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Learning about Predictability:
The Effects of Parameter Uncertainty
on Dynamic Asset Allocation

YIHONG XIA*

ABSTRACT

This paper examines the effects of uncertainty about the stock return predictabil-
ity on optimal dynamic portfolio choice in a continuous time setting for a long-
horizon investor. Uncertainty about the predictive relation affects the optimal
portfolio choice through dynamic learning, and leads to a state-dependent relation
between the optimal portfolio choice and the investment horizon. There is substan-
tial market timing in the optimal hedge demands, which is caused by stochastic
covariance between stock return and dynamic learning. The opportunity cost of
ignoring predictability or learning is found to be quite substantial.

How mucH sHOULD A “long-horizon” investor allocate to equity? The conven-
tional wisdom says that a long-horizon investor should invest more in equity
because, over long horizons, above-average returns tend to offset below-
average returns. This is the notion of “time diversification.” Samuelson (1989,
1990), among others, has argued that the notion of time diversification is
spurious: when stock returns are i.i.d., for example, the optimal portfolio is
independent of the horizon for an investor with an isoelastic utility function.
When stock returns are predictable, however, the optimal stock allocation
does depend on the investment horizon, even if the investor has an isoelastic
utility. In this setting, the investment opportunity set is stochastic and the
intertemporal hedge demand introduced by Merton (1971) becomes central
to the dynamics of asset allocation. In this paper, we study how learning
about stock return predictability affects the intertemporal hedge demand
and the optimal dynamic portfolio rules, and re-examine the validity of the
prediction of time diversification in the context of uncertain predictability.

Although there is a growing body of evidence that stock returns are pre-
dictable, the existence of predictability is still subject to considerable debate.
On the one hand, many studies have identified variables that predict future

* The author is from the Wharton School at the University of Pennsylvania. This paper was
completed while the author was at the University of California, Los Angeles. The author thanks
Michael Brennan for his encouragement, insightful discussions, and constructive suggestions.
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University, Duke University, Emory University, Michigan State University, MIT, New York Uni-
versity, Stanford University, UCLA, University of Michigan, University of Pennsylvania, and
University of Rochester for their helpful comments. All remaining errors are mine.
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stock returns in a statistically significant way.! The most powerful predic-
tive variables in the United States have been found to be past market re-
turns, the market dividend yield, the market earnings/price ratio, and term
structure variables.2 On the other hand, critics of these studies point to prob-
lems of data mining, nonrobustness of test statistics and incorrect inferences
in small samples. For example, most of the test statistics are not robust to
nonnormality of the return distributions and studies with long-horizon re-
turns usually lack power and are subject to small-sample problems.3

The controversy surrounding stock return predictability is symptomatic of
the fact that the predictive relation is quite uncertain. An investor must
take into account this uncertainty in choosing the optimal rule for consump-
tion and asset allocation. Suppose that empirical work finds that the future
stock return, r,,, is predicted by the current dividend, d/p,, so that r,.; =
a, +b,(d/p,) + €,.1, where b, is statistically significantly different from zero
in a regression using data up to time ¢. Knowing the criticisms of such em-
pirical studies, an investor must be concerned that the regression may be
misspecified and the ¢-statistic misleading. A rational investor will neither
completely ignore the empirical results and treat stock return as an i.i.d.
series, nor will he use the estimate b, as if it were the true parameter.
Instead, he will derive the optimal dynamic asset allocation strategy allow-
ing for the possibility that the true value of the predictive coefficient may be
different from his current estimate b,.

Early work by Bawa, Brown, and Klein (1979) among others* has considers
the effect of parameter uncertainty on portfolio selection in a single-period con-

! Summers (1986) and Fama and French (1988b), for example, argue that the log stock index
price may be described by the sum of a random walk and a stationary mean-reverting component.
Shiller and Perron (1985) and Poterba and Summers (1986) also propose similar models but mo-
tivate their alternative hypotheses as models of investors’fads. However, Lo and MacKinlay (1988)
reject both the random walk hypothesis and the mean-reverting alternative using U.S. data.

2 Refer to Fama (1991) for a summary of these empirical studies on return predictability. For
example, Fama (1981) finds that stock returns are negatively related to expected inflation and
the level of short-term interest rate. Keim and Stambaugh (1986) find that several predeter-
mined variables that reflect levels of bond and stock prices appear to predict returns on com-
mon stocks of firms of various sizes, long-term bonds of various default risk, and default-free
bonds of various maturities. Fama and French (1988a) report that past returns over a long
horizon can predict as much as 40 percent of future returns. Kothari and Shanken (1997) also
find that the book-to-market ratio (B/M) has predictive power. Although most studies that use
daily or weekly data find very low predictability as measured by statistics such as R? or p-values,
the evidence of predictability using long-horizon returns is much more striking.

3 Hodrick (1992) and Goetzmann and Jorion (1993), for example, argue that many findings
based on long-horizon return regressions may be spurious due to the poor small-sample prop-
erties of commonly used inference methods.

4 Many authors have discussed the importance of estimation risk and/or learning. Bawa,
Brown and Klein (1979) is a collection of papers about estimation risk and optimal portfolio
choice in a one-period setting. Williams (1977) is an early work of estimation risk in a contin-
uous time setting. Stulz (1986, 1987) studies the effect of learning about the monetary policy on
interest and exchange rates. Detemple (1986) discusses estimation risk in a production econ-
omy, and Dothan and Feldman (1986) and Feldman (1992) discuss the term structure and
interest rate dynamics with learning. Gennotte (1986) is a good example of a study of signal
filtration and learning in a dynamic portfolio choice setting.
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text and has shown that the “predictive distribution” of returns that is ob-
tained by integrating the conditional distribution over the distribution of the
uncertain parameters is different from the distribution that is obtained when
the parameters are treated as known. The additional risk that is introduced
by parameter uncertainty in this context has been labeled “estimation risk.”

More recently, Kandel and Stambaugh (1996) explore the economic impor-
tance of stock return predictability and the effect of estimation risk when
both asset returns are partially predictable and the coefficients of the pre-
dictive relation are estimated rather than known. Given that the exact pre-
dictive relation is unknown and that the investor is assumed to trade only at
discrete one-month intervals, uncertainty about the parameters of the con-
ditional return distribution—estimation risk—affects the investor’s optimal
portfolio decision. Although this simple framework highlights the economic
importance of stock return predictability given estimation risk, the one-
period investment horizon assumption precludes considerations of the dy-
namic effects induced both by full information hedging and by learning through
time, which may be important for investors with longer horizons.

Gennotte (1986) and Feldman (1992) show that in a continuous time set-
ting in which security prices follow diffusion processes, the effects of param-
eter uncertainty are rather different from those found in the discrete-time
single-period model. In particular, the Bawa et al. (1979) estimation risk
effect disappears, so that an investor with logarithmic utility ignores pa-
rameter uncertainty entirely in his portfolio decision. An investor with non-
logarithmic utility must take into account parameter uncertainty, not because
it affects the optimal instantaneous mean variance efficient portfolio, but
because he will learn more about the parameters as time passes. His esti-
mates of the unknown parameter values are “state variables” in his dynamic
optimization problem and it is the need to hedge against unanticipated changes
in these state variables that affects the optimal portfolio choice.

The effect of stock return predictability for an investor with a long invest-
ment horizon in the absence of parameter uncertainty is studied in several
recent papers, including Brennan, Schwartz and Lagnado (1997), Campbell
and Viceira (1999), Brandt (1999), Lynch and Balduzzi (1998), and Liu (1998).
However, none of these papers take into account the fact that the underlying
predictive relation is uncertain. Barberis (2000) studies a problem that is
closely related to the one analyzed in this paper. He derives a dynamic strat-
egy in a discrete time setting with estimation risk; however, in doing so, he
simplifies the problem by ignoring the possibility that the investor will learn
more about the predictive relation as time passes. As a result of this sim-
plification, the investor’s opportunity set is governed by the predictive vari-
able (the dividend yield) alone, and the investor ignores the hedge demand
for stock that is induced by parameter uncertainty. In this paper, the inves-
tor’s opportunity set depends on not only the current value of the predictive
variable, but also the current estimate of the parameter and the variance of

5 An investor with logarithmic utility optimally ignores stochastic variation in the future
investment opportunity set.
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the estimate, and we show that the hedge demand induced by parameter
uncertainty is an important component of a long-horizon investor’s optimal
portfolio.

This paper examines the optimal dynamic portfolio strategy for a long-
horizon investor who takes into account the uncertain evidence of stock re-
turn predictability. We study the effect of parameter uncertainty and its
associated hedge component in a dynamic continuous time context with a
time-variant investment opportunity set, which is induced by possible re-
turn predictability. The drift of the single risky asset price process is as-
sumed to be known to be a linear function of the value of a signal that
follows a known Markov process, but the parameters of the linear predictive
relation are unknown and must be estimated. We derive the evolution of the
investor’s beliefs about the unknown parameters when the asset prices are
possibly predictable and the predictive variables themselves are stochastic,
and we show that this introduces a stochastic covariance between the cur-
rent estimate of the parameter and the stock returns. It also introduces a
stochastic variance for the estimated parameters. This feature of the model
distinguishes learning effects with return predictability from learning ef-
fects without return predictability analyzed by Gennotte (1986), Brennan
(1998), and Brennan and Xia (1998).

Because returns are potentially predictable and time variant, we are able
to consider the interaction of investment horizon and parameter uncer-
tainty. The hedge demand associated with the uncertain parameters plays a
predominant role in the optimal strategy, and is the major component of the
horizon effect. When the stock return is possibly predictable (even if the true
but unknown return process is i.i.d.), the optimal allocation is horizon de-
pendent: the optimal stock allocation can increase, decrease, or vary non-
monotonically with the horizon,® because parameter uncertainty induces a
state-dependent hedge demand that may increase or decrease with the ho-
rizon. Therefore, the conventional advice that young investors should allo-
cate more wealth in equity does not hold for everyone. The introduction of
interim consumption reduces the magnitude of the horizon effect, because it
reduces the duration of investment horizon.

Market timing, the dependence of the portfolio allocation on the predictive
variable, is a natural consequence of return predictability. The relation be-
tween the optimal portfolio allocation and the predictive variable depends
crucially on future learning and investment horizon. Without learning, the
optimal allocation increases monotonically with the current predictive vari-
able,” because the investor takes advantage of return predictability by in-
vesting significantly more in stock when the expected return is high. When
there is learning, however, the optimal allocation is less sensitive to and no

¢ Brandt (1999) finds that the conventional advice is correct in that the long-horizon investor
holds more stock. Barberis (2000) finds that the static estimation risk reduces the horizon
effect, but the stock allocation still increases with horizon, although to a lesser extent.

