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THE JOURNAL OF FINANCE ¢ VOL. LVII, NO. 5 « OCTOBER 2002

Empirical Evaluation of Asset-Pricing Models:
A Comparison of the SDF and Beta Methods

RAVI JAGANNATHAN and ZHENYU WANG*

ABSTRACT

The stochastic discount factor (SDF) method provides a unified general framework
for econometric analysis of asset-pricing models. There have been concerns that,
compared to the classical beta method, the generality of the SDF method comes at
the cost of efficiency in parameter estimation 2.d power in specification tests. We
establish the correct framework for comparing the two methods and show that the
SDF method is as efficient as the beta method for estimating risk premiums. Also,
the specification test based on the SDF method is as powerful as the one based on
the beta method.

THE USE OF THE stochastic discount factor (SDF) method for econometric eval-
uation of asset-pricing models has become common in the recent empirical
finance literature. An SDF has the following property: The value of a finan-
cial asset equals the expected value of the product of the payoff on the asset
and the SDF. An asset-pricing model identifies a particular SDF that is a
function of observable variables and model parameters. For example, a lin-
ear factor pricing model identifies a specific linear function of the factors as
an SDF. The SDF method involves estimating the asset-pricing model using
its SDF representation and the generalized method of moments (GMM). As
Cochrane (2001) points out, the SDF method is sufficiently general that it
can be used for analysis of linear as well as nonlinear asset-pricing models,
including pricing models for derivative securities.

In spite of its wide use, little is known about the estimation efficiency of
the SDF method relative to the classical beta method. The latter method
estimates the parameters in a linear factor pricing model using its beta
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representation, in which the expected return on an asset is a linear function
of its factor betas. A question that arises is whether the generality of the
SDF framework comes at the costs of estimation efficiency for risk premi-
ums and testing power for model specification.

When returns and factors are jointly normally distributed and indepen-
dent over time, the classical beta method provides the most efficient un-
biased estimator of factor risk premiums in linear models. If the SDF method
turns out to be inefficient relative to the classical beta method for linear
models under these assumptions, some variation of the beta method may
well dominate the SDF method for nonlinear models as well in terms of
estimation efficiency. On the other hand, if the SDF method is as efficient
as the beta method, it would become the preferred method because of its
generality.

We establish the correct framework for comparing the precision of the risk
premium estimators in the two methods. The risk premium parameter in
the SDF method is not identical to the risk premium parameter in the beta
method. However, they are related to each other by a one-to-one transfor-
mation. Since the two methods use different parameters to represent the
factor risk premium, it is necessary to take into account how they are re-
lated to each other before a valid comparison of the risk premium estimators
can be made. We find that asymptotically, the SDF method provides as pre-
cise an estimate of the risk premium as the beta method. Using Monte Carlo
simulations, we demonstrate that the two methods provide equally precise
estimates in finite samples as well. The sampling errors in the two methods
are similar even under nonnormal distribution assumptions, which allow
conditional heteroskedasticity. Therefore, linearizing nonlinear asset-
pricing models and estimating risk premiums using the beta method will not
lead to an increase in estimation efficiency.

Kan and Zhou (1999) make an inappropriate comparison of the SDF method
and the beta method for estimating the parameters related to the factor risk
premium. They ignore the fact that the risk premium parameters in the two
methods are not identical and directly compare the asymptotic variances of
the two estimators by assuming that the risk premium parameters in the
two methods take special and equal values. For that purpose, they make the
simplifying assumption that the economy-wide pervasive factor can be stan-
dardized to have zero mean and unit variance. Based on their special as-
sumption, they argue that the SDF method is far less efficient than the beta
method. The sampling error in the SDF method is about 40 times as large as
that in the beta method. They also conclude that the SDF method is less
powerful than the beta method in specification tests.

Kan and Zhou’s (1999) comparison, as well as their conclusion about the
relative inefficiency of the SDF method, is inappropriate for two reasons.
First, it is incorrect to ignore the fact that the risk premium measures in the
two methods are not identical, even though they are equal at certain pa-
rameter values. Second, the assumption that the factor can be standardized
to have zero mean and unit variance is equivalent to the assumption that



Empirical Evaluation of Asset-Pricing Models 2339

the factor mean and variance are known or predetermined by the econo-
metricians. By making that assumption, they give an informational advan-
tage to the beta method but not to the SDF method. For a correct comparison
of the two methods, it is necessary to incorporate explicitly the transforma-
tion between the risk premium parameters in the two methods and the in-
formation about the mean and the variance of the factor while estimating
the risk premium. When this is done, the SDF method is asymptotically as
efficient as the beta method.

We also examine the specification tests associated with the two methods.
An intuitive test for model misspecification is to examine whether the model
assigns the correct expected return to every asset, that is, whether the vec-
tor of pricing errors for the model is zero. We show that the sampling analog
of pricing errors has smaller asymptotic variance in the beta method. How-
ever, this advantage of the beta method does not show up in the specification
tests based on Hansen’s (1982) J-statistics. Unlike Kan and Zhou (1999), we
demonstrate that the SDF method has the same power as the beta method.

We organize the rest of the paper as follows. In Section I, we briefly de-
scribe the SDF and the beta methods for estimating linear factor pricing
models. In Section II, we develop the analytical results for the comparison of
the two methods. In Section III, we demonstrate our results by Monte Carlo
simulations. We conclude in Section IV. For the proof of the theorems in the
paper, we refer the readers to the Appendix.

1. Description of the Two Methods
A. The Beta Method

Let r, be a vector of n asset returns in excess of the risk-free rate. To
reduce notational complexity, we assume that there is only one economy-
wide pervasive risk factor f,. Let u and o? be the mean and variance of
the factor f,. Then the asset-pricing model under the beta representation is
given by

E[r.] = 0B, (1)

where 6 is the factor risk premium, and g, defined as Cov[r,, f,]/02, is the
sensitivity of asset returns to the factor.

When the economy-wide factor f, is the return on a portfolio of traded
assets, we call it a traded factor. An example of a traded factor would be the
return on the value-weighted portfolio of stocks used in empirical studies of
Sharpe’s (1964) Capital Asset-pricing Model (CAPM). Examples of non-
traded factors can be found in Chen, Roll, and Ross (1986), who use the
growth rate of industrial production and the rate of inflation, and Breeden,
Gibbons and Litzenberger (1989), who use the growth rate in per capita
consumption as a factor.
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When the factor is the excess return on a traded asset, equation (1) im-
plies u = §, that is, the risk premium is the mean of the factor. This restric-
tion allows us to use the sample mean of the factor as an estimator of the
risk premium. If the factor is not traded, this restriction does not hold, and
we have to estimate the risk premium using returns on traded assets. We
focus on the case where the factor is not traded, although we also consider
the case where the factor is traded.

Note that the vector 8 can be consistently estimated using the time-series
regression: r, = ¢ + Bf; + ¢,. The residual ¢, has zero mean and is uncorre-
lated with the factor f,. The asset-pricing model (1) imposes a restriction on
the intercept, ¢, that is, ¢ = (6 — u)B. By substituting this expression for ¢
in the regression equation, we obtain the following:

re=0-ut+tf)B+e. (2)

The beta method uses the beta representation (1), which gives rise to the
factor model (2), to estimate the risk premium. The classic two-step cross-
sectional regression approach proposed by Black, Jensen, and Scholes
(1972) and Fama and MacBeth (1973) is widely used in finance literature.
For example, Fama and French (1992) use this approach to show that
there is no relationship between the expected stock return and beta, and
Chen et al. (1986) use this approach to study a linear multifactor asset-
pricing model. A shortcoming of the cross-sectional regression approach
is that it ignores the sampling errors associated with the estimated
betas. Shanken (1992) shows that the Fama—MacBeth method overstates
the precision of the estimated parameters when returns and factors are
conditionally homoskedastic and temporally independent. Jagannathan and
Wang (1998) point out that this is not always the case when returns and
factors exhibit conditional heteroskedasticity. Shanken and Jagannathan
and Wang provide formulas for calculating the precision of the estimated
parameters.

