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Predictability and Transaction Costs:
The Impact on Rebalancing
Rules and Behavior

ANTHONY W. LYNCH and PIERLUIGI BALDUZZI*

ABSTRACT

Recent papers show that predictability calibrated to U.S. data has a large effect on
the rebalancing behavior of a multiperiod investor. We find that this continues to
be true in the presence of realistic transaction costs. In particular, predictability
causes the no-trade region for the risky-asset holding to become state dependent
and, on average, wider and higher. Predictability also motivates the investor to
spend considerably more on rebalancing and to rebalance more often. In other
results, we find that introducing costly liquidation of the risky asset for consump-
tion lowers the average allocation to the risky asset, though only marginally early
in life. Qur experiments also vary the nature of the return predictability and in-
troduce return heteroskedasticity.

WE EXAMINE THE PORTFOLIO DECISIONS of a long-lived investor with constant
relative risk aversion (CRRA) in the presence of transaction costs. Two types
of costs are evaluated: proportional to the change in the holding of the risky
asset and a fixed fraction of portfolio value. With a constant opportunity set,
it is well known that these costs induce optimal rebalancing rules that in-
volve a no-trade region for the CRRA investor’s risky-asset holding. When
the investor’s holding goes outside the no-trade region, the investor rebal-
ances to the closest boundary (proportional cost only) or to a point inside the
region (nonzero fixed cost).! In this paper, we focus on how return predict-
ability affects portfolio choice and rebalancing behavior when transaction
costs are nonzero.

Recent papers show that predictability calibrated to U.S. data has a large
effect on the rebalancing behavior of a multiperiod investor. We find that
this continues to be true in the presence of realistic transaction costs. When

* Lynch is from New York University, and Balduzzi is from Boston College. The authors
thank John Campbell, Jennifer Carpenter, George Constantinides, Ned Elton, Silverio Foresi,
John Heaton, John Liew, Robert Whitelaw, and especially René Stulz (the editor) and an anon-
ymous referee for helpful conversations and comments. Financial support from New York Uni-
versity Summer Research Grants is gratefully acknowledged.

1 See Constantinides (1986) and Davis and Norman (1990) for proportional costs and Schro-
der (1995) and Morton and Pliska (1993) for fixed costs. A number of other papers consider the
effects of transaction costs on portfolio choice and market equilibrium: see, for example, Duffie
and Sun (1990), Heaton and Lucas (1996), Vayanos (1996), Gennotte and Jung (1994), Luttmer
(1996a, 1996b), and He and Modest (1995).
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returns are predictable, the no-trade region is state dependent and, on av-
erage, wider and higher than when returns are independently and identi-
cally distributed (i.i.d.) with the same unconditional distribution. In fact,
predictability motivates the investor to spend considerably more on rebal-
ancing and to rebalance more often. The average allocation to the risky as-
set early in life is also higher with predictability.

In addition, the presence of realistic transaction costs is found to materi-
ally affect rebalancing behavior. For example, the presence of a realistic
fixed cost causes rebalancing frequency to decline considerably. At the same
time, rebalancing costs alone have almost no effect on the average allocation
to the risky asset, whereas costly liquidation of the risky asset for consump-
tion lowers average allocations, though only marginally early in life. Finally,
the no-trade region widens late in life but only when death is certain and
imminent. In other results, we find that varying the nature of the return
predictability or introducing return heteroskedasticity can drastically affect
the investor’s portfolio choices.

A long line of literature has established that returns are predictable2 Re-
cent work has attempted to assess the impact of return predictability on
investor utility and portfolio choice. Kandel and Stambaugh (1996) explore
the effects of ignoring predictability in a myopic setting, whereas Brennan,
Schwartz, and Lagnado (1997) and Barberis (1999) analyze numerically the
impact of myopic versus dynamic decision making when returns are pre-
dictable. Campbell and Viceira (1996) obtain a closed-form solution to the
consumer’s multiperiod problem in the presence of predictability by using
log-linear approximations; Kim and Omberg (1996) solve an analogous
continuous-time problem but without intermediate consumption. Brandt (1999)
estimates an investor’s stock allocation using the investor’s Euler equations
and U.S. stock return data. None of these papers simultaneously considers
the impact of return predictability and rebalancing costs on portfolio choice.
The only paper to do so is Balduzzi and Lynch (1999), the focus of which is
on the utility costs associated with ignoring predictability and behaving my-
opically. In contrast, the current paper focuses on how predictability and
heteroskedasticity alter rebalancing rules and behavior in the presence of
rebalancing and liquidation costs.

We solve the investor’s problem numerically given a risky asset and a
riskless asset. Using Tauchen and Hussey’s (1991) quadrature approxima-
tion, the risky-asset return is calibrated to the value-weighted index of NYSE
stocks in such a way as to capture the predictive ability of aggregate divi-
dend yield. Other forms of predictability are also calibrated. Rebalancing
frequencies, average costs incurred, and average holdings are obtained by
simulating asset return time series and using the investor’s portfolio rebal-
ancing rules. The main results can be summarized as follows.

2 Campbell (1987) and Fama and French (1989), among others, find that the dividend yield,
the term premium, and the one-month T-bill rate all forecast future U.S. stock returns.
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With the introduction of transaction costs, return predictability calibrated
to U.S. returns continues to have large effects on optimal rebalancing be-
havior relative to that for i.i.d. returns with the same unconditional distri-
bution. In particular, by increasing the benefits from rebalancing, return
predictability causes rebalancing frequency to increase, and cost incurred to
increase by an order of magnitude, at all points in the investor’s life. These
results complement those of Balduzzi and Lynch (1999), who find that the
utility cost of ignoring predictability remains substantial (typically around
20 percent of wealth) in the presence of realistic rebalancing costs.

Consistent with results for the no-cost case (see, e.g., Barberis (1999)), the
average allocation to the risky asset early in life is also higher with predict-
ability. Further, no-trade regions early in life are wider when returns are
predictable than when they are i.i.d., which can be explained as follows.
Ignoring transaction costs, a less volatile risky-asset return means a smaller
utility loss from keeping a given inherited risky-asset allocation rather than
trading. For this reason, lower risky-asset volatility leads to wider no-trade
regions (see Constantinides (1986) and Gennotte and Jung (1994), who dis-
cuss this point in the context of the volatility of i.i.d. returns). Because un-
conditional volatility is unchanged, predictability reduces conditional volatility.
It is this reduction in conditional volatility that causes no-trade regions to
widen relative to the i.i.d. case. Finally, predictability also causes the no-
trade region to move around, which explains why the rebalancing frequency
increases despite the wider no-trade region.