7 This is consistent with the finding of Campbell and Viceira (1999) where no parameter
uncertainty is considered.
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longer monotone in the predictive variable, because as the expected return
becomes higher, the negative amount of stock the investor uses to hedge
parameter uncertainty eventually dominates. In addition, the horizon effect
of market timing depends on whether the investor faces parameter uncer-
tainty. When the predictive relation is known with certainty, the portfolio
allocation is more sensitive to the predictive variable for a long-horizon in-
vestor than that for a short horizon investor?® When there is uncertainty
about the predictive relation, the allocation becomes less sensitive to the
predictive variable for a long-horizon investor. Simulated results using both
historical and artificially generated data show that investors who ignore
market timing can incur very large opportunity costs.

The paper is organized as follows. The model is developed in Section I.
Section II describes the data and the calibrated parameter values used in
the numerical calculations. Section III contains three subsections. The first
subsection discusses the effect of parameter uncertainty, interim consump-
tion, and investment horizon. The second subsection examines the economic
importance of market timing in the context of uncertain predictability. While
the first two subsections are based on results with a constant predictive
parameter, the third subsection briefly comments on the results with a sto-
chastic predictive parameter. Section IV discusses implications for future
research and concludes the paper.

I. The Model
A. The Basic Setting

Consider an investor with a long horizon who can trade continuously in a
risk-free asset and a single risky stock. The real return on the risk-free
asset is assumed to be a constant r, so that the price of the risk-free asset is
described by

dB = rBdt. 1)

The stock price with dividend reinvestment, P, is assumed to follow a simple
stochastic process of the following type:

dP
5 = u(t)dt + opdz, (2)

where dz is a (k X 1) vector of increments to standard Wiener processes, dz*
is independent of dz”/ for all i,j = 1,---,n and i # j, and op is a known
constant (1 X k) vector. The instantaneous proportional drift, u(¢), however,
is not known to the investor, but is related to an n-vector of predictive vari-
ables, S, by a functional relation w(¢) = u(S,¢). The true relation between

8 We only consider investors with a risk aversion parameter greater than the logarithmic
case in this paper.
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the drift and the predictive variables is not known to the investor, and it is
possible that the predictive variables have no power to predict u at all. For
tractability, it is assumed that the investor knows that this relation is linear,
but that the coefficients are possibly stochastic and are unobservable to the
investor:

p(t) =a+p'S(t), 3

where a is an unknown scalar and B is an n X 1 vector of unknown (unob-
servable) predictive coefficients. The coefficients 8 are assumed to evolve
according to the following known diffusion process:?

dp = (ao(P,S,t) + a1(P,S,¢)B)dt + n(P,S,¢)dz. 4

Here ay(P,S,t) is an (n X 1) vector, a,(P,S,¢) is an (n X n) matrix, and
n(P,S,t) is an (n X k) matrix, all of which are assumed to be known. We can
view equation (4), the evolution of the vector of the unobservable predictive
coefficients, as the “transition equation” in a continuous time analog to the
Kalman filtering procedure. When all the coefficients in equation (4) are
zero, 3 is a vector of unobservable constants. If, in addition, 8 = 0 in equa-
tion (3), the model corresponds to that of i.i.d. returns with unknown drift,
which is analyzed by Brennan (1998).

For simplicity, we assume that both the long-run mean of u, &, and the
mean of the predictive variables, S, are known constants so that « = @ — 8'S
is known whenever the value of 8 is determined. To complete the model, we
assume that the vector of predictive variables, S, follows a known joint Mar-
kov process:

dS = (Ay(P,S,t) + A,(P,S,t)B) dt + o (P,S,t)dz. (5)

where Ay(P,S,t)is (n X 1), A;(P,S,t) is (n X n) and a5 (P,S,t) is (n X k). We
refer to the processes for the stock return and the predictive variables, equa-
tions (2) and (5), as “measurement (or observation) equations,” following the
Kalman filtering literature.

The assumption that the parameters in equations (4) and (5) are known is
a strong one, because an investor will not generally know for certain either
the processes for the predictive variables or the evolution of the coefficients.
A more realistic model would allow for unobservability in processes (4) and
(5) as well. It is also possible that the processes of the coefficients and the

9 The assumption of a stochastic process for 8 can be motivated by Bossaerts and Hillion
(1999), who find that the predictive relation is not stationary and predictive parameters can
vary through time.
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signals are subject to regime shifts and jumps.1© Although these are poten-
tially important considerations, we simplify by modeling the predictive vari-
ables as Markovian diffusions with known parameters. Even this small source
of imperfect information has major implications for optimal portfolio choice
and investor welfare.

Following Merton (1971), the investor is assumed to maximize the ex-
pected value of a von Neumann-Morgenstern utility function defined over
consumption c¢(¢) and wealth at the horizon W(T') by choosing an optimal
consumption and portfolio strategy, c(¢) and x(¢), V¢ € [0,T'], where x(¢) is
the proportion of wealth allocated to the risky asset:

T
max E{ f U(c(t),t)dt+B(W(T),T)U:OI}, (6)
{x(),c(t)} 0

st.dW=(W+axW(ia+ Bl —8)—r)—c)dt + xWopdz, (7

where 8 (or u) is unknown to the investor and must be inferred, and % is
the investor’s information set at time 0. We assume that the investor has
isoelastic utility so that the utility of instantaneous consumption is

e Pt /A=Y jfy>0andy # 1
Ule@) =4y . ©
e P logct, 1f’y = la

where p is the constant time preference parameter. The bequest function,
B(W(T),T), is defined analogously. We assume implicitly that all necessary
and sufficient technical conditions are satisfied for the investor’s problem to
have a well-defined solution.

The investor forms his assessment of the predictive relation coefficient 8
from the observed stock return and the predictive variable processes. As
Detemple (1986), Dothan and Feldman (1986) and Gennotte (1986) show in
a related setting, the investor’s decision problem may be decomposed into
two separate problems:1! an inference problem in which the investor updates
his estimate of the current value of the unobservable state variable, 8, and
an optimization problem in which he uses his current estimate of 8 to choose
an optimal portfolio, taking into account future learning. Although the value
of the underlying state variable 8 is unknown, the separation theorem im-
plies that the investor’s optimization problem can be solved in terms of its
estimated value.

10 Stulz (1986, 1987) shows in the context of monetary policy and interest rates that regime
shifts have important implications for learning. Veronesi (2000) analyzes a model in which the
growth rate of the dividend switches among several discrete states.

1 The separation theorem is not affected by the predictability assumed here because the
predictive relation equation (3) only implies that the coefficients in the transition and possibly
in the measurement (observation) equation are stochastic and time varying, so that a nonlinear
filtering is called for.
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B. The Investor’s Inference Problem: A Learning Process

The standard Brownian motions z are defined on a probability space
(Q,9,F) with a standard filtration 7 = {F,:¢t = T'}. The investor’s informa-
tion structure is summarized by the filtration 77 generated by the joint
processes of signals Z(¢) = (P(¢),S(t)), and F* C F,. Processes of dz and 8
are adapted to J;, but not to %7, because the investor does not directly
observe B. Let b, = E(B|F?) and v, = E((B — b,)(B — b,)'| F*) denote the
conditional mean and variance of the investor’s estimate. The investor is
assumed to have a Gaussian prior probability distribution over g, with
mean b, and variance v,.12

Following Liptser and Shiryayev (1978), the distribution of 8 conditional
on Z(t) = (P(t),S(¢)) is also Gaussian with mean b, and variance », (sub-
script ¢ is dropped later). To gain more intuition for the continuous time
Bayesian updating rule, we concentrate on a specific simplification of the
model and leave the general case and details of derivation to Appendix A.
Suppose that there is one predictive variable that follows an Ornstein—
Uhlenbeck (O-U) process:

ds = «(§ —s)dt + o,dz,. 9)

Then, we can rewrite the stock return process as
P
> =(a+ B(s—3))dt + opdzp. (10)
Let us assume that the coefficient 8 also follows an O-U process,3

dB = A\(B - B)dt + oydz,, (11)

and let E(dz,dz,) = p,pdt, E(dz,dzg) = pgpdt, and so forth. Conditional on
the investor’s filtration 7, the stock price follows the stochastic process

dP _ _ R
7= (m+b(s—35))dt+ opdzp, 12)

2 We do not model why the investor has such a normal prior and how the prior mean and
variance are derived. In the numerical study, we assume that the investor’s prior mean and
variance are derived from regression studies using historical data.

3 The assumption that the signal follows an O-U process as in equation (9) is consistent
with Barberis (2000) and Stambaugh (1999) among others, who generally assume that the
predictor such as dividend yield follows a AR(1) process in discrete time.
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and the updating rules for the conditional mean and variance are

- O-Ig Ogp - U'Pdﬁp
db = A(b — b)dt + [v(s — 5,0) + (0p, 75,)] ), a9
Jsp 0'32 o d2,
= /\(E“b)dt+V1déP+V2dZAs, (14:)
dv 0‘5 Osp -
— = -2\ + 0'52 = [v(s — 5,0) + (0pp,05,)]
dt Osp 0_32
X [V(S - 5,0) + (UBPya-,Bs)],’ (15)
= =2 v + 0f — [11(5)% + v5(s)® + 2v1(s)va(s) pep], (16)

where b, v,(s), vo(s), dz,, and dZp are given in equations (All) to (A15) in
Appendix A. Note that the innovations in both the stock price and the pa-
rameter estimate b are governed by the Brownian increment d2p, which is
adapted to the investor’s filtration %, whereas dzp is not. Conditional on
the measure innovated by F7Z, the budget constraint (7) becomes

dW =W+ xW(ia +b(s—35)—r) —c)dt + xWopdz,. a7

As shown in equation (A18) in Appendix A, the state variable, 8, and the
observation of stock return and predictive variable are jointly normally dis-
tributed. The “best” current estimate of 8 is then its conditional mean, b,
which in this model is the slope coefficient of regressing stock return on
dividend yield. The updating process is a recursive procedure for computing
the optimal estimate b and its variance at time ¢ based only on the infor-
mation available at ¢, and it enables the estimate to be continually updated
as new observations become available.

The change in the best estimate, db in equation (13), consists of two terms:
the first term is a deterministic drift equal to the expected change in b given
the current estimate, E(db|b,). The second term is given by a vector of re-
gression coefficients times a vector of innovations, which are derived from
the signals. The vector of covariances between the innovations in b and the
innovations in the stock price and the predictive variable, [v(s — §,0) +
(0gp,0p)], determines how much of the new information is incorporated into
the updating of b. It depends on several important parameters of the model.
When the investor is less confident of his current estimate (higher v) or
when the signal is more highly correlated with the unobservable parameter
(larger values of pgp and pg,), he will put more weight on the new informa-
tion, so that the second term contributes more to the updating.
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The variance updating rule for v in equation (16) is the usual Ricatti equa-
tion. The first two terms correspond to the incremental uncertainty induced
by the stochastic variation in 8 itself, whereas the term in the bracket de-
notes the reduction in estimation error when additional information be-
comes available. The rate of learning depends positively on the mean-
reverting parameter and negatively on the variance of the 8 process: intuitively,
the less variable is 8, the more rapidly the investor learns about its current
value. Equation (16) differs from the standard Gaussian conditional vari-
ance updating rule in that the rate of learning is a function of the current
value of the predictive variable, s. The investor is trying to learn about a
regression coefficient between stock return and s — 5. When s = 3, the in-
vestor does not learn much about 8, and his uncertainty reduces at a slower
rate.

