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An Equilibrium Analysis of Hedging with 
Liquidity Constraints, Speculation, 

and Government Price Subsidy 
in a Commodity Market 

ZHONGQUAN ZHOU* 

ABSTRACT 

We develop a simple commodity model to analyze (i) the effects of hedgying with 
liquidity constraints, due to producers' inability to bear unlimited trading losses, 
(ii) the role of speculation in the process of risk allocation between consumers and 
producers, and (iii) the equilibrium implications of government price subsidies to 
the producers. We find that (1) liquidity constraints can cause futures prices to 
exhibit mean reversion, which then makes speculation profitable; (2) speculation 
tends to make futures price volatility an increasing function of futures price; and 
(3) government price subsidy, if actively hedged by the producers, serves, to lower 
the futures risk premium and reduce futures volatility. 

COMMODITY SPOT AND FUTURES PRICES are determined by the following types of 
market participants: producers, consumers, speculators, and governments. 
Producers have generally taken short futures positions in order to hedge 
against price declines. Consumers have generally taken long futures posi- 
tions in order to hedge against price increases. Speculators, who neither 
produce nor intend to consume the commodity, are present in the spot and 
futures markets for the purpose of making a profit. Governments play sig- 
nificant roles in the markets by providing producers with various support 
programs, and in some cases, by directly intervening in the markets to affect 
commodity prices or adjust inventory levels. 

The traditional approach to commodity futures pricing has been based on 
the theory of storage.1 As Fama and French (1987, 1988) show, this approach 
to commodity pricing is particularly useful for explaining the basis move- 
ment as a function of inventory levels, based on the hypothesis that the 
marginal convenience yield on inventory declines at a decreasing rate as 

* Zhongquan Zhou is from Washington University in Saint Louis and the Wharton Center for 
Quantitative Finance. The author is grateful for useful comments from Sassan Alizadeh, Mar- 
tin Graf, Sanford Grossman, Wendy Li, Craig Pirrong, an anonymous referee, and in particular, 
Rene Stulz (the editor). I also want to thank seminar participants at Columbia University 
(Mathematical Finance Workshop), and at Washington University in Saint Louis for useful 
comments. The author can be reached at: Zhongquan Zhou; Quantitative Financial Strategies, 
Inc.; 100 Four Falls Corporate Center; Suite 314; Conshohocken, PA 19428; (610) 828-6700. 

1 See Working (1948), Brennan (1958), Telser (1958), and Williams and Wright (1991) for 
references. 
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inventory increases. The alternative, but not competing, approach focuses on 
futures risk premium. See, for example, Keynes (1930), Hicks (1946), and 
Cootner (1960) for relating the futures risk premium to the positions taken 
by speculators. In essence, hedgers should expect to pay speculators in the 
form of futures risk premium for the service of providing insurance. In ad- 
dition, Dusak (1973), Bodie and Rosansky (1980), Breeden (1980), Richard 
and Sundaresan (1981), and Hazuka (1984) use either static or intertempo- 
ral capital asset pricing models to examine the futures risk premium. This 
paper, which is a continuous-time general equilibrium model of commodity 
futures, stands closer to the second approach. 

This paper does, however, differ from the existing literature by explicitly 
making the following two assumptions. First, we only consider those com- 
modities that are indispensable goods in the following sense: when the com- 
modity supply is low, a consumer is willing to pay a lot to have an adequate 
level of consumption. That is, when the supply is low, the commodity is 
necessary in the sense that the price elasticity of demand for the commodity 
is less than one.2 Accordingly, we assume that a consumer's relative risk 
aversion is a decreasing function of consumption level. 

Second, we assume that producers are faced with the liquidity constraint 
that their trading losses in the futures market cannot exceed a prespecified 
level. If the maximum level of tolerable trading losses is set to be zero, then 
the producers do not participate in the futures market. In general, the level 
of participation by the producers depends on the maximum level of tolerable 
trading losses. For brevity, we may refer to the case of no imposition of 
liquidity constraints as the case of complete hedging. Incomplete hedging is 
the case when the producers' trading losses cannot exceed a certain level in 
all states of nature. Note that the case of complete hedging does not imply 
that the producers always hedge the entire amount of expected output. As 
shown by Breeden (1984), when there is a risk premium, the risk-averse 
producers choose to take risky net positions in the commodities. 

By making the first assumption, we recognize that the properties of a 
futures price process depend on the desirability of the commodity that un- 
derlies the futures contract. Thus, we should not expect that all commodity 
futures behave in the same way, which calls for a discriminatory analysis of 
commodity futures data. The first assumption is similar, in spirit, to the 
usual assumption (in the theory of storage) that the marginal convenience 
yield on inventory declines at a decreasing rate as inventory increases. 

By making the second assumption, we recognize the fact that producers do 
not usually hedge as much as traditional theories would suggest. The debate 
over hedging with futures is probably as old as the futures exchanges them- 
selves. The problem with complete hedging is not unique to farmers, who 
may not be able to tolerate unlimited trading losses in the futures markets. 
The problem also extends to multinational corporations in search of an an- 
swer to the question of foreign exchange hedging, or to domestic firms de- 

2 See Henderson and Quandt (1980) for a definition of necessary versus luxury commodity. 
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ciding whether to hedge the costs of inputs to production processes. Thus, 
certain portions of the paper may also interest scholars in the corporate 
finance area. Recently, there has been an interesting debate about hedging 
in the context of energy products (see, for example, Culp and Miller (1994) 
and Edwards and Canter (1995)). Given an exogenous futures price pro- 
cess, Deep (1996) considers, via a numerical method, dynamic hedging with 
futures under the liquidity constraint that the futures account cannot lose 
more than a prespecified amount of money. This paper, among other things, 
solves analytically for the optimal hedging strategy under the liquidity 
constraint by using a martingale approach. In the context of commodity 
markets, hedging strategies have been discussed in the absence of liquid- 
ity constraints (see Rolfo (1980), Anderson and Danthine (1983), and Ho 
(1984)). 

The purposes of the paper are to: (1) show that liquidity co:nstraints can 
cause the futures price to exhibit mean reversion, (2) examine the impact of 
speculation on the risk premium and volatility, (3) study the optimal spec- 
ulative and hedging strategies, (4) analyze the equilibriunm effects of gov- 
ernment price support programs, and (5) explain the observed volatility 
skewness (for agricultural commodities, as well as for most other commod- 
ities, realized price volatility has been an increasing function of the price 
level). In the following, we summarize the results in the same order. 

