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Imperfect Competition among
Informed Traders

KERRY BACK, C. HENRY CAO, and GREGORY A. WILLARD*

ABSTRACT

We analyze competition among informed traders in the continuous-time Kyle
(1985) model, as Foster and Viswanathan (1996) do in discrete time. We explic-
itly describe the unique linear equilibrium when signals are imperfectly cor-
related and confirm the conjecture of Holden and Subrahmanyam (1992) that
there is no linear equilibrium when signals are perfectly correlated. One result
is that at some date, and at all dates thereafter, the market would have been
more informationally efficient had there been a monopolist informed trader in-
stead of competing traders. The relatively large amount of private information
remaining near the end of trading causes the market to approach complete
illiquidity.

How WILL AN INVESTOR WITH INFORMATION superior to the market trade? One
intuition is that he will trade very aggressively, limited only by risk aver-
sion and margin requirements. Another is that he will moderate his trades
so as not to tip his hand too early. The Kyle (1985) model of informed
trading supports the latter intuition. The informed trader in Kyle’s
model, when trading in continuous time, does so in such a way that his
information is revealed at a constant rate. The first intuition is sup-
ported by Holden and Subrahmanyam (1992). The difference between
the two papers is that Holden and Subrahmanyam assume at least two
traders have the same information. Each trader tries to beat the others to
the market, with the result that their information is revealed almost
immediately.

The purpose of this paper is to study the nature of competition between
informed traders, and the rate at which information is revealed to the mar-
ket, when traders may have diverse signals and can trade continuously. The
assumption of continuous trading simplifies the solution of the model. We
build upon the work of Foster and Viswanathan (1996) and Cao (1995), who
study this model in discrete time.

* Back is at Olin School of Business, Washington University in St. Louis. Cao is at Haas
School of Business, University of California at Berkeley. Willard is at Sloan School of Manage-
ment, M.I.T. We thank Sandy Grossman, S. Viswanathan, two anonymous referees, and the
editor, René Stulz, for helpful comments.
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There is a unique linear equilibrium when traders have diverse signals, as
the convergence analyses of Foster and Viswanathan and Cao suggest.! We
obtain a closed-form solution for the equilibrium (if one accepts the inverse
incomplete gamma function as a closed form). In the case of exactly two
informed traders, the equilibrium is found in terms of elementary functions.
The formula for the equilibrium shows how the nature of competition changes
over time and how it depends on the number of informed traders and the
correlation of their signals.

We show there is no linear equilibrium when traders’ signals are perfectly
correlated. This confirms a conjecture of Holden and Subrahmanyam. The
aggressive trading in the many-period version of the model leads to a de-
generacy in continuous time. In general, competition is more intense in the
early stages of the model, and information is revealed more quickly, when
the degree of correlation between signals is higher.

A stark contrast with the Holden—Subrahmanyam result is provided by
the following. Suppose two traders have uncorrelated signals. Then each
will trade less intensely than would a single trader with the same aggregate
information. Furthermore, aggregate trading is less intense and the infor-
mation is revealed to the market less quickly when there are two traders
than when there is only one. Thus, whether competition leads to more in-
tense trading and quicker revelation of information depends very much on
how the information is distributed among the competing agents.

A somewhat surprising result is that, beyond some date, the market would
have learned more from a monopolist informed trader than from competing
traders, regardless of the correlation of the competitors’ signals (provided
the correlation is not perfect). Thus, no matter how closely we approximate
the Holden—Subrahmanyam model by assuming signals are nearly perfectly
correlated, the Holden—Subrahmanyam result that competition leads to im-
mediate revelation is quite far from valid, in the sense that by some date
competitors will not have revealed as much of the aggregate information as
a monopolist would have. Admittedly, if the correlation is very high, then
this date will be very close to the end of trading, and the market’s learning
will be very nearly complete, so the difference in informational efficiency
will be small. However, we might have conjectured that information revela-
tion by a single trader would never surpass the revelation that occurs when
competing traders have nearly identical information.

The relatively large amount of private information remaining near the
end of trading leads to an extreme adverse selection problem. This causes
the market to become nearly completely illiquid. In contrast, there is gen-
erally a period of rising depth near the beginning of trading. These patterns
in market depth reflect the changing nature of competition over time, as the

!This paper confirms and generalizes the formula Cao (1995) obtained for the continuous-
time equilibrium. Cao derived the equilibrium by various means, including a convergence
analysis.
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correlation of agents’ private information conditional on the market’s infor-
mation changes over time. This is a major point of Foster and Viswanathan
(1996). We are able to demonstrate these patterns analytically, confirming
the numerical calculations of Foster and Viswanathan.

The patterns in market depth are very different from what prevails when
- there is only one informed trader. Kyle (1985, p. 1329) explains why depth
cannot increase deterministically when there is only one informed trader:
the trader could acquire a large position when depth is lower and then lig-
uidate it at more favorable average prices when depth is higher, leading to
unbounded profits. This reasoning does not apply when there are multiple
informed traders. The strategy of running up the price and then liquidating
would be confounded by other traders selling at the inflated prices. More
generally, there is a temporary component to the price effects of trades, and
this has a significant influence on the optimal trading of each agent. This is
in contrast to the model with a single informed trader, in which price effects
of informed trades are permanent.

Related work includes Attiyeh (1994), Holden and Subrahmanyam (1994),
Back and Pedersen (1998), and Baruch (1997). Back and Pedersen study the
single-agent continuous-time Kyle model when the volatility of liquidity trad-
ing is time varying and the informed agent receives a continuous flow of
information. They show that Kyle’s conclusion of constant depth is robust to
these generalizations.2 Attiyeh assumes there is an exogenous probability of
the information being announced early, in the single-agent continuous-time
Kyle model. This creates an incentive to trade quickly, which is countered by
the depth of the market rising over time. Holden and Subrahmanyam as-
sume the single informed trader is risk averse. Risk aversion also creates an
incentive to trade early, because the risk is that noise traders will eliminate
profitable trading opportunities by moving the price in the direction of the
asset value. This is also countered by the depth of the market rising over
time. Baruch presents the continuous-time solution when the informed trader
is risk averse.

The plan of the paper is as follows. The model is described in Section I.
Section II describes how market makers and traders update their estimates
of the asset value over time and gives some necessary conditions for equi-
librium. Section III discusses the optimization problems of the informed trad-
ers and gives conditions on the dynamics of market depth that are necessary
for equilibrium. Section IV presents the main results of the paper: the de-
scription of the unique linear equilibrium when traders have diverse infor-
mation and the result that there is no linear equilibrium when traders have
identical information. Section V describes the effects of the number of trad-
ers and the correlation of their signals on the intensity of trading, the rate

2 More precisely, they show that the reciprocal of depth is in general a martingale and is
constant when the asset value is normally distributed, as Kyle assumes. This is the same result
obtained by Back (1992).
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of information transmission, the depth of the market, and the expected prof-
its of informed traders. Section VI concludes the paper. All proofs are in the
Appendix.

I. The Model

We assume N = 1 risk-neutral informed agents continuously trade a sin-
gle risky asset over the time period [0,1). An announcement is made at time
1 that reveals the liquidation value of the asset. At each time ¢ prior to time
1, the asset price P(t) is set through competition by risk-neutral market
makers. Market makers observe the sum of the orders of the informed trad-
ers and liquidity traders. The cumulative order process of the liquidity trad-
ers is assumed to be a Wiener process Z.3 The risk-free rate is taken to be
Zero.

Each agent i receives a mean-zero signal §' at time 0. We assume the
signals and the liquidation value of the asset have a nondegenerate joint
normal distribution that is symmetric in the signals Let & denote the
expectation of the liquidation value conditional on the combined informa-
tion of the informed traders. By normality, & is an affine function of the 5.
By rescaling the 3 if necessary, we can assume without loss of generality
that

N .
5:5+21§‘, (1)

for a constant . This is a normalization adopted by Foster and Viswanathan
(1996, Sec. VI). For simplicity, we assume 7 = 0.
Let

B var(9) 9
¢= var(N5') @

This is a measure of the quality of each trader’s information. Specifically, ¢
is the “R-squared” in the linear regression of & on §*; that is, it is the per-
centage of the variance in & that is explained by the trader’s information. If

3 This implies that the variance of liquidity trades per unit of time is one. We could easily
make this an arbitrary constant o,. However, this parameter will affect market depth, the
profits of informed traders, and so on, exactly the same as it does in the single-informed-trader
model studied by Kyle (1985). Because we have nothing new to say about the parameter, we
have set it equal to one.