The presence of realistic rebalancing costs can considerably affect rebalanc-
ing rules and behavior over the life cycle. First, realistic fixed rebalancing
costs cause rebalancing frequency to decline considerably.? Second, no-trade
regions widen dramatically close to the terminal date.* On the other hand,
realistic proportional and fixed costs have little effect on the average risky-
asset holding and, in particular, on the no-trade midpoint unless liquidation
costs differ across the two assets. When the investor faces a liquidation cost
on only the risky asset, no-trade regions are lowered, but the lowering is
only material late in life when consumption is a large fraction of wealth. In
fact, as the terminal date approaches, the upper boundary of the no-trade
region converges to the risky-asset holding in the absence of transaction costs.

The nature of the return predictability can have large effects on rebalanc-
ing behavior. Holding unconditional return moments fixed, we focus on two
return parameters, each with a clear impact on portfolio choice: the magni-
tude of the single-period predictability and the persistence of the predictive
variable. Increasing the magnitude of the single-period predictability causes
no-trade regions to widen. Decreasing the persistence of the predictive vari-

3 These results are consistent with those of Schroder (1995), who finds for i.i.d. returns that
a small fixed cost (but no proportional cost) can cause rebalancing frequency to drop dramat-
ically from the no-cost case.

4 Gennotte and Jung (1994) report a similar result but for the more restrictive case where
the risky asset return is an i.i.d binomial process.
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able causes no-trade width, as a function of the predictive variable, to be-
come more U-shaped; that is, the no-trade region is wider for extreme values
of the predictive variable. Finally, return heteroskedasticity can also have
big effects on rebalancing behavior. Allowing conditional volatility to be a
steeper positive function of expected return causes no-trade width and mid-
point to be less positive (or more negative) functions of expected return.

Thus, realistic transaction costs and return predictability can have a sig-
nificant impact on rebalancing behavior. The implication is that their simul-
taneous presence is likely to affect the joint distribution of consumption and
equity returns. Thus, calibration studies using transaction costs to explain
the equity premium (e.g., Heaton and Lucas (1996)) may be sensitive to the
introduction of predictability in returns.

Our paper also has implications for existing studies (He and Modest (1995),
Luttmer (1996a)) documenting how proportional transaction costs weaken
Hansen—dJagannathan (1991) bounds on intertemporal marginal rates of sub-
stitution. Because these bounds become weaker relative to the frictionless
bound as the data frequency becomes higher, they are likely to be uninfor-
mative for data frequencies that are too much higher than the rebalancing
frequency of individuals. Thus, our results on rebalancing frequencies can
shed some light on the informativeness of the bounds reported in these pa-
pers. For example, with predictability and a proportional cost of 0.5 percent,
our 20-year investor rebalances every 3.7 months, which is only slightly less
frequently than every quarter. This rebalancing frequency suggests that
the bound reported by Luttmer for quarterly data and a proportional cost of
0.5 percent is likely to be informative.

Samuelson (1969) was the first to show that a CRRA investor, facing a
constant investment-opportunity set and zero transaction costs, makes the
same portfolio choice irrespective of age. Interestingly, our results for the
case of unpredictable returns indicate that Samuelson’s irrelevance result is
robust to the introduction of transaction costs except when death is certain
and imminent. In this sense, Samuelson’s (1969) original intuition extends
to the case of transaction costs.

A number of recent papers emphasize the importance of nonfinancial wealth
particularly early in life (see, e.g., Bodie, Merton, and Samuelson (1992),
Koo (1995), Jagannathan and Kocherlakota (1996), and Heaton and Lucas
(1997)). Because of the potentially large impact of nonfinancial wealth, care
must be taken when applying our results to a young investor. For example,
if most of an investor’s wealth is nonfinancial, then a fixed cost proportional
to the investor’s financial wealth understates the cost of the investor’s time.
However, our results are directly applicable to an investor who has reached
retirement age: our standard investor’s death probabilities are calibrated so
that the investor is 65 years and one month old in the first period.

The paper is organized as follows. Section I describes the investor’s opti-
mization problem, our solution technique, and the simulation details. Sec-
tion II describes how the discrete return processes are calibrated. Section I1I
presents the results, and Section IV concludes.
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I. Optimal Portfolio Allocation with Transaction Costs
A. Constraints and Preferences

We consider situations where two assets are available for investment: a
risky asset and a riskless asset. The risky-asset return from time ¢ to ¢ + 1,
R, q, is either i.i.d. for all ¢ or predictable using an instrument, D,, available
at t. The risk-free rate R’ is assumed to be constant. Also, the investor faces
transaction costs that are proportional to wealth.

We consider the optimal portfolio problem of a CRRA investor with a finite
life of T periods, a relative-risk-aversion parameter of y, and a rate of time
preference equal to B. The investor’s probability of dying at time ¢ condi-
tional on survival until ¢ — 1 is denoted by p,, which may be nonzero. Ex-
pected lifetime utility is given by

[2(113) |z1], <1>

where ¢, is consumption at time ¢, Z, is the vector of state variables for the
investor at time ¢, and 8, = B(1 — p,). When transaction costs are nonzero,
the inherited portfolio allocation ¢, is an element of Z,, because its value
determines the transaction costs to be paid at time ¢. When returns are
predictable, the predictive variable at time ¢, D,, is also an element of Z,.
Letting «, be the fraction of wealth consumed at ¢ and f, be the transac-
tions cost paid at ¢ per dollar of portfolio value (which might be zero if no
trading occurs at ¢), the law of motion of the investor’s wealth, W, is given by

Wy =W, (1 - Kt)RW,t+1’ (2)

where Ry ;.1 = (1 — f)[ey(R,,; — R”) + R”] and, «, is the share of portfolio
value allocated to the risky asset at ¢. So Ry ;. is the rate of return on the
portfolio from ¢ to ¢ + 1, net of transaction costs. Dollar transaction costs at
t are W,(1 — «,)f, and are paid by costlessly liquidating the risky and the
riskless assets in the proportions «, and (1 — «,).