Assuming identical and independent normal distributions for returns
and factors, we can apply the maximum likelihood procedure to the beta
representation and thereby avoid the shortcomings associated with the two-
step cross-sectional regression approach. When the factor is the excess
return on a traded asset, Gibbons, Ross, and Shanken (1989) show that
this approach is equivalent to estimating the parameters using standard
linear multivariate time-series regression. Shanken (1992) shows that the
cross-sectional regression method is equivalent to the normal maximum
likelihood method if the estimation errors in betas are properly taken into
account.

While the application of the maximum likelihood procedure to the beta
representation provides the most efficient estimates for risk premiums, the
assumption of identical and independent normal distribution is a major
limitation. Returns on financial assets may exhibit conditional hetero-
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skedasticity, serial dependence and nonnormality.! Hansen’s (1982) general-
ized method of moments (GMM) has become popular because it allows for
conditional heteroskedasticity, serial correlation, and nonnormal distribu-
tions. Also, the GMM reduces to the maximum likelihood estimation and
standard regression approaches when the assumptions that justify those pro-
cedures are imposed (see Hamilton (1994) and Cochrane (2001)). We there-
fore conduct our analysis using the GMM.

We make use of the following moment restrictions implied by the factor
model (2): the zero mean of the residuals, the zero covariance between the
residuals and the factor, and the definition of the mean and the variance of
the factor:2

Elr, = (6 = pn+1)B] = 04 3
El(r, = (6 =+ f)B)f:] = Onxa 4)
E[f,—u]=0 (5)
El(f,—w?-0?1=0, (6)

where 0,,,; is the vector of n zeros. The vector of unknown parameters is 6 =
(8,8, m,02)". Throughout the paper, we assume that the regularity condi-
tions mentioned in Hansen (1982) are satisfied. Let 0* = (6*, 8", u*, 0*2)’
denote the parameters estimated with the GMM, and Avar[6*] denote the
asymptotic variance of the estimated risk premium 6.

When returns and factors exhibit conditional homoskedasticity and inde-
pendence over time, MacKinlay and Richardson (1991) show that the GMM
estimator is equivalent to the multivariate regression estimator suggested
by Gibbons et al. (1989). For large samples, the two are also equivalent to
the maximum likelihood estimator. Ferson and Harvey (1997) extend the
equivalence argument to models where betas are linear functions of observ-
able variables. The advantage of the GMM estimator is that it is robust to
the presence of conditional heteroskedasticity. MacKinlay and Richardson
thus recommend estimating the parameters using the GMM and the beta
representation. We refer to the combination of the GMM and the beta rep-
resentation as the beta method.

1 See French, Schwert, and Stambaugh (1987), Bollerslev, Chou, and Kroner (1992), and
Glosten, Jagannathan, and Runkle (1992) for evidence.

2 When it is not necessary to estimate the variance, o2, of the factor, the last moment re-
strictions can be ignored. If the factor is the return on a tradable asset, we have § = ¢ and the
first two moment restrictions become E[r, — f,8] = 0,,, and E[(r, — ,8)f;] = 0,,<;, which do not
depend on the mean and variance of the factor. In this case, we can estimate 3 from these two
moment restrictions and separately estimate g and o2 from moment restrictions (5) and (6).
The estimate of u is also the estimate of the risk premium.
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It is important to emphasize that we compare GMM estimates in the SDF
and beta methods, not the maximum likelihood estimates. Although it is
well known that the GMM estimates are no more efficient than the maxi-
mum likelihood estimates, the advantages of the maximum likelihood esti-
mates vanishes if one does not know the joint distribution of the returns and
the factors. If we make the wrong distribution assumption, the maximum
likelihood estimates can be biased, while the GMM does not suffer from the
same problem. This point is well explained by Hansen and Singleton (1982).

Hansen’s J-statistic is often used as a specification test to examine whether
the data are consistent with the model. When the linear factor pricing model
holds, the J-statistic converges to a central y? distribution as T becomes
large. Another way to examine the validity of the pricing model is to test if
Jensen’s alpha, given by a« = E[r] — 88, is zero. Jensen’s alpha measures the
deviation of the vector of excess returns from what the corresponding object
should be according to the pricing model. The sample analog of Jensen’s
alpha is given by

1 T
a* =F—8"B*, where F=— > r,. (7)
T 5

B. The SDF Method

By substituting the expression for 8 into equation (1) and rearranging the
terms, we obtain the following representation of the linear asset-pricing model
given below:

E[rtmt] = OnXl, (8)

where m, = 1 — Af,. Any random variable m, that satisfies equation (8) is
referred to as a stochastic discount factor (SDF). In general, a number of
random variables satisfying equation (8) exist, and, hence, there is more
than one stochastic discount factor. An asset-pricing model designates a par-
ticular random variable as a stochastic discount factor. The linear factor
pricing model (8) designates the random variable m, = 1 — Af, as a stochas-
tic discount factor. In the above expression, the parameter A is the following
nonlinear transformation of the risk premium §:

N 5 5 Ao?
= —5 = or = .
o+ ud 1—puA

)

The SDF representation can be traced back to Dybvig and Ingersoll (1982),
who derive the SDF representation for the CAPM. Ingersoll (1987) derives
the SDF representation for a number of theoretical asset-pricing models.3

3 However, he does not use the term “stochastic discount factor’—Hansen and Richard (1987)
coined the term.
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Hansen and Jagannathan (1991, 1997) develop diagnostic tests for asset-
pricing models based on the SDF representation. Ferson (1995), Campbell,
Lo, and MacKinlay (1997), and Cochrane (2001) provide introductions to the
stochastic discount factor framework.

Farnsworth et al. (2000) find that adding the nominally risk-free security
to the collection of assets increases estimation efficiency. However, there is
a cost to doing so. Nominal interest rates exhibit very persistent near unit-
root-like behavior at the empirically relevant frequencies. Hence, it may not
be appropriate to rely on the asymptotic standard errors. For that reason,
we, following the common practice in the empirical asset-pricing literature,
use excess returns and ignore the restriction that the asset-pricing model
should also correctly value the nominally risk-free asset. This also facili-
tates comparison of our results with those reported by Kan and Zhou (1999).

For the linear one-factor pricing model of excess returns, a simple moment
restriction for the GMM is given by

E[r,(1 = Af)] = 0,1 (10)

Using moment restriction (10) and the GMM, we obtain an estimate of the
parameter A. We denote the associated J-statistic by /. We are also inter-
ested in studying the pricing error, which is defined as = = E[r,] — AE[r,f,].
Hansen and Jagannathan (1997) develop diagnostic tests based on the pric-
ing error. The sample analog of the vector of pricing errors is given by:

g 1/Z . 1/Z
# =F— Arf), where F=?(2rt) and rf=-7:(2rtft). (11)

t=1 t=1

Classical tests of asset-pricing models examine whether the vector of pricing
errors is different from zero after allowing for sampling errors. Substituting
equation (9) into 7 = E[r,] — AE[r,f;], we obtain

o? o+ ub
7=\ —F—=]a or a=|—75—|m. (12)
o+ ub o

Hence Jensen’s alpha will be zero if and only if the pricing error is zero.
The SDF method, which is the combination of the SDF representation and
the GMM, provides a convenient and general framework for analyzing linear
and nonlinear asset-pricing models. The comparison of the SDF method with
the beta method has important implications for the empirical evaluation of
asset-pricing models. A nonlinear model can often be well approximated by
a linear one. For example, Cochrane (1996) advocates that nonlinear sto-
chastic discount factors be approximated by linear functions of macroeco-
nomic variables. Campbell (1993, 1996) uses linear approximations for the
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consumption-based CAPM. If the beta method is more efficient, using it to
estimate the linearized models may be more efficient than using the SDF to
estimate the nonlinear models.

II. Analytical Results
A. Comparison of the Two Methods

First consider the estimates of the risk premium obtained using the two
methods. The beta method gives the GMM estimate 6* from the moment
restrictions of the beta model, while the SDF method gives the GMM esti-
mate A from the moment restriction of the SDF model. We cannot compare
the precision of the two estimates directly because 6 and A will not in gen-
eral be equal. We therefore first transform the estimate of 6 obtained with
the beta method into an estimate of A:

6*
No= s 13
0_*2 +M*6*’ ( )

and then compare the asymptotic variances of A* and A.