(1) On mean reversion of futures prices. Though there is some empirical 
discussion of mean reversion in spot commodity prices (see Bessembinder 
et al. (1995) for references), we have not seen rigorous empirical studies on 
mean reversion of commodity futures prices. Note that mean reversion of 
futures prices is very different from mean reversion of spot prices, because 
the former suggests profitability in rational speculation but the latter does 
not. In the context of incomplete hedging, our results suggest that when the 
futures price is high (or when the supply is low), the expect,ed return on 
futures is negative; and when the futures price is low (or when the supply is 
high), the expected return is positive. Here is an intuition: When the supply 
is low and the futures price is high, the consumers' demand for hedging is 
high due to high risk aversion, but due to the lack of full participation by the 
producers, the speculators are induced to sell futures to the consumers. The 
negative return on futures is a form of reward for the insurance service 
provided by the speculators. 

(2) On the effect of speculation on the market price of risk and volatility. In 
light of the growing importance of speculative capital in most liquid markets 
including commodity futures, we find it interesting to consider the effect of 
speculation on the futures price process. It is intuitive that the presence of 
speculative capital can only serve to drive down the market price of futures 
risk. The effect of speculation on futures volatility is not as obvious. In the 
context of this paper, we show analytically that speculation serves to in- 
crease futures volatility when the futures price is high, and acts to decrease 
volatility when the futures price is low. The examination of the futures risk 
premium through speculators' futures holdings can be traced back to Keynes 
(1930). 
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(3) On speculative and hedging strategies. We show that a risk-averse specu- 
lator's wealth is a decreasing function of the state price density (or pricing 
kernel in our parlance),3 which implies that speculation is profitable if noth- 
ing dramatic happens to the commodity supply, but it is not profitable if the 
supply is too high or too low. Thus, the act of speculating is equivalent to 
writing an insurance policy on the supply of the commodity to guarantee 
that the supply will be normal. Although our result on speculative strategies 
generalizes Keynes (1930), who suggests that speculators are generally long 
in futures, the idea that speculators are essentially providers of insurance is 
the same as his. Our result on hedging strategies is consistent with such 
past research as that of Anderson and Danthine (1983) in the case of com- 
plete hedging, but it expands on previous research in that it handles the 
case of a liquidity constraint. 

(4) On government price subsidies. We look at government price subsidies 
as a random number of put options on futures prices, as in Marcus and 
Modest (1986). We find that the effect of a government price subsidy on the 
equilibrium commodity prices depends on the extent to which producers can 
participate in futures trading. In the case of complete hedging, a price sub- 
sidy causes the futures risk premium to be smaller in size and reduces price 
volatility, particularly when the futures price is just at or below the govern- 
ment price support level. In Marcus and Modest (1986), the U.S. agricul- 
tural price support system is evaluated without considering the equilibrium 
implications of the price support system itself. If futures price volatility is 
indeed reduced in the presence of a price support system, then by option pric- 
ing theory, a partial equilibrium approach such as the one in Marcus and Mod- 
est could overestimate the true cost of a price support system. Crain and Lee 
(1996) provide evidence in the wheat markets in support of our findings that 
the government price subsidy serves to reduce futures price volatility. 

(5) On volatility skewness. As far as futures volatility is concerned, there 
has been a lot of discussion about Samuelson's (1965) proposition that the 
standard deviation of a futures price is a decreasing function of futures ma- 
turity, and some discussion about the fact that futures prices are more vari- 
able during periods when significant amounts of supply and demand 
uncertainty are resolved. See, for example, Anderson and Danthine (1983), 
Anderson (1985), and Bobin (1990). Williams and Wright (1991) argue, via 
numerical simulations, that the theory of storage implies that the standard 
deviation of next-period price (Pt,1) is an increasing function of this-period 
price (Pt).4 The volatility result in this paper bears resemblance to that of 

3 Under the assumption that the consumer's relative risk aversion is a decreasing function of 
consumption level, we can show (see Section IVA) that the state price density is a bowl-shaped 
function of commodity supply. Thus, the speculator's wealth is a bell-shaped function of the 
commodity supply. 

4 Refer to Williams and Wright (1991, p. 173). Their intuition for the result that "with stor- 
age, the probability distribution of a commodity's price is skewed with long tail being toward 
high prices" is that "collectively, the market can always store whereas it cannot borrow from the 
future, storage is much more effective at supporting what would otherwise be very low prices 
than at reducing what would otherwise be very high prices," (page 2). 
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Williams and Wright, except that we can show analytically that price vola- 
tility, that is, the standard deviation of (Pt,1 - Pt)/Pt, rather than the stan- 
dard deviation of Pt,1, is an increasing function of Pt. This distinction is 
important for explaining the option-implied volatility skewness to be dis- 
cussed below. 

In fact, the original motivation of the paper was to explain the persistent 
implied volatility skewness in agricultural options: For a given option ma- 
turity, implied volatility is an increasing function of option strike price. 
This empirical fact is well known among agricultural option traders, but to 
the best of my knowledge it has received no attention from the academics, 
which is in sharp contrast to the kind of scrutiny placed on the implied 
volatility skewness of S&P 500 options (see Rubinstein (1994)). Table I 
lists some implied volatilities as of November 22, 1995. 

Observe that for S&P 500 options, implied volatility is a decreasing 
function of option strike price, but for agricultural options, implied vola- 
tility is an increasing function of option strike price. Grossman and 
Zhou (1996) explain the implied volatility skewness in equity index op- 
tions by modeling a proportion of market participants as users of port- 
folio insurance. According to that paper, volatility skewness follows 
essentially from the fact that the relative risk aversion in the economy 
increases as the stock market declines. To explain the kind of volatility 
skewness in agricultural options, it is then intuitive that we have to make 
use of the assumption that consumers are more risk averse when there 
is less commodity for consumption, that is, when the commodity price 
increases. 

The organization of the paper is as follows. In Section I we state the 
objectives of all market participants except governments. In Section II 
we use an equivalent martingale method to solve the optimization 
problems faced by various agents, and we derive equilibrium condi- 
tions. In Section III we characterize the benchmark case in which there 
is no limit imposed on a producer's trading losses. Section IV presents 
the main results of the paper, including how speculation and incom- 
plete hedging affect the market price of risk and price volatility, as 
well as optimal trading strategies. Section V discusses the equilib- 
rium consequences of government price subsidies. Finally, in Section VI 
we conclude and present some stylized facts in support of incomplete 
hedging. 

