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On the Cross-Sectional Relation between
Expected Returns, Betas, and Size

ROBERT R. GRAUER*

ABSTRACT

In this paper, I set up scenarios where the mean-variance capital asset pricing
model is true and where it is false. Then I investigate whether the coefficients
from regressions of population expected excess returns on population betas, and
expected excess returns on betas and size, allow us to distinguish between the
scenarios. I show that the coefficients from either ordinary least squares or gen-
eralized least squares regressions do not allow us to tell whether the model is true
or false.

EAcH OF THE FOLLOWING FIVE statements has implications for how we might
judge whether the Sharpe (1964)-Lintner (1965) mean-variance capital as-
set pricing model (MV CAPM) is true or false. First, the market portfolio is
MYV efficient. Second, there is at least one positively weighted efficient port-
folio. Third, in the riskless asset version of the model, the market portfolio
is the tangency portfolio—it is the point of tangency between a ray emanat-
ing from the riskless interest rate and the minimum-variance frontier of
risky assets. Fourth, there is a linear relation between the expected returns
and market betas of securities, that is, securities plot on the security market
line (SML). Fifth, market betas are the only measures of risk needed to
explain the cross section of expected returns. If the riskless asset version of
the model holds exactly, the fourth and fifth statements have two implica-
tions. Either an ordinary least squares (OLS) or a generalized least squares
(GLS) regression of population expected excess rates of return on population
market portfolio betas will have a zero intercept and a slope equal to the
expected excess return on the market.! Furthermore, either an OLS or a
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interest rate.
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GLS regression of expected excess returns on market portfolio betas and
size will have the same intercept and slope for the beta variable as the
previous regression and a zero slope for the size variable.

In this paper, I set up scenarios where the CAPM is true and where it is
false. When the CAPM is true, all five statements hold exactly. When the
CAPM is false, all the statements are almost true—in some scenarios. In
other scenarios, some of the statements are almost true—others are grossly
violated. I then investigate whether the coefficients from regressions of pop-
ulation expected excess returns on population betas, and expected excess
returns on betas and size, allow us to distinguish between the scenarios. I
show that the OLS and GLS regression coefficients do not allow us to dis-
tinguish between the true and false scenarios.

In the early 1970s, Black, Jensen, and Scholes (1972), Blume and Friend
(1973), and Fama and MacBeth (1973) produced the first extensive tests of
the model. They focus on the cross-sectional expected return-beta trade-off
and the special prediction of the Sharpe—Lintner version of the model that
the returns on “zero-beta” or “orthogonal” portfolios (portfolios whose re-
turns are uncorrelated with the returns on the market portfolio) have ex-
pected returns equal to the riskless rate of interest. Their findings are well
known. The average return-beta plot is almost linear, but the estimated slope
of the SML is too flat and the intercept too high. The evidence is interpreted
as providing grounds for rejection of the Sharpe—Lintner model and as being
consistent with Black’s (1972) zero-beta version.

However, two types of difficulties with the tests have been identified. First,
there are serious doubts regarding the validity of the tests that focus on
either financial or logical rather than statistical or empirical considerations.
Roll’s (1977) critique is the best known. He argues that the theory is equiv-
alent to the assertion that the market portfolio is MV efficient. Insofar as
proxies—that include only a subset of assets—are used for the market port-
folio, the CAPM is not being tested. Second, there are several empirical con-
tradictions of the model that have been highlighted in a recent article by
Fama and French (1992). They report that size and book-to-market equity
combine to capture the cross-sectional variation in average stock returns
associated with market beta, size, leverage, book-to-market equity, and
earnings-to-price ratios. Arguably the size effect, first documented by Banz
(1981) and Reinganum (1981), is the most important, and, therefore, I focus
on it exclusively. Fama and French run OLS regressions of: (1) means on
betas, calculated relative to a number of proxies for the market portfolio, (2)
means on betas and size, and (3) means on size. In the regression of means
on betas, the slope is small, positive, and statistically insignificant. In the
regression of means on betas and size, the beta coefficient is negative and
statistically insignificant, and the size coefficient is negative and statisti-
cally significant. In the regression of means on size, the slope is negative
and statistically significant. Together these results are taken to be strong
evidence against the CAPM.
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Papers closely related to this study (Roll and Ross (1994) and Kandel and
Stambaugh (1995)), highlight the danger of focusing exclusively on mean-
beta space.2 Roll and Ross derive the set of all possible portfolios that pro-
duce a given value for the cross-sectional slope in an OLS regression of
population expected returns on population betas. More specifically, they show
a market proxy can be nearly MV efficient in mean-variance space and pro-
duce a zero slope in an OLS regression of means on that portfolio’s betas.
Kandel and Stambaugh, also working with population parameters, demon-
strate that a market proxy can be almost MV efficient and produce no re-
lationship between means and betas using OLS. Conversely, when the set of
securities is repackaged into an alternative set that generates the same port-
folio opportunities, there can be a near perfect OLS fit between means and
betas calculated relative to a proxy that is grossly inefficient in mean-
variance space. See, for example, Figure 1 in Kandel and Stambaugh (1995).
More importantly, they show that, in a GLS regression of mean returns on
betas, the slope and R? are determined uniquely by the mean-variance lo-
cation of the market index relative to the minimum-variance boundary. In
contrast to OLS, GLS gives a zero slope only if the mean return on the
market index equals that of the global minimum-variance portfolio. This
latter result was derived earlier by Roll (1985)—see his Figure 1. Finally,
Kandel and Stambaugh report that their results may be extended to a multi-
factor model. Once again, repackaging the assets can produce essentially
any desired OLS coefficients and RZ