4 Symmetry means that the joint distribution of the asset value and the signals §,,...,5y is
invariant to a permutation of the indices 1,...,N.
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¢ = 1, then either N = 1 or the §' are perfectly correlated. In either case,
each informed trader has perfect information about #. Letting p denote the
correlation coefficient of §* with §/ for i # j, one can compute ¢ for N > 1 as

1 N-1
— +
N N

¢ = p- 3

We investigate linear equilibria, meaning that there are functions «, g,
and A such that the rate of trade of each agent i at each time ¢ is

a(t)P(t) + B(t)5* 4

and the price changes according to

N
dP(t) = /\(t){dZ(t) + D [a(t)P(t) + B(t)gi]dt}. (5)
i=1
It might seem more natural to consider a trading strategy that is linear in
a trader’s estimate of the asset value rather than in his initial signal. How-
ever, this would make it difficult to compute the estimates of the asset value,
because each trader’s estimate would depend on other agents’ trades, which
depend on their estimates of the asset value, which depend on other agents’
trades, and so forth. This is what is called the “forecasting the forecasts of
others” problem. This problem is avoided by specifying strategies that de-
pend on initial signals rather than on value estimates. This key idea is due
to Foster and Viswanathan (1996). We will show that, in equilibrium, trad-
ing strategies can also be written as functions of value estimates rather
than as functions of signals. In fact, the equilibrium rate of trade is propor-
tional to the difference between the value estimate and the asset price (see
Lemma 6 in Section III), just as it is in the single-agent model of Kyle (1985).

In general, we define a trading strategy for agent i to be a function 6: 9 X
[0,1) X C = R, where C denotes the set of continuous functions x:[0,1) —» R
such that lim, ,;x(¢) exists and is finite. We interpret 6(s,t,x) as the rate of
purchase of the risky asset at time ¢t when 3 = s and the price path is x.5
Heuristically, 6(3%,¢,P)dt is the market order submitted by trader i at time
t. We do not allow the market order to include a stochastic component (of the
form o dB for some Brownian motion B). In equilibrium, it would be sub-
optimal to include such a component if it were uncorrelated with the infor-

5 Note that we do not assume the price is continuous at ¢ = 1, though we will prove this is
true in equilibrium. We do assume the price path has a finite limit as ¢ — 1, because we
interpret the limit as the price just before the announcement. If the limit did not exist, the price
change at the announcement date, and hence the capital gain or loss, would not be well defined.
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mation arriving via others’ orders. It may be optimal to correlate with others’
orders, but such correlation is not feasible in practice with market orders, so
we prohibit it.6

We require the rate of trade 6(s,t,x) to depend on x only through the
history {x(u)|u = ¢}. The linear strategy (equation (4)) is written as

0°(s,¢,x) = a(t)x(t) + B(t)s. (6)

It has the special property that the rate of trade depends only on the con-
temporaneous price and not on the previous history. We do not impose this
as a constraint but rather deduce that it is optimal behavior. We also require
trading strategies to be such that the stochastic differential equation

N
dP(t) = /\(t){dZ(t) + > 045, t,P)dt}, P(0) =0, (7)
i=1

has a unique solution P. Furthermore, we require the solution P to have a
finite second moment and to have paths belonging to C. This is a restriction
on the strategy sets of the traders: given that agents i # j follow linear
strategies of the form in equation (6), we require agent j to follow a strategy
such that equation (7) has a solution with the desired properties.” The con-
straints on trading strategies are specified more precisely in Section III.

An equilibrium is defined by two conditions: P(¢) equals the conditional
expectation of §, given the information generated by the aggregate order
process up to time ¢, and each strategy 6° is optimal, given the other strat-
egies 6’ and given A. These conditions are stated more precisely in Section IV.

A remark on the notation in the text: we use uppercase Roman letters to
denote stochastic processes (with the exception of N, which is an integer)
and lowercase Roman letters with tildes to denote random variables. We
follow the usual convention of not writing the state of the world as an ar-
gument of a stochastic process or a random variable. All Greek letters, both
upper- and lowercase, denote constants or functions of time, with the excep-
tion of 6, which is a more complicated type of function.

6 Sandy Grossman has pointed out to us that it should be feasible to create correlation via
limit orders. This is an interesting subject for future research.

7 See, for example, Protter (1990, Sec. V.3) for conditions that guarantee the existence of
unique solutions to stochastic differential equations. Our approach has the disadvantage of
linking the feasible set for each trader to the strategies assumed to be chosen by the other
traders and the market makers. In this respect, we are modeling a generalized game rather
than a game. It would be better to define a feasible set for each trader and a set of A
functions for the market makers such that, given any vector of choices from these sets, the
stochastic differential equation defining the price has a unique solution with the desired
limits existing. This can surely be done, but it is a thicket of technicalities that we have
chosen to avoid.
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II. Value Estimates and Variances

In this section, we consider the filtering problems of traders and market
makers and give some necessary conditions for equilibrium. Throughout the
section, we take «, 8, and A to be given continuous functions on [0,1). We
make the harmless assumption that 8,A > 0.8 Unless stated otherwise, we
assume in this section that each trader i uses the linear strategy of equation
(6). Throughout the remainder of the paper, we let P denote the unique
solution of equation (5) with P(0) = 0.

Let F = {F(¢)|0 = t < 1} denote the filtration generated by the aggregate
order process

t

N
Y(t)=2Z(t) + gl . [a(w)P(u) + B(u)§ \du. (8)

We interpret F as the market makers’ information structure. Define 2(¢) by

1
3(t)

)

t 1
=f B(w)?du + —.
0 var (D)

LEMMA 1: Assume each trader i follows a linear strategy as in equation (6).
Then 2(t) is the conditional variance of © given F(t). Set V(t) = E[o|F(¢t)]
and define

W(t) = Z(t) +f0 Bw){s — V(w)du. (10)

The process W is a Wiener process on the market makers’ information struc-
ture F. Furthermore,

V(t) =f0ﬁ(u)2(u)dW(u)- (11)

The process W is called the “innovation” process for the market makers’
estimation problem. The differential

AW =dZ + B{o — V)dt (12)

is the unpredictable part of the order flow: the difference between the actual
order

dY = dZ + [NaP + Bo)dt (13)

8 We have verified that 8 and A must be positive in any equilibrium, but for the sake of
simplicity we have omitted the verification from the paper.
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and the expected order
[NaP + BV]dt. (14)

The lemma shows that the market’s estimate of 7 is revised according to
dV = B3 dW.

Now we need to make a similar analysis of the information of an informed
trader. Consider an arbitrary trader j. Assume that each trader i # j follows
a linear strategy as in equation (6) and assume that j follows an arbitrary
strategy 6. Let P’ denote the solution (assumed to exist) of equation (7). The
trader observes P’ and his signal §7. Let F/ = {F/(¢)|0 = ¢t < 1} denote the
filtration generated by P? and 5/. This is the trader’s information structure.
We want to describe the conditional expectation and variance of # given this
information. If ¢ = 1 then the trader is perfectly informed of & by definition.
If ¢ # 1, define Q(¢) by

1

- _ ! 2
0w Lﬂ(u) du +

1
—_— 15
1- 9350 (15)

and, if ¢ = 1, set Q(¢) = 0.

LEMmMA 2: Consider an arbitrary trader j and assume each trader i # j follows
a linear strategy as in equation (6). Assume the price change is proportional
to the order size as in equation (5). Then Q(t) is the conditional variance of
o given FI(t). Set VI(¢t) = E[6|F’(t)] and define

W) = 20+ [ B - Vi) du (16)
0

The process W is a Wiener process on the information structure F’, and
. . t .
V/(t) = N¢s’ +f Bw)Q(uw) dW/ (u). 17
0

The differential of the innovation process W~ is again the difference be-
tween the actual order and the expected order, but now we are computing
the expected order using trader j’s information. The order is not directly
observed by the trader, but he observes the price, and we are maintaining
the assumption that the price change is proportional to the order size, so the
trader can infer the order. The lemma shows that his estimate of the asset
value 7 is revised as dV’/ = BQdW/.

