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Option Prices, Implied Price Processes,
and Stochastic Volatility

MARK BRITTEN-JONES and ANTHONY NEUBERGER*

ABSTRACT

This paper characterizes all continuous price processes that are consistent with
current option prices. This extends Derman and Kani (1994), Dupire (1994, 1997),
and Rubinstein (1994), who only consider processes with deterministic volatility.
Our characterization implies a volatility forecast that does not require a specific
model, only current option prices. We show how arbitrary volatility processes can
be adjusted to fit current option prices exactly, just as interest rate processes can
be adjusted to fit bond prices exactly. The procedure works with many volatility
models, is fast to calibrate, and can price exotic options efficiently using familiar
lattice techniques.

THE STANDARD APPROACH TO OPTION PRICING specifies a process for the price of
the underlying security, and then derives option prices as a function of the
process parameters. This paper essentially reverses the procedure. A com-
plete set of option prices?! is taken as given, and is used to extract as much
information as possible about the underlying price process (the “process”).2
Our main result is a simple condition which characterizes the set of contin-
uous processes that are consistent with current option prices.

All consistent processes satisfy our condition and therefore share certain
features. In particular, all consistent processes generate a common (risk-
neutral) expectation of squared price volatility over a specified horizon, and
therefore imply the same forecast of volatility. We show how to calculate this
forecast from current option prices. The forecast requires the current prices
of all options (i.e., all strikes) that expire on the horizon date of the volatility
forecast. Since this forecast is common to all consistent processes, it can be
viewed as a “model-free” implied volatility.

Black—Scholes implied volatilities (Black and Scholes (1973)) are com-
monly used to forecast volatility, but many authors express misgivings with
this practice, noting the inconsistency of forecasting changes in volatility
from a model based on constant volatility. A stochastic volatility model can

* London Business School. We are grateful for advice from an anonymous referee and from
the editor René Stulz.

! Here, a complete set means a continuum of European call options with strikes ranging
from zero to infinity and maturities ranging from zero to infinity.

2 Other papers that examine this “inverse” problem are Chriss (1996), Chriss and Tsiveriotis
(1998), Derman and Kani (1994, 1998), Dupire (1994, 1997), Jackwerth and Rubinstein (19964,
1996b), Longstaff (1995), Rubinstein (1994), and Shimko (1993).
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provide implied volatilities that bypass this criticism, but a comparison of
implied and realized volatility is then a joint test of the stochastic volatility
model and the efficiency of the options market. Our implied volatility does
not rely on a specific model; it only requires current option prices, and since
it does not require an assumption of constant volatility it does not suffer
from the inconsistency of the traditional approach.

There exist many processes that are consistent with current option prices
and, though they necessarily price European options identically, they do not
give common valuations for more exotic options. In other words, exotic op-
tions are not spanned by a complete set of European options, and exact
pricing results for exotics are not obtained without further restrictions on
the price process. Rather than making such restrictions, we provide a meth-
odology that allows the user to select a particular type of process for vola-
tility. We show how to adjust this process to fit current option prices exactly,
in much the same way that a particular interest rate process can be ad-
justed to fit bond prices exactly. A range of different processes can be used
and the resultant range of prices for an exotic can then be examined. The
procedure we develop can be used with a wide variety of volatility models,
can be calibrated to option data rapidly, and can price exotic options effi-
ciently using familiar lattice techniques.

Our condition characterizing the set of consistent processes extends the
work of Derman and Kani (1994) and Dupire (1994, 1997) who consider only
processes with deterministic volatility, and who show the existence of a unique
consistent process (within this restricted class). Rubinstein’s (1994) analysis
in a discrete setting also uses the deterministic volatility assumption. This
paper relaxes the assumption of deterministic volatility.

Deterministic volatility is quite restrictive. It assumes that instantaneous
volatility is a function solely of the current stock price and time and there-
fore implies that all claims can be hedged by the underlying and the riskless
assets. In practice, it is necessary to go “outside” the deterministic volatility
model and examine volatility shocks in order to measure the risk of option
positions and to hedge them. For example, Dupire (1997) presents a deter-
ministic volatility model and then describes a “robust” hedging strategy which
implicitly recognizes that volatility is not deterministic. Researchers also
express concern about the deterministic volatility restriction. Dumas, Flem-
ing, and Whaley (1998) find that the out-of-sample performance of deter-
ministic volatility models is poor, and Buraschi and Jackwerth (1998) present
empirical evidence that volatility is nondeterministic.

A number of stochastic volatility models3 have been developed, but these
models generally do not provide an exact fit to option prices. Derman and
Kani (1998) develop a pricing model with stochastic volatility that fits cur-

3 We use the term stochastic volatility to mean any process in which the instantaneous
volatility (or one-step volatility in a discrete setting) is not solely a function of the current stock
price and time. This definition therefore includes the GARCH family of models and regime-
switching models, as well as models in which volatility follows a diffusion process.



Option Prices 841

rent option prices exactly, and is similar in spirit to our pricing model. They
liken their approach to Heath, Jarrow, and Morton’s (1992) (hereafter HJM)
analysis of interest rates. However, as they note, the drift expressions in the
volatility process are “significantly more involved than the HJM no-
arbitrage conditions” (Derman and Kani (1998, p. 81), and, like the HJM
conditions, lead in general to a non-Markovian process. Implementation is
therefore not straightforward and Derman and Kani propose a methodology
combining Monte Carlo simulations and lattice methods which is quite com-
puter intensive. In contrast to this, our pricing algorithm, though slightly
less general than Derman and Kani’s in that we use Markovian volatility
processes, is simple and rapid.

The remainder of the paper is as follows. Section I introduces the notation
and the setup, and derives a simple condition characterizing all continuous
price processes that are arbitrage-free and consistent with current option
prices. Section II draws out the implications of this proposition for forecasts
of volatility. Section III exploits this condition in an algorithm for the con-
struction of pricing models with nondeterministic volatility which provide
an exact fit to current option prices. Several such models are presented and
we show that the form of the volatility process is important for the pricing
of exotic options. Section IV concludes. Proofs and some continuous-time re-
sults are contained in the Appendix.

I. A Characterization of Conditional Volatility

After introducing the setup, we first derive the risk-neutral probability of
the stock price reaching a particular price level. We then show how the risk-
neutral probability of stock price moves over any future one-period interval
can be inferred from option prices. Knowing the probability of all one-period
moves is not sufficient to identify the process. In the presence of path de-
pendency many different processes provide the same probability of one-
period moves. We derive the condition that characterizes the set of all price
processes consistent with initial option prices.