This paper is similar in spirit to the papers by Roll (1977), Roll and Ross (1994),
and Kandel and Stambaugh (1995). However, it differs from the later two in
three significant ways. First, the MV CAPM predicts that prices will adjust
until the market portfolio is MV efficient. Or, to put it another way, a precon-
dition for the CAPM to hold is that there is at least one positively weighted
efficient portfolio. Somewhat surprisingly, neither Roll and Ross nor Kandel
and Stambaugh verify whether the minimum-variance frontier contains a pos-
itively weighted portfolio. Thus, we cannot be sure whether their results hold
if the CAPM is true, that is, if the positively weighted market portfolio is MV
efficient. Second, any reasonable proxy portfolio should contain positive weights.
Roll and Ross, for example, note that readers of an earlier version of their pa-
per speculated that the central results may be driven by short positions in the
market proxies. (See Roll and Ross (1994), Sec. I1.B, Plausibility and Short Po-
sitions, pp. 111-113.) Roll and Ross are able to construct one example where a
proxy portfolio contains positive weights, but the proxies in Stambaugh and
Kandel’s (1995) Figure 1 do not contain positive weights.3

2 The first version of this paper was completed before I was aware of these papers.

3 It is clear that the proxy portfolios p and ¢ in Kandel and Stambaugh’s (1995) Figure 1 are
not positively weighted. First, p and g have higher expected returns than the 10 size portfolios.
Second, all the betas with respect to both p and ¢ are less than one. The only way this can
happen is if p and g have (some) negative weights.
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By way of contrast, I (like Roll) examine two scenarios: one where the
CAPM is true, the other where it is false. In the first scenario, the Sharpe—
Lintner model holds exactly. In mean-standard deviation space, the posi-
tively weighted market portfolio is the MV efficient tangency portfolio. In
mean-beta space, securities plot on the SML. In the second scenario, the
CAPM is false. In mean-standard deviation space, the position of the now
inefficient market portfolio and the tangency portfolio differ—sometimes
dramatically—and no positively weighted portfolios plot on the minimum-
variance frontier of risky assets. In mean-beta space, securities do not plot
on the SML. Second, my examples are consistent with a size effect; that is,
low (high) mean assets have high (low) weights in the market portfolio. Third,
with one exception, I only employ the apparently innocuous equal-weighted
portfolio as a positively weighted proxy for the market portfolio—a proxy
commonly employed in empirical work* (see, for example, Black et al. (1972),
Fama and MacBeth (1973), or Fama and French (1992)).

In these scenarios, I show two main results. First, when the CAPM is true,
coefficients of OLS and GLS regressions employing proxy portfolios—that
are almost efficient—can incorrectly indicate that the model is false. Second,
and perhaps more important, when the CAPM is false, coefficients of OLS,
GLS, or both OLS and GLS regressions employing the market portfolio can
incorrectly indicate that the model is true.

The paper proceeds as follows. Section I presents the details of the exper-
imental design. Section II records and interprets the results. Section III
summarizes the paper.

I. The Experimental Design
A. Examples where the CAPM is True

The data set employed in the examples consists of 10 size portfolios com-
piled from all New York Stock Exchange and American Stock Exchange stocks
contained in the Center for Research in Security Prices database. Returns
from the 1926 to 1989 period are employed. The covariance matrix is calcu-
lated from the historical return data. It serves as the population covariance
matrix for the examples. Then, following Best and Grauer (1985), a set of
(3,x,,)-compatible means—or equivalently SML means—is calculated from

Br = 01L+02Bm’ (1)

4 An equal-weighted portfolio is apparently innocuous in two senses. First, equal-weighted
portfolios have positive weights and have been employed extensively in empirical work. Second,
the weights in an equal-weighted portfolio are not chosen to produce a specific result, for ex-
ample, a zero slope in an OLS regression of means on betas. On the other hand, it has never
been entirely clear why anyone would choose an equal-weighted portfolio as a proxy for the
value-weighted market portfolio.
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where u, ¢, and x,,, are n-vectors containing the expected rates of return on
the n-assets, ones, and the weights in the market portfolio, respectively; 3, is
an n X n positive-definite covariance matrix of asset returns; 6, and 6, are
(positive) scalar constants; and B,,, = (2X,,)/(X,, 2X,,,) is an n-vector of mar-
ket portfolio betas; for example, the jth element of B,, is the covariance of
the return on security j with the return on the market portfolio divided by
the variance of the return on the market portfolio.

