunity set (meaning deterministic r, 1, o, F, and A in our set-
ting), the consumption-to-wealth ratio is deterministic; therefore the assump-
tion of a lognormal endowment can be replaced by the assumption of lognormal
aggregate wealth.
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In the case of exponential-gamma Z, the consistency condition (16) is satisfied
in a representative-agent equilibrium with utility satisfying equations (15) and
(17), and endowment process®

d i -
Aln(vie)) =a, + Y _ble*?, b} e(~1/R,1). (20)

i=1
From equations (8) and (16), the state—price density parameters are

d -
n=In(1+RY), i=1,..,d; V,=Be ™™ [](1+Ry)™.

j=1

As in the Gaussian case, 7 is increasing in the product of the risk aversion
coefficient, R, and the endowment volatility parameter, b.

Compensation for risk-bearing in our model is determined by o7, the inner
product of the stock volatility and market price of risk parameters. Assuming
a representative-agent equilibrium with utility satisfying equations (15) and
(17), Gaussian Z, and endowment equation (18), we obtain

oyn: = RCov;(0; AZ;, Alnlv(e;))).

In the power-utility case, for example, the right-hand side is the product of
the coefficient of relative risk aversion and the conditional covariance between
shocks to stock returns and the growth of log endowment.®

The state-price density dynamics in Assumption 1 can also be generated in a
arepresentative-agent endowment economy with recursive utility. Epstein and
Zin (1991) show that the homothetic recursive utility function!®

Ut = [(1 - ¢)C;) + ¢(Et ;:.l)p/a]l/pa 0 # a, p < 1’ = 07 19 2’ e

implies a state-price density

= c;x(p—l)/p Wt(a//?)—l’

where ¢; and W, are optimal consumption and wealth. If the investment oppor-
tunity set is deterministic, the consumption-to-wealth ratio is deterministic.
Therefore, the above assumption of time-additive power utility can be replaced
by the assumptions of Epstein—Zin preferences and a deterministic investment
opportunity set in either the Gaussian or exponential-gamma models.

8 The lower and upper bounds on bﬁ insure finite conditional expectations of the state-price
density and endowment, respectively.

91In the case of exponential-gamma Z and endowment equation (20), we get the approximate
relationship

otnt ~ RCovi(or AZ¢, Alnlu(es)])/my,

when mﬁ =m; foralli=1,...,d (using n ~ Rb for small Rb, and AZ; ~ eAZ: _ 1 for small AZy).
10 The same results apply in our finite-horizon setting by specifying terminal utility as Up = ¢,
with the recursion formula applying up to T' — 1.
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IV. Extensions

This section presents extensions to a discrete-time model with a state-
variable process following subordinated Brownian motion, and then a
continuous-time pure-jump model. An extension to more general RNVRs is
sketched in the last subsection. The jump model is similar to the discrete-time
model, except with exponentially-distributed instead of unit-time increments.
The subordinated model replaces the unit-time sampling of a state-variable
process with random time sampling. We examine only the case of Brownian
motion with a gamma subordinator, but RNVRs for other combinations (such
as an exponential-gamma process with a gamma subordinator) can be derived
using the same approach. In both models we obtain a risk-neutral stock-price
process, and therefore derivatives pricing, that is independent both of the stock-
return location parameter n and preference parameters V and ». However, an
additional state-price density parameter remains visible and must be solved
using a derivative price or equilibrium arguments.

A. RNVRs for Subordinated Brownian Motion

We illustrate the extension to subordinated processes by examining a model
of uncertainty similar to the Gaussian model, but with shocks generated by
Brownian motion sampled at gamma-distributed time intervals instead of unit
time intervals. Let B be d-dimensional standard Brownian motion, and define
the one-dimensional discrete-time gamma process {G;;¢ =0, 1, ...} as having
independent gamma-distributed increments with the deterministic degree-of-
freedom parameter process m > 0 (i.e., AG, is gamma-distributed with degree of
freedom m;). We assume G and B are independent. The state-variable process
is defined as Z; = B(G,). Since AZ; = B(G;+1) — B(G;) is equal in distribution
to (AG;)Y2AB(t), its distribution is a mixture of independent normals with a
common gamma-distributed variance, AG;.