A. The Setup: A Time-Price Grid

We employ a setup in which both time and the stock price are discrete. For
our purposes, a discrete setting has certain advantages: it is easier to visu-
alize than a continuous setting, proofs are conceptually simpler, and numer-
ical implementation is direct. The results however are not driven by the
discrete setting, and the Appendix derives the analogous continuous results
in two ways: by considering the limits of the discrete setup as the interval
sizes approach zero and by direct consideration of a diffusion setting.

Time is discrete with an interval & and takes values: ¢t € T, where T is a
finite set of times ranging from 0 to 7"

T ={0,h,2h,...,T}. 1)
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The single risky underlying asset (henceforth called the stock) has initial
price S, and its price can take values in the set K, where K is the finite
geometric series of possible prices ranging from Syu " to Syu™:

K={K:K=Syu,i=0,+1, +2,..., +M}, (2)

where u > 1.

We thus have a grid consisting of nodes or time-price events (t,K), for
t € T and K € K, upon which the stock price can move.*

At time zero there are prices C(¢,K) on a complete set of European call
options with expiration ¢ € T and strike K € K. Dividends and interest rates
are nonstochastic, and, with a considerable gain in notational clarity with no
real loss in generality, we take them to equal zero.> Information revelation is
modeled by the filtration {Q,}7 ;. Expectations and probabilities are with
respect to the initial information set (), unless otherwise specified.

B. Probabilities of Stock Price Levels

The absence of arbitrage guarantees the existence of a risk-neutral prob-
ability measure under which the price of any security is the expectation of
discounted payoffs. In the following paragraphs we seek to characterize this
probability measure. Thus all probabilistic statements refer to risk-neutral
probabilities rather than objective probabilities, unless otherwise specified.

The term price process refers to the evolution of the underlying asset’s
price under a probability distribution. A price process S is said to be a risk-
neutral process if the process for S is martingale E[S,,,|Q,] = S, and the
expected payoff of each option equals its price

E[max(S, - K,0)] = C(¢t,K), forteT,KeK. 3)

We can now state the discrete counterpart to Breeden and Litzenberger’s
(1978) result that the risk-neutral density equals the second derivative
(02C(t,K)/0K?) of the call price with respect to the strike.

LeEmMa 1: In any risk-neutral process:
Pr{S, =K} ==n(K;t) forteT,KeK, (4)

where

C(t,Ku)— 1+u)C,K)+ uC(t,K/u)

7(K;t) = Ku-1)

(5)

4 We have chosen a geometric grid to conform with normal practice. This constrains the
underlying price to be positive. If one wanted to use this approach for modeling claims on a
security whose price could be negative, then an arithmetic grid could be employed. The under-
lying approach used in this paper remains valid, and the modifications to the various formulas
are straightforward.

5 In the presence of nonzero interest rates and dividends, the option and underlying asset prices
are viewed as forward prices. It is then straightforward to convert back to spot prices. Dumas et al.
(1998, Sec. II1.D) provide a description of this procedure applied to S&P500 index options.
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This implies that the probability (conditional on date 0 information (},) of
the stock price reaching any particular price level on any future date is
determined by the initial set of option prices.

C. Probability of Price Moves and Conditional Volatility

Even though the probability of the stock price reaching any specified level
at any future date is determined, the probability of particular price paths is
not determined without further restrictions. Derman and Kani (1994) and
Dupire (1994, 1997) identify a unique price process (i.e., they assign unique
probabilities to price paths) by requiring the process to be consistent with
initial option prices and to have deterministic volatility. We relax the re-
striction of deterministic volatility and characterize the set of all price pro-
cesses consistent with option prices, requiring only that the process be
continuous as defined below.

Continuity definition: A stock price process is continuous if it can only go
up or down by at most one level each period:

if i — j| > 1, then Pr{S,,, = Sou’|S, = Syu’} = 0. (6)

The stock price can only move up one level, down one level, or remain at the
same level, over one period, but this does not impose an arbitrary restriction
on volatility levels, since by making the time interval smaller the upper
bound on volatility can be raised without limit. We think of our continuity
assumption as the discrete-time counterpart of a diffusion process. In a dif-
fusion, limit orders are filled at the limit price; the price cannot jump over
the level at which the limit order was placed. The above definition of con-
tinuity ensures the same result in a discrete price setting.

The assumption of continuity results in Lemma 2 and Proposition 1, which
provide partial characterizations of price paths. The continuous-time ana-
logue to Proposition 1 is derived in the Appendix under the assumption that
the price process is a diffusion.

LemMmA 2: In any continuous risk-neutral process the probability of the stock
price being K at time t and being K™ at time t + h is determined by the initial
set of option prices C(t,K):

Pr{S, =Kand S,,, = K"}

( C(t+ h,K)—C(t,K) .
Ku-1 if K*=Ku
C(t,Ku) +uC(t,K/u) —(1+u)C(t +h,K)
| s ruc K(u)—i) CE+hK) .
Cit+hK)—CtK) .
K1 1) ifK*=K/u
\ 0 otherwise.
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Thus the probability of the stock price reaching any two price levels at any
two consecutive dates is determined by the set of initial option prices. The
intuition behind Lemma 2 is most easily seen by considering a calendar
spread consisting of a short position of one option with expiration ¢ and
strike K, and a long position of one option with the same strike price of K,
expiring one period later at ¢ + h. The cost of this position is obviously
C(t + h,K)— C(t,K). The Appendix shows there is a hedging strategy which
results in a payoff of zero unless the stock price at time ¢ is K and the stock
price at time ¢ + A is Ku, in which case the payoff is K(u — 1). The defining
feature of risk-neutral probabilities is that the expected payoff of a claim
equals its cost. Hence the expression for the probability of an up move in
Lemma 2 follows from the definition of risk-neutral probabilities. The con-
dition that S must be martingale and continuous and the fact that the prob-
abilities must sum to Pr{S, = K} determine the remaining probabilities in
Lemma 2.

Now any joint probability can be written as the product of a marginal and
a conditional probability:

Pr{S, = Kand S,,, = Ku} = Pr{S, = K} X Pr{S,,, = Ku|S, = K}. (8)

So substituting equations (7) and (4) into equation (8) and rearranging gives
an expression for the probability of an up move, conditional on the stock
price reaching a particular level K at a particular date ¢, in terms of the
options prices:

C(it+hK)—-C(tK)
C(t,Ku) — 1+ uw)C(t,K) + uC(t,K/u)

Pr{S,., = Ku|S, =K} = 9)

The conditional probabilities of a down move and no change are given by the
martingale condition and the fact that the three conditional probabilities
must sum to one.

