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Model Misspecification and Underdiversification 

RAMAN UPPAL and TAN WANG * 

ABSTRACT 

In this paper, we study intertemporal portfolio choice when an investor ac- 
counts explicitly for model misspecification. We develop a framework that al- 
lows for ambiguity about not just the joint distribution of returns for all stocks 
in the portfolio, but also for different levels of ambiguity for the marginal dis- 
tribution of returns for any subset of these stocks.We find that when the overall 
ambiguity about the joint distribution of returns is high, then small differ- 
ences in ambiguity for the marginal return distribution will result in a portfo- 
lio that is significantly underdiversified relative to the standard mean- 
variance portfolio. 

TRADITIONAL RATIONAL EXPECTATIONS MODELS of portfolio choice assume that inves- 
tors know perfectly the true probability law governing the stochastic processes 
of asset returns. However, in many situations agents are uncertain about the true 
model,1 and hence any particular probability law used to describe the asset 
return processes would be subject to potential model misspecification. How do 
agents act in such situations? One possibility is that they summarize their uncer- 
tainty using a probability distribution. However, evidence from experimental 
economics and psychology (Ellsberg (1961)) suggests that in some situations 
agents' uncertainty cannot be expressed using a single probability distribution; 
that is, there is ambiguity. The objective of this paper is to develop a model of 
intertemporal portfolio choice in which investors account explicitly for this 
ambiguity. 

* London Business School and CEPR, and University of British Columbia, respectively. We 
are extremely grateful for detailed discussions with Bernard Dumas and Larry Epstein. We 
also acknowledge comments and suggestions from an anonymous referee, Suleyman Basak, 
Murray Carlson, Greg Connor, Adlai Fisher, Francisco Gomes, Tim Johnson, Burton Holli- 
field, Kai Li, Pascal Maenhout, Jun Pan, Sinan Sarpca, Stephen Schaefer, Luis Viceira, Hon- 
gjun Yan, Bill Ziemba, and seminar participants at Lancaster University, London Business 
School, MIT Sloan School of Management, University of Amsterdam, University of British 
Columbia, University of North Carolina, University of Warwick, the 2002 meetings of the 
AFA, SIRIF Conference on Behavioral Finance, and the Conference on Recent Developments 
in Securities Valuation and Risk Management at London School of Economics. 

1 For instance, Merton (1980) discusses the difficulty in estimating the expected return of an 
asset, French and Poterba (1991) report that the standard error of the estimated mean annual 
return on the U.S. stock market (based on 60 years of data) is 200 basis points, and Gorman 
and Jorgensen (1999) report similar evidence for several non-U.S. equity markets. 
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To explore the implications of ambiguity for portfolio diversification, we need a 
model that allows for differences in the degree of ambiguity across the returns 
processes of the various assets in the portfolio. The main contribution of our work 
is to develop such a model. In our framework, an agent formulates a reference 
model of the probability law based on the data available, but recognizes that the 
reference model is only an approximation to the true model. We then use this 
framework to derive in closed form the optimal portfolio weights of an investor 
who accounts for ambiguity in asset returns. 

There are two classes of models in the existing literature that capture how 
agents act in the presence of model uncertainty.2 One class, including Epstein 
and Wang (1994) in discrete time and Chen and Epstein (2002) in continuous time, 
extends the Lucas (1978) model to incorporate the effect of Knightian uncertainty 
by allowing for multiple priors; Epstein and Miao (2003) present an application of 
this approach to international portfolio choice in a two-agent equilibrium setting 
in which agents differ in their ambiguity about returns. The second class of mod- 
els, including Andersen, Hansen, and Sargent (1999), Hansen, Sargent, and 
Tallarini (1999), and Hansen and Sargent (2001b) introduces model misspecifica- 
tion and a preference for robustness into the Lucas model.3 In these latter models, 
agents recognize the possibility of model misspecification, and account for it in 
their decisions; Maenhout (1999) applies this framework to study portfolio choice 
between a riskless and a single risky asset. 

Our work is related to both of the above classes of models. In Andersen et al. 
(1999) and Maenhout (1999), uncertainty is described by a single parameter that 
reflects the overall level of ambiguity. However, to understand the effect of ambi- 
guity on diversification, we need a model in which the ambiguity is not the same 
across assets. Thus, in contrast to these models, our framework allows for differ- 
ences in the degree of ambiguity about the (marginal) probability laws for the re- 
turns of different assets.4 Our formulation is sufficiently general to incorporate 
ambiguity about the joint distribution of returns for all stocks being considered, 
as well as different levels of ambiguity also for the return distribution of any sub- 
set of these stocks, with the subsets possibly overlapping. Moreover, our formula- 
tion is dynamically consistent.5 

Under the Chen and Epstein (2000) approach, and its application to the home- 
bias puzzle in Epstein and Miao (2003), agents exhibit extreme pessimism with 
respect to their multiple priors. However, under our approach, even though 

2 There is an ongoing discussion about the exact relation between these two classes of mod- 
els. The reader is referred to Epstein and Schneider (2002), Hansen and Sargent (2001a), and 
Hansen, Sargent, and Wang (2002) for this discussion. 

3 Hansen (2002a) provides an extensive discussion of the relation of the robust decision- 
making approach to Bayesian models, adaptive models, and models with filtering. 

4As a by-product, we show that once one allows for differences in the level of ambiguity 
across assets, the investor's preferences are no longer observationally equivalent to recursive 
utility (Epstein and Zin (1989), Duffie and Epstein (1992)). Hence, the observational equiva- 
lence result in Andersen et al. (1999), Maenhout (1999) and Skiadas (2003) holds only under 
the extreme case where the level of ambiguity is the same for all assets. 

5 See Epstein and Schneider (2002) for a discussion of dynamic consistency in these models. 
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agents have multiple priors, they do not exhibit extreme pessimism; instead, they 
use the reference model to differentiate among the priors. This is an important 
conceptual difference; knowledge of the data and the economic environment, 
although not perfect (otherwise there would be no model uncertainty), is used 
by economic agents in discriminating among candidate priors for the true model 
of the economy. This difference also leads to a formulation that has the differ- 
entiability needed to derive the Bellman equation. Consequently, our character- 
ization of the optimal portfolio is a straightforward extension of the standard 
Merton (1971) portfolio model without ambiguity. 