The parameters 6, and 6, are chosen so that the Sharpe—Lintner version of
the CAPM holds exactly. 6, is chosen so that the zero-beta rate is equal to
the risk-free rate of 0.5 percent per month (6 percent per annum), and 6, is
chosen so that the expected excess return on the MV efficient market port-
folio is 0.75 percent per month. This latter value corresponds to the excess
return of the Standard & Poor’s 500 Index over Treasury bills during the
last half century. Thus, the population expected returns in percentage per
month are

=050+ 0.758,, (2)

when the hypothesis “the market portfolio is MV efficient” is true.

The CAPM makes no predictions about the magnitude of the weights in
the market portfolio, but in order to examine the size effect I assign the
market portfolio weights to be consistent with the empirical observation that
large (small) firms have low (high) expected returns. I take the average
capitalization weights of the decile portfolios over the 1926 to 1992 period to
be the weights in the market portfolio. The weights range from 62.29 per-
cent (86.24 percent) in the largest (largest three) capitalization decile(s) to
0.23 percent (1.64 percent) in the smallest (smallest three) capitalization
decile(s).?

Having set up a world where the Sharpe-Lintner version of the CAPM
holds exactly, I then run the following OLS and GLS regressions

Mj— T = bo + b]_ betaj + €j (3)
Mj— T = bO + bl betaj + b2 sizej + €j (4)
Mj— T = bo + bl SiZej + €; (5)

5 Given a covariance matrix, it is easy to make any portfolio MV efficient. However, in
general, the SML means from equation (1) will not be consistent with the scenario of the low-
mean asset having the largest weight in the market portfolio. Nonetheless, in the 10 size port-
folios universe, the average capitalization weights and the means from equation (1) are exactly
consistent with the low-mean, high-weight scenario.
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where the size variable is defined to be the market portfolio weights®é and
both market portfolio betas and proxy portfolio betas are employed. (The
betas are calculated directly from the covariance matrix and the portfolio
weights; that is, B, = (3x)/(x'3x), where the portfolio x may be either the
market portfolio or a proxy portfolio.) With market portfolio betas in equa-
tion (3), by = 0, and b; = u,, — r. In addition, size will have no effect what-
soever. That is, in equation (4) b, = 0, b; = u,, — 1, and by, = 0. With proxy
portfolio betas, it appears to be an open question what the slope and
intercept—as well as the interpretation of them—should be. On the one hand,
Roll (1977) argues that we can conclude nothing about the CAPM, unless we
observe the true market portfolio. On the other hand, Fama (1991) and Fama
and French (1992), among others—citing Stambaugh’s (1982) empirical ev-
idence that the tests are not sensitive to the proxy for the market—suggest
that Roll’s critique is overstated. But, in the examples in this paper, we
know that the market portfolio is MV efficient. Therefore, any size effect
will simply be an artifact arising from the use of proxy portfolio betas. The
last regression (5) documents the strength of the relation between expected
excess returns and size.

To summarize, in asset universes where the riskless asset version of the
CAPM is true, I run OLS and GLS regressions of population expected excess
returns on population betas (market portfolio betas and proxy portfolio be-
tas), expected excess returns on betas and size, and expected excess returns
on size. In mean-beta space, I plot the data, the OLS regression line, and the
SML. (Note that when I use proxy portfolio betas, I still call the line passing
through the riskless interest rate and the proxy portfolio the SML. This is a
misnomer, but it is consistent with the nomenclature employed in the em-
pirical literature.) In mean-standard deviation space, I plot the data, the
minimum-variance frontier of risky assets, and the tangency portfolio. I also
keep track of positively weighted minimum-variance portfolios.

B. Examples where the CAPM is False

If the CAPM is true, there is an exact linear trade-off between expected
returns and market portfolio betas. If the CAPM is false, securities do not
plot on the SML. Therefore, I construct examples where the CAPM is false
by perturbing the SML means. But I do so in ways that make the CAPM
appear to be true according to the coefficients of the cross-sectional regres-
sions (3) and (4). Roughly speaking, I make the CAPM false by finding a set
of perturbations in the SML means that is orthogonal to the betas, the mar-
ket weights, and a vector of ones.