Praetz (1972) is the first to propose such a mixed distribution for per-period
stock returns. Madan and Seneta (1990) introduce a continuous-time version,
with Brownian motion and a gamma subordinator, termed the variance-gamma
process, to model the logarithm of the stock price (see also Madan, Carr, and
Chang (1998)). Option prices in a variance-gamma model are derived in Madan
and Milne (1991) in an equilibrium framework that implies (as does ours)
a variance-gamma process for In(m;). Unlike the above models, ours includes
multiple stocks and sources of uncertainty; we allow per-period returns to be
any function (subject, as before, to the assumption of a unique risk-neutral loca-
tion parameter) of the variance-gamma shocks; and we also outline a
Heath—Jarrow—Morton model with forward rates driven by the same type of
innovations.

Let h(z, g) denote the conditional joint density of function (AZ;, AG;), which
by Bayes’ rule can be written h;(z,g) = h(z|g)H(g;m;), where h(z|g)=
(21M)~94/2 exp( —%z’z) is the conditional density of AZ,; given AG; (independent
normal with common variance AG;), and H(g;m;) =e 2™ YT'(m;), g > 0, is
the marginal density AG; (gamma variate with m; degrees of freedom).
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We impose a restriction on the state-price density ratio that allows for two
pricing effects: The risk-neutral increments in G are scaled by v, and condi-
tional on G, the risk-neutral drift of B is shifted by n per unit time.

ASSUMPTION 4: A state-price density process satisfies

Tt h(AZt l AG;)H(AGt,mt)

Tt+1 Vth(AZt +n:AG | AGt)H(AGt/'/ft;mt)/l/ft, t=0,... T-1,

where V and v are IR, ,-valued stochastic processes, and n is an IR%-valued
stochastic process.

Since the risk-neutral density is proportional to the product of the true den-
sity and the state-price density ratio, and V; = e (since one-period bonds are
priced by ), we have

hz +ng | 8)H(g Vs me)/ Ve

hi(z, 8)=hi(z, g) h(z | g)H(g;m;)

=hz+n.g|g)H(g/Vs;me)/ Vs

Under the risk-neutral measure, AG; = AG;/V; is gamma-distributed with m,
degrees of freedom, and conditionalon AG;, AZ; = AZ; + n; AG; isnormal with
each component having mean zero and variance AG;.

Substituting the density formulas, we see that Assumption 4 is equivalent
to the assumption of variance-gamma increments in the log of the state-price
density:

Aln(:rrt) = At -+—CtAGt - n;AZt,

where A; = In(Vy) — my In(y;), and C; = 1 — 1//[1 - %ngnt.

We interpret V as measuring subjective discounting, n as aversion to state-
variable risk conditional on G, and ¥ as aversion to G risk. Risk neutrality
corresponds ton =0 and ¥ = 1.

An equilibrium model consistent with Assumption 4 is a pure-endowment
representative-agent economy with time-additive utility satisfying equa-
tions (15) and (17), and an endowment driven by variance-gamma increments:

A ln(v(e;)) = dt + a,AGt + b; AZ[,

where a, b, and d are stochastic processes, and a; > %Rbgb, - R°L
Assumption 4 then holds with n, = Rb;, ¥; ' = 1+ Ra, — 3R?bb;, and V, =
'I/Itht exp(—Rdt).

Stock returns are assumed to satisfy

SH-I = dlag(St)Ft([,LtAGt +0,AZ,¢), t= 0, 1, ey T — 1, (21)

where F; : Q x IR" — IR", and the location parameters u and o are stochastic
processes valued in IR" and IR"*?, respectively.
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PRroOPOSITION 3: Suppose stock returns satisfy equation (21), Assumption 4 holds,
and, for each t, that ry, Y1, 01, hy, and F; are HS -measurable and that there is a
unique solution fi; € HS to

"1 = E[F,(f AG: + 00 *AZ,) | H7]. (22)
Then risk-neutral stock returns satisfy
Si41 = diag(SOF; (i AG, + o9/ *AZ,), t=0,...,T -1,

where the risk-neutral joint distribution of (Z,G) is the same as the true joint
distribution of (Z,G).