To illustrate how one would apply our model, we calibrate it to data on interna- 
tional equity returns and compare the resulting portfolio to the Merton portfolio. 
We also describe how one can gauge whether the choice of the parameters deter- 
mining the level of ambiguity is reasonable. The calibration shows that when the 
overall ambiguity about the joint distribution of returns is high, then small dif- 
ferences in ambiguity for the marginal return distribution will result in a portfo- 
lio that is significantly underdiversified relative to the standard mean-variance 
portfolio. 

The rest of this paper is organized as follows. In Section I, we develop a utility 
function for an agent who recognizes the possibility of model misspecification. In 
Section II, we apply this utility function to study the problem of portfolio selec- 
tion in the case of multiple risky assets, and we then analyze some special cases 
that convey the intuition underlying our framework and its implications for port- 
folio selection. In Section III, we report the results from the calibration exercise. 
We conclude in Section IV. Proofs are presented in the Appendix. 

I. Preferences in the Presence of Model Misspecification 

In the first part of this section, we explain how the standard time-separable 
preferences have been extended in the recent literature to allow for decision mak- 
ing in the presence of model misspecification. Our main contribution to the exist- 
ing literature is in the second part, wherein we extend this basic framework to 
allow for differences in the degree of ambiguity about the various elements of the 
state vector process. While we will be using a model set in continuous time, we 
start by motivating the analysis in discrete time. 

A. The Basic Model with a Single Source of Misspecification 

In the standard rational expectations model of portfolio choice and asset pri- 
cing, the investor is typically assumed to have intertemporally additive expected 
utility of the form 

Vt - u(ct) + pEP[Vt+l]. (1) 

A fundamental assumption underlying this model is that the investor knows pre- 
cisely the true probability law of asset returns, P, when computing the expecta- 
tion in the equation above. In the literature, however, many argue that this 
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assumption is too strong and that an agent should be allowed to account for mod- 
el misspecification in his decision process.6 

To incorporate information about model misspecification into the agent's deci- 
sion process, following Andersen et al. (1999) and Maenhout (1999), we extend 
(1) to 

Vt = u(Ct) + inf [/(E[[Vt+1])OL(Q) + (E[Vt+l]]. (2) 

The intuition behind the model in (2) can be described as follows. Let the inves- 
tor's knowledge about the uncertainty in the economy be described by a probabil- 
ity measure P, called the reference probability or reference model. It is often the 
case that P is the result of some estimation process and thus, it is subject to mis- 
specification error. Because the investor is not sure if P is the right model, it is 
natural that he would consider alternative models. Let a possible alternative to 
the reference model P be described by a probability measure Q( given by 

dQ~ = S(Xt+i)dP, (3) 

where Xt is the vector of state variables and d(x) is a density function. Of course, 
there can be many possible alternatives. The investor's problem is to determine 
how to take into account the possible alternatives when making his decisions. 

To evaluate the alternative models, the investor needs an index that tells him, 
given his information, how each alternative compares with the reference model. 
In equation (2) this is done through the penalty function 

bL(5) = OE [ln 5], (4) 

where E5 is the expectation under Q4 and 0 > 0 is a parameter whose role is ex- 
plained below.7 Lastly, the term f(Et[Vt+1]) in (2) is a normalization function 
that converts the penalty to units of utility so that it is consistent with the units 
of Et [Vt+ 1]; the particular functional form of f( ) is often chosen for analytical 
convenience.8 The minimization over ~ in (2) reflects the agent's aversion to ambi- 
guity, that is, model misspecification. 

Putting everything together, the intuitive interpretation of (2) is that when 
faced with potential model misspecification, the investor ponders whether he 
should use model Q4 to evaluate his future utility. The term LL(Q) is used as a 
penalty function for rejecting the reference model P and accepting the alterna- 
tive model Qt. However, if one can easily distinguish an alternative model Q¢ 
from the reference model P, then accepting Q4 will incur a penalty. The magni- 
tude of the penalty depends on the level of ambiguity in the reference model P. 

6 For references to this literature, see Epstein and Wang (1994), Hansen et al. (1999), Ander- 
sen et al. (1999), Maenhout (1999), and Chen and Epstein (2002). 

7 One interpretation of the index in (4) is that it is an approximation to the empirical like- 
lihood ratio adjusted for the level of ambiguity. See Andersen et al. (1999) and Hansen and 
Sargent (2001b) for other interpretations of the index. 

8 Note that the utility function u(c) is unique only up to a positive linear transform. As will 
be seen, when / is a linear function, the preference defined by equation (2) remains un- 
changed when u(c) is replaced with au(c), a> 0. 
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In the extreme case where ) oo (i.e., the investor is extremely confident about 
P), any alternative model Q~ that deviates from the reference model will be pena- 
lized heavily, in which case, equation (2) reduces to the standard expected utility 
in equation (1). Thus the standard expected utility can be viewed as the special 
case of (2) where the investor knows the true model-rational expectations-and, 
hence, has no ambiguity about the reference model. On the other hand, consider- 
ing models that the investor cannot clearly distinguish will result in only a small 
penalty. Among these models, due to his concern for model misspecification, the 
investor uses the one that gives the lowest expected utility. For the extreme case 
where 4) 0 (i.e., the investor has no knowledge about P) equation (2) reduces to 

Vt = u(ct) + inf Vt+l. (5) 

In this case, the investor will consider the worst-case scenario as the only possi- 
ble outcome. 

In general, the investor balances his concern about model misspecification and 
the knowledge he has about the economy as represented by P. He does not wish to 
throw away information by setting 0 0 and guarding only against model misspe- 
cification, nor does he want to ignore his ambiguity about the information by 
setting ) oo and overlooking completely the possibility of model misspecifica- 
tion. 