The variance () is smaller than the variance 2. Therefore, the revision in
trader j’s value estimate tends to be smaller than the revision in the mar-
ket’s. In equilibrium, the price must equal the market’s estimate of &, which
implies the price must be more responsive to unanticipated orders than are
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traders’ estimates of the asset value. This has important implications for the
nature of competition between the traders. Two traders who agree the asset
is underpriced but disagree on the extent of underpricing will initially com-
pete to buy the asset. However, they will eventually be on opposite sides of
the market as the price rises above the value estimate of the less optimistic
trader. Foster and Viswanathan (1996) describe this phenomenon as the “rat
race” of competition transforming into a “waiting game.” We will return to
this in the next section.

The following measure of the relative tightness of beliefs will be very con-
venient for describing the equilibrium. Define

S(t) — Q(t
5(¢) = —()E—(t)—(l (18)

This is the percentage of the market’s uncertainty that is resolved by each
informed trader’s information. According to equation (15), 5(0) = ¢. The fol-
lowing shows how & evolves over time, in terms of either 3 or (.

LEmMmA 3: For all t,

B $3.(1)
X0 0+ 620 1

and

6(2)Q(0) = ¢ (2). (20)

Lemma 3 implies §(¢) is monotonically decreasing. Thus, over time, each
individual agent loses (relinquishes) his ability to predict & significantly bet-
ter than the market can. This implies that the revisions of the market’s and
the traders’ estimates of & become more nearly congruent over time.

A requirement for equilibrium is that P(¢) = V(¢) for all £. By matching the
dt and dZ coefficients in the dynamics of P and V, it is easy to show the
following.

LEMMA 4: Assume each trader plays a linear strategy as in equation (6). To
have P(t) = V(¢) for all t, it is necessary and sufficient that A(¢) = B(¢£)2(t)
and «(t) = —B(t)/N for all t.

It follows that the conditions A = 83 and a = —B/N are necessary for
equilibrium. These conditions are also obtained by Foster and Viswanathan
(1996). Note that when « = —8/N and P = V, the market makers’ conditional
expectation of the aggregate order is zero—see equation (14). Having prices
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proportional to orders as in equation (5) therefore implies that price changes
are unpredictable, as they must be when market makers are risk neutral
and competitive.

Given the conditions A = B3 and a = —B/N, the entire equilibrium is
determined by A. To see this, note that equation (9) implies

A)? = B)*5() = =3/ (t). (21)

Therefore, the function 2 is determined by A. The conditions A = 82, and « =
—B/N then determine 8 and «.

To determine A, equivalently 1/A, which Kyle (1985) calls “the depth of the
market,” we turn to the equilibrium condition that has not yet been ex-
ploited, namely, the requirement that each informed agent’s trading strat-
egy be optimal.

II1I. Optimal Trading and Market Depth

In this section, we focus on an arbitrarily chosen trader, say, trader j.
Assume equation (6) holds for each i # j. We define a trading strategy 6 to
be feasible for trader j if there exists a unique solution P? to the stochastic
differential equation (7) for the given A and for the given « and 8 that char-
acterize the other traders’ strategies and if

ltin11 P(t) exists a.s., (22)
1 .
j 0(5%,u,P?) du exists a.s., (23)
0
and
1
Ef Pl(t)%2dt < oo. (24)
0

By “existence” of the limits in conditions (22) and (23)—note that condition
(23) is the limit of the integral over [0, { |—we mean they exist and are finite.
These limits define, respectively, the price and number of shares held by
trader j just before the announcement. Condition (24) is the “no doubling
strategies” condition introduced in Back (1992). Given the existence of the
limits, the integral

1
f (5 — PO¢))0(37,¢t,P?)dt (25)
0
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exists and equals the profit of trader j. One can verify the existence of the
integral by integrating by parts as in Back (1992), where the formula for
profits is derived from the Merton-type wealth equation. By the law of it-
erated expectations, the expected profit is

1
Ef (VI(t) — PP(¢))0(57,t,P%) dt. (26)
0

Before turning to the characterization of optimal strategies, it is worth-
while to describe the price dynamics more explicitly. Assuming all traders
i # j follow linear strategies with « = —8/N and assuming A = 83, (recall that
these are necessary conditions for equilibrium), we can write the price pro-
cess P’ as

ft/\(u)ex —ft E Aa)B(a)da
0 P u N

(27)
X <B(u)2§idu +0(5/,u,P%) du + dZ(u)).
i
This shows that the price process is driven by the components
B(w) D s du + 0(3/,u,P%)du + dZ(u), (28)

i#]

of the aggregate trades and that the price impacts of these trades depreciate
over time at rate

y-1, 29
v M@B@. (29)

The depreciation is a result of the terms

1
@(a)P(a) = =37 Bla)Pla) (30)

in the trades of the other N — 1 agents and the factor A by which trades
affect the price.

The price impacts of trades depreciate over time because (i) if other in-
formed agents are on the same side of the market, the price impacts would
have occurred anyway through the other agents’ trading; thus, the price is
only temporarily displaced by agent j’s trades from where it would have
been in the absence of those trades; and (ii) if other informed traders are on
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the opposite side of the market, the price impacts of agent j’s trades will
actually be partially reversed by others’ trades. In either case (i) or case (ii),
the temporary nature of the price impacts is a motive for aggressive trading.
In case (i), agent j is trying to beat others to the market. In case (ii), agent
J wants to trade aggressively because the more he trades the more the other
agents will trade on the opposite side, creating more profitable opportunities
for him. This desire to trade aggressively is offset in the first part of the
trading interval by the depth rising over time. Rising depth creates an in-
centive to wait before trading. However, as we will see, in the later part of
the trading interval the depth of the market falls.

The following describes how the market must behave just before the an-
nouncement and what the pattern of market depth must be for a linear
strategy to be optimal for trader j. Technically, this is the key result of the
paper. The characterization of equilibrium in Section IV follows directly from
the necessary conditions in Lemma 4 (which form the hypothesis of this
lemma), from equation (32), and from solving the differential equation (25).

LEMMA 5: Assume each trader i # j uses a linear trading strategy as in equa-

tion (6). Assume A = B and a = —B/N and assume «, B, and A are contin-
uously differentiable on (0,1). The conditions
d[ 1 1\ B(@)
—|—]=I2N-1—- — | — 1
7 <A(t>> ( N a(t)) N B
and
lim2(#)=0 or limA(¢)=o0 (32)
t—1 t—1

are necessary and sufficient for

07/ (s, t,x) = a(t)x(t) + B(t)s (33)

to create expected profit (expression (26)) that is as large as that obtained
from any feasible strategy.

If N = 1, then the right-hand side of equation (31) is zero (because 5(¢) = 1);
hence, depth must be constant, as shown by Kyle (1985). Because 8 > 0 and §
is decreasing, depth cannot be constant for larger N. In fact, equation (31) shows
that depth must be rising when 8(¢) > 1/(2N — 1), reach its maximum when
8(t) = 1/(2N — 1), and then fall, with the market approaching complete illi-
quidity if §(¢) — 0 (as will be shown to be true in equilibrium if there is more
than one informed trader).
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Condition (31) is a local condition for optimality at each ¢ < 1, which we
will discuss below. Condition (32) means there is no money “left on the table”
an instant before the announcement. If the first part of condition (32) holds,
then the market’s information about # is precise by the announcement date,
and the asset will be correctly priced. If the second part holds, then the
market is nearly illiquid an instant before the announcement, so there would
be no profitable trades available even if the asset were mispriced. These
conditions are not mutually exclusive. In fact, both conditions hold in equi-
librium when there is more than one informed trader.

We will show that conditions (31) and (32) are incompatible if there is
more than one informed trader and their signals are perfectly correlated.
This implies there is no equilibrium in this circumstance.

To understand condition (31), we need to consider how the nature of com-
petition between the traders changes over time.

LEMMA 6: Assume each trader uses a linear trading strategy as in equation
(6) and assume A = B3 and a = —B/N. Then, for all t and i,

dP(¢) = X(t)B(O)[Vi(t) — P(t)]dt + A(¢) dW'(t), (34)
Vi(t) =[1-8(£)]P(t) + 8(t)N¥/, (35)
and
a(t)P(t) + B(t)5' = &[V"(t) — P(@)]. (36)
N (t)

For each j, the expected value of

> a(t)P(t) + B(t)5! (37

i#j
conditional on trader j’s information at time t is

B
N&(t)

(N&(¢) — 1)(VI(t) — P(t)). (38)

These conditions must hold in any equilibrium. Equation (34) shows that
the price drifts toward each trader’s estimate of the asset value. Equa-
tion (35) shows that the price and value estimate converge as ¢ — 1 if
8(t) — 0. Equation (36) shows that along the equilibrium path each agent’s
strategy is linear in his value estimate, in addition to being linear in his
initial signal, as we discussed in Section I. A trader buys the asset if and
only if it is undervalued relative to his value estimate.
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Equation (36) and the last statement of the lemma show that the sum of
an agent’s trade and his expectation of others’ trades always has the same
sign as his own trade. This means that he always expects part of his order
to be filled by market makers. Hence, he can expect to make money even
when he believes himself to be on the opposite side of the market from other
informed traders. Of course, the market makers recover their losses from
the liquidity traders.