The conditional expectation of squared return (conditional on the stock
price reaching a particular level K at a particular date ¢) can be calculated
from equation (9), and this leads to Proposition 1.

ProposiTioN 1: In any continuous risk-neutral process, the expectation of squared
return, conditional on the stock price and time, is determined by the initial
option prices as

St+h_St2
A(*5)

The converse is also true; any continuous martingale process for S that sat-
isfies the above condition for all K € K and t € T will price all European
options correctly by their expected payoffs.

(10)

g _ g2 [CE+hE) — COLENu -1 (u+ Du
‘o ]_ C(t,Ku) — 1+ u)C(t,K) + uC(t,K/u)
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D. Price Processes

It is important to note that the conditioning information in Proposition 1
and in equation (9) is the stock price level S, at time ¢. It is not all infor-
mation at this point—represented by (),—nor is the conditioning set the
stock price history. Even though equation (9) gives the conditional probabil-
ities of all stock price moves, conditional on the stock price being at any level
at any future date, the probability of a price path is not determined and is
not unique. This may appear odd to those familiar with binomial and tri-
nomial trees, but is easily demonstrated. Consider a particular price path
starting from the current level {S,,S;,Ss;,..-,5,,}. The probability of this
price path Pr{S,,Sy,,...,S,,} may be expressed as a product or “chain” of
conditional probabilities:

Pr{S;,Son,...,Sun} = Pri{Sy} X Pr{Sy,[S,} X Pr{S3;|S;,Ss,}

(11)
X oo X PE{S 180,820, -3 S (=10 )-

The conditional probabilities in the chain (e.g., Pr{S;,|S,,S,,}) condition on
all the antecedent prices (i.e., the price history). The conditional probabili-
ties given by initial option prices (given in equation (9)) condition on only
the last price, not the whole price history. Of course if the process is assumed
to be Markovian in time and the stock price (which is the assumption of
deterministic volatility, and is the standard assumption in trinomial trees)
then probabilities conditional on the price history are identical to probabil-
ities conditional on the current price, and in this case (and only in this case)
can we recover the complete price process from a complete set of initial
option prices. Without the restriction that the price process has determinis-
tic volatility, the probability of a price path is given by equation (11) and this
is not determined by the probabilities in equation (9), so the probability of a
price path is not determined by initial option prices.

This also implies that the variance at time ¢, defined as the expectation of
squared return conditional on all information at time t, is not determined by
Proposition 1. It is only the expectation of squared return conditional upon
the stock price level that is so determined. This means that many different
stochastic volatility processes can satisfy Proposition 1, and thus be consis-
tent with initial option prices.

An interesting question is whether European option prices have implica-
tions for probabilities defined over different conditioning sets. We have shown
in Lemma 1 that initial option prices determine the probabilities of stock
price levels, and in Lemma 2 that they also determine the probabilities of
stock price moves. It is tempting to speculate that initial option prices also
contain information about other properties of the stock price process. But it
is immediately apparent from the converse condition in Proposition 1 that
this cannot be the case. Since all processes that satisfy Proposition 1 price
initial options correctly, the initial option prices place no further restrictions
on the price process.
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II. Volatility Forecasts

Proposition 1 infers a forecast for one-period volatility that is conditional
on the stock price level, but most tests of implied volatility focus on the
realized volatility over some multiperiod interval without conditioning. Our
next proposition shows how such forecasts can be implied from option prices.

ProrositioN 2: The risk-neutral expected sum of squared returns between two
arbitrary dates t, and ity is given from the set of prices of options expiring on
these two dates as

S,n— S, \2 C(ty,K) — C(t,K
Eo[ p (—g—>}=<u—1/u)2 (t )K GB )
tE[t, ty—h] t KeK

A cleaner expression is obtained by taking the limit as both the time interval
h and the jump size u — 1 go to zero. The result, which is derived in the
Appendix, is®

E(,Uttz

1

ds, ? _ © C(ty,K) — C(44,K)
(S_t) ] = 2]0 = dK. (13)

If we are forecasting realized volatility from the current time 0, to a date,
say tq, then the above formula simplifies to

t(dS,\2] . (= Clty,K) — max(S, — K,0)
B [{(12]] o[ CloRme ko

where max (S, — K,0) is the intrinsic value of an option with strike K. These
expressions provide (risk-neutral) forecasts of realized squared volatility from
initial option prices. The method is internally consistent, prices of options at
all strikes are used in a theoretically coherent manner, and nothing is as-
sumed about the process apart from continuity.

We noted previously the inconsistency inherent in the use of Black—
Scholes implied volatilities to forecast volatility. Can the use of Black—
Scholes volatilities ever be justified? When option prices are such that the
Black—Scholes implied volatilities are the same across all strikes (a “flat

6 This expression is derived by Carr and Madan (1998) in the context of pricing and hedging
a variance swap. They derive the expression using two results: first, a contract that pays at
expiration the log of the spot price can be easily delta hedged, so that the hedged payoff is equal
to the realized variance (Neuberger (1994)); and second, a log price payoff can be replicated
from European options (Breeden and Litzenberger (1978)).
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smile”), then it is easily shown? that the risk-neutral expectation of squared
volatility is simply the square of the Black—Scholes implied volatility. Even
in the case of a flat smile however, our analysis suggests that the Black—
Scholes implied volatility is a biased estimator of realized volatility since the
unbiased forecast is for squared volatility, not for volatility itself. Jensen’s
inequality implies that a forecast of volatility itself, obtained as the square
root of the forecast for squared volatility, is positively biased (too high) un-
der the risk-neutral probability distribution:

[ [/ dS\? * C(ty,K) — C(t1,K)
ft <S—¢) }_ \/QL %2 dK, (15)

E,

1

and this inequality holds strictly, unless volatility is actually constant (a
much stronger assumption than a flat smile).

The above forecasts are made under the risk-neutral probability distribu-
tion. In a Black—Scholes world with constant volatility, expectations of squared
returns are the same under the objective and risk-neutral measures. In the
more general setting we consider here, expectations of squared volatility
may differ under the objective and risk-neutral distributions.

Is a risk-neutral forecast relevant in the real world? We believe so. We do
not suggest that risk-neutral and objective probabilities are identical. Nor
do we make the more common and much weaker claim that volatility risk is
unpriced,® in which case the above forecast in equation (13) is unbiased un-
der the objective probability distribution. Rather we argue that understand-
ing any systematic differences between realized squared volatility and the
risk-neutral forecast is central to understanding the pricing of volatility risk.
In a world of stochastic volatility, the price of volatility risk enters directly
into the prices of options.