To understand why it is important to transform 6* to A* for the compar-
ison, consider the case when the factor is the consumption growth rate mea-
sured in real numbers. If we switch the measurement of the factor to percent,
5* should be multiplied by 100, while A should be divided by 100. The
asymptotic variance of 6™ is then multiplied by 10,000 but the asymptotic
variance of A is divided by 10,000. Clearly, the scaling of the factor affects
the relative magnitude of the asymptotic variances of 6* and A. A correct
comparison of the SDF and beta methods should be independent of the scal-
ing of factors or returns. It is therefore incorrect to compare the asymptotic
variance of 6* and A directly without proper transformation. However, trans-
formation (13) implies that the asymptotic variance of A* will be scaled by
1/10,000, making it comparable to the scaled asymptotic variance of A.

Notice that transformation (13) requires the estimates of u and o2. The
estimation errors in u* and o*? affect the asymptotic variance of A*. To
calculate the asymptotic variance of A", we need to make use of the joint
distribution of 6*, u*, and o*?. Equivalently, we can substitute equation (9)
into moment restrictions (3) and (4) to express them in terms of A, and then
estimate A, 8, u, and o2 jointly. The standard errors for the estimate of
A will ghen automatically take into account the estimation errors in u*
and o*°.

To simplify the mathematics involved, we assume that the asset returns
and the factors are generated by an i.i.d. joint normal process, unless spe-
cially mentioned. Under the i.i.d. joint normal assumption, the beta-method
estimator of the risk premium is equivalent to the maximum likelihood es-
timator. It is well known that the latter is asymptotically the most efficient
consistent estimator. It is therefore important to compare the SDF method
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with the beta method in this special case. However, our results hold under
more general distribution assumptions. This is demonstrated by the Monte
Carlo simulations in Section III.

The main result of our comparison of the two methods is summarized in
the next theorem. The proof of the theorem is provided in the Appendix.

THEOREM 1: Assume that the beta representation (1) and the equivalent SDF
representation (8) hold. The risk premium estimated using the SDF method
has the same asymptotic variance as the risk premium estimated using the
beta method, that is, Avar[A] = Avar[A*].

Next, consider pricing errors 7 and Jensen’s a. The vector of sample pric-
ing errors, 7, in the SDF method is calculated using equation (11). The sam-
ple analog of Jensen’s alpha, o™, in the beta method is calculated using equation
(7). In general, 7 and « will not be equal. The pricing error 7 and Jensen’s
a are related to each other by equation (12). In view of this, we need to
transform the sample analog of Jensen’s a™ to get the sample pricing errors:

* _ 0*2 * 14
T = 0_*2+Iu*5* a, ( )

which is referred to as the sample pricing errors obtained in the beta method.
We can then compare the asymptotic variances of #* and 7. In the following
theorem, we show that asymptotically, the beta method has smaller variance
of the sampling pricing error.

THEOREM 2: Assume that the beta representation (1) and the equivalent SDF
representation (8) hold. The asymptotic variance of the sampling pricing er-
ror in the SDF method is at least as large as that in the beta method, that is,
Avar[#] — Avar[w™] is positive semidefinite.

For the SDF method, testing @« = 0 with & is algebraically equivalent to
Hansen’s (1982) tests of overidentification using the J-statistic. This is not
the case for the beta method. The J-statistics in the two methods have the
same asymptotic distribution. To be more precise, Hansen’s J-statistic for
the beta method as well as the SDF method have an asymptotic x? distri-
bution with n — 1 degrees of freedom, that is, gL xZ,and J* — 2,
as T'— oo. The SDF method has n — 1 degrees of freedom because there are
n restrictions and one parameter in equation (10). The beta method also has
n — 1 degrees of freedom because there are 2n + 2 restrictions in equa-
tions (3), (4), (5), and (6) and n + 3 parameters. Therefore, the asymptotic
variances of J and J* must be the same. The distributions of J and J* can
only be different in finite samples. Later, we use Monte Carlo simulation to
address the issue of finite-sample distributions.

We can also consider the parameter 8 and Jensen’s «. In the beta method,
the estimates §* and o are obtained as described in Section I.A. For proper
comparison, we transform the estimates A and # obtained using the SDF
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method as described in Section I.B to get estimates 5 and ¢ using formulas
(9) and (12). It can be readily shown, by mimicking the proof of Theorem 1,
that Avar[5] = Avar[6*] and that Avar[¢] — Avar[a*] is positive semidefinite.

In Theorem 1, the factor can be either a return on a tradable asset or a
nontradable macroeconomic variable. As we have discussed in the earlier
section, if the factor is a tradable asset return, the asset-pricing model im-
plies the restriction § = u. It can be shown that Theorem 1 continues to hold
even when this restriction is imposed during estimation. In fact, under this
restriction, the asymptotic variances of Avar(8) and Avar(6*) are both equal
to the asymptotic variance of the sample average of f,. Therefore, imposing
the restriction 6 = u, we only need to estimate the risk premium from the
observations of the factor. This has been pointed out previously by Shanken
(1992).

B. The Effects of Standardizing Factors

According to Theorem 1, the beta method and the SDF method provide
risk premium estimates that are equally precise. This result contradicts Kan
and Zhou’s (1999) conclusion. In this section, we examine why this is so.
When comparing the two methods, Kan and Zhou suggest comparing the
asymptotic variance of the estimated 6 and A by looking at special param-
eter values that make 6 and A equal in numbers. Specifically, they assume
that the factor has zero mean and unit variance, that is, x = 0 and o = 1. At
these special values of the parameters, they notice that A = § and directly
compare the estimation errors of 6 and A.

Since this assumption applies to the SDF method as well as the beta method,
one may expect that it would not give an advantage to one method over the
other. In this subsection, we show that this is not the case. Predetermining
the mean and the variance of the factor increases the efficiency of the esti-
mator in the beta method but not in the SDF method. However, by adding
additional moment conditions to incorporate the information brought in
through the moments of the factor, the SDF method estimator can be made
as efficient as the beta-method estimator.

Since the mean and the variance of the factor are predetermined to be zero
and one, Kan and Zhou (1999) drop equations (5) and (6). For the beta method,
they obtain the estimator of the parameter § from the moment restriction

Elr, = (6 +f)B] = 0,1 (15)
El(r; = 0 +f)B)f] = 0px1. (16)

For the SDF method, they obtain the estimator of the parameter A from the
moment restriction

E[r,(1 = 2Af)] = 0,1, a7



Empirical Evaluation of Asset-Pricing Models 2347

which is equation (10). Then, they directly compare the asymptotic variance
of the estimated 6 with the asymptotic variance of the estimated A.

The most important aspect of the assumption made by Kan and Zhou
(1999) is that the mean and variance of the factor are predetermined with-
out estimation. This assumption is the equivalent of ignoring the sampling
errors associated with the estimates of u and ¢ 2. To fully understand how
this assumption affects the precision of the risk premium estimators, we
assume that u and o2 are known, but not necessarily zero and one.

In general, predetermining a subset of the parameters reduces the sam-
pling error of the remaining estimates. The following lemma summarizes
this effect.

Lemma 1: Let x, be the observed data in period t and g(x,,0;,6,) be a vector
function of (x,,6;,0,), where 6, is the vector of parameters of interest. Suppose
that E[g(x,,0,,0,)] = 0 defines the GMM moment restrictions. Let (6;,05)' be
the GMM estimator of (61,605)'. When 6, is predetermined, let 6, be the GMM
estimator of 0,. Then, Avar[0,] — Avar[6,] is positive semi-definite. In addi-
tion, if

ag(xta01a02)} =0, (18)

1
lim E| —
e [T Z‘l 96,
then Avar[6,] = Avar[8,].

When the factor moments are predetermined, the asymptotic variance of
the estimated risk premium becomes smaller. Thus, Kan and Zhou (1999)
understate the variances of the parameter estimates in the beta method
relative to the realistic case where u and o must be estimated. Nonetheless,
the variance of the estimates in the SDF method is not understated because
condition (18) is satisfied.