The last statement of the lemma is the most important for understanding
how the nature of competition changes over time. Suppose trader j believes
the asset is undervalued; that is, V/(¢) > P(¢). Then trader j believes other
traders also believe the asset is undervalued and will be buying if and only
if 8(t) > 1/N. When §(¢) > 1/N, the market is in what Foster and Viswanathan
call the “rat race” phase.

As was stated in Section I, if p denotes the correlation of 5 with 57, then
the initial value of § is

1+(N-1p 1
8(0)=¢=——N——>1—V < p>0. (39)

Positive correlation of signals would be the usual state of affairs. In this
case, the market is initially in a rat race phase. It is of some interest to note
that the above relation between 6 and p generalizes to arbitrary ¢. For i # j,
let p(t) denote the correlation of 5! with 5/ conditional on the market’s in-
formation at time ¢. It can be shown via the Kalman filter that

1+ (N =1p()

é(t) = N

(40)

Therefore, the rat race phase is the phase in which the conditional correla-
tion of the signals is positive. This is the way that Foster and Viswanathan
define it.

Expecting other agents to be on the same side of the market provides an
inducement to trade quickly. In fact, any continuous trading strategy could
be improved by advancing trades forward in time unless some offsetting
factor induces patience. This offsetting factor must be that the market be-
comes deeper over time. Indeed, equation (31) shows that the depth of the
market rises throughout the rat race phase.

Over time, the fact that the price is more sensitive to unanticipated orders
than are traders’ value estimates results in the price moving to a level be-
tween the value estimates of the traders. Traders realize that after the price
has incorporated most of their common information, they will eventually be
on opposite sides of the market. They cannot know exactly when this occurs,
but each expects the others to be on the opposite side of the market at the
time when §(¢) falls below 1/N. Foster and Viswanathan call this the “wait-
ing game” phase of the market. In the case of negatively correlated signals,
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8(0) < 1/N, and traders expect to be on the opposite side of the market at the
outset. However, in the more usual circumstance of positively correlated sig-
nals, it is some date between zero and one at which traders expect to be on
opposite sides of the market.

When traders are on opposite sides of the market, there are two forces at
work. The first is that price impacts of trades have a temporary component,
as described earlier. The second is that traders on the opposite side of the
market push the price in a favorable direction, so trades can be made at
better prices if one waits. This creates an incentive to wait to trade. When
8(t) = 1/N, the second force is nonexistent, but the first force is operative.
This means that the depth of the market must be rising when 8(¢) = 1/N to
offset the incentive for agents to trade infinitely aggressively. However as
time passes and 8(¢) falls, the second force becomes more important. When
5(t) falls below 1/(2N — 1), the second force is more important than the first,
and depth must be falling to induce agents to trade at all.® Thus, the market
is deepest when 6(¢) = 1/2N — 1).

IV. Equilibrium

We define an equilibrium to be «, 8, and A that are continuous on [0,1)
and continuously differentiable on (0,1), with 8 and A positive, and which
satisfy (i) P(¢) = V(¢) for all ¢ (where P and V are as defined in Section II)
and (ii) the trading strategy of equation (33) is feasible and maximizes ex-
pression (26) over the set of feasible strategies.!® Our main result is the
following and is obtained by combining Lemmas 4 and 5 and solving the
differential equation (31).

THEOREM 1: If there are multiple informed traders (N > 1) and their signals

are perfectly correlated (¢ = 1), then there is no equilibrium. Otherwise, there
is a unique equilibrium. Set 3(0) = var(7), and consider the constant

K= f x2(N—2)/Ne —2x(1—¢)/N¢ dx. (41)
1
For each t < 1, define 3(t) by

2(0)/5(1)
f £ 2NN, ~26(-$)N® J — . (42)
1

? Because the first factor is more important than the second when §(¢) is between 1/N and
1/(2N — 1), it may be inappropriate to call this phase of the market part of the “waiting game.”

19 Hence, by definition, an equilibrium is symmetric and linear. We do not investigate the
existence of asymmetric or nonlinear equilibria.
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The equilibrium is

(5 PR (YN (11 gy50)
Bm‘(E(O)) <2<0)> exp{N( P >z<t>}’ 43)
a(t) = ~B()N, (44)
A = BOS(0). (45)

Furthermore, 2(t) is the conditional variance of U given the market makers’
information at time t.

In the case N = 1, we recover the result of Kyle (1985). From equation (41),
we have k = 1, and equation (42) reduces to 2(¢) = (1 — £)2(0). The equations
(43)—(45) become

B(t) = ! () = - A(t) = NZ2(0) (46)
1-o\z©o° (1 - OVZ(0)’ B

If N > 1 (and ¢ # 1), we can write the equilibrium as follows. Recall the
definition of the incomplete gamma function:

[ee]

I‘(a,b)Efb u® e *du. 47)

Set ay = 3 — 4/N and by, = 2(1 — ¢)/(N¢). The constant « defined in
equation (41) and appearing in equation (43) equals

(bg) "I (an, bg)- (48)

Furthermore, we can write equation (42) as

by %(0)
(aN, g(t) ) =1 -t)l'(ayn,byg)- (42")
This shows that 3(¢) is obtained by inverting the incomplete gamma func-
tion in its second argument.

The formula for the equilibrium simplifies considerably when N = 2. The
reason is that a, = 1 when N = 2, and for any b, I'(1,b) = e "?, so the inverse
of the incomplete gamma function in its second argument is simply the neg-
ative of the natural logarithm function.
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COROLLARY 1: Assume N = 2. Set 2(0) = var(?) and let p denote the correla-
tion coefficient of 31 with 52. The unique equilibrium is given by

6= 2 |2 (49)
T TN - 30 -ty

(w—J Lrp (50)
PO = Va—zoa-o

VA + p)(1 = p)Z(0)
[1-p—1Q+plogl—t)N1—¢

At) = (51)

For each t, the conditional variance of v given the market makers’ informa-
tion at time t is

(1 - p)%(0)
1-p—(@1+plogd—1t)

2(t) = (52)

V. Comparative Dynamics

In this section, we analyze the intensity of informed trading, the residual
uncertainty of market makers regarding the asset value, and the depth of
the market. A benchmark case is that of a monopolist informed trader stud-
ied by Kyle (1985). We will illustrate the effects of competition between in-
formed traders by comparing each variable to what it would be if there were
a monopolist informed trader.

The parameters of the model are the variance of 5, the number N of in-
formed traders, and the correlation p of their signals (rather than p, one
could use ¢ as the parameter of the signal distribution—see equation (3)).
We will fix var = 1 and examine the effects of varying N and p.

The intensity of informed trading is measured by B(¢)/[N5(t)], because
B(t)/[N&(t)] is the coefficient of the information variable Vi(¢t) — P(¢) in
each informed agent’s trade—see Lemma 6. In the monopolist case with
var & = 1, the intensity of informed trading is 1/(1 — ¢); the conditional vari-
ance of ¥ given the market makers’ information, 2(¢), is 1 — #; and market
depth, 1/A(¢), equals one. The following shows how competition affects these
variables.

COROLLARY 2: Assume vard = 1. If there are two informed traders and their
signals are uncorrelated, then, at all times t > 0, the intensity of informed
trading is less than that of a monopolist, that is,

B(¢)/[N&(t)]

G (63)
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and the market’s residual uncertainty is greater than it would be if there
were a monopolist informed trader, that is,

2(t)
— > 1. 54
1 —; (54)
For any number of traders N > 1 and any correlation of signals (provided the
correlation is not perfect),

B(@)/[N&(t)] 3(t)
m -0, 1-; — o0, and 1/A(t) = 0 (55)

ast — 1.