The volatility forecast is obtained from market prices as the amount that
the market is willing to pay in order to receive the forecast quantity (the
sum of squared returns). Since interest rates are zero, the forecast squared
volatility is a forward squared volatility. Like any forward price, the vola-
tility forecast in Proposition 1 is biased under objective probabilities in the
presence of volatility risk premia. But a large and fruitful body of litera-
ture has developed examining forward prices and risk premia in markets

7 This can be proved by inserting the Black—Scholes option pricing formula into equation
(14) and calculating the integral, but an easier proof is as follows. We know that a deterministic
process exists that fits all these option prices—the Black—Scholes constant volatility process.
But squared volatility for this process is simply the Black—Scholes implied volatility squared
(and scaled by time). Since all processes that are consistent with the prices of options maturing
at t, have the same expected squared volatility, the Black—Scholes value provides the forecast.

8 For example, Wiggins (1987) shows that the risk premium associated with stochastic vol-
atility is zero if the investor has logarithmic utility and the underlying asset is the market
portfolio.
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ranging from commodities to currencies to interest rates. Our results en-
able such analyses to be carried out for volatility and the pricing of vola-
tility risk.

IIL. Pricing Models Consistent with Initial Option Prices

Price processes that are consistent with initial option prices share certain
features, and this enables the development of “model-free” implied volatili-
ties in the previous section. But in general, there are many different price
processes consistent with initial option prices, and these differences result
in different prices for exotic options even though they are consistent with
the same set of initial option prices. This section of the paper is concerned
with the multiplicity of price processes consistent with initial option prices,
and the resultant range of prices for exotic options.

We first develop a framework for the generation of a consistent process
and the pricing of exotic options under this process. Since many different
processes are consistent with initial option prices, our procedure allows the
user to specify essentially any continuous process for the stock price (the
base model). Since the stock price must be martingale, a base model for the
stock price is fully specified by a process for volatility, so we refer sometimes
to the “base model of volatility,” which of course determines the base model
of the stock price. Our calibration procedure then adjusts the process so that
it satisfies the condition in Proposition 1 and thus prices initial options cor-
rectly. The base model is adjusted by a rapid “forward sweep” calibration
procedure that uses the forward induction methodology proposed by Jam-
shidian (1991). Pricing of most exotics is then very rapid using familiar lattice-
based backward valuation procedures.

We illustrate the procedure by taking a variety of base models of volatility
that appear in the literature, adjusting them to fit initial option prices, and
then showing the range of exotic option prices that result. Finally we discuss
the selection and estimation of the base model of volatility.

A. A Lattice for Stochastic Volatility

The approach we use is analogous to that used for interest rate models. Ho
and Lee (1986) show how an arithmetic process for interest rates can be
modified by the addition of a drift term to fit initial bond prices exactly.
Dybvig (1997, p. 278) generalizes this argument and shows how an arbitrary
interest rate process (“base model” in our terminology) can be adjusted by
the addition of a time-dependent term to fit the initial term structure.

In a similar spirit, we show that most commonly used stochastic volatility
processes can be adjusted by the inclusion of a drift term to fit initial option
prices exactly. In the case of interest rate models, the initial term structure
is one-dimensional, and the drift adjustment is a function of time alone. In
our case, the initial option prices form a two-dimensional surface, and the
required drift adjustments are functions of both time and the stock price.
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We start by constructing a discrete framework capable of incorporating a
large variety of base models of volatility. We then show how to adjust the
base model to fit initial option prices exactly.

A.1. The Framework

We suppose there are N volatility states Z = {1,2,...,N}. The volatility
state Z evolves as a time-homogeneous Markov chain with transition prob-
abilities P = {p;,}, where

Pr(Z,., =jlZ; = k,Q,] =Djr- (16)

We denote the probability of a stock price up-move, conditional on a volatil-
ity state, as

hv(Z,) = Pr{S,.) = Ku|S, = K,Z,}. 17

The function v(.) and the transition probabilities p; are chosen to imple-
ment the desired base model of volatility. The probabilities of a down move
and of no change follow from the martingale property of the stock price.
Many forms of stochastic volatility can be modeled in this framework, in-
cluding volatility processes with mean reversion, GARCH processes, and
regime-switching models.?

To make the chosen base model of volatility fit initial option prices exactly,
we adjust the volatility process by a term g (¢,K), so that the probability of
an up move now depends not only on the volatility state but also on time #
and the stock price level K:

Pr{S,., = Ku|S,=K,Z, =z} =q(t,K)v(z)h. (18)

As we have devised a finer partition of the event space, we must ensure that
probabilities defined over the finer partition are also consistent with Prop-
osition 1. Define 7 (K,z;t) to equal Pr{S, = K and Z, = z}, the joint proba-
bility of a particular stock price and volatility state. Proposition 1 is satisfied
if the adjustments g (¢,K) satisfy

N
ME; )7 (K;t) = qt,K) X, v(z)m(K,z;t), (19)
z=1

9 In the following we show how mean-reverting stochastic volatility models and regime-
switching models can be constructed. Duan and Simonato (1998) show how GARCH processes
can be approximated using a finite-state Markov chain.
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forteT, K€K, and z = 1,...,N,° where A(K;t) is defined as

e L C(t + hK) - C(t.K)
) = Ko — 1+ wCGK) + aCOKa)

(20)

A.2. Calibration

The function q(¢,K) is calibrated at each node to satisfy the requirement
in equation (19), via a two-step algorithm that moves forward through the
tree. The output is a set of probabilities 7 (K,z;¢) and adjustments ¢ (¢,K)
which together characterize the probability of all stock price paths.

Suppose we know 7(K,z;t) and g(¢,K) for all price levels K and volatility
states z up to time ¢.

Step 1: Calculate probabilities in the next period 7 (K,z;¢ + h) as

N
7(K,z;¢t +h) = X, p,i(A; + B, + C)), (21)
Jj=1

for all K = Syu’,|i| = t/h, and z = 1,...,N, where
A; = hq(t,K/u)v(j)m(K/u,js;t),
B; = uhq(t,Ku)v(j)7(Ku,j;t),
Ci=(1-(u+Dhq(t,Ku)v(j)m(K,j;t).