1. The Model 

We consider a commodity futures market where trading takes place con- 
tinuously between time 0 and time T. The traded securities are: (i) cash, 
which is risk-free, and (ii) a futures contract, which is a claim to one unit of 
commodity at time T. At time 0 the producer plants the seed for the com- 
modity; at time T the crop is harvested. The information flow concerning 
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Table I 

Implied Volatility Skewness in Call Options on Futures 
This table shows the Black-Scholes implied volatilities of some call options on futures, based on 
closing prices on November 22 1995. The futures exchanges specify the option strike prices 
available for trading. The strike price of the At-the money call option is the strike price that is 
closest to the futures price. The strike price of the One strike in-the-money call option is the 
available strike price that is immediately below the strike price of the At-the-money call option. 
Similarly, the strike price of the One strike out-of-the-money call option is the available strike 
price that is immediately above the strike price of the At-the-money call option. Thus, the strike 
prices are in ascending order when we read the table from top to bottom. 

Annual Volatility May May May May May March 
(%) Corn Wheat Beans Crude Silver S & P 500 

Two strikes in-the-money 14.84 18.71 13.16 17.07 21.45 11.76 
One strike in-the-money 16.29 18.88 13.49 17.61 21.55 11.45 
At-the-money 16.85 19.05 14.49 18.03 22.90 11.11 
One strike out-of-the-money 17.42 19.92 15.61 19.12 24.35 10.84 
Two strikes out-of-the-money 17.55 20.86 16.69 19.89 25.55 10.72 

QT, the output of the commodity at time T, is described by a filtration gen- 
erated by a standard Brownian motion Zt .5 

The price of commodity futures is expressed in units of the price of cash. 
That is, the price of cash serves as a numeraire for the price of the com- 
modity. We may think of cash as a basket of other goods that all market 
participants can consume. Since the price of cash serves as a numeraire for 
the price of the commodity, we will essentially study the price of the com- 
modity relative to the price of the basket of other goods. By definition, the 
price of cash is always equal to one. In other words, the price numeraire is 
chosen in such a way that the cash earns a zero interest rate. We will use Pt 
to denote the commodity futures price at time t.6 

' Note that QT is assumed to be exogenous. Thus, if the producer sees a sharp rise in the mar- 
ket price of the commodity, he cannot increase his output level by time T to benefit from the price 
increase. In the case of agricultural commodities, we may interpret T as the duration of one har- 
vest cycle. Generally speaking, T can be thought of as the time needed to alter planned production 
level. The reader should also note that the uncertainty about QT is the only source of uncertainty 
in our model. That is, we only consider supply shocks. However, demand shocks could be accom- 
modated analogously; after all, an increase in demand is equivalent to a decrease in supply. 

6 Note that in our model there is no spot but only a futures market, which makes it impossible 
to discuss futures basis. The theory of storage, which uses inventory to cushion demand and sup- 
ply shocks, is more appropriate for basis analysis. We choose not to discuss the complex inventory 
problem mainly for analytical convenience. Having said that, our simple model does allow for an 
in-depth discussion of such topics as incomplete hedging, speculation, and government support 
programs. Moreover, as the referee points out, the demand function (used in this paper) of the con- 
sumer with decreasing relative risk aversion is similar to the demand function generated in a storage- 
based model, which is comforting in that our model is not incompatible with a storage-based model. 
For commodities subject to seasonal production, the basis problem becomes interesting only for 
futures contracts whose expiration dates occur after a new harvest takes place. For futures con- 
tracts based on the same crop as the spot commodity, the basis can be derived by the usual cash- 
and-carry formula. The choice of zero interest rate in the paper is innocuous (merely as the result 
of a choice of numeraire); see Grossman and Zhou (1996) for a similar treatment. 
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There are three representative agents: a producer, a consumer, and a 
speculator. 

The producer is endowed with no cash but an uncertain amount of com- 
modity at time T. He chooses a nonanticipative trading strategy in the risky 
and risk-free securities to maximize his expected utility of final wealth:7 

maxEo[Uf(WT)], (1) 

subject to 

rT 

WT = Ct dPt + QT PT; (2) 

rT 

fCtdPt -K, (3) 

where Eo is an expectation operator conditional on time-zero information, 
WT denotes the final wealth which consists of trading revenue fj Ct dPt and 
the market value of his terminal endowment, QT PT.8 Here we use Ct to 
denote the number of futures contracts held at time t. The inequality (3) 
implies that the maximum trading loss at any time should never exceed a 
prespecified level K. We may simply think of K as the maximum amount of 
loan that the producer can obtain against his future revenue for the purpose 
of meeting margin requirements in his futures account. Although we only 
consider risk-averse producers in the paper, the main conclusions should 
hold for an equilibrium consideration of the hedging problems in a corporate 
finance environment.9 

7 By assuming that the producer's utility is a function of wealth only, we hold the view that 
the producer consumes only a negligible amount of the very commodity he produces. 

3 In the case of agricultural commodities, producers may benefit from various governmental 
subsidies. Values of those subsidies are not reflected in equation (1), but are discussed later in 
the paper. 

9 If instead of a risk-averse producer, we look at a firm's optimal hedging decision subject to 
liquidity constraints, then it may make sense to replace the producer's optimization problem 
with the following optimization problem for the firm: maximize EO[WT 7-T] subject to conditions 
(2) and (3), where NT iS the pricing kernel (to be discussed later in the paper). Since Eo[W7. qT] 

is the current value of the firm, maximizing Eo [WT m W] means maximizing the market value of 
the firm. The firm's optimization problem, as well as the equilibrium problem, can be easily 
solved by the same martingale technology as used in the paper. Or better yet, we may treat the 
firm's optimization problem as the limiting case of maximizing EO[(WT)A iT], where A ap- 
proaches one from below. From this, we can show that the key equation for the producer's 
optimization problem, equation (18), can be replaced by W/T = max[QTPT - K, Xf] in the case 
of corporate hedging, where Xf is a positive constant. Curious readers can then continue to show 
that the essential results in the paper remain valid in the case of corporate hedging. In a very 
different setup, Mello and Parsons (1997) consider how the firm values are affected by liquidity 
constraints and different hedging strategies. I am grateful to Rene Stulz (the editor) for bring- 
ing up this point. 
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The consumer is only endowed with Wc in cash at time zero. He derives 
utility from both the consumption of the commodity and the final cash hold- 
ings. He maximizes the expected total utility by trading in the futures market:10 

max Eo [ Ulc (CT) + U2C(BT)1, (4) 

subject to 

T 

WT -WC +f CtdPt = CT-PT + BT, (5) 

where final wealth WT consists of the non-interest-bearing initial endow- 
ment and trading revenue. Note that CT PT iS the consumption expenditure, 
and the remaining wealth, BT = WT - CT-PT, is in cash. 