More specifically, consider the general linear regression model

y = XB + ¢,

¢ In most empirical studies the size of a firm is defined as the natural log of its equity where
equity is equal to the number of shares times the price per share.
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where y is an n-vector containing n-observations on the dependent variable,
X is an n X k matrix containing n-observations on the k-independent vari-
ables, B is a k-vector of parameters, and € is an n-vector of random errors.
In an OLS regression, it is assumed that the error terms are independently
and identically distributed (i.i.d.) with zero means and covariance matrix
3, = 021, where I is an n X n identity matrix. The OLS estimated coefficients
are calculated as

b = (X'X) 'Xy. (6)

In a regression of expected excess returns on betas, y contains the expected
excess returns, and X = [¢: 8] is an n X 2 matrix, containing ones in the first
column, and either market portfolio betas or proxy portfolio betas in the
second column. In the regression of expected excess returns on betas and
size, y again contains the expected excess returns, and X = [¢: B: x,,,] is an
n X 3 matrix of ones, betas, and size—market-portfolio weights.

If the Sharpe—Lintner version of the model is true, there is an exact linear
relation between expected returns and market portfolio betas. If the CAPM
is false, the relation between expected returns and market betas is not lin-
ear. However, regressions of population expected excess returns on popula-
tion market portfolio betas (or proxy portfolio betas) and population expected
excess returns on population betas and size can yield exactly the same in-
tercepts and slopes as in the case where the model is true—or the intercepts
and slopes can be made to have practically any other values one might wish.
To see this, let

y=unte,

where e is an n-vector containing deviations from the security market line
means u; for example, e = Au. In this case, the coefficients are

b = (X'X) 'X'p + (X'X) 'X'e = bg'* + Ab°. (7)

Clearly, b$'* = (X'X) 'X'u gives the coefficients when the CAPM is true,
and Ab°"® = (X'X) !X'e represents the change in the coefficients. If we set

Ab°" = (X'X) 'X'e =0, (8)

where 0 is a k-vector of zeros, we have exactly the same OLS coefficients as
when the CAPM is true. On the other hand, if we set Ab®°'s equal to a vector
of values other than zeros, we can generate practically any values for the in-
tercept and slope—or intercept and slopes if we include size in the regression.

Instead of restricting the coefficients in equation (8), however, we can sim-
ply set X’e = 0. In the case of an OLS regression of expected excess returns
on betas and size the restrictions are

e =0, B'e=0, and x,,e=0. (9)
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The advantage of writing the restrictions in this manner is that they provide
insights about other variables in addition to the slopes and intercepts of the
cross-sectional regressions. For example, the first and third restrictions say
that the means of an equal-weighted proxy portfolio and the value-weighted
market portfolio are unchanged from their original values.

In a GLS regression, the assumption that the error terms are i.i.d. is re-
laxed. In this case, the error terms are assumed to have zero means and
covariance matrix 3. The GLS coefficients are

bgls — (szflx)flxl E’Iy.

If the CAPM is false, the GLS regressions of population expected excess
returns on population betas and expected excess returns on betas and size
can again yield exactly the same intercepts and slopes as in the case where
the model is true. But the conditions for this to occur are slightly different
than in the case of the OLS regressions. To see this, again let y = u + e.
Then, the GLS coefficients are

b = (X'S'X)IX'S u + (X'STIX) XS e = b§® + Ab#.

As in the case of OLS, b = (X'3 " 1X) !X'3 1 gives the coefficients when
the CAPM is true, and Ab®!® = (X'3 'X) !X'3 e represents the change in
the coefficients. As before, if we set

Ab®s = (X'37'X)"'X'3 e =0, (10)

we have exactly the same GLS coefficients as when the CAPM is true. Or,
more simply, in the case of a regression of expected excess returns on betas
and size, we can set X'S 'e = 0 to yield

V3 'le=0, B'3le=0, and x,> 'e=0. (11)

Again, two of the three restrictions provide insights about other variables in
addition to the coefficients of the cross-sectional regressions. The first re-
striction says that the mean of the global minimum-variance portfolio of
risky assets remains unchanged. The second says that if the equal-weighted
proxy portfolio is used to calculate the betas then B = n3:¢/(¢'3t) and the
GLS restriction 8’3 'e = 0 reduces to the OLS restriction ¢'e = 0. Similarly,
if the market portfolio is used to calculate the betas, B = 3x,, /(X0 2X,, ), and
the GLS restriction 8’3 'e = 0 reduces to the OLS restriction x,,e = 0.
To summarize, I make the CAPM false by solving for a set of perturba-
tions in the SML means that satisfy some subset of the restrictions in equa-
tions (8)—(11)—and, in one case, change the intercept and slope of a regression
of expected excess returns on equal-weighted proxy portfolio betas. I then
run the OLS and GLS regressions of expected excess returns on population
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betas, expected excess returns on betas and size, and expected excess re-
turns on size, given in equations (3)—(5). Next, in mean-beta space, I plot the
data, the regression line, and the SML. In mean-standard deviation space, I
plot the data, the minimum-variance frontier of risky assets, and keep track
of the tangency portfolio and positively weighted minimum-variance portfolios.