We conclude this section with remarks on the comparison between the Baye- 
sian approach to dealing with estimation risk and our approach to model misspe- 
cification. Though one can always find a parameterization for which a model with 
estimation risk will yield the same weights as our model, there is a fundamental 
difference between the Bayesian approach to estimation risk and our approach. 
In the Bayesian approach, model misspecification often comes in the form of para- 
meter uncertainty. To be specific, suppose that a model of the probability law for 
asset returns is estimated and there exists one parameter which cannot be esti- 
mated precisely. Let P(X; c) be the probability distribution function and a be the 
parameter about which one is uncertain. Given that the parameter a is unknown, 
the question for the investor is to determine how to incorporate the parameter 
uncertainty into his decision process. The critical assumption of the Bayesian 
approach is that this parameter uncertainty (i.e., model misspecification) can 
be represented by a prior distribution F, and thus the investor's utility can be 
computed by the following:9 

Vt = u(Ct) + fEF[EP(a)[V t±l]. (6) 

In contrast, under our framework, one need not restrict model misspecification 
to uncertainty regarding a particular parameter. More importantly, we do not 
assume that model misspecification, as a subjective matter, can be represented 
by a probability distribution. This difference between the Bayesian approach 
and ours is exactly the same as that between the Savagian and Knightian ap- 
proaches to decision making under uncertainty. Analytically, this difference 
amounts to the fact that under the Knightian approach, the investor minimizes 

9 If learning (updating) is to be incorporated, then F is the posterior. 
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over the set of possible models subject to a penalty for large deviations from the 
reference model, whereas under the Bayesian approach, the investor imposes a 
prior over the set of possible models. For a more extensive discussion of this dif- 
ference, see Ellsberg (1961). 

B. Extension: Different Levels of Ambiguity for Each State Variable 

While the basic model in the previous section captures the investor's 
concern for model misspecification, it does not allow for different levels of ambi- 
guity for different elements of the state vector process. In this section, we extend 
the basic model to allow for such differences in ambiguity, which distinguishes 
our work from that of Andersen et al. (1999) and Maenhout (1999). The basic in- 
tuition underlying this extended model is the same as that elucidated in the pre- 
ceding section; the main change is the development of an appropriate penalty 
function. 

We start by considering the problem in discrete time. Suppose that uncertainty 
is generated by more than a single state variable. Imagine an investor whose 
knowledge about the probability law for the state variables is limited and this 
information comes from separate sources such that the investor is more confident 
about some sources relative to others. Then take, for instance, a two-country uni- 
verse in which each country has one large firm and one small firm. We would like 
to allow for knowledge about the joint distribution of returns for all four stocks 
from an analyst who covers a broad spectrum of stocks. We would also like to al- 
low for additional information from analysts specializing in a subset of these 
four stocks: the sets consisting of only foreign stocks, only domestic stocks, only 
large stocks, only small stocks, and each of the individual stocks. We would like to 
develop a framework that is sufficiently general to allow for different levels of am- 
biguity for information from different sources and about different subsets of as- 
sets. To have a model capable of reflecting this feature of the investor's 
information, we extend the basic model described in the previous section by first 
generalizing the relative entropy index in (4) and then incorporating this more 
general index into the utility function in (2). 

Let X = (X1t,. . ., Xnt) be the vector of all state variables. Let Q~ represent an 
alternative model as in the previous section, with 

dQ~ = ,dP, (7) 

where 5 is a scalar that perturbs P, the joint distribution of all the state variables. 
Let Ji = {il,... ,,n} be a subset of {1, .. ., n}, and let Xji = (Xj1,..., Xjn) be the 
corresponding subvector of Xt. Suppose that the investor has a separate source of 
information about each subset of state variables, XJ . Then, as in (4), we can use an 
index to describe this information. However, because the information is about 
the subset of state variables, the index is now calculated with respect to the mar- 
ginal distribution of XJi: 

OiL(,i) = Xi [i(XJ~,t+l) In Xi(XjI,t+l)]dPj, (8) 
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where Pj, is the marginal distribution of the subvector Xj, under the reference prob- 
ability measure P, and ij - dQ, /dPj . If there are K sources of information for the 
various subsets of state variables, then the overall index is taken to be the sum 

K 

E - iL(i). (9) 
i=1 

The investor's utility function is now given by the following recursive equation, 
which is similar to (2), but with the inclusion of the index (9) that allows for multiple 
sources of information about the vector of state variables: 

Vt = u(ct) + p inf { t (E[t+l]) iL(i) +L Ei[Vt+l] (10) 

where, as before, ((Et[ Vt + ]) is a normalization factor. The interpretation of (10) is 
essentially the same as in the previous section. The only difference is that if one 
source of information about a particular subset of the state variables is more reli- 
able, the investor will assign a higher penalty for deviating from that information. 
For instance, if the investor has very reliable information about the return of a par- 
ticular stock, he will put a high penalty for any alternative model whose marginal 
distribution for the return on this stock deviates from that of the reference model. 

We now extend the utility function formulated for discrete time in equation (10) 
to a continuous time setting. Suppose that the state variables Xt= (Xt, . . , Xnt) 
follow the process 

dXt = ux(Xt, t)dt + ax(Xt, t)dwt, (11) 

where wt is a n-dimensional Brownian motion. Let 

A(f) = ft + ixfx + 2tr(fxxaxaf) (12) 

be the differential operator associated with the diffusion process Xt. Denote by 
[ajO"TJ]n the n x n matrix whose element in thejkth row and jth column, forjk and 
je in Ji, is equal to the element in the kth row and fth column of the matrix 

[axJ c ] 1, the inverse of the variance-covariance matrix of XjI or zero other- 

wise.10 

THEOREM 1: The continuous-time version of (10) is 

inf u(c) pV + A(V) + vTVx + ( v DV (13) v 2 

where v = (vl, . . . , n)T and 

D) - Z i [j ,]n. (14) 
i 

10 Specific examples of [uj, af~]n can be seen in equations (26) and (31). 
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In equation (13), the first three terms correspond to the standard Hamilton-Ja- 
cobi-Bellman equation for the expected utility function under the reference prob- 
ability P and p corresponds to fi in (10). The fourth term, vTVx, arises from the 
change of probability measure from P to Q~ in (10). By Girsanov's Theorem, 
the change of probability measure is equivalent to a change in the drift term of 
the process of Xt. The drift change is given by v = (vl, . . ., v). That is, under the 
probability Q¢, the process for Xt is 

dXt = [ X(Xt, t) + vt]dt + ax(X, t)dw4, (15) 

where w~ is a Brownian motion under Qt. Observe that the effect of the change 
from the reference model P to the alternative model Q¢ is completely captured by 
this term; this will be useful for understanding the results in the portfolio choice 
problem that we will consider in the next two sections. Finally, the last term in 
(13) corresponds to the penalty function in (10). The fact that the utility function 
of the agent can be characterized by the Hamilton-Jacobi-Bellman equation (13) 
indicates that our formulation of the agent's preference is dynamically consis- 
tent.1 

In the next section, we apply this general framework to the Merton portfolio 
problem, and then consider examples based on specific parameterizations. 