In brief, competition leads to relatively low informed trading intensity and
relatively informationally inefficient markets. This is true at all times when
there are two informed traders with uncorrelated signals, and it is true near
the date of the public announcement in general. Furthermore, in all cases,
the market approaches complete illiquidity as the date of the public an-
nouncement approaches.

The following figures illustrate these and other facets of the equilibrium.
Figure 1 shows the intensity of informed trading in relation to that of a
monopolist. The intensity is greater when there are more traders, and it is
greater when the signals are highly correlated. When there are two in-
formed traders with uncorrelated signals, the intensity of informed trading
is less than the intensity with which a monopolist would trade—the solid
line in Panel B of Figure 1 lies below one—as Corollary 2 asserts. In general
the intensity converges to zero in relation to that of a monopolist as the
public announcement approaches.

Figure 2 shows the residual uncertainty Z(¢) of the market makers in
relation to what the residual uncertainty would be if there were a single
informed trader. The residual uncertainty is lower when there are more in-
formed traders and when the signals are highly correlated, as one would
expect given the patterns for the intensity of informed trading. The ratio
converges to infinity as the public announcement date approaches. This is a
consequence of the relatively low intensity with which the competing in-
formed traders trade as the announcement date approaches. The solid line
in Panel B of Figure 2 lies above one, meaning that, when there are two
competing traders with uncorrelated signals, the residual uncertainty is larger
than it would be with a monopolist informed trader. This is in accordance
with Corollary 2.

Figure 3 shows the depth of the market. The depth converges to zero as
t — 1. This contrasts with the constant depth that occurs when there is a
single informed trader. The depth of the market depends on the amount of
information in the order flow, which depends on the amount of information
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Figure 1. Intensity of informed trading. The ratio of an agent’s trade to the mispricing he
or she perceives is termed the “intensity” of trading. The figure shows the intensity of an
agent’s trading divided by the intensity with which a monopolist would trade. In Panel A, the
correlation coefficient of the signals p is set equal to 0.5, and the number of traders is varied.
In Panel B, there are two informed traders and the correlation coefficient is varied. The un-
conditional variance of the asset value is set equal to one.
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Figure 2. The market’s residual uncertainty. This shows the variance of the asset value
conditional on the market makers’ information, divided by the conditional variance if instead
there were a monopolist informed trader. In Panel A, the correlation coefficient of the signals
p is set equal to 0.5, and the number of traders is varied. In Panel B, there are two informed
traders and the correlation coefficient is varied. The unconditional variance of the asset value
is set equal to one.
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Figure 3. Market depth. This shows the depth of the market. The unconditional variance of
the asset value is set equal to one. If there were a monopolist informed trader, the depth of the
market would be equal to one. In Panel A, the correlation coefficient of the signals p is set equal
to 0.5, and the number of traders is varied. In Panel B, there are two informed traders and the
correlation coefficient is varied.
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outstanding and the trading intensity of the informed traders. The former is
measured by ¥ and the latter by B (aggregating the informed trades, the
rate of informed trading is 8(¢# — P)). In fact, the depth is 1/(8%). The in-
tensity B is relatively small near the announcement date when there are
competing informed traders, but the residual uncertainty X is large. The
latter variable dominates; thus there is a large amount of information in the
order flow and consequently a very shallow market near the announcement
date. As we have seen, the intensity of trading is greater when there are
more informed traders. The greater intensity of trading implies more infor-
mation in the order flow initially and hence a shallower market initially.
This is shown in Panel A of Figure 3. However, the greater intensity of trad-
ing leads to greater learning by the market, and eventually the amount of
information in the order flow is smaller. Consequently, the market is even-
tually deeper when there are more informed traders, as Panel A of Figure 3
shows. The effect of correlation, which is shown in Panel B of Figure 3, is
exactly the same—greater correlation implies more intense trading and a
shallower market initially but less information in the order flow and a deeper
market eventually.
The last variable we consider is the expected profit of informed traders.

CoroLLARY 3: In equilibrium, the expected profit of each informed trader is

1 1
Rf—fo At) dt. (56)

This equals

J%<va2(z7)>”2 Imx_z/zve ~x(1=$)NS gy (67)
1

Note that expression (56) is consistent with the expected losses of liquidity
traders being

1

1 1
f dP(t)dZ(t) =f )\(t)dZ(t)dZ(t)=f At)dt (58)
0 0 0

and with these losses being the gains of the informed traders, shared equally.

Table I shows the expected aggregate profits ( fol A(t) dt) of the informed
traders as a function of N and p, with the variance of ¢ set equal to one. The
expected profit is less than one, which is what a single informed trader
would earn, and for fixed p the expected profit is decreasing in the number
of traders. Expected profits are quite small when there is a large number of
traders with highly correlated signals. As Foster and Viswanathan (1996)
observe, the expected profit is higher when there is some positive correlation
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Table I
Expected Profits of Informed Traders

Aggregate expected profits of informed traders are shown as a function of the number of in-
formed traders (IV) and the correlation of the traders’ signals. The unconditional variance of the
asset value is set equal to one. The expected profit of a monopolist informed trader would be
one. In all cases, competing informed traders earn lower profits than would a monopolist.

Correlation
N 0% 5% 10% 25% 50% 90%
2 0.923 0.930 0.936 0.947 0.938 0.727
3 0.912 0.922 0.930 0.932 0.876 0.528
5 0.904 0.920 0.924 0.894 0.764 0.362
10 0.899 0.917 0.902 0.796 0.590 0.232
15 0.898 0.909 0.871 0.716 0.495 0.183
20 0.897 0.898 0.838 0.653 0.434 0.156

between the signals than when the signals are uncorrelated. However, the
correlation at which expected profits is maximized diminishes as the num-
ber of traders increases.

VI. Conclusion

Competition has a significant impact on the optimal trading of an in-
formed agent. In the equilibrium of the continuous-time Kyle model with a
single informed trader, the trader is actually indifferent among a large
class of strategies. Any strategy in which trade is continuous and no money
is “left on the table” at the end is optimal (see Back (1992)). This can be
interpreted as the trader being extremely patient—it is costless to wait
until later to trade, provided he does not wait until the information is
publicly revealed. This patience implies that it is not an equilibrium for
the depth of the market to vary systematically over time, because such
variations could be manipulated. In contrast, an informed trader in the
multiagent model has a unique optimal strategy in equilibrium. Further-
more, the changing nature of competition between the agents implies that
depth must vary systematically over time. In particular, the market must
approach complete illiquidity just before the public announcement of the
information.

Competition may or may not lead to greater “efficiency” of prices. Whether
the market price reflects private information more quickly when there are
competing informed traders depends on how the information is distributed
among the agents. Indeed, in this model, it is never the case that the market
is always more efficient when information is distributed among competing
traders than when the information is possessed by a single trader.
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Appendix

Proof of Lemma 1: This is an application of the Kalman—Bucy filter. See
Kallianpur (1980, Sec. 10.3). Q.E.D.

Proof of Lemma 2: This follows from the Kalman—-Bucy filter, just as does
Lemma 1, except that here we also need to verify the formulas for 1(0) and
V(0) implied by equations (15) and (17), respectively. Because 5/ and i are
joint normal,

cov(9,57) iy

V7i0)=E[5]5/]= (A1)

— &7,
var(§”/)

This is the same as equation (17) at ¢ = 0. Equation (15) evaluated at ¢t = 0
is equivalent to

_ 2.(0) — ©(0)

50) (A2)

Because ¢ is the “R-squared” in the linear regression of ¢ on § J, this implies
Q(0) = var(9|§’), as claimed. Q.E.D.