The speculator is only endowed with W, in cash at time zero. His objec- 
tive is to maximize the expected utility of his final wealth by trading in the 
futures market: 

maxEo[IUS(WT)]; (6) 

subject to 

rT 

WT W, +{ t dPt, (7) 

where WT consists of the non-interest-bearing initial endowment and trad- 
ing revenue. 

We conclude this section by making the following assumptions. We assume: 

QT= exp -j 2o T UZT ), (8) 

where oa is a positive constant. A constant oa implies that the flow of infor- 
mation regarding QT arrives in the futures market homogeneously in time, 
which ignores the seasonality of the information process that is present for 
certain commodities such as soybeans. However, our main results would not 
be altered even if we modeled seasonality directly by making oa a function of 
time. Note that a high level of ZT means a low level of output, which, as we 
will see, implies a high level of price. 

10 For simplicity, we assume that the consumer derives utility only from termincl consump- 
tion of the commodity. To study interim consumption between time zero and time T, one has to 
build a more complicated model to incorporate the cost of carrying a commodity forward in 
time. The assumption that the consumer also derives utility from final cash holdings allows for 
some substitution effect between the commodity and cash. The additive utility function, 
UlC(CT) + U2C(BT), makes it easy to characterize the desirability of the commodity and compute 
the price elasticity of the consumer's demand function. 
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When we need to obtain exact solutions, we assume that all utility func- 
tions of cash holdings are logarithmic: 

Uf(B) - Us(B) - U2c(B) == ln(B). (9) 

Let R(C) denote the consumer's relative risk aversion: R(C)-: -[C - Ul (C)]/ 
Uf,(C). We assume that R(C) is a decreasing function of C. Moreover, we as- 
sume that there exists C such that when C < C, R(C) > 1 and when C > C, 
R(C) < 1. As we subsequently show, when C is below C, the commodity is 
necessary, and when C is above C, the commiodity is a luxury. Under these 
assumptions, the consumer is motivated to keep the consumption level at or 
above C. The monotonicity assumption about R(C) is crucial for generating 
the kind of price volatility skewness mentioned in the introduction." 

II. Equilibrium Conditions 

In this section, we first solve all agents' optimization problems by using an 
equivalent martingale approach. We then state the equilibrium conditions in 
terms of the equivalent martingale measure. Basically, the martingale ap- 
proach enables us to transform dynamic programming problems into static 
optimization problems. 

The martingale approach relies on the concept of a pricing kernel. For a 
price process {PJ}, a positive-valued adapted process {rn} is called a pricing 
kernel of {PJ if (i) o = 1, (ii) rt is a martingale, and (iii) Pt rt is a martin- 
gale. Sometimes we may simply call XT a pricing kernel for {Pt}. 

If the price process {PtJ is a diffusion, dPt/Pt = ttdt + o-tdZt, then by 
standard arguments the pricing kernel of {PtJ is unique and is given by =7 
El[NT], where 

I-rT rT \ 

XT= exp(- IO 2dt -J t dZt (10) 

where Ot =tt/lt is the market price of risk. Note that in this case, we have 
dqt= - Ot<qtdZt. 

If rt is the pricing kernel, then we can use the fact that mt and Pt-t are 
martingales to show that the gains from any trade multiplied by the pricing 
kernel is also a martingale; that is, rnt f f Ct dPt is a martingale for any non- 
anticipative process Ct that satisfies certain regularity conditions. In par- 
ticular, we have 

EO (/T I Ct dPt) =O (11) 

1 An extreme example of decreasing relative risk aversion is the following: Ul,(C) = C if 
C 2 C, and Ul,(C) -oo if C < C. For this utility function, C is the subsistence level of 
consumption: The consumer is willing to pay any price to keep consumption above C. 
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A (dynamically) complete market is such that the reverse is also true. In 
a complete market, for any terminal wealth WT such that EO(-qT' WT) = 0, we 
can represent WT as a stochastic integral with respect to the price process 
WT = f Ct dPt. Implicit in the assumption of a complete market is the as- 
sumption that there is no limit imposed on trading losses, since the time 
series of ft CSdPS may not be bounded from below. In general, if WT 

WO + fj CtdPt and Ct is a feasible strategy for a certain individual, then we 
say that WT is attainable with WO for the individual. 

Let us first consider the consumer's optimization problem. By equations 
(11) and (5), we infer that CT and BT must satisfy: 

Eo [Cq} a(PT.*q7q) J BT.*qT] = WC* (12) 

We may now think of the consumer's optimization problem as one of choos- 
ing an optimal pair (CT, BT) to maximize the expected total utility subject to 
equation (12). This consideration leads to the following lemma, whose proof 
is given in the Appendix. 

LEMMA 1: If both Ul_, and U2, are strictly concave and twice differentiable, 
then the solution to the consumer's optimization problem is given by the fol- 
lowing expressions for CC*T, the optimal consumption of the commodity at 
time T, and B*T, the optimal cash holdings at time T: 

Cc*T =IlC (XC *PT o 77); (13) 

BCT = I2C (XC T), (14) 

provided that WC*T- CT-PT + BCT is attainable, where Ilc is the inverse func- 
tion of Ul, and I2c iS the inverse function of U2c. In addition, xc is a positive 
constant chosen to satisfy the budget constraint EO[WC*TT] = W,. 

The speculator's optimization problem is a well-known portfolio choice prob- 
lem solved in financial economics. The speculator's problem can be seen as 
a special case of the consumer's optimization problem by setting U1c 0. 
Thus the solution to the consumer's problem can be applied to obtain the 
solution to the speculator's problem. We record the solution in the form of a 
corollary. 