II. The Results

Space limitations dictate that only a subset of the examples can be re-
ported here. Therefore, I limit discussion to: (1) a 10 size-ranked portfolios
universe; (2) market portfolio betas and three instances of proxy portfolio
betas; and (3) examples where, with one exception, the tangency portfolio
deviates rather dramatically from the market portfolio—when the CAPM is
false. However, similar results are generated in 10, 20, and 50 asset uni-
verses as well as in a 20 beta-ranked portfolios universe.

The main results are reported in Table I and in Figures 1 to 5. Table I
contains the results for OLS and GLS regressions of population expected
excess returns on population betas and population expected excess returns
on population betas and size. The first panel of Table I and Figures 1 and 2
depict scenarios where the CAPM is true. The final five panels of Table I
and Figures 3-5 portray scenarios where the CAPM is false.

3T 3T
2.5 + 25 +
2+ 2 ,\, Security
2 2 Market
c c Line
2 3
& 2, .
1.5 + E
E Market = 3
§ Tangency §_
& X Market
1+ 1
0.5 ¢ 05
r r
0 + t t t 0 + t + ~
0 2 4 6 8 10 0 05 1 1.5 2
Standard Deviation (%) Market Betas

Figure 1. The CAPM is true. The market portfolio is mean-variance efficient and securities
plot on the security market line. Coefficients of ordinary least squares and generalized least
squares regressions of expected excess returns on market portfolio betas, and expected excess
returns on market portfolio betas and size, correctly indicate that the CAPM is true. See
Table I, Panel A.
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Table I
Results for the Cross-Sectional Regressions

uj — 1 = bg + by beta; + ¢;

My — T = bO + bl betaj + bz SiZEj + €.

In each panel, the risk-free rate is 0.5 percent and the expected return on the market portfo-
lio is 1.25 percent. Thus, when the mean-variance capital asset pricing model (CAPM) is true,
by =0 and by = u,, — r = 0.75 percent in the first regression, and b, = 0, b; = 0.75 percent, and
b, = 0 in the second. The first two rows in each panel employ market portfolio betas. Rows
three and four in Panels A and F employ equal-weighted proxy portfolio betas. Rows six and
seven in Panel A employ a Roll and Ross (1994) proxy portfolio that generates a zero slope in
an ordinary least squares (OLS) regression of means on betas. The odd rows in each panel
contain the results for OLS and the even rows contain the generalized least squares (GLS)
results. In Panel A, the CAPM is true (see Figures 1 and 2). The Roll-Ross proxy portfolio (not
shown in the figures) contains negative weights. Its mean equals that of the market portfolio
and its standard deviation is only 27 basis points larger. In the remaining panels, the CAPM is
false. In Panel B, the tangency portfolio’s expected return is 1.35 percent (see Figure 3). In
Panel C, the tangency portfolio’s expected return is 2.5 percent (see Figure 4). In Panel D, the
tangency portfolio’s expected return is 26,654 percent. In Panel E, the tangency portfolio’s
expected return is —21,572 percent (see Figure 5). In Panel F, the tangency portfolio’s expected
return is 418 percent.