Proof of Lemma 3: If ¢ = 1, then ) = 0, and § = 1, and both claims are
trivially true. Assume ¢ # 1. From definitions (9) and (15),

11 1 _1_(¢>1 (A3)
Qi) () 1-¢30) 20 \1-¢/30)

Multiplying by 2(¢) and adding one to both sides gives

() (1= $)2(0) + ¢%(2)
Q(t) (1-¢)%(0)

(Ad)

Rearranging this yields equation (19). Furthermore, adding 1/3(¢) to both
sides of equation (A3), taking reciprocals, multiplying by ¢, and then using
equation (19) implies

dQ(t) = (1 — $)2(0)8(¢) = Q(0)5(2). (A5)
Q.E.D.
The proof of Lemma 4 is straightforward and hence omitted. We will re-

verse the order of the proofs of Lemmas 5 and 6, because Lemma 6 is used in
the proof of Lemma 5.
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Proof of Lemma 6: Condition (34) follows from using definition (16) to
substitute for dZ(¢) in equation (7). Condition (35) is trivially true if ¢ = 1.
Assume ¢ # 1. Set R(t) = P(t) — V*(¢) and

_ 8 ( i Vi(0)> _ () - Q(t)( o VL'(O))
S(t) ) Vi) 7 ) Vit) ——¢ . (A6)
The claim is that R = S. We have R(0) = S(0) (recall P(0) = 0),
dR(t) = —A()B@)R(t)dt + [A(t) — Bt) Q)W (¢t), (A7)

and

() — Q(t)

dS(t ——d—l (
()—d og 0

; >S(t)dt +B[Z(t) — Q) dWi(2). (A8)
These stochastic differential equations are obtained by using equations (17)
and (34). These are linear stochastic differential equations; hence, each has
a unique solution. We will show that the equations are the same. The unique-
ness of the solution therefore implies R = S.

The coefficients of dW ' are the same, given the assumption A = 3. Using
the fact that

4Ly (L) Ao
dt \3(t)) dt \ Q) =B (A49)

(see definitions (9) and (15)) one can compute

D og(ER DN e = -
< o 0 )— BOPE(E) = ~MOB(W) (A10)

which shows that the coefficient of R(t)dt equals that of S(t) dt.

Condition (36) follows from equation (35) and the fact that V(0) = N¢5'.
To obtain the last statement, note that trader j’s expectation of 28 s
VJ(t) — &§’. Substitute this and @ = —8/N into expression (37) and then use
equation (35) to eliminate §/. Q.E.D.

Proof of Lemma 5: Let

_i<L> Al
0= 55 ) (A11)
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Let 7 (s,t,v) denote a function that is continuously differentiable in ¢ and
twice continuously differentiable in v. For the moment, we leave 7 otherwise
undefined. Set

H - e 22 AL2
(tav)p,r) - A(t) U[r_p] 2 2 ( )

and
J(Satav,p) = H(t,v,p,W(S, t,l))). (A13)

For the strategy 6 = 0, we have

dP°(t) = A(t)dZ(t) + A(t)ﬂ(t)(Esi - %P%))dt

(A14)
. ) . N-1
= At)dW(t) + A(t)ﬂ(t)<VJ(t) -5 - N P°(t)>dt.

The drift of J(57,¢,V7/(¢), P°(¢)) is u(57,¢,V7/(¢),P°(¢)) dt, where u(s,t,v,p) is
defined by

N-1 1, 1,
p=d+Alv—s = == p|d, + 5 BT, + ABQT,, + S N, (ALD)

Here, the subscripts denote partial derivatives, and the arguments of u, </,
A, B, and () have been omitted for convenience.
For future reference, we remark here that u is a quadratic function of p:

w(s,t,0,p) = a(t)p® + b(s,t,v)p +c(s,t,v), (Al6)
where
_n_N-1 (A17)
a = 2 N By
and
b= + |2 ! > Al8
= —n N Bv — Bs. (A18)

Only the term c(s, #,v) depends on the definition of .
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For a general strategy 6, we can write the drift of J(57,¢t,V/(¢t),P%(t)) as

p(3, VI (@), PO(t))dt + A(£)0(87,¢,P%)J,(87%,¢,V(t),P°(t)) dt

o . _ (A19)
= w(8%,t,V7/(t),P(t))dt + [P°(¢) — V/()]0(57,¢,P%)dt.
The “stochastic part” of dJ(57,¢,V/(t),P?(t)) is
a(37,6,VI(¢),P°(t) dW/(t), (A20)

where o (s, t,v,p) is defined by o = AJ,, + BQJ,. Combining and integrating
these yields

ft [V7/(u) — P°(w)]0(57,u,P?) du
0

- ftu(sf,u,vf(u),P"(u)) du
. (A21)

+ ft0(5’}u,Vj(u),P"(u))de(u)
0
= J(8%,¢,VI(t),P°(t)) + J(5,0,V7(0),P°(0)).

The expectation of the limit as ¢t — 1 of the left-hand side of equation (A21)
is the expected profit. By analyzing the right-hand side, we will show that
this is maximized by the linear strategy 6 in definition (33) if and only if
conditions (31) and (32) are satisfied. We continue to denote the price pro-
cess P% by P.

As an aside, we will relate our method of proof to the usual Bellman equa-
tion approach. The left-hand side of equation (A19) is an expression for the
drift of JJ that is valid for an arbitrary function J, not just the special func-
tion we are considering. The Bellman equation states that the drift of the
value function plus the instantaneous profit is maximized at zero by the
optimal strategy. The instantaneous profit in this problem is (V/ — P%)g.
Therefore the left-hand side of equation (A19) plus (V/ — P%)# must be
maximized at zero by the optimal 6. However, each of these terms is linear
in 6. The sum of the 6 coefficients must be zero for the maximum to be finite.
This implies AJ, = P® — V7. This should be true for all possible values of
P% and V7, so J,(s,t,0,p) = (p — v)/A(t). All functions satisfying this equa-
tion are of the form given in definition (A13), up to the addition of a term
depending only on (s, t,v). Hence, we have imposed part of the Bellman equa-
tion. This is the reason we get the formula given in equation (A21) for ex-
pected profit in terms of J. However, we have not used all of the Bellman
equation, because we have not imposed that the maximum is zero. The drift
of the value function plus the instantaneous profit must have the form given
in definition (A15), if the 6 terms cancel. The Bellman equation states that
this is zero for all (s,¢,v, p), which is a partial differential equation for the
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value function J. It turns out that there is no smooth function J satisfying
both this partial differential equation and the requirement J,(s,t,v,p) =
(p — v)/A(t). Therefore, there is no smooth solution to the Bellman equation.
To see this, note that if equation (A15) is identically zero, then its partial
derivative with respect to p must be identically zero. We can differentiate
equation (A15) with respect to p and use J, = (p — v)/A to compute all of the
derivatives. The result is

N-1 N-1 ~
(p—v)n+,3<v—s——N——p>—B<—N—~>(p—v)—0, (A22)

where, as before,  denotes the time derivative of 1/A. The left-hand side of
equation (A22) is a linear function of (s,v, p) with nonzero coefficients (be-
cause B # 0). Therefore, it cannot be zero for all (s,v, p). However, Lemma 6
shows that, when the linear strategy 6’ is followed, the state variables
(87,t,V/(¢),P(t)) always satisfy the linear equation

v=(1-8(@))p +5(t)Ns. (A23)

Given this, equation (31) implies the state variables (37,¢,V/(¢),P(t)) also
satisfy equation (A22). Thus, the Bellman equation does not give us the
optimal control in the usual way—that is, as the optimizer of the drift plus
instantaneous profit. In fact, any 6 trivially optimizes this expression be-
cause it is independent of . However, the Bellman equation gives us the
optimal control indirectly because the state variables must be controlled to
remain on a time-dependent plane in (s,v, p)—space. This is possible because
s is fixed over time and V'’ and P? are locally perfectly correlated. We will
not directly use any of the arguments of this paragraph in the remaining
proof. However, we should note that the function / defined in equation (A13)
is not the actual value function. To simplify the notation, we have subtracted
a function of (s,¢,v). In fact, we have subtracted the actual value of the
problem, so we will have J(57,¢,V/(t),P(¢)) = 0 for all . As a result, even
though the drift of the actual value function plus the instantaneous profit is
zero at all times when following the strategy 6’ under condition (31), the
function u defined by equations (A13) and (A15) will be nonzero.

Sufficiency. Suppose conditions (31) and (32) hold. By condition (31),

. BA-9)
a=-F (A24)

and

, _ B~ Nos)

No (A25)
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Case 1: Consider the case ¢ # 1. Set

o(t)

m(s,t,v) =v + 15 (v — Ns). (A26)

Then
J t — ___1_[ _ 2 _ Lt)z__ — N. 2:| A27
(S’ 7vap) - 2/\(t) (U p) (1 _ 6(t))2 (U 3) . ( )

By Lemma 6, P(t) = w(57,1,V(t)). Because H(t,v,p,p) = 0, this implies
J(37,¢,V/(¢),P(t)) = 0. Hence, dJ(37,t,V’/(t),P(t)) = 0. Specializing equation
(A21) to this case yields

ft [VI(u) — P(w)]67(37,u,P)du = ft ,u(.§j,u,Vj(u),P(u)) du. (A28)
0 0

Consider an arbitrary 6. Because J (37, t,V7(t),P(t)) = 0 for all t and P?(0) =
P(0), we have J(57,0,V7(0),P%(0)) = 0. We can calculate the diffusion term in
equation (A21) as follows:

B v— T
a'=)\Jp+,BQJU=p—v+—)\— Tm—p+ 15

=p—v+(1—5)<7r—p+ %) (A29)
= —6(7 — p).