Kan and Zhou (1999) do not use the two moment conditions that restrict
the first and second sample moments of the factor. In general, dropping the
moment restrictions in the GMM will increase the sampling error of the
estimated parameters. However, when certain conditions are met, moment
conditions can be dropped without affecting the sampling error of the esti-
mated parameters. It turns out that these conditions are satisfied for the
beta method. Thus, Kan and Zhou’s analysis still gives the beta method an
efficiency advantage after dropping the moment restrictions for x and o.
The following lemma makes these statements precise.

LeEMMA 2: Let x, be the observed data in period t, g,(x,,0) be a vector func-
tion of (x,,6), where 0 is the vector of parameters, and g,(x,) be a vector
function of x,. Let g(x,,0) = (g,(x,,0),82(x;)"). Suppose E[g(x,,0)] = 0. Let
6 be the GMM estimator from the moment restriction E[g(x,,0)] = 0. Let § be



2348 The Journal of Finance

the GMM estimator of 6 from the moment restriction E[g,(x,,0)] = 0. Then,
Avar[0] — Avar[f] is negative semidefinite. In addition, if, however,

> Elgi(x,,0)82(x,4,)'1=0, (19)

Jj=—
then Avar[f] = Avar[6].

To apply Lemma 2 to the beta method, let 6 = (5,8’)" and

.6) ( rr— @ —u+f)B ) . o) ( fi— )
gl r—G-u+fapf,) 0 BT (f w2

(20)

where u and o are predetermined. It is easy to show that g, and g, are
uncorrelated. Hence, condition (19) is satisfied, and dropping the factor mo-
ment restrictions does not affect the variance of the risk premium estimator
in the beta method.

Under the assumption of zero mean and unit variance of the factor, how-
ever, Kan and Zhou (1999) show that the beta method is strictly more effi-
cient than the SDF method. More generally, we can show that the strict
inequality holds when the first two moments of the factor are predeter-
mined, not necessarily to be zero and one. Let 67 be the estimator of & ob-
tained from moment restrictions (15)—(16) and A" = 87/(c? + ws"). Our
derivation in the Appendix shows

Avar[A"] < Avar[A]. (21)

We have shown in Theorem 1 that the SDF method is as efficient as the beta
method when the factor moments are not predetermined and have to be
estimated. Hence, we conclude that Kan and Zhou reached a different con-
clusion because they ignored the estimation error associated with the first
two moments of the factor and treat them as though they are known with
certainty.

To summarize, the estimated risk premiums in the SDF and beta methods
have the same sampling error when the factor moments are not predeter-
mined. Predetermining the factor moments reduces the sampling error of
the estimate in the beta method, even though the moment conditions corre-
sponding to the predetermined parameters are ignored. In the SDF method,
however, the variance of the estimator is not reduced when factor moments
are predetermined. This explains why Kan and Zhou (1999) find that the
SDF method is less efficient.
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When the factor moments are predetermined, the information about the
factor moments should be properly incorporated into the SDF method. From
Lemma 2, we know that the restriction E[gy(x,)] = 0 might affect the esti-
mation efficiency if g,(x,,0) and g,(x,) are correlated. For this reason, we
add the factor moment restrictions to the moment restriction (10) in the SDF
method. Thus, we obtain the GMM estimate, denoted by A, of the parameter
A from the following moment restrictions:

E[r,(1-Af)]1=0 (22)
E[f,—u]=0 (23)
El(f,-w?-0?]1=0, (24)

where u and o are predetermined. Our derivation in the Appendix shows

Avar[A] = Avar[AT]. (25)

Therefore, a simple remedy to the inefficiency of the SDF method when
factor moments are predetermined is to incorporate the factor-moment re-
strictions. This further explains why the additional information about the
factor is incorporated into the beta method but not the standard SDF method
when we predetermine the factor moments.

A natural question that arises is whether we can increase the estimation
efficiency by incorporating the factor moment restrictions when the factor
mean and variance are not predetermined. More specifically, we want to
know whether the asymptotic variance of A estimated together with u and
o? from the moment restrictions

E[r,(1 - Af)] = 0,1 (10"
E[f,—u]=0
E[(f, - w?—-0c?]=0,

is smaller than the asymptotic variance of the corresponding estimators that
are obtained from the first moment restriction (10') alone. The answer is no
because the number of added moment restrictions is the same as the number
of added unknown parameters. Readers can verify this easily.

III. Monte Carlo Simulations
A. Estimation Efficiency

In the first set of simulations, we assume that the returns and the factor
are drawn from a multivariate normal distribution. To be consistent with
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the beta model and its equivalent SDF model, we generate the excess re-
turns and the factor from the following process:

rt = (6 - I‘L +ft)B + 6t> etlft -~ N(OnXbQ)> ft -~ N([,L,O'z), (26)

where ¢t = 1,---,T. For T, we consider the following four different time ho-
rizons in our simulations: 60 months, 120 months, 360 months, and 600
months. The first two horizons are often used for estimating betas and risk
premiums using rolling windows. The third horizon is similar to that used in
many related empirical studies.# The fourth is a half-century, which may be
considered a “large” sample for monthly returns. The estimators are calcu-
lated based on the T samples of the factor and returns generated from the
above process. We repeat this independently to obtain 1,000 draws of the
estimator of A.

We choose the values for the parameters to match the sample moments of
the data. Monthly returns from January 1926 to December 1998 for the 10
size-decile portfolios; the value-weighted market index portfolio of stocks
traded on the NYSE, AMEX, and Nasdaq; and the one-month Treasury bills
are obtained from the Center for Research on Security Prices (CRSP). Ex-
cess returns are obtained by subtracting the Treasury bill returns. We set u
and o2 to equal the sample mean and the sample variance of the excess
return on the market index portfolio. We set B for each size-decile portfolio
to equal the slope coefficient in the OLS regressions of the size-decile excess
returns on the excess market return. The covariance matrix, Q) = E[¢,¢€,|f,],
is set equal to the sample covariance matrix of the residuals obtained in the
10 OLS regressions. We set the risk premium § to be the value of the slope
coefficient obtained from the cross-sectional regression of the historical av-
erage excess returns on betas. The parameter A satisfies A = 8/(c? + ud).
Table I provides all the parameters used in the simulation.

In the population, we set risk premium & = 1.3740 for monthly returns.
This implies A = 4.3790. This large risk premium reflects the firm-size pre-
mium since B is strongly negatively correlated with firm size in the sample
we use for calibration purposes.? We do not set the values of § and u to be
equal. Therefore, we do not impose the restriction that the factor is the
return on a portfolio of tradable assets.® The asymptotic standard deviations
of the estimated A implied by the parameters are reported in Panel A of
Table II. For comparison with the simulation results, the asymptotic stan-
dard deviations are divided by the square root of 7.

* For example, Fama and French (1992) and Jagannathan and Wang (1996) use 330 monthly
observations. Fama and French (1993) use 342 monthly observations.

5 If we were to construct portfolios by ranking firms by both market capitalization and es-
timated beta, the betas would not be as highly negatively correlated with firm size. In that
case, as in Fama and French (1992) and Jagannathan and Wang (1996), the risk premium on
beta would be close to zero, and the risk premium on firm size would be large in magnitude and
negative.