The steady state value for v, 7, is obtained by setting the right-hand side
of equation (16) to zero, which means that the investor cannot improve his
estimate of the parameter after he reaches the steady state. When g is sto-
chastic, # > 0 in general, so that the investor is always “one-step behind.” In
this case, the steady-state estimation risk, 7, is a function of s, because the
path of s determines how informative the data is as compared to the varia-
tion in 8. When S is a constant (i.e., A = 0 and oz = 0), although the learning
path is still state dependent, the investor eventually learns about the true
value of 8 and v = 0.

As detailed in Appendix A, the covariance between the observation and the
state variable depends on the coefficient matrix in the observation equation,
which is a function of the predictive variable s. Therefore, an interaction of
return predictability and learning means that cov(db,(dP/P)) depends on
both the current level of uncertainty v and the value of the predictive vari-
able s:

dP
(pr(S) = cov db’ P R (TP(VI + psPDZ)’

p
=v(s —3) + pgposop. (18)

When there is no learning, the first term is zero so that o,p is constant.
When there is learning, the sign of the first term depends on whether s is
above or below 3. In the case of o5 = 0, the sign of the covariance solely
depends upon s — 5. Suppose that s > §; then an unexpectedly high return
(d2p > 0) means that the current estimate b, is too low and the investor
adjusts & upwards (i.e., db > 0). Thus, in the case of s > §, the covariance is
positive. Suppose that s < §; then b, is multiplying a negative number, and
an unexpectedly high stock return (dZp > 0) means that the current esti-
mate of b is too high. The investor thus adjusts & downwards (db < 0).
Because the sign of this covariance affects the role of the stock as an instru-
ment for hedging against changes in b, the stochastic variation in o}p in-
troduces a “timing element” into the hedge demand for the stock.
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C. The Investor’s Optimization Problem

Given the investor’s information set, 7, his decision problem at time ¢ is
completely characterized by his wealth level W,, his current assessment of
the predictive coefficient, as summarized by its conditional mean, b,, and
variance, v,, and the current observation of the predictive variable, s,. Thus,
the investor’s lifetime expected utility under the optimal policy can be writ-
ten as:

T el e—pTWT}—Y
JW,b,v,s,t) = max E f e T dr + — | F*}, (19)
{(c(r),x(r) :t=r=T} ¢ 1—y 1-vy
with a terminal condition
Wi
JW,b,v,5,T) =e*T 1 . (20)
-

Imposing the budget constraint (17), using the stochastic processes (14) and
(16), and noting that the correlation between dZp and dZ2; is also p,p, we can
derive the condition for optimality in the investor’s decision problem. The
first order conditions for the optimal consumption-portfolio choice ¢*(¢) and
x*(t) are derived according to Merton (1971). Under the isoelastic utility
assumption in equation (8), J(W,b,s,v,t) is separable in wealth and can be
written as

1-y

J(W,b,v,8,t) =e " ¢(b,v,s,t). (21)

1-vy

Calculating the derivatives of J using Equation (21) and then substituting
into the original optimality condition yields a nonlinear second-order partial
differential equation for ¢ in four state variables (b,s,v,).14

14 The partial differential equation is given by
0 =307 ¢+ 307 + 03 + 20102p.p)bps + 0. (V1psp + V2)sp + &,
+[k(3 = 5) + (1 = ¥)psposapx™ I, + [A(b — b) + (1 = y)op(vy + vapep)x™1s
+ =20 + 0f — (0 + V3 + 2v1vap.p)le, + ¥V
+H[A =@+ b(s =5 —rx*+r) = Lyl - y)od(x*)? - p]s,

where x* is the optimal portfolio strategy and is given by equation (22). The PDE will be solved
numerically with a boundary condition:

¢(b,v,5,T) = 1. (26)
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The optimal portfolio strategy and consumption-wealth ratio are given by

pa+b(s—3)—r [ s bs o
x* = + (s —38)+ ——opo,psp + —5— 0p0; ,
2¢ PO Psp ya_gq,) POp Pgp

14
yop yoi ¢ yop B
(22)
and
SN _ o
(£ o .

The first term in equation (22) is the familiar myopic portfolio allocation
to stock, and the second term represents the investor’s hedge demand for
stock. This hedge demand has three components: the first term in the bracket
is the hedge demand due to learning, which represents the direct effect of
parameter uncertainty; this term disappears when there is no uncertainty
about 8 (i.e., v = 0) or s happens to equal 5. The second term arises from the
need to hedge against changes in the investment opportunity set due to
changes in the predictive variable s. This term drops out if the stock return
is uncorrelated with the change in the predictive variable s, that is, if p,p is
zero. The third term arises from the need to hedge against the part of changes
in estimate b that is caused by stochastic variations in 8. This term disap-
pears if the correlation between 8 and stock return is zero, or if the true
value of 3 is a constant (i.e., o5 = 0).

The first term is instantaneously zero when s happens to equal § because
the part of covariance between stock return and the estimate b due to esti-
mation error, v(s — §), is zero in this special case. Even in this case, however,
the optimal portfolio strategy, which takes into account parameter uncer-
tainty, is different from the one ignoring it. In particular, the magnitude of
the second and the third terms in the bracket will differ, because the func-
tion ¢ depends upon a different set of state variables at the presence of
parameter uncertainty. As a result, there is an indirect effect of parameter
uncertainty represented by the difference between the hedge demands as-
sociated with s and B in the two cases. The total effect of parameter uncer-
tainty is then given by the summation of the direct and indirect effects.

In a discrete time setting, estimation risk as discussed by Bawa et al.
(1979) affects the investor’s portfolio choice through the variance—covariance
matrix of the returns, which is increased by the estimation risk associated
with uncertainty about 8.1> In a continuous time long-horizon model, the
instantaneous variance—covariance matrix of the returns is not increased by
the static estimation risk, but the dynamic effect of learning introduces an

15 See Kandel and Stambaugh (1996) for detailed formulas and discussions.
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additional hedge demand represented by the first term in the bracket and it
also changes the magnitude of the hedge demands associated with s and 8 in
the second and third terms in the bracket. Barberis (2000) uses the Bawa
et al. (1979) model to study return predictability with static estimation risk
in a multiperiod discrete-time context. This introduces a hedging demand
associated with the predictive variable represented by the second term in
the bracket, but Barberis did not treat the parameter estimate as a state
variable and thus ignores both the hedge demand associated directly with
dynamic learning and the change in the hedge demand of s caused indirectly
by dynamic learning.1®¢ Although we emphasize both, we are able to ignore
the effect of static estimation risk on the optimal portfolio because it disap-
pears in a continuous time setting.

II. Data, Model Calibration, and Numerical Approximation

Two different optimization problems are studied. In the first, the investor
maximizes the expected utility of lifetime consumption and bequest. In the
second problem, the investor maximizes the expected utility of terminal wealth.
The risk-aversion coefficient, v, is set to be five. For computational reasons
we consider only a single predictive variable. Although several important
predictive variablesl” have been identified, we take the dividend yield as the
single predictive variable, d/p = s, because this variable plays a prominent
role in studies of return predictability and enables us to compare our results
with existing work. For simplicity, we first assume that 8 is constant so that
A and o, in equation (11) are zero.!®

The parameters of the joint stochastic process for the real stock return
and dividend yield were calibrated to the moments of historical observations
of U.S. stock market real returns and dividend yield for the period from
January 1950 through December 1997. The stock return is from the CRSP
monthly returns file VWRETD, and the dividend yield series is constructed
by factoring out the dividend from VWRETD and VWRETX in CRSP. The
return on the value-weighted CRSP index adjusted by the monthly inflation
ratel® was taken as the return of the stock. The historical annual average
inflation rate and the annualized long-run mean of the treasury bill rates
were used to derive an estimate for the real interest rate, r, of approxi-
mately 3.4 percent.2° The historical mean and volatility of the real return on
the CRSP value-weighted index for the period January 1950 to December

16 Barberis (2000) assumes 8 to be constant so that the third term in the bracket is zero.

17 Most powerful predictive variables include past market returns, the dividend yield, the
earnings-price ratio, nominal interest rates and expected inflation.

18 When 8 follows an O-U process, the model is estimated using a Kalman filtering algo-
rithm. The estimates for A and o, are reported in Section III.C.

19 The inflation rate is calculated from Datastream’s CPI data.

20 This is comparable to the yield on U.S. indexed bonds of about four percent as of July
1999.



218 The Journal of Finance

Table I
Model Calibration: Parameter Values Used
in the Numerical Analysis

This table lists parameter notations and calibrated values used in the numerical analysis of the
nonlinear second-order differential equations in terms of ¢ with four state variables (b,s,v,t)
given in footnote 16, where ¢ is the indirect utility function per unit of wealth, b is the inves-
tor’s estimate of the predictive coefficient, s denotes the dividend yield, and v is the variance of
the estimate and stands for the level of (parameter) uncertainty about the estimate. The pa-
rameter values are estimated from U.S. historical monthly data of real stock returns and div-
idend yield for the whole sample from January 1950 to December 1997 and for a subsample
from January 1950 to December 1977. We assume that B is constant and the parameter values
are estimated using (nonlinear) OLS.

Parameter
Parameter Descriptions Notation Values
1. Volatility (standard deviation) of the dividend yield o, 0.6%
2. Historical long run mean of the stock return I 9.1%
3. Volatility (standard deviation) of the stock return op 14.4%
4. Correlation coefficient between the dividend yield and the Psp -0.93
stock return processes
5. Mean reversion coefficient for the dividend yield process K 0.19
6. Historical long run mean of the dividend yield 3 4.0%
7. Coefficient of risk aversion y 5.0
8. Subjective discount factor p 1%
9. Real interest rate r 3.4%
10. Current estimate of B by 4.54
(January 1950-December 1997)
11. Current estimate variance Vo 4.33
(January 1950-December 1997)
12. Current estimate of B8 bo 6.76
(January 1950-December 1977)
13. Current estimate variance vy 6.38

(January 1950-December 1977)

1997 are used as estimates of @ and op. Values for «, §, and o, were obtained
by estimating the exact discrete equivalent of equation (9) by nonlinear or-
dinary least squares regression using monthly data on the dividend yield,

s, =5(1—e 12) 4 ¢ 25, +e, (24)

where s, is the dividend yield at time ¢, A¢ = 1/12 (year), and the standard
deviation of the regression residual o, is related to the volatility o, by o, =
o N2k/(1 — e /%),

Table I reports the parameter notations and calibrated values used in the
numerical study. To obtain a reasonable range for the value of prior mean b,
and variance v,, a VAR regression of stock return and dividend yield with
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one lag is carried out using data from the whole sample and one subsample
(January 1950 to December 1977) and is reported in the last four rows of
Table I. The regression results are close to those of Barberis (2000, Table IT)2!
when the same subsample is used. We use the VAR regression results for the
values of the prior mean and variance.