II. Portfolio Selection with Multiple RiskyAssets 

In this section, we study the portfolio choice problem of an investor who is con- 
cerned about model misspecification. The portfolio choice model we use is stan- 
dard, following from Merton (1971, 1973), except for the preferences of the 
investor, which are the ones developed in the previous section. 

A. Individual Investor's Portfolio Choice 

The investor can consume a single good, invest in N risky stocks, and borrow 
and lend at an exogenously given riskless rate rt = r(Yt). We let c denote the con- 
sumption rate of the investor, W the wealth of the investor, and nj the share of the 
investor's wealth invested in thejth risky asset. 

The return processes of the N stocks are given by 

dRt -- R(Rt, Yt)dt + oR(Rt, Yt)dwt, (16) 

and 

dYt = ply(Yt)dt + oy(Yt)dwt. (17) 

These processes are viewed as the reference model. We assume that Yt is a K-di- 
mensional process and that the Brownian motion is (N+ K)-dimensional. 

1 This implies that the criticism in Epstein and Schneider (2002) about the lack of dynamic 
consistency of the Hansen-Sargent formulation does not apply to our model. 
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The dynamics of the investor's wealth, for a given investment decision n and 
consumption decision c, is 

dWt = Wt rt + i7t(UR - rt) dt + Wt7rctRdwt. (18) 
Wt 

The investor wishes to maximize his intertemporal lifetime utility, subject to the 
budget equation (18), while taking into account model misspecification when 
making his decisions. 

To use Theorem 1 appropriately to derive the Bellman equation corresponding 
to the investor's utility maximization problem, we need to distinguish between 
exogenous and endogenous state variables. As we know from Merton (1971), the 
investor's knowledge about the investment opportunities is described by the re- 
ference model given by (16) and (17). Thus, the state variables for the problem with- 
out model misspecification are Rt, Yt, and the investor's wealth, Wt. However, the 
investor's wealth process (18) is derived from the stock returns. This can be seen 
by expressing the evolution of wealth in terms of stock returns: 

dWt = Wt(l - nrtl)rtdt - ctdt + WtritdRt. (19) 

Thus, Wt itself is not a source of model misspecification. The wealth process, Wt, 
only inherits the model misspecification through Rt. Because of this difference, 
Rt and Yt are called exogenous state variables, while Wt is an endogenous state 
variable. These two sets of state variables need to be treated differently. In parti- 
cular, the drift adjustment for W is Vw= Wt7CtVR, because the amount of wealth 
invested in the risky asset is Wtgt, and, under probability Q~, the drift adjustment 
for R is VR. 

We write the investor's indirect utility function as V(Wt, Rt, Yt, t). Applying 
Theorem 1 and using the appropriate drift adjustment for Was discussed above, 
the Hamilton-Jacobi-Bellman equation for the investor's utility maximization 
problem is 

0 sup inf {u(c) - pV+ Vt + WVw r + (R - r) - ] 
C,7 Vy, UR W 

*-VWW7VaURURPC + VR/IR W2 + 2 Vww~~-~Rf + VR#1R 

+ VYY+1 t(VRR VRY ) R )CaR) 
2 VYR Vyy y Cy 

+ WitCRUT4VWY V + W7Y1RUT VWR 

+VwW7 VR +V y ± VY + VRVR + (2V) VT)V}, (20) 

where ( is defined by the expression (14). The terms in the first four lines of this 
equation are the same as those that would appear in the standard Bellman equa- 
tion. The next three terms, VwWnTVR + VyvY+ VRVR, reflect the drift adjustment 
due to the change of probability measure. The last term, (1/2)I(V)vT (Dv, is the 
penalty function. 
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Let IR be the identity matrix of the same dimension as R, I be the identity ma- 
trix of the dimension of (R + Y), and rMerton be the optimal portfolio when there is 
no model misspecification. Then, substituting the first-order condition for the 
minimization problem in (20) into the first-order conditions for the maximization 
problem and solving for i gives the following result. 

THEOREM 2: The optimal portfolio of an investor is given by 

7 =-WV [CRR] [VW(R - r+ vR) VR) + RCVWY + RVwURV , (21) 

where 

VR -_ 1 (-Vw Wnt + VR (D (22) 
Y 

- 
(V)9 _ Vy 

Or, in closed-form, 

C =WV B [UrRaR] [Vw(lR- r) + URu VWY + aUR4 VWR] 

Vw B[Rn] 1 'IR O ()-1' VR/(V) + w J_ 00 o o_ _ Vy//(V)- 
BRiMerton W VWB[aRRU] 

-IR 
- 

VR/(V- 

WVww R 0 0 Vy/q/(V)' (23) 

with 

B ( ( Vw)2 ]- IR I ) (24) B I 
-(V) Vww [ .R-0 0 (-1 (24) 0 

O 
0 

Without the term v*, equation (21) reduces to the standard Merton formula. As 
noted above, this term corresponds to the drift adjustment to the wealth process 
due to R. Hence, (21) can be viewed as the Merton formula with ,R adjusted by v . 
Similarly, when the qs tend to infinity, (D -1 -0 and equation (23) reduces to the 
familiar Merton (1971) result. 