COROLLARY 1: If Us is strictly concave and twice differentiable, then the specu- 
lator's optimal final wealth WSAT is given by 

WST = IS (XS o T) (15) 

provided that WSAT is attainable, where I, is the inverse function of U14 In 
addition, x. is a positive constant chosen to satisfy the budget constraint 
EO[WST1XT] = Ws. 
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The producer's optimization problem may be thought of as one of choosing 
an optimal final wealth WT to maximize his expected utility subject to 

WT?> QT-PT -K (16) 

EO(WT.T7T) = Wf, (17) 

where Wf =EO[QT PT 71T] is the producer's effective initial wealth. This 
consideration leads to the following lemma, whose proof is given in the Ap- 
pendix. 

LEMMA 2: If Uf is strictly concave and twice differentiable, then the produc- 
er's optimal final wealth W/T is given by 

WfT - max[QT -PT - K, If (Xf*T)l, (18) 

provided that W/T is attainable, where If is the inverse function of Ul. In 
addition, xf is a positive constant chosen to satisfy the budget constraint 
Eo [W7T *TTI Wf. 

Let C%t, CC*t and C* denote the optimal holdings of futures contracts of the 
producer, consumer, and speculator, respectively, at time t, when faced with 
a price process {Pt}. We define {Pt to be an equilibrium price process if (i) 
the goods market clears at time T, CC*T = QT, and (ii) the futures market 
clears at all times: 

C*+CC*t+CSt=O, = V t[O,T). (19) 

Note that the market in the risk-free asset clears if the goods market and 
risky asset market clear. 

Note that the optimal final wealth of a consumer can be written as 
WCT - CCTPT + BCT, where at equilibrium, cT QT and BT- I2C(Xc<71T) by 
equation (14); thus 

rT 

QT PT + I2c(X, T1T) = WC +f CctdPt. (20) 

Similarly, we can write the optimal final wealth for the speculator and 
producer as follows: 

rT 

IS(XS 7T) = +f C*dPt. (21) 

mT 
max [QT -PT -K, If (Xf -NT)] = QT PT + |Cfit dPt. (22) 
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By summing equations (20), (21), and (22) and using equation (19), we 
obtain: 

I2c(XC-YT) + IS(XS riT) + max[QT PT - K, I(Xf ( fT)l = Wc + Ws. (23) 

In addition, the goods market clearing and equation (13) imply 

I1C(XCPT-*7T) QT. (24) 

Equations (23) and (24) are the keys to determining the equilibrium price 
Pt. For given constants xc, xf, and xs, equations (23) and (24) will determine 
PT and qT. On the other hand, given PT and qW, the three budget constraints 
for the consumer, producer, and speculator will determine xc, Xf, and xs 

Eo[QT-PT-71T + I2C(XC 71T) 71] WC? (25) 

EO [IS (XS-qNT ) e T ] WS * (26) 

Eo[max(QT*PT- K,If (Xf *7T)) *1] EO[QT?PT.*qT]* (27) 

Therefore, equations (23) through (27) will jointly determine PT, q7T, as 
well as the three constants x , Xf , and xs. Having obtained PT and T1T, we can 
then determine Pt. Note that by the definition of a pricing kernel, Pt rnt is a 
martingale, which implies that Pt -t = Et [PT T* 7T1 . Using the martingale prop- 
erty of ?lt, we have qt = Et['qT]. Thus, Pt.EtqTl = Et[PT'qT], which is tan- 
tamount to 

Pt = Et (PT EP ) (28) 

The previous arguments can be summarized in the following theorem, whose 
proof is given in the Appendix. 

THEOREM 1: Let Pt be defined by equation (28). If PT, NT) xC, Xf, and x, satisfy 
equations (23) through (27), and if Wc?, W/T, and WST as defined by equations 
(20), (22), and (21), respectively, are attainable, then Pt is an equilibrium 
price process. Moreover, Pt is a diffusion process with respect to the Brownian 
filtration. That is, there exist adapted processes At and ot such that 

dPt - 1ttdt + otdZt, (29) 
Pt 

where tt and at are dependent on the history (Zs)st=. 
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III. Equilibrium with No Liquidity Constraints 

In this section, we consider a benchmark case when K = oo. In this case, 
we assume that the producer is able to obtain an infinite line of credit against 
his future revenue so that he can always meet margin requirements for his 
futures account. We first characterize properties of the equilibrium price 
and then turn to the analysis of optimal trading strategies. 

Note that equilibrium condition (23) becomes 

I2C(X, YT) + Is(Xs, T) + If (Xf .T) = W, + Ws, (30) 

which implies that N iS constant. Since No = Eo(qT) = 1, we infer T= 1 

From equation (24) and = 1, we have PT = XC- U1C(QT). By equation (28) 
and NT =1, we obtain the equilibrium price in the benchmark case: 

Pt = xc -Et [Ulc(QT)], (31) 

which implies that futures price is a positive martingale. The constant xc 
can be uniquely determined by equation (25), the consumer's budget con- 
straint: 

XC [1 + Eo(QT Ulc(QT))]/WC. (32) 

To obtain price volatility in this benchmark case, we take advantage of the 
following lemma, whose proof is given in the Appendix. 

LEMMA 3: Let F be a continuous and piecewise differentiable function. Then 

Et [F(QT)1 = EO[F(QT)1 - J ES [F'(QT) QT] dZs. (33) 

In particular, we have 

rT 

F(QT) =EO[F(QT)1-J Et[F'(QT) QT] dZt. (34) 

According to equation (33), we have: 

rt 
Et[Ulc(QT)1 = EO[Ul'C (QT)1 - ff ES [QT UlC(QT)]dZS, 

which, by virtue of equation (31), implies 

dPt -'XC . Et[QT Ulc(QT)1 dZt =xc .Et [R(QT) UlC(QT)1 dZ . (35) 
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Equation (35) shows that bad news about QT results in an increase in fu- 
tures price. 