The nonlinear partial differential equation in ¢ is solved using an implicit
finite difference approximation on a (40 X 200 X 60) grid for the state vari-
ables (s X b X v). The second-order partial derivatives with respect to the
state variables are discretized using second-order accurate central difference
approximations. The first-order partial derivatives with respect to the state
variables are discretized using first-order accurate difference approxima-
tions. The dividend yield is allowed to range from zero percent to 20 percent.
The range of b is set to [—~10,10], and the value of v, varies from zero to 12.0
or the standard deviation 4/v, varies from zero to 3.46. Thus, the step sizes
in the three state variables are 0.005, 0.1, and 0.2, respectively. The time
step is set to be one month (35 year). For each time step, initial trial values
of the optimal control, x*, are computed using values of the partial deriva-
tives from the previous time step. Current values of ¢(b,s,v,t) are then
calculated from the partial differential equation using the method of suc-
cessive overrelaxation and the optimal control is then recomputed using val-
ues of the partial derivatives from the currently computed values of ¢. The
new control is then used to compute new values of ¢. This procedure is
repeated until it converges.

In solving the partial differential equation, we assume that ¢ is linear at
both the upper and lower boundary of 6. The upper boundary for s is also
imposed to be linear. To preclude the possibility of a negative dividend yield,
a reflecting barrier at s = 0 is imposed.22 The upper boundary for » is inac-
cessible in theory because v declines monotonically as the investor learns
more through time. We assume that ¢ has a zero second derivative at the

21 We use annualized stock return and annual dividend yield in the VAR regression. Our
estimated coefficients and standard errors are thus exactly 12 times as large as the results
from regressions using monthly returns.

22 A linear boundary condition is also tried and the results are the same. The process s has
a conditional Gaussian distribution, with

o2
s;lsg~ N (e‘“’so +(1—e )5, 2—8— 1 —e‘“‘)).
K

In the numerical study, we set § = 4 percent, x = 0.19 and o, = 0.6 percent, which leads to a
mean of four percent and a standard deviation of 0.009 percent for s,|s, when ¢ is set to 20 and
S0 is assumed to be at 3. Therefore, the probability that s reaches the boundary in 20 years is
almost zero. The conditional distribution of b, given » and s is also Gaussian as indicated by
equation (14). The probability that b reaches the boundary of b6 = 10.0 or & = —10.0 in 20 years
depends upon the conditional distribution of b,. Because the boundary is 20 standard deviations
away from zero, the probability of b reaching the boundary in 20 years is also small under the
null hypothesis of no predictability.
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upper boundary of . When » reaches zero, it is absorbed and the investor no
longer has estimation risk. When g is constant, the partial differential equa-
tion reduces to a one-state variable case and the values of ¢ can be calcu-
lated according to the closed-form formulas given by Kim and Omberg (1996)
as summarized in Appendix B. The closed-form formula for ¢ provides a
natural lower boundary for ». When g is stochastic, the PDE along the bound-
ary at v = 0 has two state variables. We numerically evaluate this PDE and
use the result as the natural boundary for the three-state variable PDE.

II1. Effect of Learning about Predictability

Numerical results in the first two subsections are based upon the assump-
tion of a constant true value for 8 and a risk-aversion coefficient of five. The
predictive variable is the dividend yield, so that d/p = s in all the results. In
Subsection III.A, the effect of the horizon on optimal portfolio choice is an-
alyzed. Subsection III.B is devoted to a discussion of both the dependence of
the portfolio decision on the current dividend yield and the economic value
of market timing. In Subsection III.C, we briefly comment on the results
when B follows an O-U process.

A. Parameter Uncertainty, Interim Consumption, and Horizon

Table II summarizes the solution to an investor’s optimization problems
with and without interim consumption. The results are obtained by assum-
ing b, = 4.5 and v, = 4.0, which corresponds to the VAR estimate & and its
standard error using the whole sample of 1950 through 1997. Within each
table, the optimal proportion of wealth allocated to stock, the myopic stock
allocation, and the two components of hedge demands associated with learn-
ing and the stochastic dividend yield are reported for five values of d/p and
five investment horizons 7. Consider the last five columns of Table II, Panel
A, where optimal stock allocations are reported for an investor maximizing
the expected utility of terminal wealth. We observe roughly two patterns of
horizon effect. When d/p < 4 percent, the optimal allocation generally in-
creases with the horizon. When d/p = 4 percent, it first increases and then
decreases with the horizon. This contrasts with Barberis (2000), who finds
that parameter uncertainty reduces the impact of horizon, but that the long-
horizon investor still holds more stock as compared to short horizon ones.23

The driving force for the difference is the two hedge components. The first
hedge component directly reflects the effect of parameter uncertainty in a
dynamic setting. As shown in Table II, Panel C, the magnitude of this hedge
demand increases with the investment horizon and the absolute value of

23 Barberis (2000) finds that the allocation could decrease with horizon when the investor
uses a buy-and-hold strategy and takes estimation risk into consideration. However, he does
not discuss the state dependence of horizon effect. Brennan (1998) finds that the horizon effect
is negative when the true stock return is i.i.d. and there is learning.
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Table II
Optimal Stock Allocation: The Horizon Effect
(y = 5.0, by = 4.5, and v, = 4.0)
This table presents the optimal stock allocation, the myopic allocation, and the two hedge de-
mands for stock at different investment horizons for different values of the predictive variable
(dividend yield) s = d/p when predictability and learning are present. The investor’s risk-
aversion coefficient is ¥y = 5.0 and we assume that the true value of B is a constant. The prior
mean and variance are b, = 4.5 and /v, = 2, respectively, which correspond to the estimate and
standard deviation of 8 in the VAR regression for the whole sample from 1950 to 1997. The
myopic stock allocation is defined by x; = (& + b(s — 5) — r)/yo#, and the first hedge component
is defined by x5 = (¢,/yo2$)v(s — 5), whereas the second hedge demand is defined by x; =
(¢ps/yog d)opo, psp. The optimal stock allocation is then given by xj + x5 + x3. All results are
obtained by numerically solving the nonlinear PDE. The first five columns report the optimal
stock allocation when the investor maximizes the expected utility of lifetime consumption, and
the second five columns report the allocation when the investor maximizes the expected utility
of terminal wealth. The results indicate that depending on the current value of d/p, the optimal
holding may increase or decrease with horizon. For long-horizon investors, the stock allocation
to hedge parameter uncertainty is more important than the stock allocation to hedge stochastic

predictive variable.

Interim Consumption

Terminal Wealth

d/p 1m 1y 5y 10y 20y 1m 1y 5y 10y 20y
Panel A: Optimal Stock Allocation
2.0% -0.34 -034 -032 -027 -0.18 -032 -0.34 -0.29 -0.14 0.09
3.0 0.12 0.13 0.20 0.27 0.36 0.12 0.13 0.27 0.43 0.54
4.0 0.56 0.61 0.75 0.83 0.86 0.56 0.63 0.87 0.95 0.88
5.0 0.99 1.07 1.19 1.22 1.19 0.99 1.09 1.27 1.23 1.04
6.0 1.43 1.49 1.49 1.42 1.32 1.42 1.48 1.46 1.30 1.05
Panel B: Myopic Stock Allocation: x7
2.0% -032 -032 -032 -032 -032 -032 -032 -032 -032 -0.32
3.0 0.12 0.12 0.12 0.12 0.12 0.12 0.12 0.12 0.12 0.12
4.0 0.55 0.55 0.55 0.55 0.55 0.55 0.55 0.55 0.55 0.55
5.0 0.98 0.98 0.98 0.98 0.98 0.98 0.98 0.98 0.98 0.98
6.0 1.42 1.42 1.42 1.42 1.42 1.42 1.42 1.42 1.42 1.42
Panel C: Stock Allocation to Hedge Parameter Uncertainty: x5
2.0% 0.00 0.01 0.04 0.06 0.11 0.00 0.02 0.06 0.11 0.25
3.0 0.00 0.00 0.01 0.02 0.05 0.00 0.00 0.01 0.05 0.15
4.0 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00
5.0 0.00 -0.01 -0.06 -0.09 -0.14 0.00 -0.02 -0.10 -0.17 -0.26
6.0 -0.01 -0.08 -025 -033 -041 -0.01 -0.08 -0.33 -047 -0.62
Panel D: Stock Allocation to Hedge the Stochastic Predictive Variable: x5
2.0% -0.02 -0.03 -0.05 -0.02 -0.03 0.00 -0.03 -0.04 0.07 0.16
3.0 0.00 0.02 0.08 0.14 0.19 0.00 0.02 0.14 0.26 0.28
4.0 0.01 0.06 0.20 0.28 0.31 0.01 0.08 0.32 0.40 0.33
5.0 0.01 0.10 0.27 0.33 0.35 0.01 0.12 0.39 0.41 0.31
6.0 0.02 0.15 0.31 0.33 0.32 0.01 0.15 0.37 0.35 0.25
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(s — §). In the case of d/p = 2 percent, for example, this first hedge compo-
nent is zero percent of the wealth when 7' = 1 month, and it increases to 25
percent for 7' = 20 years. As d/p gets closer to its long-run mean of four
percent, the size of the hedge demand decreases for all horizons. This hedge
component is positive when s < § and negative when s > 3. Suppose that
by > 0 and the investor observes s > §; then an unexpectedly high stock
return (a piece of good news) means that the current estimate is too low and
the investor revises the estimate upward (another piece of good news) so
that the revision of b, which represents a change in the predictability and
the future investment opportunity set, is positively correlated with current
stock return. To hedge for the revision of b or the change in the future op-
portunity set, the investor wants to sell (hold) something positively (nega-
tively) correlated with it. Therefore, the hedge demand for stock associated
with state variable b is negative. Conversely, if s < §, an unexpectedly high
stock return (a piece of good news) means that the current estimate of b is
too high and the investor revises the estimate downward (a piece of bad
news) so that the covariance between db and the stock is negative. To hedge
for the revision of b, the investor’s hedge demand for stock is positive. The
second hedge component indirectly reflects the impact of parameter uncer-
tainty. When », = 0, both the optimal allocation and the hedge demand, as
shown in Appendix B, increase with horizon when the current estimate of
excess stock return is positive. However, when v, = 4.0, as shown in Panel D
of Table II, the second hedge demand can first increase and then decrease
with horizon. A possible reason is that the investor’s indirect utility function
with parameter uncertainty becomes less and less sensitive to the predictive
variable as the horizon becomes longer, so that [0 1ln ¢(b,s,v,t)]/0s first in-
creases and then decreases with T'. This is reasonable because the investor
is uncertain about the predictive power of dividend yield, and the uncer-
tainty becomes more important as T increases.