B. Understanding the Portfolio Model 

To gain some insight into the expression for the portfolio weight in (21), we con- 
sider an economy where the stock price processes are given by geometric Brown- 
ian motions, the riskless rate is constant with r< pR, and the investor has power 
utility of the form U(c) = cl -/(1 - y) and is long lived (T= oo). Following Maen- 
hout (1999), we set f(V) = [(1 - y)y] V. Under these assumptions, V(W) = K0 W1-/ 
(1- y), where Ko is a constant that depends on the parameters of the economy. 
We first look at the case where there is a single risky asset (this is the case con- 
sidered in Maenhout (1999)) and then consider the case in which there are two 
risky assets. 
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In the case in which there is only one risky asset, the explicit expression for the 
optimal portfolio simplifies to 

(+ 1[L) 1 y 
r2 (25) 

Merton weight 

The implications of model misspecification for portfolio choice can be observed 
from equation (25). For the case =- oo, the expression for the portfolio is simply 
the optimal Merton weight. However, for values of b &lt; oo, the investment in the 
risky asset is less than what it would be in the absence of model misspecification. 
In the limit, as -+0, investment in the risky asset drops to zero and the 
investor holds only the riskless asset. Thus, in the context of the portfolio choice 
problem, the consequence of model misspecification is a reduction in the invest- 
ment in the asset about whose process the investor is ambiguous. However, the 
adjustment is limited by the penalty for being too far away from the reference 
model; this concern keeps the investor from choosing the most pessimistic 
scenario. 

Also observe that the portfolio weight is exactly the same as that in the Merton 
model when the investor's risk aversion is given by y(1 + 1/4). In other words, ob- 
servationally the ambiguity parameter 0 is not separable from risk aversion. This 
is the observational-equivalence result noted in Andersen et al. (1999) and 
Maenhout (1999). The intuition behind this result is that the possibility of model 
misspecification adds another source of uncertainty to the riskiness of the con- 
sumption process. If the investor is averse to model misspecification and pessi- 
mistic with regard to alternative models, he appears more risk averse in 
evaluating the given consumption process. 

We now consider the case with two risky assets whose returns are driven by 
Brownian motions in order to illustrate how concern for model misspecification 
affects the optimal portfolio weights. For expositional convenience, we assume 
that the two assets have the same expected return (,u) and volatility (a), and that 
their returns are uncorrelated. The more general case, in which both the ex- 
pected returns and volatilities are different for each asset and the returns are 
correlated, is considered in the next section. 

When there are two risky assets, there are three return distributions 
about which an investor may have knowledge: the joint distribution for 
the returns on assets 1 and 2, the marginal distribution for asset 1, and 
the marginal distribution for asset 2. We use 00 to denote the investor's 
knowledge of the joint distribution of returns, and 1j, j= {1, 2}, to characterize 
the ambiguity about the marginal distribution for the individual asset j. 
Thus, 

Cas 1: Ea a m t -0 tr(2et (26) w an o k e 0ol 0 h 

Case 1: Equal ambiguity about both return processes. We first consider the case in 
which an investor has knowledge only about the joint process for the returns on 
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assets 1 and 2, implying o0 > 0, with no additional knowledge about the marginal 
distribution for returns on assets 1 or 2 (1 =02 = 0). The optimal portfolio 
weight is 

y a2 X1 
' 

(27) 
_ (1+40) 

Merton weights 

This is the expression we would get if we used the Maenhout (1999) formulation 
with multiple risky assets. As one can see, the adjustment factor for model mis- 
specification to the Merton portfolio weights, qo/(1 + 00), is the same for both as- 
sets 1 and 2. Thus, under such a specification, ambiguity about the return 
distributions would not bias the portfolio toward a particular asset, and the ad- 
justment to the Merton portfolio weights can be interpreted either as a change in 
risk aversion from y to y(1 + l/¢o) or as a change in the expected return from [u to 
[y - (y - r)/(1 + 00)]. 

Case 2: Unequal ambiguity about the returns processes. To focus on the effect of 
differences in ambiguity about the returns processes for the two risky assets, we 
now assume j = 0, j = {1, 2}, with ko set to zero to obtain a more transparent ex- 
pression for the portfolio weights. 

Under this specification, the optimal portfolio weights are 

7 a r (28) 
Mt a- 

Merton weight 

We can interpret these weights as the Merton weights, adjusted by the factor 
qjl(l + /j), j = {1, 2}. In the limit, as j-- 0, 7j- 0; on the other hand, as jj- - oo, nj 
approaches the Merton weight. 

In this setting, in which the agent has knowledge of the marginal distributions 
for the returns on the two risky assets but no knowledge of the joint distribution 
(4o = 0), the adjustment to the Merton portfolio weights can no longer be inter- 
preted in terms of a change in the agent's risk aversion. Rather, the appropriate 
interpretation is that of an asset-specific change in the expected return from I to 

[t - (i - r)/(1 + /bj)] j = {1, 2}.Thus, the observational-equivalence result noted 
in Andersen et al. (1999) and Maenhout (1999) between ambiguity aversion and 
Stochastic Differential Utility is valid only if the agent is equally ambiguous 
about the distributions of returns for all assets. 

Finally, we note that the ratio of the portfolio weight for asset 1 to asset 2 is 
given by 01(1 + 02)/02(1 + 01), which is greater than unity if and only if 1i > q2. 

Thus, for li > 0b2 the portfolio that accounts for model misspecification will ap- 
pear biased toward asset 1 relative to the Merton (1971) portfolio that ignores 
model misspecification and the Maenhout (1999) model wherein there is a single 
parameter governing ambiguity toward all risky assets. In the next section, we 
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examine the magnitude of this bias in the context of international portfolio 
choice. 

III. Calibration to International Equity Returns 

In this section, we illustrate how one can apply the model developed above by 
exploring its implications for underdiversification. Motivated by the evidence in 
Tversky and Heath (1991) that shows individuals behave as though unfamiliar 
gambles are riskier than familiar ones (even though they assign identical prob- 
ability distributions to the two gambles), we calibrate the portfolio model to data 
on domestic and foreign stock returns, and explore how the portfolio weights 
change as agents exhibit a greater ambiguity about the return distribution for 
foreign stocks relative to domestic stocks. We would like to emphasize that the 
goal of this exercise is not to reproduce the weights documented in the literature 
on the "home-bias" puzzle, but rather (i) to illustrate how one can apply the model, 
(ii) to understand the conditions under which the model will yield a portfolio that 
is underdiversified, and (iii) to show how one can evaluate whether the parameter 
values chosen are reasonable.12 

In Section III.A, we describe the choice of parameter values, in Section III.B 
we report the portfolio weights for a range of ambiguity levels, and in Section 
III.C we explain how one can assess whether the values chosen for the para- 
meters that determine the level of ambiguity are reasonable. 