Derivatives are priced as if agents were risk-neutral toward shocks in the
state variable, but possibly averse to G risk (as measured by ¥). As in the
unsubordinated model, the risk-aversion parameter 7 affects stock returns only
through the location parameter, which can be decomposed into the sum of a
risk-neutral and risk-premium component: u; = ji; + o;7;. In the subordinated
model, however, discounting by the state-price density not only cancels the risk-
premium term o 7, but also scales the subordinating gamma process. Therefore,
¥ enters the risk-neutral stock-return equation directly, as well as indirectly
through fi; (from equation (22)). Restrictions on the equilibrium model could
be imposed so that v is a function of observable parameters. For example,
if there is no discounting in the utility function, B = 1, and no deterministic
growth component in the endowment dynamics (i.e., d = 0), then ; = e™"t/™,
Alternatively, ¥ can be solved from an observed derivative price.

A term-structure RNVR can be obtained under the forward-rate dynamics

fis1(s) = fi(s) + HY (fAGy + v} - AZ;), O0<t<s<T.

where, as in Section II, Hf : Q x IR — IR is assumed to be monotonic (but not
constant), and for each s,a® and v* are stochastic processes valued in IR and
le, respectively. The modification to Proposition 2 is analogous to the stock-
derivatives case.

EXaMPLE 4: Linear forward-rate function. Letting H;(x) = x for all x,¢, and s,
then forward-rate changes are conditionally variance-gamma, and discount
bond prices satisfy

P,
ﬁ—l@ =exp(rt + 1 AG, +ats-AZt), t+2<s<T,

P,(s)
where uf = —(@/ + ... + ¥ Y and of = —(f + .- 4+ 0571, Tt is easy to show
that the risk-neutral location parameters have the same solution, equation (14),
as in the unsubordinated case in Example 2.
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B. RNVRs for Pure-Jump Processes

We consider only the case of stock derivatives and focus on the pure-jump
case for simplicity and to emphasize the parallels with the discrete-time model.
Unlike the lognormal jump-diffusion models in Merton (1976) and Amin and
Ng (1993), jump risk in our model is systematic and can have any distribution.

With the exception of the state-price density, which declines at the discount
rate 8 between jumps, all the processes introduced below are adapted pure-jump
processes, with sample paths that are right continuous step functions, changing
only at the stopping times, 71, 19, .... The stopping times are characterized by
the intensity process A. Since A is also a step function, then for any ¢ € (tj, 7j11),
the conditional probability that the next jump occurs in the next dt time interval
is A;dt. For any process x in this section, we define the forward difference
Ax, =X, —%;. Let by, :Q x IR — IR, denote the density function of AZ;
conditional on F,.

Stock returns at jumps are assumed to satisfy

S.,,, = diag(S;)F;, (1, + 0,,AZ;), (23)

Tj+1
where F;, : Q x IR" — IR", the location parameter y and volatility parameter
o are stochastic processes valued in IR" and IR™*?, respectively, and 7y = 0. The
short rate r is per unit time, so one dollar invested in the riskless account at 7;
grows to e’ %% at Ti;+1. We assume that 7 < A.

Between jumps, the state-price density is assumed to decline at the rate
(to allow for subjective discounting). We also impose a restriction on its ratio

at jumps that results in a risk-neutral shift in the conditional distribution of
jumps in the state variable.

AsSUMPTION 5: A state—price density process satisfies

Tow _ v he(AZg +0:) dm
7

Ton- 0 h(AZy)

=-Bdt, te(rj,rj41), j=01,...,

where n and V are stochastic processes valued in IR® and IR, ., respectively.

Similar to the Section I model, the conditional risk-neutral density of AZ
is h,j (z) = hq;(z + ny;), where 7 is again interpreted as measuring aversion to
state-variable shocks. Therefore, the risk-neutral conditional distribution of
AZ, , = AZ., + 1, is the same as the true conditional distribution of AZ ;. We
interpret V as measuring aversion to jumps themselves (see the equilibrium
example below), and 8 as measuring subjective discounting. If the subjective
and riskless discount rates differ, the frequency of shocks is altered under dis-
counting by the state-price density. Under the risk-neutral measure, the mag-
nitude of jumps is increased by n and the per-unit-time probability of a jump
is A = A + B —r (see the proof of Proposition 4). Risk neutrality corresponds to
n =0 and V = 1 (which together imply g = r, so that = is a riskless discount
factor).
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The case of Gaussian jumps, for example, corresponds to the density function
in equation (3) and state-price density jumps satisfying

T, 1
L = th exp (__intj ﬂrj - ”lzj AZ‘tj) .