Comparing results in the first five columns with those in the last five
columns, we find that the general horizon effect with and without interim
consumption is similar qualitatively, but that the magnitude of the effect is
smaller in the former case. Interim consumption reduces the effective hori-
zon relative to the stated horizon, and so the horizon effect is accordingly
smaller. This is also reflected in the difference in hedge demands between
long and short horizon investors. The two hedge components with interim
consumption are sometimes only 50 percent of those with terminal wealth.
This indicates that the presence of interim consumption mainly reduces the
impact of parameter uncertainty for any given investment horizon.

The total impact of parameter uncertainty is further highlighted in Table III,
where the optimal demand for stock is compared under three strategies: the
myopic strategy (KS), which approximates the strategy adopted by an in-
vestor in Kandel and Stambaugh (1996); the dynamic strategy ignoring pa-
rameter uncertainty (BSL), which approximates the strategy adopted by the
investor in Brennan, Schwartz and Lagnado (1997); and the optimal strat-
egy (0), which takes into account parameter uncertainty. Panel A compares
the portfolio allocation under the three strategies for b, = 0. Under both KS
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and BSL strategies, b, = 0 implies that the stock return is not predictable
and follows an i.i.d. distribution. The optimal allocation for every horizon is
a constant myopic 55 percent. In contrast, the optimal allocation under strat-
egy O is horizon dependent. Even though the current estimate indicates no
predictability, the investor optimally allows for the possibility that 8 is not
equal to zero and he will learn more about it in the future. Table III, Panel
B reports results for b, = 4.5. A certain return predictability plus a negative
correlation between dividend yield and stock return introduces a mean-
reverting pattern into the return, and the allocation under the BSL strategy
increases with the horizon because the hedge demand for stock is positive
and increases with horizon. In contrast, when the return predictability is
uncertain, a high current return could imply a better future investment op-
portunity set, as mentioned earlier, that results in positive serial correlation
in stock return and a negative horizon effect. Not surprisingly, the allocation
under the O strategy could decrease with the horizon. The importance of the
indirect impact of parameter uncertainty is indicated in the case of d/p = 4
percent. Even though the direct impact given in the first hedge component
is zero, the optimal allocation under BSL and O are quite different, because
the indirect utility function, ¢, and its sensitivity to a change in d/p,
[0ln ¢ (b,s,v,t)]/0s, differ between the two strategies.

The comparison of the BSL and O strategies is also carried out in Fig-
ure 1. Note that the horizon effect is state dependent. It could be increasing,
decreasing or nonmonotone in horizon. Thus, although horizon matters, the
conventional wisdom that the young investor holds more proportion of wealth
in equity does not hold for every state and for every investor.

Tables IV, V, and VI examine the impact of parameter uncertainty for a
long-horizon investor when he has different levels of prior uncertainty, v,.
Table IV shows that the size of the first hedge component increases with
the level of parameter uncertainty: the investor wants to hold more stock
to hedge the revision of & when he is more uncertain about it. The sign of
this hedge component changes when d/p changes from below to above 3,
because the covariance between db and stock return changes sign. Table V
shows that although an increase in parameter uncertainty increases the
importance of the first hedge demand, an increase in the level of param-
eter uncertainty reduces the importance of the second hedge component as
the size of the hedge demand for stock is smaller. When parameter uncer-
tainty is high, the optimal strategy and the optimal indirect utility func-
tion are less responsive to a change in the dividend yield, because the
investor optimally chooses to act more conservatively in response to param-
eter uncertainty. As a result of this conservatism, the indirect expected
utility of wealth and thus the hedge component have only small changes
when there is a change in dividend yield. Therefore, the first (second)
hedge component dominates when v, is high (low). When the first hedge
component decreases with parameter uncertainty, then the optimal de-
mand for stock also decreases. When the first hedge component increases
with parameter uncertainty, the optimal demand for stock also increases,
as observed in Table VI.
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Figure a: d/p = 2%, without interim consumption Figure b: d/p = 2%, with interim consumption
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Figure 1. The term structure of optimal portfolio allocation: effect of learning (y = 5.0
and b, = 1.5). This figure plots the optimal proportion of wealth allocated to stock for a horizon
of 1 month to 240 months. The risk-aversion parameter, vy, is five and the investor’s prior
estimate, b,, is 1.5. The optimal portfolio allocation when the investor faces a certain predict-
ability is compared with the allocation when the investor faces uncertain predictability. When
there is no parameter uncertainty, the optimal stock allocation increases with the horizon;
when there is parameter uncertainty, the optimal stock allocation may increase or decrease
with the horizon depending on the current value of the dividend yield d/p. v, = 0.0 (without
parameter uncertainty): solid line; v, = 4.0 (with parameter uncertainty): dashed line.

From these tables, we also observe that the magnitude of the hedge demand
increases with b, for any fixed d/p and v,. As b, gets larger, return predict-
ability is more important. A change in b, not only affects the size of the short-
run expected stock return but also the importance of stock return predictability
in the long run. Thus, the need to hedge increases with the size of b,,.

We can gain a little intuition about the horizon effect on optimal portfolio
choice by looking at the moments of cumulative stock returns for a buy-and-
hold mean-variance optimizing investor. Appendix C contains the derivation
of the mean, variance, and covariance for stock returns over horizon (7" — ¢t)
when the return predictability is certain. From equations (C4) and (C5) in Ap-
pendix C, we know that both the cumulative return mean, E, and the cumu-
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Table IV

Optimal Stock Allocation to Hedge Parameter Uncertainty
(T = 20 Years and y = 5.0)

This table summarizes the effect of parameter uncertainty on the optimal stock allocation to
hedge parameter uncertainty for different values of the investor’s prior b, and predictive vari-
able s = d/p. The risk-aversion parameter, v, is five and we assume that the true 8 is constant.
The results are obtained by solving the nonlinear PDE. When the investment horizon is one
month, the optimal stock allocation is the same as the myopic one, so the comparison is trivial
and omitted. Comparisons with a 20-year horizon (7' = 20) are reported. Panel A reports results
for d/p = 2 percent. Panel B provides results for d/p = 4 percent. Panel C gives results for d/p =
6 percent. An investor using the whole sample estimation has a », = 4.0; an investor using
Barberis’ (2000) sample or the subsample estimate has roughly v, = 6.0; if the investor ignores
parameter uncertainty, then v, = 0.0. The sign of optimal stock allocation to hedge parameter
uncertainty is state dependent, and the size is increasing with the level of parameter uncertainty.

Levels of Parameter Uncertainty v,

Prior b, vy = 0.0 vy = 1.0 vy = 2.0 vo = 3.0 vo = 4.0 vy = 6.0

Panel A: d/p = 2%

0.0 0.00 0.01 0.02 0.03 0.03 0.05
1.5 0.00 0.03 0.06 0.08 0.10 0.13
2.5 0.00 0.05 0.08 0.12 0.15 0.20
3.5 0.00 0.06 0.11 0.16 0.20 0.26
4.5 0.00 0.08 0.15 0.20 0.25 0.33

Panel B: d/p = 4%

0.0 0.00 0.00 0.00 0.00 0.00 0.00
1.5 0.00 0.00 0.00 0.00 0.00 0.00
2.5 0.00 0.00 0.00 0.00 0.00 0.00
3.5 0.00 0.00 0.00 0.00 0.00 0.00
4.5 0.00 0.00 0.00 0.00 0.00 0.00

Panel C: d/p = 6%

0.0 0.00 —0.08 -0.14 -0.18 —0.22 —0.28
1.5 0.00 -0.14 —0.23 -0.29 —0.35 —0.43
2.5 0.00 —0.18 -0.29 -0.37 —0.44 —0.53
3.5 0.00 -0.22 —0.36 —0.45 —0.563 —0.64
4.5 0.00 -0.24 -0.41 —0.563 —0.62 —0.74

lative return variance, V, increase with the horizon. For long-horizon investors
and some commonly used parameter values, E generally increases faster than
V so that the mean variance ratio, E/V, increases with the horizon. A buy-
and-hold mean-variance optimizing investor then holds more wealth in stock
when the investment horizon is longer. For an investor engaging in optimal
dynamic rebalancing, we consider the first-order autocovariance, C,, of the stock
return as given in equation (C8) in Appendix C. A large negative p,p implies a
negative C;, which in turn implies mean reversion in the stock return. Not sur-
prisingly, both the current analysis and that of Barberis (2000) find that the
optimal stock allocation is increasing in the horizon when there is no learning.
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Table V
Optimal Stock Allocation to Hedge Stochastic Predictive Variable
(T = 20 Years and y = 5.0)

This table summarizes the effect of parameter uncertainty on the optimal stock allocation to
hedge stochastic predictive variable for different values of the investor’s prior b, and predictive
variable s = d/p. The risk-aversion parameter, vy, is five and we assume that the true B is
constant. The results are obtained by solving the nonlinear PDE. When the investment horizon
is one month, the optimal stock allocation is the same as the myopic one, so the comparison is
trivial and omitted. Comparisons with a 20-year horizon (7' = 20) are reported. Panel A reports
results for d/p = 2 percent. Panel B provides results for d/p = 4 percent. Panel C gives results
for d/p = 6 percent. An investor using the whole sample estimation has a v, = 4.0; an investor
using Barberis’ (2000) sample or the subsample estimate has roughly v, = 6.0; if the investor
ignores parameter uncertainty, then v, = 0.0. The size of the optimal stock allocation to hedge
stochastic predictive variable is decreasing with the level of parameter uncertainty.