In general, we model the cost of transacting, f, as a function of the differ-
ence between the chosen and inherited risky-asset allocations:

fi = dpla, — a;| + dpl, 4,40, bp,dr =0, 3)

where I, _; .o is an indicator function that equals one if o, — @, # 0 and
equals zero otherwise. The first term is proportional to the change in the
risky-asset holding, whereas the second term reflects the fixed cost of re-
balancing one’s portfolio, regardless of the size of the rebalancing. This fixed
cost increases with the investor’s wealth, because it is likely to depend on
the opportunity cost of the investor’s time. The inherited allocation satisfies
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4 = a1 (1= k) W,_1(1 — f,_1)R, _ a, 1R, (4)
! W, a, (R, — R’)+ R’

The law of motion for wealth in equation (2) implicitly assumes that con-
sumption at time ¢ is obtained by costlessly liquidating the risky and the
riskless asset in the proportions &, and (1 — &,). However, rebalancing rules
may be sensitive to any cost differential associated with using the risky
rather than the riskless asset for consumption (see, e.g., Heaton and Lucas
(1997)). Consequently, with the fixed cost parameter set to zero (¢p = 0), we
introduce a proportional cost of ¢; to liquidate the risky asset for consump-
tion. Letting f;, , be the liquidation cost incurred at ¢ as a fraction of W,, the
law of motion for wealth becomes

W= W1 -k — fL,t)RW,t+1; (5)

where f; ;, = kz ;¢;, and «;, , = 0 is the component of consumption at ¢ ob-
tained by liquidating the risky asset. The liquidation cost is assumed to be
paid from the risky asset, so «; , = d,/(1 + ¢;). The pre-rebalancing port-
folio risky-asset weight at ¢ now depends on the consumption decision at ¢.
After consumption, the risky-asset holding is @, — «;, ;, — f1 , and the port-
folio value is 1 — x, — f7, ,, each expressed as a fraction of W,. Because the
pre-rebalancing risky-asset weight is the ratio of these two, the rebalancing
cost f; becomes

& — Kp,t — fL,t

6
- ©

fi = dp|a, —

We set ¢, equal to ¢p/(1 — ¢p) so that the cost of liquidating the entire
risky-asset holding equals the cost of rebalancing the risky-asset holding to
zero. In this sense, our ¢; choice equates the cost of liquidating the risky
asset with the cost of rebalancing.

B. Optimization Problem and Solution Technique

We now consider the investor’s optimization problem. Given our paramet-
ric assumptions, the Bellman equation faced by the investor is given by

1-— y Ky Oy 1- Y
A=k —fr,) W 2
+ B, : 1 l;t’y t Ela(Zyiq,t + 1)R11/V,ty+1|zt]’

fort =1,...,T—-1 (7
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where f; ; = 0 in the absence of a risky-asset liquidation cost. Because
equation (7) only defines a(Zr,t) recursively, we must specify its value at
the terminal date: a(Zy,T) is 1 in the absence of a liquidation cost, and
(1 — ¢pdyp)t ™7 when ¢, is equal to ¢p/(1 — ¢p). In all the optimizations, the
holdings of both the risky and the riskless asset are constrained to be pos-
itive (the short-sale restriction), which implies that the inherited portfolio
allocation also lies between zero and one, 0 = @ = 1. Constraining « to lie
between zero and one is realistic, because individual investors typically face
high costs in taking short positions.

The optimization problem is homogeneous of degree (1 — vy) in wealth,
which implies that the solution is invariant to wealth. Thus the Bellman
equation can be rewritten as

a(Zy,t) Ktl_y (1- K, — 1, t)l_y
——— = max + B, >
1-vy wpa, 1=y 1-vy

E[a(zt+lat + I)R%VTty+1‘Zt]’

fort=1,...,T— 1. 8

The Bellman equation (8) is solved by backward iteration, starting with
t = T — 1. Thus, a(Z,,t) is obtained by solving the optimization problem in
equation (8) using a(Z,_ ,,t + 1) from the previous iteration.

At each time ¢, the state variable &, is discretized, and the Bellman equa-
tion is solved at each &, grid point. The following grid of points on the in-
terval [0,1] is used to discretize &, for all ¢: @ = 0,0.02,0.04,...,0.96,0.98,1.
In solving the optimization problem in equation (8), the (¢ + 1) value func-
tion for each D, is linearly interpolated between &,,, points. Further de-
tails are available on request. The numerical technique yields an approximate
solution that converges to the actual solution as the @ grid becomes finer5

C. Unconditional versus Conditional Portfolio Choices

Facing a given return-generating process, the investor can make uncon-
ditional (U) or conditional (C) portfolio choices. When making unconditional
choices, the investor uses the steady-state distribution and ignores any pre-
dictability of returns. In other words, the investor assumes returns are i.i.d.
when making unconditional choices. In contrast, the investor exploits return
predictability when making conditional choices. Thus, we can evaluate the
impact of return predictability on portfolio choice when an investor faces
proportional or fixed transaction costs.

D. Simulation Details

To calculate average portfolio holdings, average transaction costs in-
curred, and rebalancing frequencies, we simulate return histories with the
discretized distribution and apply the individual’s portfolio rebalancing rule

5 Increasing the number of grid points from 51 to 101 for & leaves the results for a 20-year
investor with ¢, = 0.5 percent and ¢ = 0 or 0.01 percent virtually unchanged.
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at each time ¢,# = 1,...,T. This procedure is repeated 100,000 times, and
average portfolio holdings, rebalancing costs incurred, and rebalancing fre-
quencies at each time ¢ are obtained by averaging over the 100,000 replications.

For unconditional portfolio choices, simulated returns are i.i.d. with the
steady-state distribution. By making simulated returns i.i.d. in this way, we
are assuming that the investor making unconditional choices is using the
correct distribution. This approach allows us to obtain an understanding of
how optimal rebalancing behavior is altered by return predictability. A dif-
ferent question, not answered in this paper, is the effect of using a policy
rule optimized for i.i.d. returns when returns are in fact predictable. This
question is addressed in Balduzzi and Lynch (1999) using utility cost as the
metric to evaluate the effect of ignoring predictability.