Ty~

An equilibrium model consistent with Assumption 4 is a pure-endowment
representative-agent economy with utility function E fOT e Ptu(cs) dt, with u.(-)
satisfying equation (17), and the pure-jump endowment process A In(v(e;,)) =
a; + b’,j AZ.,j=0,1,2,..., with a and b stochastic processes. Assumption 5
then holds under the parameter assignments in equation (19), with B; = 1.

The following result is similar to Proposition 1, except that both the location
and intensity parameters are changed under the risk-neutral measure, and
the equation for determining the risk-neutral location parameter is modified
to account for the stochastic time intervals between price changes.

PROPOSITION 4: Suppose stock returns satisfy equation (23), Assumption 5 holds,
and, for all t € [0, T, that ry, As, Bs, 0, hs, and F, are HS-measurable and that
there is a unique solution fi; € ’Hf to

(1+r:/k)1 = E[F,(ii; + 0 AZ,) | HY, jumpatt]. (24)
Then risk-neutral stock returns satisfy
S.,,, =diag(S;)F,, (i +o,0Z;), j=0,1,...,

where the conditional (on F:,) distributions of AZ ¢, under P,and AZ ., under
P are the same, but the risk-neutral jump intensity function isA =1+ 8 —r.

Proof: See Appendix A.

As in Proposition 3, derivative pricing is risk-neutral with respect to only
one of the two sources of risk. Given the subjective discount factor, 8, deriva-
tives can be priced as if agents were risk-neutral with respect to jump risk
(that is, as if n = 0), but possibly averse to jumps themselves (that is, V is
not necessarily one). The risk-aversion parameter n again affects stock returns
only through the stock-return location parameter, which has the decomposition
e = fi; + oyn;. The risk-neutral location parameter, i, equates riskless returns
and expected stock returns after changing the intensity process to 1.1! Dis-
counting by the state-price density not only cancels the risk-premium term,
o:ne, but also changes jump-intensity process through the subjective discount
factor 8.

1 This is easier to see by writing equation (24) as

rel =L E[Fe(ie +o01620) - 1| HE, jump att].
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Comparing equations (4) and (24) shows that all the Section I risk-neutral
location parameter expressions can be modified to the current jump setting
(when the discrete-time stock-price process is replaced by the analogous pure-
jump process) by replacing r; there with In(1 + r,/4,).

The following example modifies the double exponential Heston (1993) model,
discussed in Section I.C, by replacing the discrete-time exponential-gamma
state-variable process with a continuous-time exponential-gamma jump
process.

ExampLE 5: Pure-jump gamma model. Let the stock return at jumps satisfy
log(S;,,/S:)=¢ +exp(u+AZ;), j=12,....

where ¢ < 0. The gamma-distributed random variable exp(AZ ;) is assumed to
have m = 1 degree of freedom. For simplicity, assume that the intensity, A, and
short rate, r, are strictly positive constants. The total number of jumps in [0, ¢]
is V;, which is Poisson distributed with mean At. Therefore, 2¢~#[In(S;/Sy) —
¢N;] = 22?’;1 exp(AZ.,) is distributed as noncentral chi-squared with zero
degree of freedom and noncentral parameter 21¢ (see Johnson and Kotz (1970,
Chapter 28), and Siegel (1979)). Solving equation (24) for i (or, equivalently,
replacing e” with 1 4+ r /A in equation (10) above) we get

3 ((1 —e¢)(A+ﬂ)+e¢r>
u:ln .
A+ B

When ¢ = 0, the actual and risk-neutral distributions of In(S;/S) are propor-
tional to a noncentral chi-squared random variable.