Levels of Parameter Uncertainty v,

Prior b, vo = 0.0 vy = 1.0 vo = 2.0 vo = 3.0 vo = 4.0 vo = 6.0

Panel A: d/p = 2%

0.0 0.00 0.00 —0.01 -0.02 —0.02 —0.02
1.5 0.15 0.11 0.09 0.07 0.06 0.05
2.5 0.25 0.18 0.15 0.12 0.11 0.09
3.5 0.36 0.22 0.18 0.16 0.14 0.12
4.5 0.40 0.22 0.19 0.17 0.16 0.14

Panel B: d/p = 4%

0.0 0.00 -0.01 —0.02 —0.03 —0.03 —0.04
1.5 0.19 0.12 0.09 0.07 0.06 0.03
2.5 0.41 0.26 0.20 0.16 0.13 0.09
3.5 0.74 0.43 0.33 0.27 0.23 0.17
4.5 1.16 0.62 0.49 0.40 0.33 0.25

Panel C: d/p = 6%

0.0 0.00 -0.01 -0.01 —0.01 —0.01 —0.02
1.5 0.24 0.12 0.08 0.06 0.04 0.02
2.5 0.57 0.25 0.17 0.13 0.10 0.06
3.5 1.12 0.44 0.29 0.21 0.17 0.10
4.5 1.92 0.66 0.45 0.33 0.25 0.16

B. Market Timing and the Value of Uncertain Predictability

A natural consequence of return predictability is market timing: The op-
timal stock allocation depends on the current value of the predictive vari-
able. The intensity of market timing depends crucially on future learning
and investment horizon.

Figure 2 compares the optimal market timing under the KS, BSL, and
optimal strategies. The first two panels assume that b, = 0, that is, the
current estimate indicates no return predictability. Both KS and BSL treat
stock return as if it were truly i.i.d. Not surprisingly, neither stock allocation
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Table VI

The Effect of Parameter Uncertainty on the Optimal
Stock Allocation (T = 20 Years and y = 5.0)

This table summarizes the effect of parameter uncertainty on the optimal stock allocation for
different values of the investor’s prior b, and predictive variable s = d/p. The risk-aversion
parameter, v, is five and we assume that the true B is constant. The results are obtained by
solving the nonlinear PDE. When the investment horizon is one month, the optimal stock al-
location is the same as the myopic one, so the comparison is trivial and omitted. Comparisons
with a 20-year horizon (7' = 20) are reported. Panel A reports results for d/p = 2 percent. Panel
B provides results for d/p = 4 percent. Panel C gives results for d/p = 6 percent. An investor
using the whole sample estimation has a v, = 4.0; an investor using Barberis’ (2000) sample or
the subsample estimate has roughly v, = 6.0; if the investor ignores parameter uncertainty,
then v, = 0.0. The optimal stock allocation may increase or decrease with the level of parameter
uncertainty, depending on the importance of the hedge for parameter uncertainty relative to
the importance of the hedge for stochastic predictive variable.

Levels of Parameter Uncertainty v,

Prior b, o = 0.0 vo = 1.0 vo = 2.0 vo = 3.0 vo = 4.0 vo = 6.0

Panel A: d/p = 2%

0.0 0.55 0.55 0.56 0.56 0.56 0.58
1.5 0.40 0.40 0.40 0.41 0.42 0.45
2.5 0.32 0.29 0.30 0.31 0.32 0.35
3.5 0.23 0.16 0.17 0.19 0.21 0.26
4.5 0.08 —0.02 0.02 0.06 0.09 0.16

Panel B: d/p = 4%

0.0 0.55 0.54 0.53 0.52 0.52 0.51
1.5 0.74 0.67 0.64 0.62 0.61 0.58
2.5 0.96 0.81 0.75 0.71 0.68 0.64
3.5 1.29 0.97 0.88 0.82 0.76 0.72
4.5 1.71 1.17 1.04 0.95 0.88 0.80

Panel C: d/p = 6%

0.0 0.55 0.46 0.40 0.36 0.32 0.26
1.5 1.08 0.81 0.69 0.60 0.54 0.43
2.5 1.60 1.10 0.91 0.78 0.69 0.56
3.5 2.34 1.44 1.16 0.99 0.86 0.69
4.5 3.34 1.84 1.45 1.22 1.05 0.83

rule depends on the current observation of d/p. The optimal strategy, in-
stead, correctly allows for the possibility of future learning and accordingly
hedges for future updating in b. There are two competing effects in the op-
timal portfolio allocation when d/p increases. On the one hand, an increase
in the dividend yield implies a higher expected stock return, which calls for
an increase in stock allocation. On the other hand, when the dividend yield
becomes much larger than its long-run mean and the expected stock return
becomes too high, the investor becomes more cautious and the hedge de-
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Figure a: b0=0.0, without interim consumption Figure b: b0=0.0, with interim consumption
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Figure 2. Optimal allocation conditional on dividend yield: effect of parameter un-
certainty on market timing (y = 5.0, v, = 4.0, and T = 20 years). This figure plots the
optimal proportion of wealth allocated to stock as a function of the current observation of div-
idend yield, d/p. The risk-aversion parameter, v, is five, the investment horizon, 7', is fixed at
20 years, and the investor’s prior estimate, b,, is zero in the first two panels and is 1.5 in the
last two panels. The prior parameter uncertainty, v,, is four. The allocations under the myopic
strategy, the dynamic strategy without learning, and the optimal strategy are compared in each
panel. The stock allocation under the myopic and the dynamic strategy without learning is
monotonically increasing in dividend yield, whereas the allocation under the optimal strategy
first increases and then decreases with dividend yield. Optimal strategy: solid line; dynamic
strategy without parameter uncertainty: dashed line; myopic strategy: dotted line.

mand associated with parameter uncertainty becomes more negative, so the
optimal allocation should decrease with the dividend yield. Whether the op-
timal stock demand increases or decreases with dividend yield depends on
which term is more important. The negative hedge component eventually
dominates, and a further increase in dividend yield implies that the investor
reduces the optimal demand for stock.

The bottom two panels report the comparison when b, = 1.5, that is, the
current estimate indicates return predictability. Both KS and BSL strategies
lead to a linear dependence of optimal allocation on the predictive variable
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as also given in Campbell and Viceira (1999). The stock allocation under the
KS strategy is x5 = [@@ — r + bo(s — 5)]/yo#, and xjg increases with s with
a slope of b, /yo 2. The stock allocation under the BSL strategy, xjsz., is given
in equation (B4) in Appendix B, and linearly depends on s, with a slope of
(bo/yod) + {[b2 pspos C(7)]/yop}, where C(1) < 0 is given in (B11) in Appen-
dix B and p,p is negative. Thus, the slope of the BSL strategy is always
larger than that of the KS strategy by the amount [b2 p,po,C(7)]/yop. As
dividend yield becomes large, the investor with a KS or BSL strategy holds
a very large position in stock. The investor with the optimal strategy instead
holds very reasonable positions even when dividend yield becomes extremely
large, because the negative hedge demand for parameter uncertainty is more
than enough to offset the increase in the allocation caused by a greater
expected return. In contrast to the linear relation between portfolio choice
and horizon under the KS and BSL strategies, the optimal strategy again
leads to a hump-shaped relation between optimal allocation and the predic-
tive variable.

This nonmonotone dependence of the optimal strategy on the predictive
variable is also given in Stambaugh (1999). The pattern in Stambaugh (1999)
arises from the conditional skewness in the predictive distribution of long-
horizon returns in the case of large dividend yield. Our observation is driven
mainly by the increasingly large negative hedge demand associated with
parameter uncertainty as the predictive variable becomes larger.

Figure 3 plots the proportion of wealth invested in stock given historical
data of stock return and dividend yield from January 1978 to December
1997. The investment horizon is fixed at 20 years, so the investor starts
with a targeted horizon date at December 1997 and faces a horizon date
moving through time. We assume that the investor’s risk-aversion param-
eter is equal to five. The investor uses the VAR regression results B and
var(B) from the sample of January 1950 to December 1977 as his prior
mean and variance of the estimate, b, = 6.76 and v, = 6.38. He updates the
estimate b and its variance » as he observes the stock return and dividend
yield through time. The portfolio choice is calculated under the optimal, the
KS, the BSL, and the i.i.d. strategies. Under the i.i.d. strategy, the investor
ignores predictability and assumes that the expected stock return is con-
stant and equals f, so that there is no market timing and the proportion of
wealth allocated to stock is a constant 0.55. The three other strategies take
strong advantage of return predictability. Compared to the optimal strategy,
the BSL strategy, which does not account for parameter uncertainty, shows
great variability through time when the stock return and dividend yield
change. During a short period, the BSL strategy could switch from very
large positive to large negative positions or vice versa, indicating a much too
aggressive market timing. Although the KS strategy is less aggressive, the
magnitude and direction of market timing differ quite substantially from
those under the optimal strategy in certain periods. In the 1990s, the large
stock price runup resulted in a historically low dividend yield. The investor
continuously revised the estimate b downward, but it was still positive at
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Figure 3. Simulated optimal portfolio allocation using historical stock return and
dividend yield (y = 5.0, b, = 6.76, v, = 6.38, and T = 20). This figure plots the optimal
proportion of wealth allocated to stock for each month from January 1978 to December 1997
under the optimal, the KS, the BSL, and the i.i.d. investment strategies. The risk-aversion
parameter, v, is five and the investment horizon, T, is fixed at 20 years. The prior b, and v, are
set to 6.76 and 6.38, respectively, which are equal to the VAR estimates for the sample period
of February 1950 to December 1977. The portfolios are calculated using the historical value-
weighted market stock return and the dividend yield to update the estimate b and level of
parameter uncertainty » through time, and the allocations are not constrained to be nonnega-
tive. The stock allocation under the optimal strategy generally lies between allocations under
the BSL and the KS strategies. The allocation under the BSL strategy shows aggressive market
timing, whereas the allocation under the optimal strategy is much more conservative.

the end of 1997. A positive b with a very small dividend yield implies that
the expected excess stock return, b(s — §), is negative. Not surprisingly, all
market timing strategies call for large short positions in the stock market in
recent years. The short position for the optimal strategy, however, is the
smallest, because, conditional on the current state of s < 3, the hedge de-
mand associated with parameter uncertainty is positive, which offsets the
negative stock demand associated with a negative excess stock return. As
the estimate of B8 becomes more precise, the hedge demand becomes less
important, and the optimal portfolio strategy converges toward that of the
BSL as time passes.
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To assess the economic value of uncertain stock return predictability, we
run a horse race among the four strategies. Define the certainty equivalent
wealth (CEW) of a specific strategy & for an investor as the amount of wealth
that makes the investor indifferent between receiving CEW for sure at the
horizon T and having $1 today to invest up to the horizon using strategy §:

CEW;(b,s,v,T 1=y 11~
—or CBWobus v T) 77 U7 s), 25)
1—v 1-vy

e

which simplifies to:
CEWS(b’s’ VyT) = epTQ’)(b,S, V,T'ﬁ)l/(l_w,

where T is the remaining time to the horizon. Define the present value of
the CEW,(b,s,v,T) as PVCEW;(b,s,v,T) = e ""CEW,(b,s,v,T), where r is
the constant real risk-free rate. ¢(b,s,v,T|8) is the value of the investment
opportunities remaining up to the horizon 7 for an investor with $1 of wealth,
and is computed numerically by solving the optimization equation with the
portfolio weight given by strategy 6.