A. Choice of Parameter Values 

We examine the problem from the perspective of a U.S. investor under the as- 
sumption that asset prices are geometric Brownian motions and the investment 
opportunity set is constant. To compare our results to the findings of French and 
Poterba (1991), we use the same moments of asset returns as they do. These mo- 
ments are based on data for the period 1975 to 1989 and consist of CPI-adjusted 
real returns, where the investor is assumed to use 3-month forward contracts to 
fully hedge the amount of the initial investment. We look at a universe with three 
"countries": the United States, Japan, and Europe (consisting of France, West 
Germany, Switzerland, and the United Kingdom). The three countries are in- 
dexed by i= {1, 2, 3}. The volatilities of the real rates of return for the United 
States (US), Japan (JP), and Europe (EU) are 0.1650, 0.1825, and 0.2000, respec- 
tively and the US-JP, US-EU, and EU-JP correlations are 0.53,0.55,0.40, respec- 
tively. These volatility and correlation estimates are taken from French and 
Poterba (1990), with the numbers for Europe being averages of the reported esti- 
mates for France, West Germany, Switzerland, and the United Kingdom. The ex- 
pected real rate of returns on U.S., Japanese, and European equities, are 0.0464, 
0.0430, and 0.0460, respectively, and are computed from the estimates in Table 2 of 
French and Poterba (1991) under the assumption that the investor's degree of risk 
aversion is 3. 

2 A survey of the papers attempting to provide various explanations for this puzzle can be 
found in Stulz (1995) and Lewis (1999). 
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In the calibration exercise, we compute the portfolio weights for our model 
under the assumption that the investor has knowledge of two return 
distributions. The first is the joint distribution of the stock returns of all 
three countries; the investor's ambiguity about the joint distribution is repre- 
sented by the parameter o =- q. The investor is also assumed to have some knowl- 
edge about the marginal distribution of U.S. stock returns; the ambiguity about 
this is denoted by 01. To constrain the additional knowledge that the investor has 
about the marginal distribution of U.S. returns, we specify that 01 = mo0 = mq. 

Finally, we assume that the U.S. agent has no additional knowledge of European 
and Japanese stock returns over and above what is known about the joint 
distribution. 

From Theorem 2, the portfolio weights for this specification are 

= B [CRRR]-1 (R 
- r), (29) 

B =(I + [RR]- I)-I)-1 (30) 

and 

/0C11 012 013 
1 0 111 0 > 

(D-= 621 0-22 023 + m( 0 0 0 , (31) 
0 31 f032 033 0 0 0 

where aii is the variance of the stock returns for country i, and eij, i #7j is the co- 
variance between the stock returns of i andj. Thus, for the calibration we need to 
specify values for two additional parameters: 0 and m. We first report the portfo- 
lio weights and the total investment in risky assets based on (29) for a range of 
values for the two parameters, b and m. We then explain how one can assess 
whether the values chosen for these parameters are reasonable. 

B. Portfolio Weights 

The portfolio weights from our model are compared to those from the Merton 
(1971) model, in which agents are assumed to have no ambiguity about the returns 
process (o = oo, so that B =I), and also to those from the Maenhout (1999) model, 
in which the agent has some ambiguity about the joint process for the returns of 
all risky assets in the portfolio (0 &lt; 0 &lt; oo), but no additional knowledge about the 
returns process of any individual asset (m = 0). 

The first three columns of numbers in Table I give the weights allocated to U.S., 
Japanese, and European equities in a portfolio consisting of only these three ris- 
ky assets. In the next two columns, we report the total proportion of wealth in- 
vested in the three risky assets and the proportion invested in the riskless asset. 
The last three columns of the table give the adjustment to the expected return. 
The first row (from Table 1 of French and Poterba (1991)) reports the "Observed 
weight" for the U.S. economy, which exhibits a strong bias toward U.S. equities. 
The second row (also from Table 1 in French and Poterba (1991)) gives the value- 
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Table I 
Portfolio Weights and Adjustment to Expected Returns 

This table compares the portfolio weights of a U.S. investor who accounts for model misspecifi- 
cation to those from the Merton (1971) and Maenhout (1999) models. The first three columns of 
numbers report the weights allocated to the U.S., Japanese (JP), and European (EU) equities in 
the risky-asset portfolio. The next two columns give the proportion of total wealth invested in 
the three risky assets and the weight in the risk-free asset. The last three columns report the 
adjustments to expected returns implied by the choice of 4 and m, which are defined below. 
The three panels correspond to different levels of overall ambiguity, indexed by 0. The first 
row in each panel, "m = 0" corresponds to the case in equation (31), where one has knowledge 
about the joint distribution of asset returns for the three indexes (US, JP, and EU) but no addi- 
tional knowledge about any of the marginal distributions; this matches the model in Maenhout 
(1999). The rows titled "m = 1" to "m = 5" correspond to the case in which the investor is less am- 
biguous about the marginal distribution of U.S. returns. As in French and Poterba (1991), the 
investor is assumed to have a risk aversion of three, while the vector of expected real rates of 
return on U.S., Japanese, and European equities is {0.0464, 0.0430, 0.0460}, the volatility vector 
for U.S., Japanese, and European markets is {0.1650, 0.1825, 0.2000}, and the US-JP, US-EU, and 
EU-JP correlations are {0.53, 0.55, 0.40}. The table shows that the bias toward U.S. equities in- 
creases as ambiguity about the marginal distribution for U.S. stock returns decreases (measured 
by an increase in m); this effect is larger when the overall level of ambiguity is high (low 4). 