bo b, R? bo by by R?
Panel A

Value-weighted OLS 0.00 0.75 1.00 0.00 0.75 0.00 1.00

Market portfolio GLS 0.00 0.75 1.00 0.00 0.75 0.00 1.00

Equal-weighted OLS 0.46 0.39 0.98 0.53 0.32 -0.07 0.98

Proxy portfolio GLS 0.36 0.48 0.85 0.42 0.43 -0.04 0.87

Roll-Ross OLS 0.85 0.00 0.00 1.38 —0.54 -0.35 0.89

Proxy portfolio GLS 0.30 0.45 0.53 0.48 0.30 -0.09 0.64
Panel B

Value-weighted OLS 0.77 0.00 0.00 1.42 -0.55 -0.29 0.48

Market portfolio GLS 0.00 0.75 0.51 0.00 0.75 0.00 0.51
Panel C

Value-weighted OLS 0.00 0.75 0.54 0.00 0.75 0.00 0.54

Market portfolio GLS 0.00 0.75 0.08 0.00 0.75 0.00 0.08
Panel D

Value-weighted OLS 0.00 0.75 0.01 0.00 0.75 0.00 0.01

Market portfolio GLS -4.71 5.46 0.05 —-11.73 11.44 2.46 0.11
Panel E

Value-weighted OLS 0.00 0.75 0.01 0.00 0.75 0.00 0.01

Market portfolio GLS -4.75 5.50 0.05 -11.84 11.54 2.48 0.11
Panel F

Value-weighted OLS 0.00 0.75 0.00 0.00 0.75 0.00 0.00

Market portfolio GLS -1.10 1.85 0.00 -1.88 2.52 0.27 0.00

Equal-weighted OLS 0.59 0.26 0.00 0.97 —0.08 —0.36 0.00

Proxy portfolio GLS 0.00 0.85 0.00 0.00 0.85 —0.00 0.00
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Figure 2. The CAPM is true. The equal-weighted proxy portfolio plots very close to the minimum-
variance frontier of risky assets. But, coefficients of ordinary least squares regressions of ex-
pected excess returns on equal-weighted proxy portfolio betas, and expected excess returns on equal-
weighted proxy portfolio betas and size, incorrectly indicate that the CAPM is false. See Table I,
Panel A. Note that, consistent with the empirical literature, the line from the riskless asset through
the equal-weighted proxy portfolio is called the security market line. A more accurate label might
be the empirical security market line. Also note the difference in the magnitudes of the equal-
weighted proxy portfolio betas in this figure and the market portfolio betas in Figure 1.

A. The CAPM 1Is True

The CAPM is true in a 10 size-ranked portfolios universe shown in
Table I, Panel A, and in Figures 1 and 2. The first two rows of Panel A show
that with market portfolio betas the coefficients of OLS and GLS regres-
sions are exactly as predicted. That is, in the regression of population ex-
pected excess returns on population market portfolio betas, b, = 0, and b; =
M, — T = 0.75. And, in the regression of expected excess returns on market
betas and size, b, = 0, b; = u,, — r = 0.75, and by, = 0.7 Figure 1 contains the
corresponding mean-standard deviation and mean-beta plots. The plots are
the classic ones envisioned in theory: the market portfolio coincides with the
tangency portfolio and securities plot on the SML.

When the CAPM is true, the only way the regression coefficients can lead
us to believe that the model is false is if we employ a proxy for the market
portfolio. The next two examples illustrate this possibility—one with a pos-

7 In an OLS (GLS) regression of expected excess returns on size, not reported in Table I, the
size coefficient is —0.30 (—0.15). When the CAPM is false, the size coefficient is unchanged if
the coefficients in the regression of means on betas and means on betas and size are un-
changed, as in, for example, Panels C through F for OLS, and in Panels B and C for GLS. In
Panel B, the OLS size coefficient is —0.07. In Panels D and E, the GLS size coefficient is 0.19,
and, in Panel F, it is —0.23.
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Figure 3. The CAPM is false. Although there are no positively weighted minimum variance
portfolios, the market portfolio is almost mean-variance efficient. Yet, in an ordinary least
squares (OLS) regression of expected excess returns on market portfolio betas, the slope is zero.
And, in an OLS regression of expected excess returns on market portfolio betas and size, both
slope coefficients are negative. Thus, the model appears to be dead wrong. On the other hand,
coefficients of generalized least squares regressions of expected excess returns on market betas,
and expected excess returns on market betas and size, incorrectly indicate that the CAPM is
true. See Table I, Panel B.

itively weighted proxy, one without. First, Figure 2 shows that an equal-
weighted proxy portfolio plots very close to the minimum-variance frontier
of risky assets. Second, Figure 2 and rows three and four of Table I, Panel A,
show that OLS and GLS regressions of expected excess returns on equal-
weighted proxy portfolio betas are consistent with the well-known result
found in Black et al. (1972): the intercept is too large and the slope is too
flat. Third, in an OLS and a GLS regression of expected excess returns on
equal-weighted portfolio betas and size, the size coefficient is negative. But
the size effect is simply an artifact caused by using equal-weighted proxy
portfolio betas instead of market portfolio betas.

The noteworthy aspect of this example is that both the MV-efficient mar-
ket portfolio and the inefficient equal-weighted proxy portfolio contain all
positive weights. In the 10 size-ranked portfolios universe, there are no pos-
itively weighted portfolios that produce zero slopes in OLS regressions of
means on betas.® However, if we relax the requirement that the proxy port-
folio should contain all positive weights, then a portfolio—with the same
mean as the market portfolio and a standard deviation only 27 basis points

81In 10, 20, and 50 asset examples not reported in the paper, a weaker statement holds.
There are no positively weighted portfolios on the minimum-variance frontier of portfolios that
produce a zero slope in an OLS regression of means on betas. I verified this using the method
described in Best and Grauer (1992).
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Figure 4. The CAPM is false. The CAPM is clearly false in mean-standard deviation space.
The market portfolio is not mean-variance efficient and tangency portfolio’s mean is 2.5 per-
cent. However, coefficients of ordinary least squares and generalized least squares regressions
of expected excess returns on market portfolio betas, and expected excess returns on market
portfolio betas and size, incorrectly indicate that the CAPM is true. See Table I, Panel C.

larger—yields a zero slope in an OLS regression of means on betas. See the
fifth and sixth rows of Table I, Panel A. The GLS slope is also too flat.
Moreover, in an OLS and a GLS regression of means on betas and size, the
size coefficient is negative.