Figure 4 highlights the economic value of the optimal versus the (myopic)
KS strategy using the historical stock returns and dividend yield. The in-
vestor’s prior mean and variance of B, b,, and v, are set to their respective
VAR regression results, 8 and var($), which are equal to 6.76 and 6.38, with
a sample of January 1950 to December 1977. Both b, and », are updated
each month from January 1978 to December 1997 as the investor observes
the historical values of stock return and the dividend yield. First, both strat-
egies have PVCEW greater than one, indicating that the stock return pre-
dictability, albeit uncertain, significantly increases the investor’s welfare.
Secondly, the optimal strategy, which correctly hedges for uncertain predict-
ability, further improves the investor’s welfare as compared to the KS strat-
egy at every point in time: In certain historical periods, the optimal strategy
can double the investor’s present value of certainty equivalent wealth. Even
in recent years, when the KS strategy has stock allocation close to the op-
timal strategy, the welfare improvement is still about 15 percent. Thus, an
optimal dynamic strategy allowing for learning has significant economic value
to the investor.

C. Stochastic B

When g is stochastic and follows an O-U process, we estimate A, b, and o
together with parameters in Table I. We discretize equations (9), (10), and
(11) with a one-month time step and write them in a state-space represen-
tation. The parameters of this state-space model are estimated from monthly
data on the real stock return and dividend yield via the Kalman filter al-
gorithm by assuming that the state variable B is uncorrelated with the ob-
servations of stock return and dividend yield.
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Figure 4. Economic value of uncertain predictability: certainty equivalent wealth (CEW)
comparison using historical stock return and dividend yield (y = 5.0, T' = 20 years, b, =
6.76, and v, = 6.38). This figure compares the economic value of the optimal and KS invest-
ment strategies for each month from January 1978 to December 1997. The risk-aversion pa-
rameter, vy, is five and the investment horizon, T, is fixed at 20 years. The prior b, and v, are
set to 6.76 and 6.38, respectively, which are equal to the VAR estimates for the sample period
of February 1950 to December 1977. The portfolios are calculated using the historical value-
weighted market stock return and the dividend yield to update the estimate 4 and level of
parameter uncertainty v through time, and the allocations are not constrained to be nonnega-
tive. The economic value is calculated in terms of the present value of CEW. Define CEW of a
specific strategy & for an investor as the amount of wealth that makes the investor indifferent
between receiving it for certain at the horizon 7' and having $1 today to invest up to the horizon
using strategy 6. Thus, the present value of the CEW of strategy é for investment horizon T is
defined by PVCEW;(b,s,v,T) = e " ?T¢(b,s,v, T|6)V1~7),

The estimates for A, b, and o, are, respectively, 0.115, —1.0, and 1.226.
The estimates indicate that the B8 process is very persistent, with high vol-
atility. Using these estimates and the assumptions that p,; = 0 and ppg = 0,
we can solve the partial differential equation for the optimal portfolio weights.
Because of the assumption ppg = 0, the third hedge component in equation
(22) remains zero, but the importance of the other two hedge components
changes. Even when the investor treats the current estimate of B8 as its true
value (i.e., v, = 0), there are two state variables, 8 and d/p, governing the
investment opportunity set. Because B varies stochastically over time, the
investor’s hedge behavior associated with d/p changes as well. When B is
constant, the mean reverting behavior of d/p and the negative correlation
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between d/p and stock return translate into a mean reverting pattern in
stock return, and thus the investor’s hedge demand for stock as well as
optimal stock allocation increases with horizon. In contrast, the optimal stock
allocation with stochastic 8 first increases and then decreases with horizon.
The effect of learning in this case, however, is similar to the case with con-
stant 8. We find that the optimal stock allocation generally decreases with
horizon when d/p > 4 percent and increases with horizon when d/p = 4
percent. The sensitivity of optimal stock allocation to dividend yield is gen-
erally smaller when there is parameter uncertainty. At a specific horizon
with the same parameter values, the investor with parameter uncertainty
(vg > 0) usually holds less stock as compared with the investor without
uncertainty (vy = 0) when d/p > 4 percent and the opposite is true for d/p =
4 percent. This indicates that the hedge demand for stock associated with
parameter uncertainty is generally negative for d/p > 4 percent and positive
for d/p = 4 percent. All these qualitative effects of parameter uncertainty
with stochastic B are consistent with those with constant .

IV. Conclusions and Future Work

We have analyzed the effect of learning on optimal consumption and port-
folio choice for an investor with a long investment horizon when there is
uncertain evidence of return predictability. The uncertainty about the pre-
dictive parameter introduces dynamic learning into the model. Our learning
model is characterized by a stochastic variance of the estimate and a sto-
chastic covariance between the stock return and the current estimate of the
predictive parameter. The optimal stock allocation with learning can in-
crease, decrease or vary nonmonotonically with the horizon, which is quite
different from the case in which there is no learning or predictability. The
prospect of learning affects not only the magnitude but also the sign of the
horizon effect. In addition, interim consumption reduces the relation be-
tween the optimal stock allocation and the horizon. We examine the depen-
dence of the optimal allocation on the current value of the predictive variable.
When there is no learning, the long-horizon investor times the market more
aggressively than a myopic investor. In contrast, a myopic investor times the
market more aggressively than a long-horizon investor when there is learn-
ing. The consideration of interim consumption reduces this sensitivity. Sim-
ulation results using historical data show that investors who ignore the
opportunity of market timing can incur very large opportunity costs, so that
return predictability, even if quite uncertain, is economically valuable. The
hedge demands associated with learning and stochastic predictive variables
depend on the current estimate of the parameter, the level of uncertainty
about the estimate, the value of the predictive variable, and the investment
horizon. The optimal hedge demands are nonzero even if the current esti-
mate indicates no return predictability.

This study is only an initial attempt to assess the economic importance of
the empirical evidence on the stock return predictability. The dynamic effect
of learning has substantial implications for the optimal portfolio choice and
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investor welfare. Although we have considered uncertainty about the predic-
tive parameter B, we have assumed that the investor knows everything else:
the nature of the predictive relation and the process for the predictive vari-
able. We have also ignored model uncertainty. For example, the investor could
have probability distributions over two possible stock return processes: one with
i.i.d. returns and the other with predictability. Brennan and Xia (1999) assess
the importance of this type of model uncertainty on the optimal portfolio de-
cision. A challenging future task is to combine model uncertainty with param-
eter uncertainty in the context of predictable stock returns.

Appendix A. The Investor’s Inference Problem

The investor’s prior distribution over the initial value of 8 is assumed to
be Gaussian, and 8 is assumed to follow equation (4). Because (1) dP/P and
dS are following a joint Brownian motion; and (2) all the parameters in
equations (2), (4), and (5) are linear functions of the unobservable state vari-
able B, the distribution function of 8 at time ¢, F,(x) = P(8 = x|F?), is
(conditionally) Gaussian given the investor’s information structure at time ¢,
F%, which is generated by the joint processes Z(t) = (P(¢),S(t)). Let b, =
E(B;|FY); then b will be the optimal (in the mean-square sense) estimate of
B from Z(¢). The knowledge of the variance », = E((8 — b)(3 — b)'| ), which
is an n X n matrix, gives us a measure of filtering error and the investor’s
level of uncertainty. We call the process for Z(¢) = (P(t),S(¢)) the investor’s
signal used to form expectations of B. Let’s write the processes for signals
(the measurement equation) as

dZ = (Iy(Z,t) + [,(Z,t)B) dt + w(Z,t)dz, (A1)

where I,(Z,¢) is an (n + 1) X 1 vector with i in the first row and A, in the
remaining rows, and I,(Z, ¢) and o(Z, t) are matrices of dimension ((n + 1) X n)
and ((n + 1) X n), with S — S and A, forming the rows of the former and op
and og forming the rows of the latter. Rewrite the process for B8 (the tran-
sition equation) as

dB = [ay(Z,t) + a(Z,¢)Bldt + n(Z,t)d=. (A2)

Define I'(Z,t) = nw' as the covariance between the signals and the state
variables, 2(Z,¢) = nn' as the variance—covariance matrix of the state vari-
ables, and ®(Z,¢) = wew’' as the variance—covariance matrix of the signal
processes. A direct extension of Theorem 12.1 in Liptser and Shiryayev (1978)
to vectors of measurement and transition equations yields

db(t) = [ao(Z,t) + a1(Z,t)b]dt + [v(t)[1(Z,t) + T(Z,t)]®(Z,t) ‘w(Z,t)d2(t),
(A3)

dv(t) = a(Z,t)v(t) + v(t)a (T, t) + 2(T,t)
— [v@®)I(Z,¢) + T(Z,)]D(Z,t) v(t)[1(Z, t) +T(Z,¢)], (A4)
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where

d2(t) = 0 Y{dT — EdZ|F)} (A5)
=w HdZ — [(Iy(Z,t) + I,(Z,t)b)dt]}.

The vector of innovation processes, 2(¢), is that of Wiener processes with
respect to the investor’s information filtration %!. Note that &(¢) and v(¢)
satisfy equations (A8) and (A4) subject to the conditions b, = E(8,| F{) and
vo = E[(By — b0)(Bo — bo)' | 7 1.

Next we consider the case of n = 1 and £ = 3, that is, there is only one
predictive variable and there are three sources of Brownian motion. Let’s
specify the diffusion process for the predictive variable as

ds = k(3§ — s)dt + o,dz,, (A6)
rewrite the process for stock returns as

dP
7 (& + B(s —3))dt + opdzp, (A7)

and assume that the coefficient B itself is also mean reverting,
dB = A(B — B)dt + ozdz,. (A8)

Assume that E(dz,dz;) = p,pdt, E(dz,dzz) = pgpdt, and E(dzgdz) = pgdt.
Under these simplifying assumptions, the process satisfied by b and » re-
duces to

_ ( o Owp >ﬁ1 ( O'Pdép>
db = A(b — b)dt + [v(s — §,0) + (04p, 05,)] )

Ogp O's2 osdés
= \b — b)dt + vidép + vyds,, (A9)
dv op op\ !
— = —2Av + 0,? —[v(s — 5,0) + (0pp,05,)]
dt Osp 032

X [V(S - '§’0) + (O.,BP,O'ﬁs)],,

Il

—2Av + of — [v] + v3 + 2vyv5pep], (A10)
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where
b=4, (A11)
V(S_§)+0'0'(P —_psps)
vy = o :].Li ’LZ;P) £ & ) (A12)
P Psp
_ —v(s—=38)psp+ gpog(pss — PgpPspr)
" op(1 = pl) ’ A
1 /dP )
dép = —(—— (@ +b(— i*)dt),
Op P
-3 —-b
= de + %_) dt, (A14)
op
1
dé, = — (ds — k(5§ — s)) dt),
0’8
=dz,. (A15)

Both the Brownian motions dZ, and dZ, are adapted to the investor’s infor-
mation set, and dzp is not due to the unknown S.