Therefore, equation (A21) reduces to
t 0 .
f [V/(u) — P%°(u)]0(87,u,P?)du
0

- ftM(§f,u,V"(u),P"(u)) du
. (A30)

- ftﬁ(u)[ﬂ'(gj,u,Vj(u)) — P%(w)]dW/ (u)
0

= J(3,t,VI(t),P°(¢)).
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Finally, equations (A24) and (A25) imply that the unique maximum of y in
p occurs at p = 7. Because P(t) = 7T(§J,t,VJ(t)), this implies

w(8%,8,VIt),PP(t) = w(59, 6,V (t),P(t)). (A31)

Combining this with equations (A28) and (A30) yields
t . .
[ i ~ P u, b du
0

= ft[Vj(u) — P(w)]07 (37, u,P)du
° t (A32)
- f Sw)[7(57,u,VI/(w) — P?(w)]dW/(u)
0

— J(8,t,V/(t),P%(¢)).

The regularity condition (equation (24)) guarantees the existence of the
stochastic integral in equation (A32) and guarantees it is an F/—-martingale.
Furthermore, condition (32) and equation (A27) imply

) . 1 )
liItILilan(§J, t,VI(t),P%(t)) = liItILilnfm (Vi) - P°(t)?=0. (A33)

Therefore,
1 1
Ef [VIi(w) — P%(w)]0(5%,u,P?)du = Ef [VI(w) — P(w)]6/(57,u,P)du,
0 0

(A34)

as desired.

Case 2: Suppose ¢ = 1. We will show in this case that the expected value
of equation (A21) is independent of #. The last term on the right-hand side
of equation (A21) is independent of § because P?(0) = 0 for all §. Further-
more, it follows from equations (A24) and (A25) and the facts that §(¢) = 1
and V/(¢) = N5/ that u(57,¢,V/(¢),P%(t)) does not depend on P?(¢) and hence
does not depend on 6.

Define 7 (s,t,v) = v. Then

1
J(s,t,v,p) = 2A0) (v —p)% (A35)
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We again have o = —8(7 — p) and, the expectation of the stochastic integral
in equation (A21) is zero. Obviously,

lirtnilan(§j,t,Vj(t),Po(t)) = 0. (A36)

Therefore the expected profit is independent of # and hence is trivially max-
imized by 6’.

Necessity. First we argue that
(Vt) P(t) = argmax u(3/,¢,V7(¢),p) (A37)
p

is a necessary condition for optimality. Suppose (A37) does not hold. Then for
some y # 0 and some stopping time 7,

w(3%,m,VI(0), P(7) + y) > w57,V (r), P(7) (438)

on the non-null event 7 < 1. Let ¢ > 0 be sufficiently small that the event
7 =1 — ¢ is non-null and let 7' denote the smaller of 1 — ¢ and

inf{t = 7|u(37,t,V/(¢),P(t) = n(35,¢,VI(2),P(¢) + )} (A39)

There is a strategy 6 that deviates from 67 at time r when r = 1 — &, causing
the price to move toward P + vy, to stay between P(¢) and P(¢) + y between
7 and 7', and to return to P(¢) before 7', and that follows 6/ after time 7'.
Because u is a quadratic function, having the price between P and P + vy
during (r,7") implies that u is larger during this interval under the deviat-
ing strategy. Because the deviation from P(¢) is bounded and the deviating
strategy returns to 67 before time 1, the deviating strategy is feasible, and,
by increasing u, it increases the expected profit—see equation (A21). There-
fore, equation (37) is a necessary condition for strategy (33) to be optimal.
We now argue that

ltin}P(t) -V/i(t)=0 or ltln} Alt) =0 (A40)

is a necessary condition for optimality. Suppose condition (A40) is violated
on a non-null event. Recall that the candidate optimum 6/ satisfies equa-
tion (36). Let ¢ > 0 and y > 1 and consider a strategy that deviates at time
1 — & from 6” by replacing /N8 in equation (36) by y8/N&. This causes the
price to be pushed more aggressively toward V. If J is defined either by
equation (A27) or equation (A35), then this will increase —J and hence, by
equation (A21), increase the expected profit in the event that condition (A40)
is violated. A potentially offsetting effect is that u will be changed. However,
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by taking e sufficiently small, we can make the change in the integral of u
as small as desired. Therefore, the expected profit can be increased unless
condition (A40) is satisfied.

We will now derive conditions (31) and (32) from conditions (A37) and
(A40).

Case 1: Suppose ¢ # 1. Then P(¢) = 7T(§j, t,Vj(t)), where 7 is defined by
equation (A26). The necessary condition for 7 to be the argmax of u in p is
that 2aw + b = 0. Substituting from equations (A26), (A17), and (A18) and
simplifying gives

(1-96)(2am +b) = [&7 + (17%3 - 25)/3]0 +[~Nén + (2Ns — 6 — 1)B]s.

(A41)

For this to equal zero for each ¢ and all possible values of v = V/(¢) and s =
§7, it is necessary and sufficient that the coefficients of v and s equal zero.
For either coefficient to be zero is equivalent to equation (31). Therefore,
condition (A37) implies equation (31).

It follows immediately from equation (35) that the first part of condition
(A40) implies the first part of condition (32).

Case 2: Suppose ¢ = 1. Then V/(¢) = N5/. Hence,

2(N - 1)

v B)(p - Ns). (A42)

2a(t)p + b(3,t,VI(¢t)) = (n -

Therefore, condition (A37) implies either equation (31) or P(¢) = N5'. The
latter is inconsistent with the fact that P = V and V is a nondegenerate
Gaussian process (Lemma 1). This establishes that condition (A37) implies
equation (31).

In the case ¢ = 1, V/(t) = 5. Therefore, the first part of equation (A40)
implies that the F-martingale P converges to the random variable 7 (a.s.).
This implies equation (32) (Revuz and Yor (1991, Theorem 11.3.1)). Q.E.D.

Proof of Theorem 1: From Lemmas 4 and 5, an equilibrium is defined
by «a, B, and A satisfying « = —8/N, A = B3, the differential equation (31),
and the limit condition (32), where % and B are related by equation (9)
and which is such that the strategy given in equation (33)is feasible for
each trader j. Ignoring the feasibility condition for a moment, note that «,
B, and A are uniquely defined by 2, which is arbitrary except for the
conditions X(0) = var(d), 2'(¢) < 0, and 2(¢) > 0 for all ¢ < 1 (which
follow from equation (9)) and the differential equation (31) and limit con-
dition (32).
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Let I'(¢) = 1/2(¢) (this should not be confused with the incomplete gamma
function appearing in Section IV). The necessary and sufficient conditions
for equilibrium can be written in terms of I' as follows:

B(t) = NT'(¢), (A43)
a(t) = — F’U), (A44)
N
At) = @) A45
" 4 I'(#)? 20-¢) I'@#)?*
FUH«Z—N)FU)— Né Fw)—m (A46)
1
r) = —, (A47)
var(?)
(Ve) ' (¢) > 0, (A48)
and
133; I'(t) = oo. (A49)

Only two of these conditions, conditions (A46) and (A49), require explana-
tion. Condition (A49) is equivalent to condition (32), given conditions (A45)
and (A48). Equation (A46) is equivalent to equation (31), given equations
(A43)—(A45). To derive equation (A46) from equation (31), use A = X (from
equations (A43) and (A45)) and then equation (A43) to compute

d(1 1 (@ 2’(t)> B(t)
L - B0 R
dt (Mt)) B(t)E(t)<B(t) t30 )" B TA®, (450

and rearrange equation (31) to obtain

2B'(¢) ( 4) 2(1 - ¢)
- —=2- = t) - ——2(0 A51
IGE N 2(t) No 2(0) (A51)
and then use the fact that the left-hand side of this is the derivative of
1/T7(¢).