II. Return Calibration

We use the monthly rate of return on the value-weighted NYSE index as
a proxy for the risky return R, the one-month Treasury-bill rate as a proxy
for the risk-free rate R”, and the 12-month dividend yield on the value-
weighted NYSE index as a proxy for the predictive variable D. Both the
stock return and interest rate series are deflated using monthly CPI infla-
tion. We calibrate real returns because they are more likely to be stationary;
investors generally care more about real returns, and there is no money in
our model. The stock return, interest rate, and dividend yield series are
from CRSP; the CPI series is from CITIBASE. The data period used is from
1927:1 to 1996:11. The continuously compounded risk-free rate is estimated
to be the mean of the continuously compounded one-month Treasury-bill
rate over this period, which gives a value for R’ of 0.04454 percent.

A. Approximating the Data Assuming Constant Variance

Letting r =In(1 + R) and d = In(1 + D), we assume that [r,d]’ follows the
vector autoregressive model (VAR):

rs1=a,+b.d, +e.q, 9)
div1 =ag+byd; + vy, (10)

where b,, b, a,, and a, are coefficients and [e,v]’ is a vector of mean-zero,
serially uncorrelated, multivariate normal disturbances, with constant co-
variance matrix whose diagonal elements are ¢ and o2 and whose off-
diagonal element is p,,o,0,. Similarly, the unconditional variances for r and
d are o? and o2, respectively. Without loss of generality, we normalize the
mean of d, u,, to be zero and its variance, o7, to be 1. The specifications
given in equations (9) and (10) assume that d, is the only state variable
needed to forecast r,.;, which is in line with other papers on optimal port-

folio selection (e.g., Barberis (1999), Campbell and Viceira (1996)).
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The data VAR is estimated using ordinary least squares (OLS) and dis-
cretized using a variation of Tauchen and Hussey’s (1991) Gaussian quad-
rature method; the variation is designed to ensure that d is the only state
variable (for details, see Balduzzi and Lynch (1999)). We choose 19 quadra-
ture points for the dividend yield and three points for the stock return in-
novations because Balduzzi and Lynch (1999) find that the resulting
approximation is able to capture important dimensions of the predictability
in the data.®

An interesting question is how portfolio choice varies with the nature of
the return predictability. We assess this by holding the return parameters
o,, 4, and p,, constant and varying b,.0,; and b,. The first parameter, b, 0,
is the single-period variation in r that is predictable. The second parameter,
b,;, measures the persistence of the expected return process, because ex-
pected return is a linear function of d. We implement the Tauchen—Hussey
approximation in such a way that the 19 values taken by d remain the same
across different parameterizations of the return predictability. Doing so en-
sures that portfolio choice for a given state can be meaningfully compared
across return-generating processes.

Table I presents VAR parameter values for both the data and the various
quadrature approximations used. The unconditional mean return is success-
fully held constant across the return-generating processes and so is not re-
ported. Six discretizations are considered and are labeled SO through S5.
Discretization SO (second row) successfully replicates the predictability in
the data (first row), except that the predictable single-period variation in
r(b,o,) is understated. Thus, our results for SO are likely to understate the
impact of observed predictability on portfolio choice. The first four rows after
the “Data” row show two pairs of comparisons: SO versus S1 and S2 versus
S3. Each comparison successfully fixes o,, b, and p,,, while allowing b, 0,
to vary. Starting with a value of 0.26 each time, b, 0, is halved going from S0
to S1 and roughly doubled going from S3 to S2. Similarly, moving from S4 to
S5 to S3 keeps o,, b,0,, and p,, approximately constant, while allowing b,
to vary from 0.962 to 0.

B. Approximating the Data Assuming Heteroskedasticity

Equilibrium models such as Merton’s (1980) dynamic CAPM imply a pos-
itive relation between expected return and conditional volatility.” Such a
relation is likely to have a large effect on portfolio rebalancing rules. We
assess this effect by modifying the return-generating process to allow con-

S Increasing the number of quadrature points to 20 for dividend yield or to six for stock
return innovations leaves the results for a 20-year investor with ¢ = 0.5 percent and ¢ = 0
or 0.01 percent virtually unchanged.

7 Although recent papers have found a negative relation between conditional expected return
and volatility (see, e.g., Glosten, Jagannathan, and Runkle (1993) and Whitelaw (1994)), Scruggs
(1998) finds a positive partial relation once he includes long-term government bond return as
a second factor.
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Table I

Parameters for the Return-generating Processes and Estimates
for the Value-weighted Index of NYSE Stocks

A variety of return-generating processes are obtained using the quadrature approximation.
Table I reports parameters for the various return processes and parameter estimates for the
value weighted index of NYSE stocks. The following return parameters are reported: the mag-
nitude of the single-period predictability (b,0,), the conditional correlation between r and d
(pe»), the persistence of the predictability (b,), and the heteroscedasticity parameter (¢£;). The
SO0 process is calibrated to U.S. equity return assuming constant variance (£; = 0).

Process o, X 100 b,y X 100 b, Pov £y X 100
Parameter
Being Varied Data 5.510 0.310 0.972 —-0.925 1.358
b0, S0 5.443 0.260 0.962 —-0.923 0
S1 5.445 0.130 0.962 —-0.923 0
S2 5.507 0.527 0 0 0
S3 5.507 0.264 0 0 0
by S4 5.507 0.260 0.962 0 0
S5 5.507 0.260 0.386 0 0
S3 5.507 0.264 0 0 0
4 HO 5.386 0.260 0.962 -0.904 1.279
H1 5.443 0.260 0.962 -0.923 0.569
H2 5.432 0.260 0.962 -0.919 0.110

ditional return volatility to be a linear function of d. In particular, [r,d ]’ still
satisfies equations (9)and(10), but nowe, ., ; = 0, 4,2f and v, ; = 0,4,2¢, Where
z° and 2" have zero means, unit variances, and a correlation of p,,;; [2%2"] is
multivariate normal white noise; and o, 4, and 0,4, are the conditional vola-
tilities of e,,; and v,, ;. The constant p,, ; is the conditional correlation be-
tween e and v. We take 0,4, to be a constant but allow o, 4, to be a linear
function of d;: 0,4, = {o, + {1d,. The quadrature approximation technique is
adapted to discretize this return process (details are available upon request).