Risky-asset 
Portfolio Weight in Weight in 

Risky Riskless 
US JP EU Assets Asset 

Drift Adjustment 

US JP EU 

Observed weights 
Market weights 
Merton weights 

0.938 0.031 0.031 
0.496 0.276 0.228 
0.504 0.278 0.218 0.700 

Panel A: 0 = 1.00 

0.350 
0.444 
0.492 
0.520 
0.539 
0.553 

0.650 
0.556 
0.508 
0.480 
0.461 
0.447 

Panel B: 0 = 0.50 

0.233 
0.328 
0.385 
0.423 
0.450 
0.470 

0.767 
0.672 
0.615 
0.577 
0.550 
0.530 

Panel C: 0 = 0.25 

0.140 
0.216 
0.270 
0.310 
0.342 
0.367 

0.860 
0.784 
0.730 
0.690 
0.658 
0.633 

0.300 

m 
m 
m 
m 
m 
m 

in 

in 

0 
1 
2 
3 
4 
5 

0.504 
0.610 
0.647 
0.666 
0.678 
0.686 

0.278 
0.219 
0.198 
0.187 
0.181 
0.176 

0.218 
0.171 
0.155 
0.146 
0.141 
0.138 

-0.0232 
-0.0155 
-0.0116 
-0.0093 
-0.0077 
-0.0066 

- 0.0215 
- 0.0170 
- 0.0147 
- 0.0133 
- 0.0124 
- 0.0118 

mi 
m 
m 
m 
mi 
mi 

=0 
=1 
=2 
=3 
=4 
=5 

0.0230 
0.0178 
0.0153 
0.0137 
0.0127 
0.0120 

0.504 
0.647 
0.699 
0.726 
0.743 
0.754 

0.278 
0.198 
0.169 
0.154 
0.144 
0.138 

0.218 
0.155 
0.132 
0.120 
0.113 
0.108 

-0.0309 
-0.0232 
-0.0186 
-0.0155 
-0.0133 
-0.0116 

0.0287 
0.0241 
0.0214 
0.0196 
0.0183 
0.0173 

m: 

m: 

m: 

m: 

m: 

m: 

=0 
=1 
=2 
=3 
=4 
=5 

0.0307 
0.0255 
0.0224 
0.0204 
0.0189 
0.0178 

0.504 
0.678 
0.743 
0.776 
0.797 
0.811 

0.278 
0.181 
0.144 
0.125 
0.114 
0.106 

0.218 
0.141 
0.113 
0.098 
0.089 
0.083 

-0.0371 
-0.0309 
-0.0265 
-0.0232 
-0.0206 
-0.0186 

- 0.0344 
- 0.0308 
- 0.0282 
- 0.0262 
- 0.0247 
- 0.0235 

- 0.0368 
- 0.0327 
- 0.0297 
- 0.0275 
- 0.0258 
- 0.0244 
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weighted market weights. The third row gives the weights determined from the 
Merton model.l3 

Panels A, B, and C of Table I give the portfolio weights of an investor who ac- 
counts for model misspecification. The three panels correspond to different levels 
of overall ambiguity, as indexed by 4; recall that a lower 0 corresponds to a high- 
er level of ambiguity. Within each panel, the portfolio weights are reported 
for m ranging from zero to five, where zero corresponds to the case where 
the investor has no additional knowledge about the marginal distribution 
of U.S. stock returns. Studying the effect of the parameter m, we see that 
for the case m = 0, the weights in the risky-asset portfolio are the same as the 
Merton portfolio weights. This is true across all panels. Thus, a model with only 
a single parameter controlling the concern for model misspecification, as is the 
case in Andersen et al. (1999) and Maenhout (1999), cannot generate the limited 
diversification we observe in the data. As m increases, the investor's portfolio 
is increasingly biased toward U.S. equities relative to the Merton portfolio. This 
effect is smaller in Panel A, in which the overall level of ambiguity is given by 

= 1, and increases as ) decreases. For instance, relative to the Merton weight 
in U.S. equities of 0.504, the weight is 0.647 for ) = 1 and m = 2 in Panel A, and 
increasing to 0.699 for ) = 0.5 and m = 2 in Panel B, and to 0.743 for ) = 0.25 and 
m = 2 in Panel C. 

The first plot in Figure 1 shows the share allocated to U.S. equities in 
the portfolio of only risky assets for a broader range of values of 0 than dis- 
played in the table. The horizontal solid line shows that for the case m = 0, the 
share allocated to U.S. equities does not change with ). However, as m increases, 
the bias toward U.S. equities increases. The figure shows that the bias is highest 
when ) is low and m is high. The second plot in this figure shows the the total 
proportion of wealth invested in the three risky assets. The third plot shows the 
corresponding adjustment to expected returns, which is discussed in the next 
section. 

C. Appropriate Choice of ) and m 

Ideally, one would like to have a priori information about the appropriate range 
for both 0 and m. Since we do not have direct information about 0 and m, we infer 
their values indirectly by examining the adjustment to the drift of the returns 
process implied by the different levels of 4 and m; this is useful because it is ea- 
sier to interpret an adjustment to the expected return-for instance, by compar- 
ing it to the standard error in estimations of expected returns-than to assess 
whether m and ) are reasonable. 

The adjustments to the U.S., Japanese, and European expected returns arising 
from model misspecification are given in the last three columns of Table I. Again 
focusing on the case m = 2, we see from the first row of Panel A that the adjust- 
ment to U.S. expected returns is - 0.0155, which is less than the standard error of 

13That the market portfolio and the Merton portfolio are so close to one another is not 
typical, and the reader should not infer that the two sets of weights will always be close. 
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Figure 1. Portfolio weights and adjustment to expected returns. The three panels plot as a function of the agent's ambiguity (q): (i) ; 
the portfolio weight allocated to U.S. equities relative to the total investment in risky assets, us/(nxus + 7ljp + -7EU); (ii) the total investment 
in risky assets, (ICUs + 7JP + lEu); and (iii) the adjustment to U.S. expected returns (drift). The investor is assumed to have a risk aversion of . 
three, while the vector of expected real rates of return on U.S., Japanese, and European equities is {0.0464, 0.0430, 0.0460}, the volatility 
vector for U.S., Japanese, and European markets is {0.1650, 0.1825, 0.2000}, and the US-JP, US-EU, and EU-JP correlations are {0.53, 0.55, 
0.40}. In each panel, four cases are plotted. In the first case, an investor's knowledge of the joint distribution for the returns on U.S., Japa- 
nese, and European equities is given by q, but there is no additional knowledge about the marginal distribution of U.S. returns (m = 0). The 
three other cases correspond to m = 1, m = 2, and m = 4, where m, 0 measures the additional knowledge that the investor has about the 
marginal distribution for U.S. equity returns. From the first panel, we see that the holding of the U.S. assets increases with m, and is 
particularly pronounced for low values of 0, while the second panel shows that the total investment in risky assets increases with ( and 
with m. The third panel shows the adjustment to expected returns implied by different combinations of. and m. °° 
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200 basis points reported in French and Poterba (1991). This is also illustrated in 
the bottom plot of Figure 1. Note also that the adjustment to the mean return 
decreases as m increases; this is important because an increase in m corres- 
ponds to an increase in the bias toward U.S. equities. Thus, a small absolute ad- 
justment to the expected returns is sufficient to generate a large bias in portfolio 
holdings. 