Step 2: Calculate adjustments in the next period, (¢t + A,K), by

MKt +h)yn(K;t +h)
N

> v(z)w(K,z;t + h)

z=1

q(t +h,K) = , for K =Syul|i| =t/h. (22)

The algorithm then repeats. The algorithm is initiated by choosing an initial
state z,, setting 7(S,2,;0) = 1, and setting ¢(0,S,) = A(Sy;0)/v(zy).

19 To see this, note that AA(K;t) = Pr[S,,, = Ku|S, = K]. Then express this probability in
terms of the probability conditional on Z as well:

N
Pr[S,,, = Ku|S, = K] = E [Pr[S,,, =KulS, = K,Z, = 2] X Pr[Z, = 2|S, = K]]

z=1

The probability Pr[Z, = z|S, = K] is simply 7 (K, z;t)/7 (K;t) and making this substitution gives
the result in equation (19).
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The first step of the algorithm follows from the forward or Fokker-Planck
equation, which expresses the probability of a time-price-state event as the
sum of the products of antecedent events and one-step transition probabili-
ties. The second step follows from equation (19).

It is straightforward to show that this algorithm generates an adjusted
stock price process which is a martingale and under which all options have
expected payoffs equal to their initial prices.

The discrete lattice, within which the price process is embedded, enables
European derivatives to be priced rapidly and efficiently via the backward
valuation formula. Denote the value at a particular time, price, and volatil-
ity state as V(K,z;¢) with the terminal payoff denoted as V(K,z;T). The
backward valuation formula works iteratively, calculating value at the pre-
ceding time as

N
V(K,z;t — h) = X p(D; + E; + F)), (23)
Jj=1

where

D; = hq(t — h,K)v(2) V(Ku,j;t),

uhq(t — h,K)v(2)V(K/u,j;t),

o)
Il

(1 - (u+Dhq(t - h,K)v(2)V(K,j;t).
American and barrier options can be valued similarly.

B. Examples

The fact that the prices of European options do not determine a unique
price process implies that the prices of exotic options are not determined by
the prices of European options. From a practical perspective, the interesting
question is the latitude or range of possible exotic prices consistent with
European option prices and a plausible stock price process.

In the following section we take a set of European option prices as given,
and look at the price of an exotic option under a variety of base models of
stochastic volatility as well as under deterministic volatility. The base mod-
els we consider are ones commonly used in the options literature: a mean-
reverting volatility process, a regime-switching model of volatility, and a
model in which shocks to volatility are correlated with shocks to the stock
price. Although all processes are adjusted so as to price exactly all European
options, the price of the exotic option varies significantly depending on the
selected volatility process.

The set of given European option prices is such that all options trade on
an implied Black—Scholes volatility of 40 percent. The exotic we price is a
down-and-in call—specifically, a three-month, at-the-money call option that
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only comes into existence if a barrier is reached prior to expiration. The
initial stock price and the strike are both 100. Valuations are computed for
barriers ranging from 85 to 100.

B.1. Mean-Reverting Volatility

The diffusion models of stochastic volatility proposed by Hull and White
(1987), Wiggins (1987), Scott (1987), Stein and Stein (1991), and Heston
(1993) have the feature that a function of instantaneous volatility (typically
log volatility, volatility squared, or volatility itself) follows a mean-reverting
diffusion process. For example, Wiggins assumes a diffusion process for the
stock price and the stock price volatility of the form

dS/S = pdt + od Wy,

(24)
dlno = — k(lno — a)dt + ydW,.

For simplicity, we assume that innovations to the stock price are indepen-
dent of innovations to the volatility process. In the following we present the
discrete version of this model within the finite-space Markov framework
developed in the paper. We show later how dependence between price and
volatility innovations can be modeled in our framework.

Taking N as an odd integer N = 2J + 1, consider the discrete process

v(z,) = exp(a + 8z,), (25)

where z, can take the values z, = —J,...,0,1,...J, and follows a Markov
process with transition probabilities of moving from state z, = j to state
z,p =k as

ikh(K—j) ifk=j+1
1 - «khK ifk=j
Prj=1Y, o . (26)
skh(K+j) ifk=j-1
0 otherwise.

If we set 6 = y/VkK, then it follows that

1. The process is a recombining trinomial tree.
2. The process is mean-reverting:

Ellnv,.; —Inv,|Q,] = —«k(Inv, — a)h. 27
3. The process has a constant second moment:
E[(Inv,;; — In Uz)2|Qz] = '}’Zh~ (28)

This process represents the mean-reverting stochastic volatility behavior
we wish to model.
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Table I

Mean-Reverting Volatility Process

The exotic option being priced is a three-month, at-the-money, down-and-in call option that
becomes alive if a barrier is reached prior to expiration. The initial stock price and the strike
price are $100. All European options have initial prices consistent with a Black—Scholes implied
volatility of 40 percent per annum. Valuations are shown for two processes, both of which are
consistent with the initial prices of all European options. The first process has deterministic
volatility (of 40 percent p.a.). The second process exhibits stochastic volatility in which the log
of volatility is linearly mean-reverting. The transition matrix for the volatility state results in
a mean-reversion of four (implying a half-life of volatility shocks of 63 days) and a volatility of
log volatility of 200 percent per annum. Valuations are shown for barriers ranging from $85 to
$100. Prices are calculated using backward valuation on a lattice with 200 steps and a grid
spacing of five percent.

Exotic Price ($)

Barrier
Transition Matrix €] Deterministic Stochastic
0.9867 0.0033 0 0 0
0.0133 0.9867 0.0067 0 0 85 0.427 0.553
0 0.0100 0.9867 0.0100 0 90 1.108 1.251
0 0 0.0067 0.9867 0.0133 95 2.525 2.638
0 0 0 0.0033 0.9867 100 9.146 9.146

Table I shows parameters for a five-state version of this Markov process.
Mean reversion is four, implying a half-life for volatility shocks of 63 days.
Volatility of log volatility is 200 percent. Values for a down-and-in call with
barriers ranging from 85 to 100 are computed using the base model of sto-
chastic volatility, adjusted to fit initial option prices. For comparison, we
also show values for a deterministic volatility process. By construction, the
two models price European options identically, but with low barriers the
presence of stochastic volatility results in significantly higher values for
the exotic option. With a barrier of 85, the value is approximately 30 percent
higher with stochastic volatility. As the barrier is raised, the percentage
increase in value declines. With a barrier of 100 the difference in value dis-
appears; the barrier is breached immediately and the barrier option becomes
a standard European call option.