C. A General RNVR

We sketch a general, though less tractable (especially in the case of a mul-
tidimensional case) RNVR under an alternative assumption on the state-price
density. Let the conditional density function of the d-dimensional state variable
shock AZ; be denoted h,(z; ¢;), where ¢ is an IR"-valued stochastic process rep-
resenting parameters of the distribution. We assume that stock returns satisfy

S;11 = diag(Sp)Fy(AZ,), t=0,...,T -1,
where F; : Q x IR" — IR", and that the state-price density satisfies

41

hi(AZ ;& 4 ne)
—— = Viky(AZ ) ———,
T t t( t) ht(AZt;gt)

where k(-) is normalized, for convenience, so that || Ri Rt(@h(z;¢8 +n)dz = 1.

Since the state-price density must correctly price the riskless security,
we get V; =e™, and the risk-neutral density function is A;(z;¢ 4+ n:) =
ki(2)h(z; & + n¢). Under a strong invertibility condition, the stock returns
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equation can be used to solve ¢ + n,. Assume there is a unique ; € F; that
equates risk-neutral expected stock returns to the riskless return:

e”l:f k(2 (z;5)F(2)d 2
md

for every ¢. Then ¢ = ¢ + 5 is the risk-neutral distribution parameter process,
and the risk-neutral state-variable and stock-return distributions can be solved
without V| n, or £. Heston (1993), in a single-stock (and therefore single state-
variable, representing the stock price), one-period setting restricts n;.1/7: to
be independent of the distributional parameter ¢, which implies that A.(z; &)
is of the form a;b;(z)%. We do not impose this condition in our Assumption 1;
therefore, even in the single-stock, one-period setting, the RNVRs do not nest.

In the special case when &,(-) = 1 for all ¢, the risk-neutral and true state-
variable shock distributions are in the same class (a return location parameter
shift can be viewed as a special case). Otherwise, we can choose essentially ar-
bitrary marginal distributions for both the state-price density and stock return
(although the joint distribution is restricted).

V. Conclusion

This paper presents a general discrete-time model under which derivative
securities can be priced independent of preference parameters and a stock-
return location parameter. Uncertainty is generated by a state variable with
essentially any continuous distribution, and stock returns are modeled within
a large class of functions of this state variable. This generality allows, for ex-
ample, the Black—Scholes model to hold under a large class of distributions of
representative-agent marginal utility. Conversely, given any marginal utility
distribution in this class, pricing without preference and location parameters
is possible for essentially any stock-return distribution.

The key assumption underlying the RNVRs is a restriction on the form of the
function linking marginal utility (or, more generally, a state-price density) and
the state variable. The restriction implies a simple distributional shift when
probabilities are weighted by marginal utilities to obtain shadow prices. Pref-
erences therefore affect returns only through a stock-return location parameter.
Derivatives pricing is accomplished by first modifying this location parameter
so that the expected stock return equals the riskless rate, and then comput-
ing the expected discounted value of the payout. That is, assets are priced as
if investors were risk neutral. With a Gaussian state variable, the restriction
becomes nonbinding in the diffusion limit, which accounts for the similarity to
pricing in the diffusion setting.

In addition to the restriction on the state-price density, we impose an in-
vertibility condition on the stock-return function that allows us to identify a
unique risk-neutral location parameter. If more than one location parameter
yielded expected returns equal to the riskless rate, we would need additional
information (such as option prices or equilibrium restrictions) to identify the
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solution that gives the correct risk-neutral dynamics. The invertibility condition
is weak, however, compared to a more general RNVR (as sketched in Section
IV.C), and is satisfied in the single stock case when the return function is mono-
tonic. In fact, the risk-neutral location parameter can be solved explicitly with
the return functions typically used in the literature.

Appendix A. Proofs Omitted from the Main Text

Proof of Proposition 1: The state-price density must price one-period unit dis-
count bonds, therefore e™ = E;(m;,1/m;) = V;. From S; = E(Syy17:41)/7: and
the returns process in equation (1), we have

el =E[F,(pu +0:AZ) | ] = E[Fi(pe + 0, AZy) | H}s],

where fi; = u; — o, and the second equality follows from the H3-
measurability of r,. The H5-measurability of F;, h;, and o; imply that there
is an Hts -measurable modification of ji; that gives the same conditional expec-
tation. This modification, which we call ji;, must be the solution of equation (4).
(If, for example, F} is strictly monotonic in each element of its argument, then
e =it.) QE.D

Proof of Proposition 4: We show first the change in intensity under the risk-
neutral measure. The time-t; risk-neutral conditional probability that the time
to the next jump will exceed s is

P (A1) > ) = E(L{ar,;>5) €Xp(re, $)ms/7r,) = Py, (A1 > $)E (exp[(r:; — B)s]).