If we write dP*I/P* = o7dZt, then equations (35) and (31) together imply: 

Et [R (QT ) - Ulic (QT )],(6 

Et [ UlC (QT )1 

which, by noting that 

Et [R (QT) .UlC (QT)1 -Et [R(QT)1 Et [ UlC (QT)1 + covt [R (QT), UlC (QT)1, 

yields 

covt [R (QT), Ulc (QT)1 STt = Et[R(QT) + EU C!Q) 7 (37) 

which implies that Jt* > o Et [R(QT)1 under the assumption that R(QT) is a 
decreasing function of QT. Note that if R(QT) were constant and equal to R, 
then ot would be constant and equal to oR. Under the assumption that 
R(QT) is high for low QT, equation (37) suggests that if Et(QT) is low, then 
oJt* is high. The following proposition, whose proof is given in the Appendix, 
shows that price volatility indeed goes up in reaction to bad news about the 
production level.12 

PROPOSITION 1: Under the assumption that R(QT) is a decreasing function of 
QT, o-* is an increasing function of Zt. 0, equivalently, ot* is a decreasing 
function of Et(QT). 

We now turn to the analysis of optimal trading strategies. Note that when 
NT = 1, we have WSST = WS, and by equation (21) we conclude that Cs*- 0 for 
all t. Intuitively, when P* follows a martingale, there is no incentive for the 
speculator to participate in the market. Indeed, if the producer can fully 
participate in the futures market, we see no reason for the speculator to 
play any role in the process of risk allocation between the producer and the 
consumer. 

12 If we apply this paper's intuition to a model with both spot and futures markets, we would 
expect both the spot and futures prices to display similar positive correlations between prices 
and volatility. The exact spot price determination is very complex and idiosyncratic, and the 
spot price is not even unique. If we use the front-month futures price volatility as a proxy for 
the spot price volatility, then the empirical fact known among all agricultural option traders, 
that the persistent implied volatility skewness exists for both options on the front-month fu- 
tures contracts and options on futures contracts based on a different harvest cycle, suggests 
that the positive correlation between price and volatility is shared by both spot and futures 
markets. 
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Note also that when TqT = 1, we have W7T =Wf. Thus, by equation (22) the 
only purpose of the producer's optimal trading strategy is to completely hedge 
away the risk in his future revenue. That is, Cft is chosen to satisfy 

rT 

Wf = QTPT + fCt dP, (38) 

which shows that the producer's trading revenue is equal to Wf -QTPT. 

Since PT = XC 1 Ul' (QT), we may write 

JT 
Cft dP: = Wf-xc J QT UlC (QT), (39) 

o~~~~~~~~~~~ 
which implies that there does not exist a constant K such that frf C1t dP? ?-K 
almost surely. That is, the producer's trading losses can be unbounded.13 

To extract the producer's optimal hedging strategy, we note that equation 
(34) gives 

rT 

QT.UlC(QT) = XcWf - f Et[QT*UTC(QT) ? QT Ul'(QT)]dZt, (40) 

which, together with result (39), gives 

RT rT 

fCt dPt xc a- |Et [QT- Ulc(QT) + QT U'(QT)]dZt, (41) 

which implies Cf*cI dP XC 1oEt[QT U1CJ(QT) T QT Ulc(QT)]*dZt. By equa- 
tion (35), we obtain 

Et [QT e Ulc (QT) ? QTUlC (QT)] 
Cgs= (42) 

' ~~~Et [ QT -UlC (QT)] 

Under the assumption that R(QT) is a decreasing function of QT, we can 
use equation (42) to show that C$t > - Et(QT). That is, if a producer expects 
to harvest one bushel at time T, his optimal hedge in the futures market is 
less than one bushel. This result is consistent with past research such as Ho 

13 We want to show that for a necessary commodity there is no upper bound for QT UlC(QT), 
and thus by equation (39) there does not exist a constant K such that fot C4 dPt 2 -K almost 
surely. To see this, we note that there exists an e such that R(Q) > 1 + e for small Q (smaller 
than C). We can then show that for small Q, Ul,(Q) > k -Q -'- for a positive constant k, which 
implies that Q Ul,'(Q) > k Q E. The proof is complete by noting that Q E is unbounded from 
above. 
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(1984). Because it is difficult to obtain an explicit expression for Cft at this 
level of generality, it is helpful to compute C$t in the hypothetical case when 
R(QT) is constant and equal to R. In this case, equation (42) becomes 

Cft(R) = (R1 - 1) exp[-Ro2 (T - t)] ?Et(QT), (43) 

which gives that C$t(R) > -Et(QT) for all levels of R. 
The hypothetical case of constant relative risk aversion can shed light on 

our case of interest. In states where QT is very high so that R(QT) is lower 
than one, or, equivalently, when futures price and volatility are low, equa- 
tion (43) implies that the producer can actually stay long in futures.14 On 
the other hand, in states where QT is low and R(QT) is higher than one, or, 
equivalently, when the futures price and volatility are high, the producer 
will short the commodity in the futures market. 

The hypothetical case can also be used to argue that a higher o implies a 
lower hedge ratio, where the hedge ratio is defined to be [-Ct/tEt(QT)]. That 
is, if there is more uncertainty about the supply of the commodity, the pro- 
ducer tends to lower the hedge ratio. Note that as harvest time approaches 
(i.e., when T - t decreases), the producer increases the hedge ratio (see also 
Anderson and Danthine (1983)). 

We conclude this section with a note on the price elasticity of the consum- 
er's demand for the commodity. Formally, price elasticity is defined to be 
e (P) - [dC (P)/dP] [P/C (P)], where C (P) denotes the quantity demand as 
a function of price P. Let T(P) C(P) P be the consumer's consumption 
expenditure, then dT(P)/dP = C(P) .[1 - e(P)], which implies that if 
e (P) < 1, the consumer spends more money on his consumption as the price 
goes up, and if e (P) > 1, the consumer spends less money on the consump- 
tion good as the price goes up. 

Note that the consumer's consumption expenditure is equal to T(PT) 
QT PT = QC-1 QUJ(QT), where we note that QT is a decreasing function of 
PT by the equation PT =XC-1 U1C(QT)O In states when QT is low so that R(QT) 
is higher than one, we can show that T(PT) is an increasing function of PT, 

or, equivalently, the consumer's elasticity of demand is less than one. That 
is, the commodity is a necessary commodity when its supply is tight. Simi- 
larly, in states when QT is high so that R(QT) is less than one, the consum- 
er's elasticity of demand is higher than one. That is, the commodity becomes 
a luxury commodity when its supply is abundant. 