B.2. A Two-State Regime-Switching Model of Volatility

Regime-switching models have had considerable success in capturing the
time series behavior of many financial variables.!! Several recent papers
explore the effects of regime-switching on option valuation. Bollen, Gray,

11 Ball and Torous (1995), Cai (1994), Gray (1996), Hamilton (1988), and Hamilton and Sus-
mel (1994) use Markov regime-switching models to describe the behavior of short-term interest
rates. Bekaert and Hodrick (1993), Engel and Hakkio (1994), and Engel and Hamilton (1990)
use regime-switching models to describe foreign exchange rates.
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Table IT
Regime-Switching Volatility Process

The exotic option being priced is a three-month, at-the-money, down-and-in call option that
becomes alive if a barrier is reached prior to expiration. The initial stock price and the strike
price are $100. All European options have initial prices consistent with a Black—Scholes implied
volatility of 40 percent per annum. Valuations are shown for two processes, both of which are
consistent with the initial prices of all European options. The first process has deterministic
volatility (of 40 percent p.a.). In the stochastic process, volatility follows a two-state regime-
switching process. Volatility in the high state is two times higher than volatility in the low
state. The probabilities of moving from one state to the other are shown in the transition
matrix. Valuations are shown for barriers ranging from $85 to $100. Prices are calculated using
backward valuation on a lattice with 200 steps and a grid spacing of five percent.

Exotic Price ($)

Barrier
Transition Matrix $) Deterministic Stochastic
0.9954 0.0184
0.0046 0.9816 85 0.427 0.512
90 1.108 1.204
95 2.525 2.602
100 9.146 9.146

and Whaley (2000) provide evidence from currency option prices for regime-
switching in exchange rates. Duan, Popova, and Ritchken (1998) present
numerical methods for option valuation under regime-switching, and find
that the out-of-sample performance of such models applied to S&P 500 index
options is superior to that of the simpler Black-Scholes model.

We follow most of the existing regime-switching literature by implement-
ing a model with just two regimes. Model parameters for the regime-
switching model (shown in Table II) are chosen arbitrarily, but we hope
sensibly. Volatility in the high state is twice that of the low state. The un-
conditional probability of the low state is 80 percent, implying that the pro-
cess spends 80 percent of its time in the low state, with occasional bouts of
high volatility accounting for the remaining 20 percent. Once in the low
state, the median period of time before moving to the high state is three
months. We start the process in the low state.

This parameterization is conservative in terms of the difference in vola-
tility between the two regimes; Duan et al. (1998) estimate a volatility ratio
between high and low states of approximately four for the S&P 500 index.

As previously, we compute values of the barrier option under the base
model of regime-switching adjusted to fit initial option prices. Then we com-
pare the results to the deterministic volatility process, which also fits initial
option prices. Results are shown in Table II. With a barrier of 85, the price
of the barrier option is $0.512 under the regime-switching process for vola-
tility, and only $0.427 under the deterministic volatility model. The presence
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Table II1

Regime-Switching Volatility Process with Return Dependence
The exotic option being priced is a three-month, at-the-money, down-and-in call option that
becomes alive if a barrier is reached prior to expiration. The initial stock price and the strike
price are $100. All European options have initial prices consistent with a Black—Scholes implied
volatility of 40 percent per annum. Valuations are shown for two processes, both of which are
consistent with the initial prices of all European options. The first process has deterministic
volatility (of 40 percent p.a.). In the stochastic process, volatility follows a two-state regime-
switching process. Volatility in the high state is two times higher than volatility in the low
state. The process exhibits return dependence, meaning that the probabilities of moving from
one state to the other (contained in the transition matrices) are dependent on whether the
previous price move was an up move (UP transition matrix), a down move (DOWN transition
matrix), or no change (MIDDLE transition matrix). Valuations are shown for barriers ranging
from $85 to $100. Prices are calculated using backward valuation on a lattice with 200 steps
and a grid spacing of five percent.

Exotic Price ($)

Barrier
Transition Matrices %) Deterministic Stochastic

18] 5 0.9954 0.0184 85 0.427 0.521

0.0046 0.9816 90 1.108 1.217
MIDDLE 0.9938 0.0149 95 2.525 2.610

0.0061 0.9850 100 9.146 9.146
DOWN 0.9923 0.0115

0.0077 0.9885

of low and high volatility regimes increases the value of the barrier option
by approximately 20 percent, even though European option prices are the
same in both cases.

B.3. Volatility-Price Correlation

The assumption that volatility changes and price changes are independent
is restrictive. Increasingly, researchers are using models such as asymmetric
GARCH which allow nonzero correlation between price and volatility. We
show how the regime-switching model can be altered to reflect this.

The alteration consists of using three matrices rather than one for deter-
mining the probabilities of changes in the volatility state. A different matrix
is used, depending on whether the stock price moves up, moves down, or
remains unchanged. By specifying each of the three transition matrices to
have different properties we can build in dependence between price shocks
and volatility shocks. For example, Table III shows the parameters for a
model where volatility is more likely to increase following a downward move
in the stock price. The up-move transition matrix is the same as in the
previous regime model. The down-move transition matrix gives higher prob-
abilities of being in the high volatility state. The down-move transition ma-
trix implies a long-run probability of 60 percent for the low volatility state
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(the up-move matrix implies a long-run probability of 80 percent). The tran-
sition matrix following no change in price is the arithmetic average of the
up- and down-move transition matrices. Again, the prices of the barrier op-
tion (shown in Table IIT) under this stochastic volatility process differ from
the prices implied by a deterministic volatility specification.

C. Selection of the Base Model of Volatility

Since any arbitrary base model of volatility can be adjusted to fit initial
option prices, the question naturally arises of how to select an appropriate
base model of volatility. The question is analogous to the issue of selecting
an interest rate model that fits initial discount bond prices, and the methods
that have been developed in the interest rate literature are also applicable
here.

One approach uses time series information to estimate the parameters of
a base model of volatility. For example, a regime-switching model for vola-
tility or a GARCH model could be estimated using a set of time-series ob-
servations on the underlying asset. Standard specification tests can then be
used to select the appropriate model. This model would then be used as the
base model, and the procedures outlined above would be used to adjust it to
fit exactly the set of initial option prices. Such a procedure does not incor-
porate the information contained in option prices for the estimation of the
base model, but it does incorporate this information for pricing purposes via
the adjustment terms.