% Our simulation results also hold well when we set § = u.
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Table I

Parameter Values Used in Monte Carlo Simulations

This table presents the parameters used in our Monte Carlo simulations. The choice of the
parameters is based on monthly historical observations (from January 1926 to December 1998)
of returns (in excess of returns on one-month Treasury bills) on decile portfolios and the value-
weighted market index of NYSE, AMEX, and Nasdaq. The data are obtained from the Center
for Research on Security Prices (CRSP). The mean (u) and standard deviation (o) of the factor
is set to be the sample mean and standard deviation of returns on the market index. The betas
(B) are set to be the slopes in the time-series regression of the decile returns on the market
index return. Jensen’s a is set to be the intercept in the same regression. The sample covariance
of the residuals in this regression is chosen to be the covariance matrix Q. The risk premium
&8 is set to be the slope in the cross-sectional regression of the decile’s historical average return
on beta. The parameter A satisfies A = /(6% + ud). The numbers reported for u, o, and « are
multiplied by 100 while the numbers for () are multiplied by 10,000.

n =0.6914 o =5.5154 6 =1.3740 A =4.3790

Decile Portfolios

Small 2 3 4 5 6 7 8 9 Large

B
1.46 1.395 1.309 1.265 1.241 1.227 1.183 1.122 1.090 0.947

a

0.494 0.126 0.000 —0.004 0.000 —0.002 0.020 —0.042 0.023 0.003

Q

55.680 37.110 28.820 22.300 17.390 14.450 10.160 6.375 3.890 —2.808
37.110 29.830 22.620 17.880 13.960 11.870 8.296 5.466 3.172  —2.243
28.820 22.620 20.480 15.180 11.860 10.300 7.265 4.932 2.784 —1.918
22.300 17.880 15.180 13.670 10.120 8.860 6.638 4.770 2.633 —1.687
17.390 13.960 11.860 10.120 9.290 7.432 5.616 4.134 2.404 -—1.422
14.450 11.870 10.300 8.860 7.432 7.312 5.097 3.838 2.334 -1.301
10.160 8.296 7.265 6.638 5.616 5.097 4.901 3.289 1.944 -1.036

6.375 5.466 4.932 4.770 4.134 3.838 3.289 3.254 1.776 —0.840

3.890 3.172 2.784 2.633 2.404 2.334 1.944 1.776 1.775 -0.572
—-2.808 -2.243 -1918 -1.687 -1.422 -1301 -1.036 —0.840 —0.572 0.312

In implementation of the GMM, we follow Ferson and Foerster (1994), who
suggest iterating between the estimation of the weighting matrix and the es-
timation of parameters until the estimates converge. The simulation results
for A are reported in Panel B of Table II. For each estimator of A, the table gives
the standard deviation of the 1,000 estimated risk premiums. When the mean
and variance of the factor are estimated along with the risk premium param-
eter, the estimator A obtained using the SDF method and the estimator A* ob-
tained using the beta method have essentially the same precision for all sample
sizes considered. This is true even when the sample size is as small as 60 months.
Therefore, there is no efficiency gain from the use of the beta method over the
SDF method. Our simulations also show similar results for the estimated 6—we
do not report them in order to save space. We refer those who are interested
in the numerical results of § to Jagannathan and Wang (1999).
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Table II
Standard Errors of the Estimated A

This table provides the asymptotic and simulated standard errors for various estimators of A
subject to the restriction E[r,(1 — Af,)] = 0,,»;. The parameters, A, §, 8, u, o, and (), are set to
the values in Table I. The asymptotic standard errors are the asymptotic standard deviations
divided by the square root of T'. To obtain the simulated standard errors, independent samples
{(fi,€/) }i=1,...,r are drawn from a normal, ¢, or empirical distribution. Excess returns on 10
portfolios are constructed to satisfy r, = (6 + f, — w)B + ¢ for t = 1,-.-,T. We consider the
estimators obtained in four different approaches: (1) the beta method (1*), (2) the SDF method
(%), (3) the beta method when the factor mean and variance are predetermined and the factor
moment restrictions are dropped (A"), and (4) the SDF method when the factor mean and
variance are predetermined and the factor moment restrictions are added (2). In each approach,
the estimator of A is calculated based on the T samples. We repeat this independently to obtain
1,000 draws of the estimator of A. The simulated standard error is the standard deviation of the
random draws of the estimator.

T A* A AT A

Panel A: Results Calculated from the Asymptotic Distribution

60 2.2063 2.2063 0.0653 0.0653
120 1.5601 1.5601 0.0461 0.0461
360 0.9007 0.9007 0.0266 0.0266
600 0.6977 0.6977 0.0206 0.0206

Panel B: Results Simulated from the Normal Distribution

60 3.1193 2.8903 0.1124 0.1360
120 1.9136 1.8703 0.0522 0.0528
360 0.9616 0.9560 0.0270 0.0270
600 0.7307 0.7279 0.0198 0.0199

Panel C: Results Simulated from the Student-¢ Distribution

60 4.3511 3.4108 0.6487 0.2151
120 2.2490 2.1069 0.0712 0.0835
360 1.1101 1.1015 0.0267 0.0282
600 0.8235 0.8127 0.0210 0.0220

Panel D: Results Simulated from the Empirical Distribution

60 3.2823 3.0287 0.1143 0.1324
120 1.8675 1.8274 0.0514 0.0542
360 0.9729 0.9674 0.0278 0.0279
600 0.7321 0.7306 0.0215 0.0215

If we predetermine the mean and variance of the factor and ignore the
related moment restrictions, the SDF method is much less efficient than the
beta method. This is true in both small as well as large samples. When we
have 30 years of monthly observations (T = 360), the standard deviation of
A obtained using the SDF method is about 35 times as high as the standard
deviation of A" obtained using the beta method. This result is similar to that
reported by Kan and Zhou (1999). It confirms that when the factor moments
are predetermined, the classical beta method substantially overstates the
precision of the estimated risk premiums.
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When the factor moment restrictions are added to the SDF method, the
efficiency of the SDF method improves substantially. Notice that the stan-
dard error of A is nearly the same as that of A". The increase in efficiency of
the SDF method after adding the factor moments restrictions is expected,
because in this case, the two methods have the same asymptotic variance for
the estimated risk premium. Thus, the sharp disadvantage of the SDF method
relative to the beta method reported by Kan and Zhou (1999) is mainly due
to ignoring the estimation error in the factor moments.

In our theoretical derivation of the asymptotic variance, we assume that
the variance of the returns do not depend on the realized value of the factor.
This may be a rather restrictive assumption. We therefore examine the ap-
plicability of our results when returns exhibit conditional heteroskedasticity.
For this purpose, following MacKinlay and Richardson (1991), we make
independent draws of the returns and the factor from a multivariate
t-distribution rather than a joint normal distribution. When the multivari-
ate t-distribution has » degrees of freedom, the conditional covariance ma-
trix of the residuals in the regression equation, conditional on the realized
value of the factor, is given by (see MacKinlay and Richardson, equation 14)

— _ 2/ 2
Varle, | f,] = 2+If’fl“) 17”0, @7

Notice that dependence of the conditional covariance on the realized value of
the factor increases as the number of the degree of freedom, v, decreases.
There is, however, a lower bound on our choice of the number of degrees of
freedom. The asymptotic distribution theory for the GMM requires that re-
turns and factors have finite fourth moments. Hence, there must be more
than four degrees of freedom. In view of this restriction, we use five degrees
of freedom for the multivariate ¢-distribution, following MacKinlay and Rich-
ardson (1991).

The simulation results corresponding to the ¢ distribution are presented in
Panel C of Table II. The standard errors computed using the asymptotic
theory and through simulation are about the same. It is also true that pre-
determining the factor mean and variance causes the estimator A" obtained
with the beta method to be more efficient than the estimator A obtained
with the SDF method, but incorporation of the factor moment restrictions
makes the estimator A as efficient as the estimator A". When the mean and
variance of the factor are not predetermined, which is a more realistic and
correct approach, the two estimators A* and A obtained with the two meth-
ods have almost the same precision in every sample size. This indicates that
our results are robust to the existence of conditional heteroskedasticity.

As an alternative to the multivariate ¢-distribution, we also consider the
joint empirical distribution of the excess returns and the factor. The monthly
observations of the return on the value-weighted index of NYSE, AMEX, and
Nasdaq are used for f,. The residuals in the regression of decile returns on
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the index return are used for ¢,. Independent samples {(f;,€;)'},—1... r are
drawn from an estimated empirical distribution of the data.” Excess returns
on 10 portfolios are constructed to satisfy r, = (6 — u + f,)B + ¢, for ¢t =
1,-.-,T. The parameters, A, §, 8, and w, are set to the values in Table I. Each
estimator is then calculated based on the T observations to obtain a random
draw of the estimator. We repeat this process independently 1,000 times to
obtain 1,000 independent random draws of each estimator.