Return distributions are discretized for three values of {;, holding the
unconditional volatility of e, o,, constant. The first value is obtained from
the data using the residuals from the OLS regression of r,.; on d,. The
absolute value of these residuals is regressed on d,, and the slope coefficient
is taken as ;. The first row of Table I reports the data’s {; as 1.358 percent.
Because this ¢, value of 1.358 percent may be too large to be plausible in an
equilibrium setting, the single-regime equilibrium model of Whitelaw (1998)
is used to calibrate ¢, with positive values. In particular, Whitelaw’s model
implies ¢4 values of 0.111 percent and 0.604 percent when the representative
agent has a relative risk aversion of two and 40, respectively. The last three
rows of Table I show that the three discretizations, HO, H1, and H2, closely
match ¢4 values of 1.358 percent, 0.604 percent, and 0.111 percent, respec-
tively, while keeping the unconditional volatility for r, o,, close to that in
the data.
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ITII. Results

Optimal portfolio choice with fixed and proportional transaction costs in-
volves a no-trade region for the risky-asset weight « and lower and upper
return points depending on whether the upper or lower boundary is hit
(Balduzzi and Lynch (1999)). Both return points lie inside the no-trade re-
gion. When the investor uses the conditional return distribution (C) rather
than the unconditional (U), the position of the no-trade region varies across
states (see Balduzzi and Lynch (1999)).

Given this structure for the rebalancing decision, portfolio choice in a given
state can be characterized by the midpoint and width of the no-trade region
together with the average distance between the return points and bound-
aries (return distance). These three parameters can be averaged across states
at a given time ¢ using the steady-state distribution to give the time-¢ no-
trade midpoint, the time-t no-trade width, and the time-t return distance,
respectively.? :

For each ¢, three additional parameters are obtained from the simulations
described in Section I: rebalancing frequency, average cost incurred, and
average holding of the risky asset.? Thus, there are six parameters all in-
dexed by ¢ that characterize portfolio choice by the investor. We also want to
measure when the no-trade region first widens by a significant amount rel-
ative to its ¢ = 1 width. The seventh parameter is such a measure and is the
first time ¢ that the width of the no-trade region is at least 0.05 larger than
at time one. Each table and figure reports or plots some subset of these
seven parameters.

A. Standard Investor Facing Returns Calibrated to U.S. Data

Table II and Figure 1 report results for the “standard” investor facing the
S0 return-generating process which is calibrated to the value-weighted in-
dex of NYSE stocks. The standard investor has y = 4, intermediate con-
sumption, and a death probability at each ¢ calibrated to mortality rates for
U.S. males with ¢ = 1 corresponding to 65 years and one month old. The
mortality rates that we use are taken from the 1994 Group Annuity Mor-
tality Table developed by the Society of Actuaries Group Annuity Valuation
Task Force (1995) (GAM-94). Because these rates only assign a death prob-
ability of one when the male reaches 119 years of age, we take T to be 648.
For comparison, Table II also reports results for a “20-year” investor who

8 To ensure that the average no-trade width and return distance are not understated, the
averaging is performed across states for which the short-sale restriction is not binding. As
expected, averaging over all states reduces no-trade width and does so by more late in life. For
the standard investor, the reduction is only four percent late in life and less than two percent
early in life. On the other hand, because bounds of zero or one still define ranges over which «
moves, the averaging for the no-trade midpoint is performed across all states irrespective of
whether a short-sale restriction is binding.

9 Risky-asset holding is determined after any rebalancing has occurred.
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Table IT

Portfolio Choice Parameters for the Standard Investor

The value-weighted index of NYSE stocks is discretized using the quadrature approximation to
give the return process SO in Table I. The riskfree rate is assumed constant. The proportional
cost parameter (¢p) set equal to 0.25 percent and the fixed cost parameter (¢z) is set equal to
0.01 percent. For the standard investor (CRRA utility, 8 = 1/R;, y = 4, intermediate consump-
tion), ¢ = 1 is taken to be age 65 and 1 month when using CAM-94 to obtain death probabilities.
The 20-year investor lives for 7' = 240 months and dies at 7" but is otherwise identical to the
standard investor. The width and midpoint of the no-trade region, and the average return
distance at a point in time ¢ are obtained by averaging across states using the steady state
distribution. Rebalancing frequency, average cost incurred per month and average holding of
the risky asset are obtained by simulation of the investor’s portfolio choices. Parameters for
both unconditional (U) and conditional (C) portfolio choices are reported. The portfolio choice
parameters are averaged over three two-year periods in the investor’s life: ¢ = 96 to ¢ = 119; ¢ =
216 to ¢ = 239; and, ¢t = 624 to ¢t = 647.

t =96 to t = 216 to t =624 to
=119 t =239 t =647
Portfolio Choice Parameters Standard 20-year Standard 20-year Standard
Rebalancing Frequency (%) U 2.80 2.83 2.84 1.12 1.13
C 10.33 10.35 10.27 8.71 8.70
Average Cost per Month (bp) U 0.075 0.076 0.076 0.032 0.033
C 0.571 0.576 0.573 0.517 0.517
Holding of Risky Asset-No U 0.562 0.562 0.562 0.562 0.562
Transaction Costs C 0.694 0.680 0.686 0.581 0.580
Average Holding of Risky Asset U 0.574 0.574 0.574 0.583 0.585
C 0.711 0.696 0.702 0.600 0.599
Midpoint of No-trade Region U 0.560 0.560 0.560 0.563 0.562
C 0.699 0.684 0.690 0.579 0.578
Width of No-trade Region U 0.160 0.160 0.160 0.262 0.266
C 0.258 0.258 0.261 0.315 0.316
Distance between Boundaries U 0.060 0.060 0.060 0.079 0.080
and Return Points C 0.083 0.083 0.085 0.092 0.092

lives for 240 months and only dies at T' but who otherwise resembles the
standard investor. Our standard investor is already 65 years old at ¢t = 1
because the investor does not receive labor income and this is only realistic
for an individual who has reached retirement age.