IV. Effect of Liquidity Constraints and Role of Speculation 

In this section, we consider the case when K < 0o. In this case, the pro- 
ducer is not allowed to lose more than K in his futures account at any time. 
The main task in this section is to examine the equilibrium consequences of 

14 Our result that the producer may not want to short futures in the face of an abundant 
crop is similar to the result (in the theory of storage) that the producer's demand for storage 
goes up when he sees a big harvest ahead. 
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liquidity constraints and to understand the role of speculation. We find that 
with liquidity constraints, the futures price does not follow a martingale. In 
particular, we discover that the futures price exhibits mean reversion. This 
mean-reverting property of the futures price induces the speculator to buy 
at low prices and sell at high prices. However, as more speculative capital is 
at work, the futures price exhibits less mean-reversion as the market price 
of risk dwindles. In this sense, speculation improves upon market alloca- 
tional inefficiency left by the producer's inability to bear unlimited trading 
losses. 

We also find that speculation tends to skew price volatility in a certain 
way. Speculation causes volatility to rise in states when the futures price is 
high and the expected output is low, and it dampens volatility in states when 
the futures price is low and the expected output is high. That is, speculation 
makes price volatility an increasing function of the futures price. 

Market Price of Risk 

The pricing kernel, which represents the state price density, is crucial to 
understanding the market price of risk. Note that d-bt = - Ot t dZt implies 
that Ot, the market price of risk, is entirely determined by the properties of 
the pricing kernel. To derive WT, we note the following equation in T1T ob- 
tained by eliminating PT from equations (23) and (24): 

I2c(XC 
NJT) 

+ IS(XS -qT) + max QTU'c(QT)K, I(Xf ) Wc + Ws (44) 

which shows that 'qT is an increasing function of QT UlC(QT). Moreover in 
states when the producer's total trading losses are less than K (i.e., when 
If(Xf 71T) > [QTU1'c(QT)]. (XCjqT)< - K), equation (44) entails that Wq iS 

constant. 
Under the assumption that all utility functions of cash holdings are log- 

arithmic, equation (44) and budget constraints imply 

1T + maxf _Wf -K-lWf++a(Wc- Wfx)QTfUljc(QT) (45) 
Ws + WC Ws + Wc + K, 

where the producer's effective wealth is given by 

_ EO[QTU'Cc(QT)] , (46) 

1 + Eo[QTU1C(QT)] 

and x-1, which is less than Wf, may be thought of as the constant that 
makes EO(-qT - 1) = 0 for the 'q given by equation (45). 
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Note that NT is an increasing function of [QT* Ul, (QT)]. Thus, in order to 
understand the properties of T1T, we need to study the properties of 
[QT Ul, (QT)]. The following lemma, whose proof is straightforward by direct 
differentiation, shows that the consumer's relative risk aversion determines 
the properties of [QT ? UlC (QT)] 

LEMMA 4: The first-order derivative of x * Ul, (x) is given by: 

d FxR (u) 
[x c U., (x)] = C [1 - R(x)] exp Lj du (47) 

dx e ~~~~~~~u 

where c and 6 are positive constants. 

The above lemma implies that when QT < C so that R(QT) > 1, [QT UlC(QT)] 
is a decreasing function of QT. On the other hand, when QT > C so that 
R(QT) < 1, [QT UlC(QT)1 is an increasing function of QT. In other words, 
[QT U1C(QT)1 is a U-shaped function of QT. 

The fact that [QT- UlC(QT) is a U-shaped function of QT implies that ijT, 

which is given in equation (45), is made up of three components. In states 
when QT is very low, XqT is a decreasing function of QT; in states when QT is 
very high, X)T is an increasing function of QT; in the intermediate states, NT 
is constant. Let us define a function F(?) by XT = F(QT). When K = , we 
return to the benchmark case in which XT = 1; when K = 0 so that the 
producer does not enter the futures market, the pricing kernel is a complete 
U-shaped function of QT; when K E (0, oo), which is a case of incomplete 
hedging, we observe that NT is a bowl-shaped function of QT? 

Let us first consider the effect of incomplete hedging on the properties of 
the pricing kernel. Note that as K increases-that is, as the producer be- 
comes more tolerant of his trading losses-equation (45) shows that the re- 
gion of QT in which NT iS constant is widened. Also, as K increases, the 
slopes of other components decrease. In other words, the whole pricing ker- 
nel curve becomes flatter. To see this mathematically, we note that (77T - 1) 
is the maximum of a constant term and a nonconstant term. As K goes up, 
the nonconstant term goes down in value and becomes a flatter function of 
QT. To ensure that EO(ijT - 1) - 0, the constant term has to rise. A higher 
constant term, together with a lower and flatter nonconstant term, implies 
that the region of QT in which XqT iS constant has to be widened. 

We now consider the effect of speculation on the properties of the pricing 
kernel. Note that as W, increases(i.e., as more speculative capital is avail- 
able), equation (45) shows that the region of QT in which NT iS constant re- 
mains the same. To see this, note that by using equation (45), EO(-qT - 1) = 0 
implies that 

( - IW (W + W +K)--L (48) 
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is independent of Ws. Thus, equation (45) becomes 

= 1 + (WS + WC + K).max[-L,-K- Wf + (Wc- Wf)QTU'C(QT)], (49) 

which shows that the region in which X)T iS flat; that is, the set 

{QT: -K- Wf + (Wc - Wf)QTUlc(QT) ? -L}, (50) 

is independent of Ws. Equation (49) also shows that the slopes of the other 
components of NT decrease as Ws increases. 

We are in a position to use the properties of the pricing kernel to infer the 
market price of risk. Note that in light of equation (33), -t = Et[F(QT)] 

satisfies 

rt 
rt 1- -f Es[F'(QT) QT] dZs, (51) 

which implies that dqt= -o-Et[F'(QT) QTI dZt. Since dqt= --Ot67t dZt, we 
obtain the following expression for the market price of risk: 

Et [F' (QT) .QT] 

Et [F(QT)] 

Equation (52) shows that the slope of function F is important in deter- 
mining the algebraic sign of Ot. Roughly speaking, in states when F'(QT) is 
expected to be positive, Ot is positive; in states when F'(QT) is expected to be 
negative, Ot is negative. 