B. The CAPM Is False

In the examples where the CAPM is false, there are no positively weighted
minimum-variance portfolios. Nor are there any positively weighted portfo-
lios on the minimum-variance frontier of portfolios that produce zero slopes
in OLS regressions of means on betas. In light of this fact and the fact that
there are no positively weighted portfolios that produce a zero slope in an
OLS regression of means on betas when the CAPM is true, it is surprising to
see that the positively weighted market portfolio produces a zero slope in an
OLS regression of means on betas in the example shown in Figure 3 and in
Table I, Panel B. The model does not look all that bad in mean-standard
deviation space. The market portfolio plots very close to the minimum-
variance frontier of risky assets and its expected return is only 10 basis less
than that of the tangency portfolio. By way of contrast, the OLS and GLS
regression coefficients support wildly divergent conclusions. In an OLS re-
gression of expected excess return on market portfolio betas, the slope is
zero, and in an OLS regression of expected excess return on market betas
and size, both slope coefficients are negative. In other words, the model
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Figure 5. The CAPM is false. The CAPM is clearly false in mean-standard deviation space.
The minimum-variance frontier appears to be a vertical line. The tangency portfolio has an
expected return of —21,572 percent and standard deviation of 10,157 percent. Yet, coefficients
of ordinary least squares regressions of expected excess returns on market portfolio betas, and
expected excess returns on market portfolio betas and size, incorrectly indicate that the CAPM
is true. See Table I, Panel E.

appears to be dead wrong. On the other hand, the GLS coefficients indicate
that the model holds exactly. It is ironic that, although the OLS coefficients
may arguably overstate “how wrong the model is,” it is the GLS coefficients
with market portfolio betas that incorrectly indicate the CAPM is true.

In Figure 4 and in Table I, Panel C, the model is more obviously false in mean-
standard deviation space. The tangency portfolio has a 2.5 percent expected
rate of return—which is double the inefficient market portfolio’s expected rate
of return—and the minimum-variance frontier looks appreciably different than
it does when the CAPM is true. This occurs even though the expected returns
of the 10 size portfolios are little changed, ranging from 1.21 percent to 1.47
percent—compared to a range of 1.21 percent to 1.43 percent when the CAPM
is true. On the other hand, all the regression coefficients in Table I, Panel C,
are identical to the coefficients in Table I, Panel A, when the CAPM is true.
Thus, OLS and GLS regression coefficients with market portfolio betas incor-
rectly indicate that the CAPM is true.

This is not an isolated case. In examples not recorded in the table or fig-
ures, the OLS and GLS regression coefficients are identical to those when
the CAPM is true—whether the tangency portfolio’s expected rate of return
is as low as 1.26 or 1.28 percent or as high as 6.25, 12.5, or even 62.5 per-
cent. Only the R? and the 10 size portfolios’ expected rates of return differ.
In the case where the tangency portfolio’s expected rate of return is 1.26
(1.28) percent, two (four) of the tangency weights are negative. But the ex-
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pected rates of return for the 10 size portfolios are virtually unchanged from
the case where the CAPM is true. Furthermore, when the tangency portfo-
lio’s expected rate of return is 6.25, 12.5, and 62.5 percent—5, 10, and 50
times the market portfolio’s expected rate of return—the 10 size portfolios’
expected rates of return are again relatively unchanged (ranging from 1.10
to 1.52 percent, from 0.95 to 1.58 percent, and from 0.35 to 1.85 percent,
respectively).

The examples in Table I, Panels D and E, and in Figure 5 are more extreme.
The minimum-variance frontier appears to be a vertical line rather than a hy-
perbola as in Figures 1-4. In Table I, Panel D, the tangency portfolio plots near
plus infinity—with an expected rate of return in excess of +26,000 percent and
a standard deviation in excess of 12,000 percent. In Table I, Panel E, and in
Figure 5, the tangency portfolio plots near minus infinity—with an expected
return well below —21,000 percent and a standard deviation in excess of 10,000
percent. (By way of contrast, the expected returns of the 10 size portfolios only
range from 0.55 percent to 2.31 percent in both cases.) Yet the coefficients of
the OLS regressions of expected excess returns on market portfolio betas, and
expected excess returns on market portfolio betas and size, take on exactly the
same values as when the CAPM is true. Once more the Sharpe-Lintner ver-
sion of the CAPM appears to be true when, in fact, in these cases it is again
dead wrong. Furthermore, the GLS regression coefficients are almost the same
in the two panels even though the tangency portfolio’s expected return is +26,654
percent in one case and —21,572 percent in the other.