The simulation results are given in Panel D of Table II. When the mean
and variance of the factor are estimated together with the risk premium, the
sampling errors for the risk premium using the SDF method and the beta
method are almost identical. Ignoring the estimation error in the factor mo-
ments causes the beta method to be far more precise than the SDF method.
When the factor mean and variance are predetermined, incorporating the
factor moment restrictions greatly improves the precision of the SDF method.

B. Specification Tests

It is common to evaluate model misspecification by examining the sample
pricing errors. Our Theorem 2 states that the sample pricing errors in the
beta method have a smaller covariance matrix than those in the SDF method,
applied to excess returns. To assess the quantitative importance of the dif-
ference between the two methods, we set A, §, 8, u, o, and () to the values in
Table I and calculate the asymptotic standard deviations of the estimated
pricing errors for the 10 size-decile portfolios. The calculations are based on
the formulas given in the Appendix under the null hypothesis of E[r] = 8.
The observations of the factor and returns are assumed to have a joint nor-
mal distribution, identical and independent across time.

In Panel A of Table III we report the asymptotic standard deviations di-
vided by the square root of 7. We only consider the general case where the
factor mean and variance are not predetermined. As claimed by the theo-
rems in this paper, the standard deviations of the pricing errors estimated
using the SDF method are larger than those using the beta method. How-
ever, the differences are quite small. Such small differences would be diffi-
cult to detect using Monte Carlo methods.

When we use the same parameter values, the standard deviations of the
estimated pricing errors obtained from Monte Carlo simulations are not very
different for the two methods. Panel B of Table III reports the results of our
Monte Carlo simulation for the pricing errors in finite samples. The design
of the simulation is exactly the same as the design for Table II. To save
space, we only report the results for the normal distribution. As can be seen
in Table III, the standard deviations of the sample pricing errors obtained in
the two methods are very similar for all the assets. This is similar to what
Cochrane (2000) obtained. Based on Monte Carlo simulations, it would be

7 We can estimate the empirical distribution either by the Bootstrap method or the method
described by Taylor and Thompson (1986). The results are the same, and we only report the
former.
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Table ITI

Standard Errors of the Sample Pricing Errors

This table provides the asymptotic and simulated standard errors for sample pricing errors in
the SDF and beta methods subject to the restriction E[r,(1 — Af,)] = 0,,..;. The vector of sample
pricing errors in the SDF method is defined in equation (11). The vector of sample pricing
errors in the beta method is defined in equation (14). The true parameters, A, §, 8, 4, o, and €,
are set to the values in Table I. The asymptotic standard errors are the asymptotic standard
deviations divided by the square root of 7. To obtain the simulated standard errors, indepen-
dent samples {(f,,€;)'},=1,....r are drawn from a normal distribution. Excess returns on 10
portfolios are constructed to satisfy r, = (6 + f, — u)B + ¢, for t = 1,---,T. The vector of sample
pricing errors in each method is then calculated based on the T samples. We repeat this inde-
pendently to obtain 1,000 random draws of the vector of sample pricing errors in each method.
The simulated standard error is the sample standard deviation of the independent draws. All
the standard errors reported in the table are multiplied by 100.

T Method Small 2 3 4 5 6 7 8 9 Large

Panel A: Results Calculated from the Asymptotic Distribution
60 Beta 0.9060 0.6629 0.5492 0.4485 0.3695 0.3276 0.2680 0.2181 0.1605 0.0653
SDF  0.9622 0.7041 0.5832 0.4763 0.3924 0.3480 0.2846 0.2316 0.1704 0.0694

120 Beta 0.6407 0.4688 0.3883 0.3171 0.2613 0.2317 0.1895 0.1542 0.1135 0.0462
SDF  0.6804 0.4979 0.4124 0.3368 0.2775 0.2460 0.2012 0.1638 0.1205 0.0491

360 Beta 0.3699 0.2706 0.2242 0.1831 0.1508 0.1338 0.1094 0.0890 0.0655 0.0267
SDF  0.3928 0.2874 0.2381 0.1945 0.1602 0.1421 0.1162 0.0945 0.0696 0.0283

600 Beta 0.2865 0.2096 0.1737 0.1418 0.1168 0.1036 0.0847 0.0690 0.0507 0.0207

SDF  0.3043 0.2226 0.1844 0.1506 0.1241 0.1100 0.0900 0.0732 0.0539 0.0219
Panel B: Results Simulated from the Normal Distribution

60 Beta 0.8885 0.6859 0.5898 0.5145 0.4584 0.4287 0.3874 0.3551 0.3314 0.2809

SDF 1.0603 0.8301 0.7231 0.6409 0.5733 0.5367 0.4864 0.4455 0.4150 0.3397

120 Beta 0.6795 0.5212 0.4413 0.3637 0.3126 0.2914 0.2531 0.2164 0.1858 0.1335
SDF  0.7644 0.5851 0.4981 0.4122 0.3558 0.3319 0.2867 0.2443 0.2111 0.1485

360 Beta 0.3863 0.2828 0.2349 0.1919 0.1593 0.1451 0.1181 0.0988 0.0791 0.0454
SDF  0.4115 0.3007 0.2497 0.2040 0.1698 0.1541 0.1265 0.1062 0.0848 0.0491

600 Beta 0.2779 0.2097 0.1730 0.1424 0.1199 0.1081 0.0891 0.0745 0.0574 0.0293
SDF  0.2978 0.2245 0.1853 0.1527 0.1286 0.1158 0.0956 0.0799 0.0612 0.0319

tempting to conclude that the beta and SDF methods give the same stan-
dard deviation of the sample pricing errors. Our theorem shows that such a
conclusion would be wrong, and the difference can be large for some param-
eter values. However, for the parameter values that are likely to be encoun-
tered in most empirical studies, the differences between the two methods are
often negligible.

A convenient way of examining model specification is the test based on
Hansen’s J-statistics. As we have pointed out in Section II.A, the J-statistics
in the SDF and the beta methods have the same asymptotic distribution.
Therefore, the sampling distribution of the J-statistics can be different only
in finite samples or in misspecified models. In what follows, we therefore
examine the size and power of the specification tests in finite samples.
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To examine the test size in the two methods, we use Monte Carlo
simulations to compute the rejection rates under the null hypothesis that
E[r,(1 = Af;)] = 0,,x;. For this purpose, independent samples {(f;,€;)'},—1. ... r
are drawn from a normal distribution, student-¢ distribution, or the empirical
distribution as we have described earlier. Excess returns on the 10 portfolios
are then generated to satisfy r, = (6 +f, — w)B + ¢, fort = 1,---,T so that the
asset-pricing model holds. The parameters, A, 8, B, u, o, and (), are set to the
values in Table I. We obtain the parameter estimates and the J-statistic for
each method based on a sample of 7' simulated observations. We repeat to ob-
tain 10,000 independent random draws of the /-statistic. The test size for a
significant level is calculated as the rejection rates. We report the test size for
three significance levels: 1 percent, 5 percent and 10 percent. This requires es-
timating the tails of the sampling distribution of the /-statistics. Therefore,
we need a large number of simulations, which is chosen to be 10,000.

The simulation results for the normal and ¢-distributions® are reported in
Panels A and B of Table IV. For the numbers we considered for T, the re-
jection rates in the SDF method are all close to the theoretical p-values
based on the y? distribution. When 7 increases, the test size moves closer to
the theoretical p-value. It is clear that the SDF method works as well as the
beta method.

To examine the power of the two methods, we conduct similar Monte Carlo
simulations, except that we add a nonzero Jensen’s alpha to the model for gen-
erating excess returns. The nonzero Jensen’s alpha makes the asset-pricing
model misspecified. To be specific, excess returns are constructed to satisfy r, =
a+ (8+f, — wB+e,. Jensen’s alpha, «, for each portfolio is calibrated from
the data and listed in Table I. As reported in the empirical finance litera-
ture, portfolios of small stocks are associated with large pricing errors. The
power is the fraction of the simulated J-statistics that are larger than the
critical value based on the sampling distribution of the J-statistics under
the null hypothesis of @ = 0. The results are reported in Panels C and D of
Table IV. Clearly, the SDF method is as powerful as the beta method.