An alternative approach uses the “cross-sectional” information contained
in option prices, and is analogous to fitting an interest rate model to the
cross section of discount bond prices (see Brown and Dybvig (1986) and Brown
and Schaefer (1995)). A variety of base models can be fitted to option data.
A natural way of comparing these base models is to examine the extent of
adjustments required in order to fit initial option prices. Our methodology
produces a direct measure of this—the adjustment terms ¢ (¢,K). Since the
adjustments are multiplicative, a sensible aggregate criterion might be the
sum of squared log adjustments 3,cy xex Inq(¢,K)% This criterion can be
used to construct maximum likelihood parameter estimates for the base model
under the assumption that log adjustments are mean zero i.i.d. normal.

A more ambitious procedure would combine cross-sectional information on
option prices with time-series data on the stock price (and perhaps time-
series observations on option prices as well). The analogue to this procedure
is Pearson and Sun’s (1994) maximum likelihood procedure, in which the
parameters governing the interest rate process are estimated using infor-
mation contained in both the cross section and time-series of bond prices.
Briefly, the approach in our case would attempt to find parameters for the
base model of volatility which are in accordance with both the time-series
features of the stock price process and the observed option prices. The fact
that volatility is not directly observed can be handled using a latent state
variable approach, as in Chen and Scott (1993).
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Finally, as we have seen in the examples, the prices of some exotic options
are quite sensitive to the presence of stochastic volatility. It is natural there-
fore to use price quotes for exotic options, if they are available, to help in the
selection and parameterization of a base model of volatility.

IV. Conclusion

This paper makes three contributions. First, we provide a simple condition
characterizing the set of all continuous price processes that are consistent
with a given set of option prices. This condition extends the analyses of
Rubinstein (1994), Dupire (1994), and Derman and Kani (1994) on implied
price processes from a deterministic volatility setting to one where volatility
is nondeterministic.

Second, we show how risk-neutral forecasts of squared volatility can be
implied from the prices of European options without using a specific option
pricing model. Many studies have attempted to imply volatilities from op-
tion prices, and have used essentially ad hoc procedures. For example, Can-
ina and Figlewski (1993) use Black—Scholes implied volatilities from at-the-
money S&P 100 index options which they compare with future return volatility.
Since there is a pronounced “smile” in the implied volatilities of S&P 100
index options, the forecasts obtained from our model-free procedure are likely
to differ from Canina and Figlewski’s.

Finally, we present a simple procedure for implementing stochastic vola-
tility models that fit initial option prices. We have shown how a variety of
stochastic volatility models can be implemented in our framework. The cal-
ibration procedure is rapid, involving a single forward sweep algorithm. Pric-
ing is even more rapid, using backward valuation on a lattice. Our examples
show that the introduction of stochastic volatility, holding constant Euro-
pean option prices, can result in a significant effect on the prices of certain
exotic derivatives.

Appendix

Proof of Lemma 1: Construct an Arrow—Debreu (A-D) security paying one
dollar at (¢,K) and zero elsewhere by forming a butterfly spread consisting
of 1/K(u — 1) calls with strike Ku, a short position of (1 + u)/K(u — 1) calls
with strike K, and u/K(u — 1) calls with strike K/u, all with maturity ¢. The
cost of the portfolio is 7 (¢,K). Since the A-D security is a portfolio of calls,
and since the price of a call is its expected payoff, the price of the A-D se-
curity must also equal its expected payoff. Hence,

7(K;t) = E[1s,_x] = Pr{S, = K}. (A1)

Q.E.D.
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Proof of Lemma 2 and Proposition 1: We first show that the condition is
necessary. Consider the following strategy: Buy a call with strike K and
maturity ¢ + h, and sell a call with the same strike and maturity ¢. At ¢, if
S, > K, short the stock and invest the proceeds in the riskless asset. At
t + h, liquidate the portfolio. The strategy has cost C(¢ + h,K) — C(¢,K), and
a payoff at ¢t + h of

Sy —K ifS, ., >K=S,
K-S8,,, ifS,,<K<S, (A2)
0 otherwise.
Since we are only considering continuous processes (processes in which
the price moves by at most one level per period), the payoff is zero unless

S, = K and S,,;, = Ku. In this case the payoff is Ku — K. Hence for the
process to support this strategy we require that

C(t+hK)-C(tK)=Pr{S,=KandS,,, = Ku} X (Ku — K). (A3)

Using the law of conditional probability and Lemma 1, we can express the
right-hand side of equation (A3) as

7 (K;t) X Pr{S,., = Ku|S, = K} X (Ku — K). (A4)
This then gives

C(t+hK)-C(K)

P =K =K} = . A5
TS = KulS =K} = C ik — A+ wCLK) + wC Ky B
Define A(K;t) as
1 C(t+hK)—C(tK)
MK t) = — .
h C(t,Ku) — (1 +u)C(t,K) +uC(t,K/u)
We then can write the conditional probability of an up move as
Pr{S,,, = Ku|S, = K} = hA(K;t). (A6)

Using the martingale and continuity properties gives the conditional prob-
ability of a down move as uhA(K;t) and the conditional probability of no
price change as 1 — (1 + u)hA(K;t), which proves Lemma 2. The conditional
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expectation of squared return as used in Proposition 1 is then easily calcu-
lated, giving the required condition:

St+h B St 2
E|l ==

To prove that any process which satisfies the condition in Proposition 1 will
correctly price all European options by their expected payoffs, we use an
inductive argument. Consider any process that satisfies the requirement,
and denote the price of a call option under this process by C*(¢,K). Clearly,
C*(t,K) = C(t,K) for t = 0. Suppose that call prices under the process are
correct for ¢. Then

S, = K] = hA(K;t)(w — 1)(u — 1/u). (AT)

C*(t+h,K)=C"(t,K)+Pr{S,,,=Kul|S, =K} XPr{S, =K} X (Ku — K). (A8)
Substituting for A and 7 we get

C*(t +h,K) = C*(t,K) + hA(K;t)m(K;¢t)(Ku — K)
(A9)
= C(t + h,K).

Hence by induction all call option prices under the process equal market
option prices. Q.E.D.

Proof of Proposition 2: We start from the conditional expression in equa-
tion (A7):

1/S;n— 5\
j o ey e asi—
S

“Integrating out” the stock price level gives

S, = K} =AMK;t)(u — D(u — 1/u). (A10)

1 St+h B St 2
E[_<____> ]: S a@OMED - D~ 1.  (AlD)
h S, KEK

By using the definitions of = and A this can be expressed as

p [( Sern Stﬂ e s CEERE-CER)

S, KeK K
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Summing this expression across time then gives

E[ 2 <St+h_St)2:|
tElt,, t,—h] St

—(u- l/u)[ 5 C(t, + h,K)—C(t,K)

KecK K
(A13)
C(ty + 2h,K) — C(¢; + h,K)
+ 2
KeK K
C(ty,K) = C(¢, — h,K)

+...+E

KeK K

which can be simplified to

E 2 St+h_St 2 =(u—1/u) 2 C(tz,K)—C(tl,K)’ (A14)
telty, ty—h) S, KeK K

which is the required expression. Q.E.D.