The investors are assumed to face both a fixed and a proportional cost.
The fixed cost parameter, ¢, is taken to be 0.01 percent, which translates
into paying a fee of $10 whenever a $100,000 portfolio is reshuffled. Viewed
as the opportunity cost for an individual to process information and instruct
a broker to change portfolio composition, this value for ¢ seems small. The
proportional cost parameter, ¢p, is set to 0.25 percent, which implies a round-
trip transaction cost of 0.5 percent. Both Fidelity’s Spartan Total Market
Index Fund and the Schwab Total Market Index Fund attempt to track value-
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Figure 1. Portfolio choice parameters: The standard investor. Portfolio choice param-
eters are plotted for the standard investor (CRRA utility, 8 = 1/R;, y = 4, intermediate con-
sumption, 7 = 648) for whom ¢ = 1 is taken to be age 65 and one month when using CAM-94
to obtain death probabilities. The investor faces the return process SO (quadrature approxima-
tion to U.S. data) and makes unconditional (U) and conditional (C) portfolio choices. There is a
fixed cost (¢r) of 0.01 percent, and the proportional cost (¢p) is set equal to 0.25 percent.

weighted portfolios of U.S. equities and, as of May 5, 1999, charge a redemp-
tion fee of 0.5 percent on fund shares sold within three and six months of
purchase, respectively. Thus, whereas our proportional cost structure does
not capture the specific features of these redemption fees, our value for ¢,
of 0.25 percent can be viewed as indicative of the proportional rebalancing
cost faced by an individual using an index fund to hold U.S. equities.
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A.1. Portfolio Choice over the Life Cycle

The first question that we address is portfolio choice over the life cycle.
Table II shows that both average rebalancing frequency and average cost
incurred are lower when certain death is imminent than early in the inves-
tor’s life. Figures 1A and 1C show that these decreases are particularly pro-
nounced just prior to the terminal date.

Consistent with this result, we find that the no-trade width is always
much larger just prior to the terminal date (T" = 648) than earlier in life.
Figure 1B and Table II show that the average no-trade width for the stan-
dard investor using C goes from 0.258 early in life to more than 0.60 by time
t = 647. The intuition for the widening of the no-trade region near the end
of an investor’s life is as follows. Early in the investor’s life, a decision to
rebalance may eliminate the need to rebalance for several periods in the
future. In this sense, the transaction cost of rebalancing is being spread over
the next several periods. However, near the end of the investor’s life, this
potential benefit from rebalancing is limited by the small number of remain-
ing periods in the investor’s life. Consistent with this intuition, Figure 1D
shows that the widening does not occur until certain death is imminent.
This intuition also suggests that the no-trade region widens earlier when
the investor’s rebalancing frequency is lower. The reason is that a lower
rebalancing frequency indicates that the benefits from rebalancing now must
be enjoyed over a longer period of time to make rebalancing now attractive.

Another question is whether rebalancing rules and behavior change much
as the standard investor goes from being 65 to 85 years old. Table II and
Figure 1 show that the portfolio choice parameters are largely unchanged
over these early retirement years, despite the use of realistic death proba-
bilities. Thus, the rebalancing behavior of older investors in the United States
does not involve a rapid widening of the no-trade region unless certain death
is imminent.

A.2. Impact of Return Predictability on Rebalancing

Previous work has shown that predictability calibrated to U.S. data causes
a multiperiod investor to hold more of the risky asset early in life (see, e.g.,
Brennan et al. (1997), Barberis (1999), and Campbell and Viceira (1996)).
Consistent with this work, we find in Table II and Figure 1D that early in
life with zero transaction costs, the standard investor chooses a risky-asset
holding of 0.562 using U and an average risky-asset holding of 0.694 using
C. Table II and Figure 1C show that this result is robust to the introduction
of realistic transaction costs. In fact, for both C and U, the midpoint of the
no-trade region is roughly equal to the optimal risky-asset holding without
transaction costs for all £, whereas the average holding is marginally higher
but by the same amount for both.

Table II shows that rebalancing frequency over all three two-year periods
is higher when the standard investor faces C rather than U. For example,
rebalancing frequency early in life increases from 2.80 percent (or once ev-
ery 35 months) with i.i.d. returns to 10.33 percent (or once every nine months)
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when returns are predictable. Figure 1 shows that the rebalancing fre-
quency is higher throughout the standard investor’s life when facing C rather
than U.

An even stronger result is the effect of return predictability on the actual
cost incurred by the investor. Table II and Figure 1A show that the cost
incurred per month is an order of magnitude higher when the investor faces
C rather than U, irrespective of whether the investor is young or old. For
example, early in life the standard investor spends 0.075 basis points of
portfolio value per month when facing U but spends 0.571 basis points when
facing C. The increased rebalancing and spending are not surprising be-
cause return predictability increases the benefits from trading.

At the same time, the no-trade width early in life is much wider when the
investor uses the conditional rather than the unconditional distribution.
Table II shows that the no-trade width early in life for the standard investor
increases from 0.16 to 0.258 if returns are predictable. Near the end of the
investor’s life, the difference narrows, as can be seen in Figure 1B. Earlier
work on transaction costs without predictability finds that no-trade regions
increase when return volatility decreases (see Constantinides (1986) and Gen-
notte and Jung (1994)). The reason is that the cost of a suboptimal « choice
is increasing in the return volatility. Going from the U to C distribution, the
conditional volatility of return decreases because the unconditional volatility
is being held fixed. Thus, this same reasoning explains why no-trade regions
widen when returns are predictable.

When the investor is using C, the no-trade region varies considerably across
states (unreported). This occurs because the conditional Sharpe ratio varies
across states. This variability in the no-trade region explains why rebalanc-
ing frequency is higher for C than U, despite the wider no-trade region.

A.3. Comparing the Standard and 20-Year Investors

Comparing the standard and 20-year investors early in life (¢ = 96 to ¢ = 119),
we see that all six portfolio-choice parameters indexed by ¢ are virtually iden-
tical. These parameters are also similar across the two investors when both
are near the time of certain death: ¢t = 624 to ¢ = 647 for the standard investor
and ¢ = 216 to ¢t = 239 for the 20-year investor. So whereas positive death prob-
abilities are analogous to lower rates of time preference, the death probabil-
ities faced by U.S. males from age 65 onward are not large enough to materially
alter rebalancing rules. As a result, because computation time per investor prob-
lem is much lower when T' = 240 than when T = 648, we use the 20-year in-
vestor as our canonical investor for the remainder of the paper.

B. Varying the Transaction Costs

B.1. Varying the Rebalancing Costs

Table III reports all seven portfolio choice parameters for the 20-year
investor facing the SO return-generating process. The proportional cost
parameter (¢p) is allowed to take four values, 0, 0.25 percent, 0.5 percent,
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and 2.5 percent, whereas the fixed cost parameter (¢5) is either 0, 0.01 per-
cent, or 0.1 percent. All possible pairwise combinations of ¢p and ¢p are
considered.