Our simulation results on the power are strikingly different than those
reported by Kan and Zhou (1999), who show that the beta method is much
more powerful than the SDF method for specification tests. To obtain their
results, they introduce misspecification by assuming that econometricians
mistakenly specify some “useless” factors that are uncorrelated with asset
returns in the model (see Kan and Zhou for the artificial construction of
their “noisy,” “unsystematic,” or “useless” factors). In contrast, we introduce
misspecification by adding Jensen’s alpha calibrated from the data. Thus,
the relative power of the two approaches may depend on the nature of the
hypothesis. It is, however, reasonable to assume nonzero Jensen’s alpha be-

8 We have also drawn samples from the empirical distribution for 1,000 simulations. The
results are very similar to the results obtained from the normal and student-¢ distributions. We
do not report the results for the empirical distribution because it takes a very long time to
conduct 10,000 simulations with the empirical distribution.
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Table IV

Simulation Results for Specification Tests

This table provides the results of Monte Carlo simulations on the rejection rate of J-statistics.
Independent samples {(f;,€;)'},=1,... r are drawn from a normal or ¢ distribution. Excess re-
turns on 10 portfolios are generated to satisfy r, = a + (8 +f, — u)B + ¢, fort = 1,---,T, where
A, 8, B, n, o, and Q) are set to the values in Table 1. For the size of specification tests, « is set
to a zero vector. For the power of specification tests, « is set to the values in Table I. We
consider the J-statistics obtained in four different approaches: (1) the beta method (J*), (2) the
SDF method (J), (3) the beta method when the factor mean and variance are predetermined
and the factor moment restrictions are dropped (J '), and (4) the SDF method when the factor
mean and variance are predetermined and the factor moment restrictions are added (/). In
each approach, the GMM is applied to the T samples to obtain a J-statistic. We repeat this
independently to obtain 10,000 random draws of the J-statistics. The table presents the percent
of the simulated J-statistics that are larger than the critical point at the significance levels of
10 percent, 5 percent, and 1 percent based on the sampling distribution of the JJ-statistics under
the null hypothesis of @ = 0.

10 Percent 5 Percent 1 Percent

T J* J JT J Jr J JT J J* J JT J

Panel A: Size of Specification Tests Simulated from the Normal Distribution

60 7.2 7.9 7.2 127 2.9 3.2 2.9 6.4 0.2 0.2 0.2 1.6
120 8.9 9.0 8.9 117 4.0 4.2 4.0 6.4 0.6 0.6 0.6 1.6
360 9.4 9.5 94 103 4.7 4.7 4.7 5.2 0.9 0.9 0.9 1.2
600 9.8 9.8 9.8 103 4.8 4.8 4.8 5.1 0.9 0.9 0.9 1.1

Panel B: Size of Specification Tests Simulated from the Student-¢ Distribution

60 5.4 7.3 54 23.0 1.8 2.8 1.8 144 0.1 0.2 0.1 51
120 7.7 8.9 7.7 20.9 3.0 4.0 3.1 132 0.4 0.5 0.4 51
360 8.9 9.3 89 163 4.1 4.3 41 10.1 0.7 0.8 0.7 3.5
600 9.9 102 9.9 150 4.5 4.7 4.5 8.8 0.8 0.9 0.8 2.5

Panel C: Power of Specification Tests Simulated from the Normal Distribution

60 111 121 11.1 169 4.6 5.3 4.6 9.1 0.3 0.6 0.3 2.1
120 197 202 19.7 221 104 109 104 125 2.2 2.4 2.2 3.8
360 50.3 503 503 47.7 367 369 367 346 159 161 159 149
600 745 745 745 711 623 623 623 589 376 377 376 346

Panel D: Power of Specification Tests Simulated from the Student-¢ Distribution

60 96 126 9.6 288 3.9 5.6 39 184 0.4 0.6 0.4 6.9
120 184 208 184 319 94 112 94 218 1.8 2.5 1.8 9.0
360 498 506 498 536 359 369 359 414 147 156 147 20.6
600 73.0 735 730 726 60.7 613 60.7 610 346 354 346 37.0

cause a misspecified model by definition has nonzero pricing errors. Kan
and Zhou’s assumption that econometricians pick useless factors is not inter-
esting because the prespecified factors that are typically used in empirical
analysis of asset-pricing models are based on meaningful economic analysis
and exhibit nonzero correlation with asset returns.
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IV. Conclusion

The stochastic discount factor (SDF) method has received wide attention
in the theoretical and empirical asset-pricing literature. The main attraction
of the SDF method is its generality. It provides an elegant framework for
econometric evaluation of both linear and nonlinear asset-pricing models,
including pricing models for derivative securities. We examine whether the
generality of the SDF framework comes at the cost of estimation efficiency
for risk premiums and test power for model specifications.

For that purpose, we compare the classical beta method with the SDF
method for linear factor-pricing models. For such models, the beta method is
equivalent to the maximum likelihood method under suitable assumptions
regarding the statistical properties of returns and factors. Hence the beta
method has a natural advantage for such models. If the SDF method pro-
vides as precise an estimate of factor risk premiums even for linear factor-
pricing models, then there would be less need for concern that the generality
of the SDF method comes at a cost.

We show that in spite of its generality, the SDF method has the same
asymptotic precision as the beta method for estimating risk premiums in
linear factor-pricing models. Monte Carlo simulations suggest that they pro-
vide estimates with similar precision even in finite samples. We also find
that the two methods have similar power of specification tests against the
alternative hypothesis of nonzero pricing errors. If our findings were other-
wise, there would have been some advantage to applying the beta method to
nonlinear asset-pricing models through linear approximations. OQur results
suggest that there are no such gains.

The above results show that it is inappropriate to compare directly the
risk premium parameters in the two methods at special values without proper
transformation. In addition, by assuming that factors can be standardized to
zero mean and unit variance, Kan and Zhou (1999) ignore the random errors
associated with the sample mean and variance of the factors and treat them
as known. It follows from our analysis that this practice leads to substantial
overstatement of the precision with which risk premiums are estimated using
the beta method. In contrast, the reported standard errors will be correct if
the SDF method is used, which is an important advantage rather than a
disadvantage of the SDF method.

Appendix: Proofs
Proof of Theorems 1 and 2

Let Q) be the variance of ¢, in equation (2). To calculate the asymptotic vari-
ance of the estimator A obtained with the SDF method, let us consider the fol-
lowing vector of random variables g, (r,, f,, A) = r,(1 — Af,). Substituting r, with
equation (2) and A by equation (9), we obtain the covariance matrix of g, as

o2(c* + 8% o2(o? + 62)

S, = Elgs(rs, f1, M gs(rs, 1,01 = mz—ﬁﬁ' + (0‘2—+,u8)2_Q’ (A1)
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and its inverse is

2 2 2 2 4 4\ -1
1 A e g £
(A2)
The expected value of the derivative of g, with respect to A is
D, = E[0g,/0A] = —(0* + pd)B. (A3)

The asymptotic variance of the estimator of A is (D.S,; !D,) !, which gives

oc%(c? + 6%) oc?(c* + 6%)

1 — r0—1 -1
Avar(l) = T ST (B0 T (A4)

To calculate the asymptotic variance of the sampling pricing error, we
define

N 1 /(X .
e;(A) = E(%&(mﬁﬁ))- (A5)

It follows from Hansen (1982) that
Avar[e,(M)] = S, — D,[D;S; ' D,]' D;. (A6)
The sampling pricing error is # = e (1), which gives

o%(o? + 62)

Avar[7] = mz— Q-

(BB BB (AT)

Next, let us calculate the asymptotic variance of A*. In the beta method,
the vector of unknown parameters is 8 = (8, 8’, u,02)". Let us define a ran-
dom variable g,(r,,f;,0) as

re=(8+f,— B &
(re =6+, — WP € fr
g(re, f,,0) = fi—nu = fi—n (A8)

(fi—w?—o? (fi—w?—o?
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The covariance matrix of g, and its inverse are