To understand the intuition behind the updating rule, we can rewrite the
observation (measurement) equation as

dP ~
t s (1 —e )5+ <5, ., 0 ¢
¢

t—-dt — 8 —I;td 0 d
()
0 0 o, dz,

and the transition equation for the stochastic state variable 8 as

B:=@1- eh’\dt),é + eﬁ)ldt,Bt—dt + U'de,B
=b, + (B, - b,) + 05dzp. (A17)

The observation y, is normally distributed with mean ¥, given by the first
two terms in (A16) and variance

2
Op Ogp
o = N E
Osp O
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Note that the variance, ®, does not reflect the estimation error given by the
third term of equation (A16) because the estimation error has an order of dt,
which is dominated by the term of innovations (dz). In a discrete time model,
where dt is not infinitely small, the estimation error should make ® larger
than the variance—covariance matrix of the innovations.

This is the usual Kalman filtering state-space form with time-varying mea-
surement matrices. From equations (A16) and (A17), we get the covariance
between B; and y, as I' = v X (s — 5,0) + (0p,0p). ¥, and B, have conditional

joint normal distribution with
Yt ¥ P r
~ ~ | o | ] (A18)
B; b, ' v+og
The best estimate in terms of minimum mean squared error, b,, of 8, given
additional information provided by y, is then given by

E(Btlyt) =b=(1- ew/\dt)B + e_)‘dtbt—dt + Fq)_l(yt = ¥); (A19)
and

by —bi g =(01- e_)‘dt)(é —bq) t F(D_l(yt — )
~Ab—b)dt +TD  (y, — 7,). (A20)

When the predictive variable is constant, that is, when A = 0 and o3 = 0,
the above equations can be further simplified:

_ vls—8) _ (s — 5)2(B — b)

db = (TP(]. — pszP) (dZP psPdZs) + 0_1%(1 — pszp) dt, (A21)
_ v zd) o
T o g BT por ) (a22)

Appendix B. Closed-Form Solution without
Parameter Uncertainty

When v = 0 and B is constant, the investment opportunity set is com-
pletely summarized by the dynamics of s and the investor’s optimization
problem is described by equation (B1):

0=30be + k(E=8)p + &, +[1—y)r+ 371 —y)ap(x*)? — pld, (B1)
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where x* is given by

x* = ot B(S - §) -r n psPUsUP¢s
yop yop ¢

(B2)

Kim and Omberg (1996) provide a closed-form solution to this equation when
the investor’s utility function is from the HARA family.

Definey = (i — B85 — r) + Bs as the new state variable to replace s, and let
7 =T — t be the horizon. We conjecture that

¢ = exp{A(7) + B(n)y + 1 C(n)y?}. (B3)
With the above conjecture, the optimal portfolio choice x* is given by

.Y (B(1) + C(7)y)Bpspos
X + .

yop yop

(B4)

The expressions of A(7), B(7), and C(7) can be solved recursively from the
following ordinary differential equations:

C,=a,C%1)+ayC(7) +as, (B5)

B, =a;B(1)C(1) + 3a3B(7) + k(& — ) C(7), (B6)

It

A, = 3a,B?*(7) + 5(Bo,)?C(7) + k(g —r)B(7) + (r(1L — ) — p), (B7)
with boundary conditions of
A(r) =0, B(r) =0, and C(r)=0 at7=0,

where the parameters are:

a; = <Bas>2<1 . ; ypfp), (B8)
0y = 2(@@ _ K), (89)
YOop
a5 = —2. (B10)
Yop

Note that a; = 0 when 8 = 0, so that the optimization problem reduces to the
case with no predictability. The investment opportunity set is then constant,
and the problem has a simple closed-form solution as given in Ingersoll (1987)
or Merton (1990).
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There are five different solutions depending on the parameter values of
the model when B # 0. The details are given in the appendix of Kim and
Omberg (1996). Because ¢ = a3 — 4a;,a3 > 0 and a3 > 0 for all the values of
B and vy used in this study, we have a well-behaved normal solution:

Clr) = 2l —e ™) (B11)
T —ay) + (n fage ™
dask(—r)(l —e /2y
B(r) B12
7 nl(n—az) + (n+az)e™™ T (B12)
2/~ _ N2 2
A(r) = {a3<2K (,u,z r) + (Bo,) ) +r(l—-vy)— p:|T
n n—as
N 4a3%(a —1r)2[(2ay + e ™™ — 4age "% + 2a, — 7]
73[(n—ay) + (n+az)e ]
2 _ -nT
N 2a2(3032) ln| (n—asg) +(n+aye , (B13)
n° —as 27

where n = Vgq.

The horizon effect on the optimal portfolio allocation can be derived in
closed-form when there is no parameter uncertainty. We first derive the
dependence of B(7) and C(7) on the horizon, 7:

aC 4azne B14)
or  [n—ay+ (n+age ]
oB 4 o —r)(1— —n7/2 —n7/2 _ + 4 —n1/2

| task(Bo e e TR eyt tage )

or [n—as+ (n+ay)e ]2

Note that we only consider the situation when the investor is more risk
averse than the log utility, that is, v > 1. This implies that

a, > (Bo-s)z(l - pszP) = 07 (B16)
a3 < 0’ n = |a2|> (B17)
and

(n—ay+ (n+ay)e ™?)>0. (B18)
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Therefore,
aC
— <0, (B19)
or
0B
— < 0. (B20)
or

The horizon effect on the optimal allocation can be obtained from

ax*  Bpspos <GB oC )

— = ). B21

or vog \or or Y ( )
In our example, p,p = —0.93 < 0, so a sufficient condition for dx*/dr > 0 is

that y > 0 or B(s — 3) + (& — r) > 0. This is satisfied for most reasonable
parameter values of 8 and (s — §). Only when s < § and B is sufficiently
large is y < 0. When p,p < 0 and for a given value of y, the horizon effect is
summarized by

ox* (>0 if <
x { {(r) <y (B22)
or =0 if(n=y,
where
0B
ar g—r)(1—e™?)(n—ay+(n+ /2
[y = -2 = k(g —r)d-e"7)(n - ay + (0 +as)e ™) (B23)
aC n
or
Let the cutoff horizon be 7% such that {(7*) = y; then
2a9kK
[t
7 =—In , (B24)
n

2k
— (@ —r)(n—as)
n

where

a P 2—_r2
A=y%+4y 2"(“2 r)+4"(“2 ). (B25)
n n




Learning about Predictability 243

Equation (B22) can be simplified as

dx*| >0 if7> max(0,7%)
(B26)

07 | =0 if0 =7 =max(0,7%).

Therefore, if 7* > 0, then the optimal portfolio allocation is decreasing with
the horizon when 7 < 7%, and the optimal portfolio allocation is increasing
with the horizon when 7 > 7*. If * = 0, then the optimal portfolio allocation
is always increasing with the horizon.

Appendix C. Moments of the Stock Return
with Certain Predictability

The intuition behind the horizon effect comparisons when there is no learn-
ing versus when there is learning can be seen mathematically. First, let us
consider the case with no learning with a known constant 8. We obtain a
closed-form solution for the mean and variance of the stock returns over a
horizon 7.

T 1 T T
lnPT—lnP0=f (,a—/sg— §a§>d7+ﬁf S; d7-+a-pj dzp(T)
0 0 0

= (Ia — %0—}%>T+ é(_si);_g_)_ 1 _e—KT)
K
T ’30. T
+ op f dap(r) + =2 J (1 - e<=D) dz (7). (1)
0 0

From equation (C1), we have

1 -
E = E[In(P;/P)| "] = (ﬁ -5 aﬁ)(T— £+ 5(5‘;—8—2 (L—e™T0),  (C2)
B20_s2 213psP0-so-P
V = Var[In(P;/P,)| F*] = | of + = - (T —¢)
2 2 2 2
_ 2<.BKZ's n ,BPSZZ'SU'P)(I _ e—K(T—t)) + '32% 1- e*2K(T“‘t))‘ (C3)

When the stock return is predictable, the expected cumulative return for
an interval of 7" — ¢ depends both on its long-run mean and the current
observation of the predictive variable. The variance of the return is affected
by its own volatility, the volatility of the predictive variable, the correlation
between the two series, and the predictive coefficient. When 8 = 0 or o, = 0,
the mean and the variance grow proportionally with the horizon. The mean-
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variance ratio remains the same regardless of the investment horizon, so the
investor would choose to invest the same proportion of his wealth in the
stock.

When neither 8 = 0 nor o, = 0, the expected return is still increasing with
the investment horizon if s, = § or T' — ¢ is large enough, because

5(%E_7) = (ﬁ - %aﬁ) +B(s; —8)e TV >0 (Ce)

when the second term is close to zero or positive. The variance of the cumu-
lative return also increases with the investment horizon:

oV Bo, Bo, . }2
—_— + _— R K(T t) + 2 — 2 > .
ST 1) [(Uppsp p, > ki op(l—pp) >0 (C5)

When T — ¢ is long enough such that the terms associated with e “Z~% be-
come less important or when we consider the relative magnitudes between
the mean and the variance of stock return, we generally have d(E — V)/
d(T — t) > 0, which implies that the mean increases with the horizon faster
than the variance, so a buy-and-hold investor will generally hold more wealth
in stock if the horizon is longer.

For an investor who rebalances dynamically, we consider the covariance
between returns over periods (¢; — ¢3) and (¢, — ¢) where t; > ¢, > ¢,

C = Cov(In(P, /P,),In(P, /P,)| %)

2 2
— [32’;3 (1 _ e*K(t1~t2))(1 _ e*K(tzft))Z
S. O-S — — — —
+ Mf: (1 —e K(ty tz))(l —e K (ty t)). (CG)
K2

In the special case where t; — ¢, = 1 and ¢, — ¢t = 1, then the first-order
autocovariance of stock returns is given by

(l_e_K)z 320_82 —x
C'1 = 2 (1 —-e€ ) + BpsPUsUP (07)
K 2k
( 1—e
=0: pspz—gﬁ(——e——) and B>0
2kop
Ba-s(l - e_K)
{=0: pp=—————— and B<O0 (C8)
2kop
=0: B=0oro,=0
\ < 0: otherwise.
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This shows that the stock return is i.i.d. when there is no predictability or
the predictive variable is nonstochastic. Return predictability introduces se-
rial correlation into the return series except for the special cases where
psp = —LBo,(1 — e “)]/2k0op. In our study, the dividend yield serves as the
predictive variable. The large negative correlation between the stock return
and the dividend yield, p,p = —0.93, introduces a negative first-order auto-
correlation in the stock return. This mean-reverting pattern in the return
calls for a positive hedge demand as shown in Appendix B, so a long-horizon
investor holds more wealth in stock.
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