We conclude this section by summarizing the main observation: Differences in 
the levels of ambiguity about the returns distributions leads to portfolios that are 
underdiversified relative to the Merton (1971) model in which there is no ambigu- 
ity, and also to the Maenhout (1999) model in which there is a single parameter 
measuring the agent's ambiguity toward the distribution of all the assets returns. 
The underdiversification effect is strongest when the overall level of ambiguity is 
high. 

IV. Conclusion 

In this paper, we have developed a model which formalizes the problem of in- 
vestors who are concerned about model misspecification because they under- 
stand that the distributions of assets returns are not estimated with perfect 
precision. Our model allows agents to have different levels of ambiguity for the 
distribution of returns for each of the stocks in the portfolio. The model shows 
that when the overall degree of ambiguity is high, small differences in ambiguity 
about the marginal distribution of asset returns will lead to a strong bias in port- 
folio holdings. 

Traditional models of portfolio choice predict that investors should hold diver- 
sified portfolios. However, there is substantial evidence of a bias toward familiar 
assets in both international and domestic portfolios of institutions and indivi- 
dual households. International equity portfolios are strongly biased toward do- 
mestic stocks as reported by Cooper and Kaplanis (1994) and French and 
Poterba (1991). Of the limited foreign investments by U.S. and Canadian inves- 
tors, a disproportionate share is invested across the common border, even 
though the correlation between U.S. and Canadian returns is higher than the 
correlations of either with Japanese and European equity returns as shown by 
Tesar and Werner (1995). Evidence on domestic portfolios reveals a similar lack 
of diversification: Huberman (2001) finds that U.S. households are more likely to 
invest in their local U.S. Regional Bell Operating Companies rather than some 
other Regional Bell Operating Company; Schultz (1996) documents that workers 
tend to hold their own company's stock in their retirement accounts; and, 
Grinblatt and Keloharju (2001) report that Finnish households are more likely 
to invest in firms that are located close to them and that communicate in the in- 
vestor's native language (Swedish vs. Finnish). At the institutional level, Coval 
and Moskovitz (1999) find that U.S. mutual fund managers exhibit a preference 
for local companies. The model we develop can be viewed as offering at least a 
partial explanation for the observed underdiversification and bias toward famil- 
iar securities. 
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Appendix: Proofs of Theorems 

Proof of Theorem 1 

Let Q be an alternative model. According to Girsanov's Theorem, dQ/dP= Tis 
given by 

r t 1 ft \ 
t =exp {- aTdws - 1as ds}, (Al) 

for some appropriately adapted process at. The result of this change of probability 
is a drift adjustment to the process of Xt, given by -axat. In other words, at can be 
chosen of the following form: 

at = -v-[t [axx]-x. (A2) 

Applying Girsanov's Theorem to Xji, dQj /dPjI is given by 

5it = exp - 
aj sdws - j ajIs 2ds}, (A3) 

where 

aJ = - Vj,t[axji Cx] r Jx. (A4) 

Here, vj t = (v1t, ..., vjn t), [OXj aXj ] is the instantaneous variance-covariance 
matrix of Xj,, and aj,x is the matrix whose rows are those of ax that correspond 
to Xj. Furthermore, by Girsanov's Theorem, 

dwt = dwt + atdt (A5) 

is a Brownian motion under Q~, and 

dXt = [ux(Xt, t) + vt] dt + 7x(Xt, t)dw~. (A6) 

Let 

Vt inf u(ct)A + e-p V t(Et[Vt+A])+iL(Ait+A) + Et[Vt+A] } (A7) 

Then 

[Vt - u(ct)A]ePA = inf (Et[Vt+A]) iL(it+A) + E[Vt+A]} (A8) 

and thus, 

o = inf{ I(Et[Vt+A]) iL(it+A) + Et[VtA] - Vt + Vt- - [V u(ct)A]eP 

(A9) 
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Dividing by A and letting A - 0, 

[E[Vt+A] - t] 
A[V] TVx, (A10) 

A 

and 

[[Vt - u(ct)A]epA - Vt] [[V - (c P - V - [u(ct) - p Vt]. (All) A 

Since d it --jitaJtdwt, we have, 

L( itA[) Et[it+A In +it+A] - E[it+A] ln Et[it+A] (A12) L(M =it+A ) 
- 

(A12) 
Et [ it+A] 

Et[Sit+A In Uit+A] 
- 

it In it (A13) 
fit 

After a straightforward calculation using Ito's Lemma, we have 

I T 1 T T 
L(it+)/^ - aJtaIlt =A JA^ t[XJaaxJl]vJt (A14) 

2i/- 2 J , , Xi, 

Substituting (A10)-(A14) into (A9) yields the desired result. Q.E.D. 

Proof of Theorem 2 

The first-order condition for the minimization problem in (20) is 

-T - -T Vw Wr + VR -vUR o VWW7t + VR +±(Vt) VR (. (A15) 
Vy Uy 

The first-order conditions for the maximization problem are 

0 = u'(c) - Vw, (A16) 

0 = Vw[(R- rt) ) +VR] + CRT VWY + aRUT VWR + Wt VWWRRC7t. (A17) 

The first part of the theorem follows directly from these two first-order condi- 
tions. For the second part, rewrite the first part of the theorem as 

=- [R] _ (VW(IR-r) + CRT Vwy Y+ URO VwR + Vw[ 
R [ *]) 

rC 'riviy~- - 
WVwwL~~ 

"L~ "R 
L"yJ(A18) 

(A18) 
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and 

vr 
_ VW Wi_ 1 1VR V* =-D-1 

I 
7- 1D-1 VR (A19) 

v_ ,(v) 0 Il/(v) VY 

Solving for i yields the closed-form solution. Q.E.D. 
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