Q nQ) 0 0
uQ (u2+02)0 0 0
Ss=1 o 0 o2 0 |
0 0 0 20t
(c2+u>H)Qt —uQt 0 0
—uQ! Qt 0 0
1
Sy 1= - 0 0 0 (A9)
0 0 0 !
202
The expected value of the derivative of g, with respect to 6 is
_B _6In B 0
og, —uB —(0?+udIl, uB O
D”:E[a_e'}: 0 0 -1 0 | (A10)
0 0 0 -1
It follows that
BIQ—IB 83,9_1 __B/Q—IB 0
8071 (o2 +6%H)Q7! -60718 0
1
D;S;'D,=| —B'Q7'B  —sp'Q7! S tAOTE 0 | (Al
1
0 0 0 —

Do
)
S
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The asymptotic covariance matrix of the estimator 6* is (D;S, 'D,) '. We
find that the inverse matrix of D;S; ' D, is

o2 + 62

(BO71p) 1 + o S (gap) g ot 0

0.2

2

13
2 g g Qg 0 0

Q+
o2+ 62 o2(0? + 682)

o? 0 o? 0
0 0 0 20%
(A12)

The asymptotic variance of the estimator for § is the first element of the
above matrix, which is then

Avar(6*) =

BB+ a2 (A13)

o2
Using equation (13) and the Delta method, we find that

oc?(o? + 862) o2(oc? +6%)

®\ __ r0—1 -1
Avar(A*) = —(0_2 o) (BB + @2 po)t (Al14)

To calculate the asymptotic variance of the sampling pricing error ob-
tained with the beta method, we define

T
eb(e) = T_l Elgb(rt’ﬁ’a)- (A15)
t=

It follows from Hansen (1982) that

Avarle,(6*)] = S, — Dy(Dy Sy ' D,) ' Dy,
__0-2 r0-1 -1 ’
o2+ §2 [Q - (B Q ﬁ) BB ] A12 0nx1 Opx1
= A21 A22 On><1 0n><1 (A16)
01><n Oan 0 O
01><n 01><n 0 0
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where
248 +68(u+ o2
App= Ay = T TV parip)ipp] (A17)
o°+ 6
2 _ 2 2 2 2 2 2
A, - (0% —p”)(u" +o )Q_(/L+5) (0 + o) (B01B) 188", (A18)

o? + 6% oc?(c? +62%)

The sample analog of Jensen’s alpha in the beta method is o™ = @ e(8"),
where @* = [1,,0,«,,—B",0,x1]. Thus, we have Avar[a™] = @[S, —
D,(D;S 'D,) 'D,1Q', where @ =[I,,0,,,,—8,0, <11, which gives Avar[a*] =
[0%/(c? + 6)][Q — (B'Q 1B)!BB']. It then follows from equation (14) that
the asymptotic variance of the sample pricing errors is

2

Avar[7*] = ( ) Avar[a*]

o? + ub
(A19)

0_6

T (0% +6%)(0% + uo)? (@

- (BB BBl

Finally, the equality Avar[A] = Avar[A*] follows from equations (A4) and
(A14). The matrix Avar[#] — Avar[# "] is positive semidefinite because equa-
tions (A7) and (A19) imply

026%(202 + 82) o-
(0® +39)(0® + wo)” |

Avar[7#] — Avar[#*] =

(B'Q7'B) BBl (A20)

and because Q — (8'Q'B) BB’ is positive semidefinite. The proof is then
complete. Q.E.D.

Proof of Lemma 1: Let

1 Z og(x,,6,,6,) . dg(x,,0q,05)
—}'I_I)I;E[T;T and D2—11mE Fz—‘—“‘

(A21)

It follows that

T
D = lim E[ > Mﬁ?—)] = (D, Dy). (A22)

T—oo



Empirical Evaluation of Asset-Pricing Models 2363

Let S be the spectral density matrix of g(x,,6,,6,). We thus have Avar[6,] =
(D1S7'Dy)™" and Avar[(61,6;)'] = (D'S'D)~!. The inverse of the asymp-
totic variance of (6;,65) is

(A23)

DiS™'D, D;S™'D,
D'S™'D = .

D;S'D, D,S'D,
It follows from the formula of the inverse of partitioned matrix that

Avar(é1) = (DiS_lDl)_l + (DiS_1D1)_1(DiS_1D2)
X [(D3S "'Dy) — (D3S'Dy)(D1S 'Dy)"H(DiS D)7t (A24)
X (DyS 'D)(DyS 'D;) L.
The difference, Avar[6;] — Avar[d,], must be positive semidefinite because
the first term on the right-hand side of equation (A24) equals Avar[4,] and
the other term is positive semidefinite. In view of equation (A24), it is ob-

vious that equation (18) implies D, = 0, and thus Avar[6,] = (D,S 'D,) %,
which is the same as Avar(6,]. Q.E.D.

Proof of Lemma 2: Suppose that the dimensions of g,(x,,8) and g,(x,) are m
and n, respectively, and that the dimensions of 6 is k. Let

Slj = E E[gi(xtye)gj(xt+j’0)l]’ v l’J = 1’2' (A25)

==

Let us denote the spectral density matrix of g(x,,6) and its inverse by

Su Sie St g2
S = and S71= . (A26)
Ss1 Sao S 8§22
Define
1 Z 9g1(x,,0) D,
D,=limE|=) ———— d D= . A27
L e [TZ‘I a0’ an 0, (a27)

The asymptotic variances of § and 6 are, respectively,

Avar[f] = (D'S'D)"' and  Avar[d]=(D;S;'D;) L (A28)
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By the formula of the inverse of partitioned matrix, we have
S =85+ 8171812(S0s — S91811 S12) 1SSt (A29)
which implies
D'S™'D =DiS"™D, =D;S;'D; + D1S11*S15(S22 — S21S11*S12) 182 S D;.
(A30)

The inverse is then

(D'S'D)' = (Di{S;'D,) ' = (D{S1'Dy) 'DiS1'Syg
X [Sgy — 821811 S12 + 828" Dy(D1S1;' Dy) 'DiS11'S1]
X 891 Sn'Dy(DiSy'Dy) . (A31)

Since both S,5 — S5;8:;'S12 and Sy S D1(D;S;*D;) 'D;S;*S;, are pos-
itive semidefinite, it follows from equation (A31) that (D'S "'D) ! -
(D{S'D;) ! is negative semidefinite, which implies that Avar[§] — Avar[6]
is negative semidefinite. If equation (19) holds, then S;, = 0 and S,; = 0,
which imply Avar[8] = Avar[6] by equation (A31). Q.E.D.

Proof of Inequality (21): As with the derivation of Avar[A*] and Avar[7*]

in the proof of Theorem 1, one can obtain the asymptotic variances of A" and

’7TT as

o?(o? + 62%)

AV&I‘()\T) = —((J'—2-+-_;,L5)_4 (B’Q_I[J’)_l. (A32)

The inequality Avar[A] > Avar[A'] is obtained by comparing equations (A4)
and (A32). Q.E.D.

Proof of Equation (25): To calculate the asymptotic variance of the esti-
mator A obtained with the SDF method, let us consider the following vector
of random variables

r, (1 — Af)
8(r, fi,A) = fo—m : (A33)
(f,—w?-o?
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Substituting r, with equation (2), which is implied by the i.i.d.-normal as-
sumption, and A with equation (9), we obtain the covariance matrix of g as

o? [0 + 8188 + (o +52)0] o2(c? - 862) 260 *
(02 + ud)? 7 PR 7 o2+ ud B ot + ud A
o2(o? - 82)
S = A » 14 2
o? + 6u A 7 0
2804 , 0 9o
o? + ud A 7
(A34)
The expected value of the derivative of g with respect to A is
—(0? + ud)B
D= E[a—g] = 0 (A35)
1)) ’
0
After some algebraic manipulation, we obtain
(0% + pd)*
D'S™'D = ——— (B'Q 1B). A
o202 1 5%) (B °B) (A36)

The asymptotic variance of the estimator of A is (D'S "'D) !, which gives

A (;\ — M IQ—I -1 A37)

var(\) = @ 1 po)’ (B B) . (
Finally, we obtain the equality Avar[A] = Avar[A'] by comparing equations
(A37) and (A32). Q.E.D.
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