Table I, Panel F, muddies the waters even further. The CAPM is clearly
false—the tangency portfolio’s expected return is 418 percent and the ex-
pected returns of the 10 size portfolios range from 0.5 percent to 3.72 per-
cent. However, the model appears to be exactly true according to the coefficients
of OLS regressions coupled with market portfolio betas, as well as to be
almost true in GLS regressions coupled with equal-weighted proxy portfolio
betas. This conformity in the regression results employing the market and
equal-weighted portfolios in this case is surprising given the complete lack
of agreement between the results for the market and equal-weighted port-
folios when the CAPM is true.

Clearly, then, the OLS and GLS regression coefficients themselves do not
allow us to distinguish between scenarios where the CAPM is true and where
it is false. Still, in light of Kandel and Stambaugh’s (1995) demonstration
that in a GLS regression of means on betas the slope and R? are uniquely
determined by the mean-variance location of the market index relative to
the minimum-variance boundary, a remaining question is: How much better
is GLS? The answer is not clear cut. While it provides more information, the
GLS R? is a somewhat ambiguous measure of efficiency in the presence of a
riskless asset. More specifically, the GLS R? implicitly compares the posi-
tions of the market index, the minimum-variance portfolio with either the
same expected return or variance as the market, and the global minimum-
variance portfolio. (See Kandel and Stambaugh (1995), pp. 164-167.) How-
ever, when there is a riskless asset, we usually compare the positions of the
market and tangency portfolios.
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The results reported in Table I show that the two measures may give quite
different impressions of how inefficient a portfolio is. In the examples, the
riskless asset (with a yield of 0.5 percent) and the market portfolio (with an
expected return of 1.25 percent and a standard deviation of 4.48 percent) are
fixed points. In the GLS regressions of expected excess returns on market
portfolio betas, reported in Panels B through F, the R? are 0.51, 0.08, 0.05,
0.05, and 0.00, respectively. However, the relative magnitudes of the R? are
somewhat difficult to reconcile with the expected return of the tangency
portfolio, which takes on values of 1.35, 2.5, 26,654, —21,572, and 418 per-
cent in Panels B through F.

III. Summary

For more than 30 years the MV CAPM has formed one of the central
paradigms of financial economics, and, for a quarter of a century, the model
has been subjected to extensive testing. Yet, for more than 20 years, the
tests have been called into question. Roll (1977) shows that the use of a
proxy for the market portfolio—that includes only a subset of assets—can
make the model appear to be true when it is false, or to be false when it is
true. In universes where all the assets are observed, Roll and Ross (1994)
demonstrate that a market proxy can be almost MV efficient and produce
no relationship between means and betas using OLS. Moreover, Kandel
and Stambaugh (1995) show that there can be a near perfect OLS fit be-
tween means and betas calculated relative to a proxy that is grossly inef-
ficient. More importantly, they show that, in a GLS regression of mean
returns on betas, the slope and R? are determined uniquely by the mean-
variance location of the market index relative to the minimum-variance
boundary. However, neither Roll and Ross nor Kandel and Stambaugh ver-
ify whether the minimum-variance frontier contains a positively weighted
portfolio. Thus, we cannot be sure whether their results hold if the CAPM
is true, that is, if the positively weighted market portfolio is MV efficient.
Furthermore, any reasonable proxy portfolio should contain positive weights.
Roll and Ross are able to construct one example where a proxy portfolio
contains positive weights, but the proxies in Stambaugh and Kandel do not
contain positive weights.

My method of analysis differs from that of Roll and Ross (1994) and Kan-
del and Stambaugh (1995) in two fundamental ways. First, I set up scenar-
ios where the MV CAPM is true and where it is false. When the CAPM is
true, all the implications of the model mentioned in the first paragraph of
the paper hold exactly. When the model is false, there are no positively
weighted minimum-variance portfolios. Nonetheless, the implications of the
model are almost true in some scenarios. In other scenarios, some of the
implications are almost true but others are not. For example, the positions of
the market and tangency portfolios differ dramatically in some cases. Sec-
ond, in most cases, I do not even employ a proxy for the market. When I do,
with one exception I employ a positively weighted proxy.
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I then investigate whether the coefficients from OLS and GLS regressions
of population expected excess returns on population betas, and expected ex-
cess returns on betas and size, allow us to distinguish between the true and
false scenarios. I show two main results. First, when the CAPM is true, coef-
ficients of OLS and GLS regressions employing proxy portfolios—that are al-
most efficient—can incorrectly indicate that the model is false. However, when
the CAPM is true in a 10 size portfolios universe, no positively weighted port-
folio produces a zero slope in an OLS regression of means on betas. Second,
and perhaps more important, when the CAPM is false, coefficients of OLS, GLS,
or both OLS and GLS regressions employing market portfolio betas can in-
correctly indicate that the model is true even when the market is grossly in-
efficient. The lack of any clear-cut agreement among the different implications
of the CAPM, when it is false, is particularly disturbing. It does not bode well
for those seeking to design an unambiguous test of the model.
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