Substitute P, (At > s) =exp(—A;s) to obtain P, (Atr; > s)=exp(—Ais),
where A = A+ 8 —r.

Since investing one dollar at time ; yields exp(r; At;) at 7,1, the state-price
density must satisfy

Ty, Ar.
1=E, (exp (- Arj)n—’1> =V, E (exp[(r;, — B)AT;]) = V,j):—’;
Tj tj
therefore V., = X,j /At J =1,2,.... The risk-neutral conditional density of
AZ is

he(z +1q))

ﬁtj(z)z )

h(2) = he (2 + ny)).
Equation (24) is derived by considering a one-dollar investment in stock i at
time 7;, which yields the gross return at F} at ;1. Therefore

o,

1=E,,,[
i

1 F., (,u,j + oy, AZ,}.)]

T
= E',j[exp (- A7 Atj)Ffj (“U — 07y + 0 AZTJ)]
= Etj[exp (- r,jArj)]E,j [Fe; (e — 0,5, + 03, AZTJ')]'
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The last step follows from the conditional independence of returns and the
waiting times between jumps. Now substitute

The proof is completed as in the proof of Proposition 1. Q.E.D.

Appendix B. Convergence to the Continuous-Time Model

This appendix shows that the Gaussian model with an exponential stock-
return function converges to the diffusion model as the period length shrinks
to zero, and that the state-price density necessarily satisfies the restriction in
equation (2) in the limit. The convergence is not surprising, since the discrete-
time exponential returns process and state-price density processes can be inter-
preted as stochastic integrals in a continuous-time setting with simple, or step
function, drift and volatility processes. Any continuous-time stochastic integral
is, in turn, constructed by taking a sequence of stochastic integrals of simple
parameter processes.

The first step is to restate the formulas after changing the period length from
1, as it has been throughout the paper, to At = 1/q, for some positive integer q.
The parameter processes corresponding to this partition will be identified by a
superscript g. For the purpose of taking the limits below, all the discrete-time
processes (identified by superscript q) should be interpreted as step functions,
defined at every ¢ € [0, T'], but changing only every At. The shocks AZ; = Z; n; —
Z; are again normal with zero mean, but the variance is now At and the density
function is therefore k;(z) = (2I1)~%/2 exp(— ZZ).

By Assumption 1, the state-price density satisfies

T[tq+8 -V ht(AZt + ﬂgAt)
Y m(AZy

Substitute V; = e~/ ! (to correctly price riskless investments) and the density
function to get the state-price density equation for the gth partition:

Alog (nf) = —(rf + ini'nf)At —n'AZ,.

Focusing for simplicity on the single stock case, and interpreting the location
parameter u? as per-unit time, the exponential-form stock-return equation can
be written

Aln (Sg) = /,L?At +0’thZt.

We now impose conditions so that r?, n?, u4, and o7 converge strongly enough
to their continuous-time limits r, , 1, and o so that S? and =7 converge. As-
sume that the processes 4, 19, u?, 09 are uniformly bounded and that [ — r]?,
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79 — 112, [u? — u)? and [67 — o']2 all converge to zero as g goes to infinity, where
[x]? = E( fOT x,xsd s) for any possibly vector-valued process x.

Given the convergence of the parameter processes, 77 and S? converge (in the
sense that [1? — 7 ]2 and [S? — S]? converge to zero) to the stochastic differential
equations (see Karatzas and Shreve (1991, Section 3.2))

d ln(rtt) = —(rt + %T];Th)dt - T[; dZt,
d ln(St) = /Ltdt + o dZt

As discussed in Section I.C, if the continuous-time filtration is generated by
the Brownian motion Z, the state-price density must necessarily be of this form
(after imposing the drift restriction to price short-rate investments) because
every adapted process can be represented as a stochastic differential equation
with respect to Z. Therefore, Assumption 1 is automatically satisfied.
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