Table III highlights how most of the reported parameters vary systemat-
ically with the proportional cost (¢p) and the fixed cost (¢z). Rebalancing
frequency is decreasing in both. This result is robust to the age of the in-
vestor and the presence of predictability and is consistent with the intuition
that a larger cost per trade (¢p or ¢y bigger) leads to fewer trades. The
presence of a small fixed cost has a particularly large impact. In contrast,
the cost per trade has an ambiguous impact on the average trading cost
incurred per period.

Rebalancing frequency is reduced by a wider no-trade region. Conse-
quently, no-trade width is increasing in both ¢p and ¢5. This result is robust
to the age of the investor and the predictability of returns. On the other
hand, return distance is increasing in the fixed cost parameter (¢z) but is
insensitive to changes in ¢p. Because the fixed cost must be nonzero for the
return distance to be positive, this finding is not surprising.1?

Table III shows that, for a given distribution (U or C) and time of life, the
no-trade midpoint is unaffected by variation in ¢, or ¢. Note that the cost
to consume out of either asset is zero across all these specifications. On the
other hand, the extent to which the average risky-asset holding exceeds the
midpoint is monotonically increasing in both ¢p and in ¢. The likely reason
is that rebalancing occurs less frequently when transaction costs are high.
Because the expected risky-asset return exceeds the riskless rate, less re-
balancing is likely to result in larger holdings of the risky asset, holding the
no-trade midpoint constant.

Finally, the time of widening of the no-trade region is monotonically de-
creasing in both ¢p and in ¢p. This finding is consistent with earlier intu-
ition (in Section III.A.1) because a larger fixed or proportional cost implies
less frequent rebalancing.

B.2. Adding a Cost to Liquidate the Risky Asset

We reported above that the no-trade midpoint is unaffected by the mag-
nitude of either the fixed or the proportional cost parameter. However, this
result is likely to be sensitive to the assumption of costless liquidation of
both assets. To explore the impact of relaxing this assumption, Table IV
and Figure 2 report choice parameters for the 20-year investor facing either
zero liquidation costs (f;, , = 0) or a risky-asset liquidation cost (¢,,) of ¢p/
(1 — ¢p). The proportional cost parameter (¢p) is taken to be 0.5 percent,
and there is no fixed cost.

19 Note that when the proportional cost is zero, the average return distance always equals
half the no-trade width, which is consistent with the result of Schroder (1995), who found a
single return point.
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Table IV

Portfolio Choice Parameters: Introducing a Liquidation Cost
The value-weighted index of NYSE stocks is discretized using the quadrature approximation to
give the return process SO in Table I. The riskfree rate is assumed constant. The proportional
cost parameter (¢p) is set equal to 0.5 percent and the fixed cost parameter (¢) set equal to 0.
The liquidation cost for the risky asset (¢;) is either 0 or ¢p/(1 — ¢p). The 20-year investor
(CRRA utility, 8 = 1/R;, y = 4, intermediate consumption, T = 240, no early death) either
consumes each month or only at the terminal date. The width and midpoint of the no-trade
region at a point in time ¢ are obtained by averaging across states using the steady state
distribution. Rebalancing frequency, average cost incurred per month and average holding of
the risky asset are obtained by simulation of the investor’s portfolio choices. Parameters for
both unconditional (U) and conditional (C) portfolio choices are reported. The portfolio choice
parameters are averaged over two 2-year periods in the investor’s life: ¢ = 96 to ¢ = 119; and
t = 216 to ¢t = 239.

t=96to¢t =119 t =216 to ¢t = 239

Liquidation Cost ¢;,

Portfolio Choice Parameters 0 ¢p/(1 — ¢p) 0 dp/(1 — ¢p)
Rebalancing Frequency (%) 18] 21.17 48.63 8.30 99.19
C 27.07 39.98 21.12 80.92
Average Cost per Month (bp) U 0.096 0.312 0.037 6.942
C 0.854 0.988 0.702 7.157
Average Holding U 0.576 0.575 0.584 0.564
C 0.700 0.698 0.602 0.578
Midpoint of No-trade Region U 0.563 0.531 0.562 0.428
C 0.690 0.669 0.580 0.462
Width of No-trade Region U 0.092 0.105 0.217 0.289
C 0.176 0.178 0.264 0.302

Table IV and Figure 2 show that a risky-asset liquidation cost induces
very different rebalancing behavior just prior to the terminal date when
consumption as a fraction of portfolio value is high. The clearest illustration
is contained in Figures 2E and 2F, which show the boundaries of the no-
trade region facing either the U (Figure 2E) or C (Figure 2F) distribution
of S0. Also plotted in each graph is the risky-asset holding chosen by the
investor facing zero transaction and liquidation costs. With zero liquidation
costs, the upper no-trade boundary moves up and the bottom boundary
moves down as the region widens late in life. On the other hand, the upper
boundary when ¢; > 0 drops late in life, whereas the bottom boundary
drops lower than that when f; , = 0. In fact, when ¢; > 0, the upper
boundary converges to the no-cost rebalancing point as ¢ approaches 239.
It makes sense that the two boundaries drop as the terminal date ap-
proaches because consumption is becoming a larger and larger fraction of
portfolio value. As one moves away from the terminal date, both bound-
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Figure 2. Portfolio choice parameters: Impact of liquidation costs. Portfolio choice pa-
rameters are plotted for the 20-year investor (CRRA utility, 8 = 1/R;, y = 4, intermediate
consumption, 7' = 240, no early death). The proportional cost parameter (¢p) is set equal to
0.5 percent, and the fixed cost parameter (¢y) is set equal to zero. Either liquidation costs are
zero (fy, , = 0), or the liquidation cost for the risky asset (¢.) is #/(1 — ¢p). The investors face
the return process SO (quadrature approximation to U.S. data) and make unconditional (U) and
conditional (C) portfolio choices.

aries increase as consumption expressed as a fraction of portfolio value
gets smaller. When ¢ = 1, consumption is such a small fraction of wealth
that the presence of a risky-asset liquidation cost only lowers the no-trade
region marginally: Table IV reports that the average midpoint is lower by
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Figure 3. Width of no-trade region by state at ¢ = 1: Varying return parameters. The
width of the no-trade region at ¢ = 1 is plotted by state for the 20-year investor (CRRA utility,
v=4,B=1/R;, T = 240, intermediate consumption, no early death) making conditional (C) and
unconditional (U) portfolio choices. There is no fixed cost, and the proportional cost (¢p) is set
equal to 0.5 percent. Parameters of the return processes are summarized in Table 1. The graphs
are organized to facilitate comparative-static analysis for two return parameters: the magni-
tude of the single-period predictability (b, 0,), and the persistence of the predictability (b,). The
value of the parameter being varied is in parentheses for each process.

only 0.025 using U and by only 0.015 using C. Interestingly, Table IV and
Figure 2C show that the average risky-asset holding at ¢ = 1 (after the
investor liquidates and rebalances) is unaffected by the liquidation cost.