On the set of functions I' satisfying conditions (A47) and (A48), the differ-
ential operator in equation (A46) is Lipschitz, and hence the differential
equation has at most one solution subject to the conditions (A47), (A48), and
(A49). This shows there is at most one equilibrium.
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Assume N > 1 and ¢ = 1. Then from equation (A46) we have

’ 2
4 > ' =0 (A52)

) = _<2 N T

Hence, I' is a concave function and therefore cannot satisfy condition (A49).
This shows there is no symmetric linear equilibrium in this case.

Suppose N = 1 or ¢ # 1. We need to show that that equations (41) and (42)
define a solution of (A43)-(A49) and that the strategy (33) is feasible for
each trader j. Note that the constant « is finite and equation (42) implies
conditions (A47) and (A48). It also implies lim, ,; I'(f) = oo, which implies
condition (A49). Condition (A43) follows from differentiating equation (42)
with respect to ¢. Given this, equations (A44) and (A45) obviously follow
from equations (44) and (45).

Now consider equation (A46). As already noted, given conditions (A43)—
(A45), the differential equation (A46) is implied by equation (A51). The left-
hand side of equation (A51) is the derivative of 1/8(¢)2, so, substituting for
B from equation (43), what we need to show is

2(1-¢)
N¢

_C_l— { 2(0) (_2@) (2N—-4)/N

4
=) —21-@)3O/Nss@) | — (o _ T _
dt S0 ¢ } (2 N ) >(t)

2(0).

(A53)

Let x(¢) denote the expression in braces and let y(¢) denote the right-hand
side, so the equation can be written as x' = y. Directly differentiating x
yields

! 2,
x' = —xy -2—2, (Ab4)
so it remains to show that
2/
—x i—i =1. (A55)

This follows immediately from differentiating equation (42).

The final issue is the feasibility of equation (33). As an F-martingale, V is
closed on the right by the random variable &. Therefore it converges almost
surely to a finite limit as ¢ — 1 (Revuz and Yor (1991, Theorem I1.3.1)).
Hence, the equality of P and V implies equation (22) holds. The equality of
P and V also allows us to compute

1 1
Ef P(t)%dt = Ef V(t)?dt < var(v), (A56)
0 0
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the inequality being due to the fact that V(¢) is a conditional expectation of
0. This shows that condition (24) holds. To establish condition (23), note that
V(t) — P(t)/N is bounded a.s., so it suffices to show that

1
f B(t)dt < co. (ABT)
0

Make the change of variables x = 2(0)/2(¢). Noting that equation (9) implies

dx = 2(0)8(t)? dt, (A58)

we have
1 oo
f B(t)dt o f g N-2Np=x(1=9)NG gy < . Q.E.D. (A59)
0 1
Proof of Corollary 1: This is a straightforward calculation. Q.E.D.

Proof of Corollary 2: Consider first the special case N = 2 and ¢ = 0. We
have

1 1
B(t) = Ny () = T Tog(l—2)

and

1 1
%=1+%=2—log(l—t). (A60)

We have used Lemma 3 to obtain 1/8. The first claim is that

B(t)
Ns(t)

1-1) <1 (A61)

Making the change of variable z = \V1—¢, the left-hand side can be written
as z — zlogz. This is equal to one when z = 1 (¢ = 0) and is an increas-
ing function of z (decreasing function of #), which establishes the claim.
The second claim is that %(¢)/(1 — ¢) > 1. Making the change of variable
z = 1 — ¢, the left-hand side is the reciprocal of z — zlogz, and hence is
larger than one.

We now turn to the general case. Make the change of variable z(¢) = 2(0)/
2.(t). Equation (42) defines z as a strictly increasing function of ¢. Given the
formula of equation (41) for «, it is clear that z —» 0 as t — 1.
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The first claim is that

t
(1—n§%§%0 (A62)

as t — 1. Using the formula for § in Lemma 3, we can write this as
1-¢
A-)pE)+QA-1t) T B)z(t) — 0. (A63)

The second claim is that 3(#)/(1 — #) — oo, which is equivalent to
(1 = ¢)z(¢t) - 0. The final claim is that A(¢) — oo, which is equivalent to
B(t)/z(t) — co.

The last claim is easiest, so we deal with it first. From equation (43), 8 is
proportional to a power of z multiplied by the exponential of a positive con-
stant times z. The ratio B/z has the same property. The exponential will
dominate as z — oo (¢ — 1), so the ratio will converge to infinity.

The first two claims involve three terms, each of which is proportional to
(1 — ¢) multiplied by B(¢) or by z(¢) or by both. We need to show that all of
the terms converge to zero. Because both z(¢) and B(¢) converge to infinity
as t — 1, the most difficult term is the one involving both 8 and z. Once we
have demonstrated its convergence, convergence of the other terms follows.
So, what we need to show is that (1 — ¢)B8(¢)z(t) — 0.

Dividing by « in equation (42), we have

1 r4
lot=1--= f £ 2(N=2)/N , ~2x(1-$)/N$ ..
K Ji1

1 (K _J_zxZ(N—2)/Ne ~2x(1-¢)/N¢ dx) (A64)
1

K

1 [ee]
- _f x2(N—2)/Ne—2x(1—¢)/N¢ dx.
z

K

We have used equation (41) to eliminate « in the last step.

The previous argument concerning 3/z also applies to Bz; that is, the ex-
ponential will dominate as z — oo. All we need to show is that 1 — ¢ converges
to zero exponentially as a function of z at a more rapid rate than 8 converges
to infinity, as z — co. In other words, it suffices to show that 1 — ¢ is dom-
inated by a multiple of e "** for some constant

o> 5(=2) (465)

Let

2/1-¢ 1/1-¢
N<T> >a>ﬁ<——$—). (A66)
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For sufficiently large x,

x2(N~2)/Ne —2x(1-¢)/N¢p - e Tax,

It therefore follows from equation (A64) that
k(l—1t)< f e “dx=e ¥

for sufficiently large z. Q.E.D.
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(AB7)

(A68)

Proof of Corollary 3: Substituting for the equilibrium trade «(¢)P(¢) +

B(t)5" of trader i from equation (36), the expected profit is

1 (BB
Ef (Vi(t) = Pe)[a(t)P(e) + B(£)5 1dt Ef s V-

Substituting for P(t) from equation (35), this equals

1 [1B@) o 1 13(::)[ 8() ]2 o
. —5( E(Vit) — P(t)2%dt = Nfo “6(1,‘) 1=5) E(V'() - Ns3
Because

Vi(t) = N¢s' +Eﬁ(u)9(U)dW“(u),

P(t))2dt.

(A69)

H2dt.

(A70)

(A71)

and the two terms in this expression are independent with zero means,

E(Vi(t) —N5")2 =E[-N(1— ¢)5']2 +E[fotﬁ(u)ﬂ(u)dwi(u)

= N2(1 — ¢)? var(s}) +ftB(u)2Q(u)2du
0

_ 2
4 ¢¢) 2(0) + Q(0) = Q (),

(A72)
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where 3(0) = var(#). To obtain the last equality above, we use the definition
(equation (2)) of ¢ and the fact that

Q' (u)

W , (A73)

Blw)? = -

which follows from the definition (equation (15)) of Q. Also from equa-
tion (15), Q(0) = (1 — ¢)2(0), and from equation (20),

— ¢
Q - Q0) = —— 0 A
(t) = 4 8(t) 0) = ¢ 8(£)2(0). (A74)
Hence,
_ 2
E(Vi(t)— NsH)? = [(1 ¢) +1—¢— 1-¢ 5(t):|2(0)
¢ ¢
= 1—;—‘1—’ (1-8(t))3(0). (A75)

This implies the expected profit is

1/1- 5(t)
ﬁ( 7 )2(0)f ,B(t) 8(t)dt (A76)

By equation (19),

5t ¢ [2()
1-8(0) 1- ¢(2(0>>‘ (A7
Therefore, the expected profit is
1 (! 11
J_V_fo B@)Z(t)dt = ]—V~f0 A2) dt, (A78)

as claimed.
To establish the last part of the corollary, make the change of variable x =

3(0)/3(¢) in the integral [} B(t)=(¢) dt. From equation (9), dx = 3.(0)B(¢)2dt.
Therefore, the integral equals

foo,BE( ! )dx=foolﬁ“1dx. (A79)
1 3(0)B* 10X
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Because

K \1/2
B = <E(O)> x ~(N=2/N gx(1-)/Ng, (A80)

this completes the proof. Q.E.D.
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