A. Derivation of Lemma 1 and Propositions 1 and 2 in a Diffusion Setting

For completeness, we provide an informal derivation of the paper’s main
results in a diffusion setting. Some of these proofs appear in the appendix of
Derman and Kani (1998). Bernard Dumas derives the diffusion version of
Proposition 1 in an unpublished note. We now assume a complete set of
options with a continuum of strikes K = 0 and a continuum of maturities
t = 0 and prices C(t,K). We consider a diffusion process for the price S of the
underlying. Under the risk-neutral measure, S must be a positive martin-
gale and hence can be expressed as

ds
— =o(t,)dz, (A15)
S

where instantaneous volatility o (¢,-) may depend on S, the history of S, and
other unspecified state variables. For the diffusion process to support these
call prices, we require that

Ct,K)=EI[(S,—K)"], t,K=0. (A16)

Denoting the risk-neutral density of the stock price at ¢ as ¢,(S,), we can
write this condition as

C(t,K) = fK Y8~ K)h(S)dS,,  tK=0. (A17)
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Differentiating with respect to K yields

aC(t,K) o
2 - [Tgisoas, K=o, (A18)
oK K

and differentiating again with respect to K gives

92C(t,K)
TORE ¢, (K), (A19)
which is the well-known Breeden and Litzenberger (1978) result correspond-
ing to the discrete version in Lemma 1.

The derivation of Propositions 1 and 2 in a diffusion setting requires some
preliminary results. First, recall that the Dirac delta function §(x) is defined
by its properties:

0, x+0
S5(x) = { (A20)
w x=0
and
f S(x)dx =1, fora > 0. (A21)

Next we need the Ito expansion of the option payoff function (S, — K)™.
Since this function is nondifferentiable at the strike K, the result is non-
standard and given by the generalized Ito formula (see Chung and Williams
(1990), chapters 7 and 9):

d(S, — K)* = 1g,-xdS, + 38(S, — K)(dS,)~ (A22)

The first derivative of (S, — K)" is the indicator function 1g-x and the
second derivative is defined to be the Dirac delta function 6(S, — K). The
second derivative is quite intuitive: It is zero at all points other than at the
strike K, where it is infinite, and it must integrate to one over a range
including the strike, since the first derivative increases from zero to one
over this range. Of course these conditions are precisely the properties of the
Dirac delta function.
Now consider the derivative of the call price with respect to maturity:

dC(t,K) E[(S,+dS,—K)" — (S, - K)"]
ot ot :

(A23)
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The numerator is given by the Ito expansion in equation (A22) yielding

IC(t,K)  E[lg-dS, + 35(S, — K)(dS,)*]

A24
ot ot (A24)
Since S is martingale, this simplifies to
aCHK) 1 o w2
Fya §E[5(St~K)cr(t,-) S71. (A25)

Writing the (unknown) joint distribution of S, and o(¢,-) as the product
b, (S;)p(o(t,-)|S,) of the marginal distribution of S, and the distribution of
o(t,-) conditional on S,, this can be written as

ICHLE) 1 ([ bes
T T s - Kiott,)7520,(8) 60,115, dS, do e, ). - (426)

Using the property of the Dirac delta function that ["2&(x — xq)f(x)dx =
f(x,), we can evaluate the inner integral to give

M—le Kfoo t,-)? t,)|S, = K)do(t A27
YR ¢t()00(,-)¢(0(,-)lt— )do(t,-). (A27)

The integral is the expectation of squared volatility conditional on the stock
price at t equaling K:

aC(t,K 1
OB L KBl (21, = KL (A28)

So we have an expression for this expectation given by

Elo (%18, = K] = —ome S ) (A29)
I N
Using equation (A19) to substitute for ¢,(K) we then obtain
aC(t,K
s
Elo(t,)?|S, =K]= ——5—, A30
Lo (t,-)*]S, 1 o P CEK) (A30)

K ?
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which is the continuous-time version of the result in Proposition 1. In order
to obtain an unconditional expectation of instantaneous squared volatility
we integrate across strikes:

Elrt,)?1= [ Elo)?1S, = K1,(K)dK

(A31)
* 9C(t,K)
o K?ot

Finally, to obtain an expression for expected squared volatility across some
finite time period (¢,,¢,) we integrate with respect to time,

EUtza(t,.)Zdt] - 2foo ) ) dkK, (A32)
P 0

KZ

1

to obtain the continuous version of Proposition 2.

B. Derivation of Limit Expressions

In the following, we show that the discrete expressions converge to the
continuous expressions given in the paper. We define the risk-neutral pric-
ing density as the limit of the discrete probability scaled by the price step
Ku — K, as the price step approaches zero:

K) = lim 050 A33
¢(K) = lim 20— (A33)
Now,
I w(K;t) _ i C(t,Ku)— 1+uC(,K)+uC(t,K/u)
E K@ -1 K2(u - 1)°
(A34)
_9*C(K)
- 9K?

Consider the expression for expected squared returns over a time period #;
to t5:

g s (SmSV il s SR -CGE)
te[ty, ty—h] S, KEK K
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We define in the standard way the limit of the expression on the left as the
time interval A approaches zero:

. Spin — 8, 2 ftz ds, 2
lim £ —_— =K — . A36
hl—’o [te[tl,ztfh]( S, n \ S ( )

Now consider the expression on the right:

C(tZ’K) - C(tlaK) C(tz,K) - C(tI’K)

(u — 1/u) KgK X =(1+1/u) KgK e K(u—1).
(A37)
Since lim, ,;(1 + 1/u) = 2, and
C(ty,K) — C(t,K C(ty,K) — C(t,K
i 3 QT I gy [ O - CK)
u-1 Kok K K=0 K
we have that
C(ty,K) — C(t1,K ® C(ty,K) — C(t1,K
lim (u — 1/u) 3 (t2, %) — Clty )=zf (t3, K) - B ik (ase)
u—1 KeK K 0 K

Thus we arrive at the following expression from taking the limit as 2 ap-
proaches zero and u approaches one:

2(dS, \? f"’C(tz,K)—C(tl,K)
— =2 . A4
EU<S” Rl S g (a0
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