C. Varying the Return-Generating Process

To better understand how predictability alters no-trade regions, we take
the 20-year investor facing a proportional cost (¢p) of 0.5 percent, and in
Figures 3 and 4 plot ¢ = 1 no-trade widths as a function of the dividend state
for a variety of return processes. The investor’s no-trade width for each as-
sociated unconditional distribution (U) is also graphed as a flat line.

C.1. Varying the Magnitude of the Single-Period Return Predictability

The parameter b, 0, controls the magnitude of the single-period predict-
ability. Figures 3A and 3B plot the no-trade width for the S0-S1 and S2-S3
comparisons, respectively, which vary 6,0, while holding the other return
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PANEL A. Width of No-trade Region by State PANEL B. Midpoint of No-trade Region by State
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Figure 4. Width and midpoint of no-trade region at ¢ = 1 by state: Introducing hetero-
skedasticity. The width and midpoint of the no-trade region for ¢ = 1 are plotted by state for
the 20-year investor (CRRA utility, y = 4, 8 = 1/R;, T = 240, intermediate consumption, no
early death) making conditional portfolio choices. There is no fixed cost, and the proportional
cost (¢p) is set equal to 0.5 percent. Parameters of the return-generating processes are sum-
marized in Table 1 . The heteroskedasticity parameter, {;, which measures the extent to which
conditional volatility varies with condition mean, ranges from zero to high moving across return-
generating processes: SO to H2 to H to HO. The value of {; is in parentheses for each process.

parameters fixed. The main result is the increase in no-trade width that
accompanies an increase in single-period predictability, irrespective of whether
b, and p,, have data values (as in SO versus S1) or have values of zero (as in
S2 versus S3). In particular, the no-trade width for S1 with 4,0, = 0.13 per-
cent drops below the unconditional width in some states. As discussed in
Section II1.A.2, lower return volatility leads to wider no-trade regions be-
cause the cost of a suboptimal « is lower. This explains why no-trade regions
are wider when b, 0, increases because this increase in b, 0, causes condi-
tional single-period volatility to decrease, holding unconditional volatility fixed.

C.2. Varying the Persistence of the Predictive Variable

The parameter b, controls the persistence of the predictive variable, divi-
dend yield. Figure 3C reports results for the S4-S5-S3 comparison that fixes
b,o, and p,, and varies b,;. Looking across the return processes (S4-S5-S3),
the average no-trade width (unreported) does not exhibit any clear pattern. How-
ever, the graph reveals that no-trade width is a very different function of the
dividend state depending on the magnitude of b;. In particular, as b, de-
creases, going from S4 to S5 to S3, we see that the no-trade width goes from
being flat to U-shaped as a function of the dividend state. In other words, as
the predictive variable becomes less persistent, the investor is less inclined to
rebalance when confronted with an extreme value for the dividend yield, and
so the no-trade region widens for extreme d states. This disinclination to re-
balance is understandable because a less persistent predictive variable im-
plies that expected return is also less persistent. Consequently, the benefits of
rebalancing in an extreme state are less likely to outweigh the cost because
expected return reverts more quickly to its unconditional value.
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C.3. Allowing the Risky-Asset Return
to Exhibit Heteroskedasticity

Figure 4 reports results for return-generating processes that allow returns
to exhibit heteroskedasticity: the slope for conditional volatility as a linear
function of conditional mean, {;, is positive and increasing going from H2 to
H1 to HO.1* As discussed in Section III.A.2, the cost of a suboptimal « is
increasing in the conditional return volatility. This reasoning implies that
no-trade width is decreasing in conditional return volatility across states.
Thus, we expect the slope of the no-trade width as a function of the state
to become less positive going from SO to H2 to H1 to HO because ¢; is in-
creasing going across those states. Figure 4A confirms this result.

Because ours is the first paper to consider the effect of return hetero-
skedasticity on portfolio choice in a multiperiod setting, we also report the
no-trade midpoint by state in Figure 4B. As {; increases, the slope of the
conditional Sharpe ratio as a function of the state becomes less positive or
more negative. This implies that the slope of the no-trade midpoint as a
function of the state decreases going from SO to H2 to H1 to HO. Again,
Figure 4B confirms this result except perhaps for extreme dividend states.
In fact, conditional volatility in HO increases so rapidly as a function of the
conditional mean that the no-trade midpoint is a negative function at all
but the extreme states. Thus, return heteroskedasticity can potentially have
a big impact on rebalancing behavior. At the same time, it worth noting that
the average cost incurred (unreported) is largely unaffected as {; increases
going from SO to H2 to H1 to HO.

IV. Concluding Remarks

Transaction costs and return predictability are realistic features of the
environment facing a U.S. investor or mutual fund. How they jointly affect
portfolio choices by entities with long horizons is not well understood. This
paper considers the impact of transaction costs on the portfolio decisions
of a long-lived agent with isoelastic preferences. A particular focus is how
portfolio choice and rebalancing behavior are affected by return predict-
ability. A number of extensions are feasible and of interest. The current
paper has only two assets and two types of transaction costs. Extending the
framework to consider portfolio choice with multiple assets and a variety
of cost structures would be interesting. The techniques in this paper could
also be used to consider portfolio choices by fund managers given the com-
pensation functions that they face. Finally, the framework could be extended
to assess the value of a piece of information, and how to rebalance a portfolio
given that information, in a setting with transaction costs.

11 Recall that conditional mean return in each state is held constant across return-
generating processes by construction.
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