Having just analyzed the effect of K and Ws on F(QT), we are able to infer 
the effect of K and Ws on the market price of risk. In the presence of liquidity 
constraints, the futures price does not follow a martingale. In states when 
the supply of the commodity is expected to be very low or equivalently when 
Pt is very high, equation (52) implies that Pt is expected to fall; in states 
when the supply is expected to be very high or, equivalently, when Pt is very 
low, equation (52) implies that Pt is expected to rise. In the intermediate 
states, the futures price roughly follows a martingale. Therefore, liquidity 
constraints can cause the futures price to exhibit mean reversion. 

However, as either K or Ws increases, the pricing kernel curve becomes 
flatter, and by equation (52), the mean-reverting property of Pt becomes less 
dramatic. In other words, Iot I decreases as K or Ws increases. In the extreme 
case when either K = oo or W - oo, the mean-reverting property disappears. 

Price Volatility 

In this subsection, we analyze how price volatility is affected by the li- 
quidity constraints and the presence of speculation. We find that speculation 
tends to make o-t an increasing function of Pt. That is, in states when the 
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expected output is low and futures price is high, speculation makes futures 
price more volatile. In states when the expected output is high and the fu- 
tures price is low, speculation serves to dampen price volatility. 

The following proposition, whose proof is given in the Appendix, relates St 

to Ot in a simple way. It allows us to use the properties of Ot to analyze the 
properties of at. 

PROPOSITION 2: Let o-j denote the price volatility in the equilibrium without 
liquidity constraints. Then 

(-t =::: 0t *+ at- (53) 

In states when Et (QT) is very low so that Pt and o-a are very high and at 

is negative, equation (53) shows that in the presence of liquidity constraints, 
price volatility is lower than in the benchmark case. Similarly, in states 
when Et (QT) is very high so that Pt and S-t* are very low and Ot is positive, 
equation (53) shows that in the presence of liquidity constraints, price vol- 
atility is higher than in the benchmark case. In the intermediate states, o-t 
and o-t* are close. 

As K or Ws increases, IOtI decreases and ot approaches o-t*. In other words, 
an increase in K or Ws tends to make price volatility an increasing function 
of futures price, and correspondingly, option-implied volatility tends to be an 
increasing function of option strike price (see Rubinstein (1994) for relating 
instantaneous volatility skewness to option-implied volatility skewness). Thus, 
the extent to which implied volatility is skewed is also an indirect measure 
of speculative activity in the futures market. 

Optimal Trading Strategies 

In this subsection, we discuss the nature of optimal trading strategies 
adopted by the speculator and the producer. The consumer's trading strat- 
egy, which is not explicitly discussed here, can be obtained by the market 
clearing condition. We find that the speculator buys at low prices and sells 
at high prices, and that the profitability of speculation decreases as either 
more speculative capital enters the market or the producer becomes more 
tolerant of trading losses. The producer's trading strategy is essentially to 
replicate the payoff of a put option on his future revenue. 

Let us first examine the essence of speculation. By equation (15), the specu- 
lator's final wealth is a decreasing function of T1T, where XJT is a bowl-shaped 
function of QT. Thus, in states when QT is either very high or very low, the 
speculator loses money, and in intermediate states, speculation is profitable. 
Essentially, the act of speculating is equivalent to writing an insurance pol- 
icy to guarantee that QT will be normal. The idea that speculators are pro- 
viders of insurance goes back to Keynes (1930). 
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Under the assumption of a logarithmic utility function, equation (15) gives 
the speculator's optimal final wealth: WS*T = (XslT)-', which implies that 
Ws*t --t = Et (Ws*T 7T) = xj -, where Ws*t denotes the optimal wealth at time t. 
Thus xs 7'= Ws and W* = Ws jqt-'. Ito's lemma entails that 

dWs* - Ws Ot r,- 1 dZt + WS82-'1 * dt, (54) 

where we have made use of dqt= - Qt-t dZt. Equation (54) can be rewrit- 
ten as: 

dWst 
t *dt + Ot*dZt7 (55) 

which shows that the expected rate of growth in the speculator's wealth is 
determined by IQt I. As either Ws or K increases, IOt I decreases, which makes 
speculation less profitable. 

By the definition of C *, we have dWs*t = CstdPt = CstPt (ttdt + o-tdZt). 
According to equation (54), we obtain C *Pt ot = Ws Ot, 6 which gives Cs = 

Ws. (t/o-t) (Pt-it)-1. Note that equation (53) gives o- t=-j + t. Note also that 
by (24), Pt-mt = Et[PTI7T] = Et[U1c(QT)1/Xc, where xc satisfies equation (25) 
and is given by xc {1 + Eo[QTUIC(QT)]}/WC. Thus, 

Ws at 1?+ Eo[QTUlc(QT)] 
cst ~~~~~~~~~~~~~~(56) 

WC o-t* + at Et[Ulc(QT)] 

Though there may be many factors that affect C:t, equation (56) shows that 
the algebraic sign of C5 is entirely determined by the algebraic sign of Ot. 
Thus, in states when futures price is high but is expected to fall, the specu- 
lator stays short; in states when futures price is low but is expected to rise, 
the speculator stays long. In essence, the speculator is rewarded for taking 
advantage of mean reversion in the futures price. Note that as K increases- 
that is, as the producer becomes more tolerant of trading losses-I Q de- 
creases, which by equation (56) implies that the speculator takes a smaller 
position. 

We now turn to the analysis of the producer's optimal trading strategy. 
Recall equation (22): 

max[IQT-PT -K, If(Xf qT)] = QTPT +T C$tdPt, (57) 
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where the left-hand side is the producer's optimal final wealth. Note that in 
states when If(Xf - T) > QT4PT - K, equation (23) implies that NT iS con- 
stant, and by equation (45), X- 1 + (x' - Wf)/(W, + WC). Thus, we can 
replace If(Xf - T) by a constant in the above equation: 

T 
max[QT PT-K, h] QTPT + fCt dPtX (58) 

where h is a positive constant defined by h-= xf + (1 - Wfxf)/(W8 + We). 
Equation (58) can be rearranged as 

rT 

max[O,(h + K) - QTPTI K + fCt dPt, (59) 

which shows that the producer's trading strategy is to replicate the payoff of 
a put option on the revenue QTPT with strike equal to (h + K). As a conse- 
quence, Clt is equal to the 'delta' of the revenue put option. Equation (59) 
also shows that the cost of such a revenue put option is equal to K. 

Equation (59) shows that in states when QTPT is expected to be very high 
so that the revenue put option is deep out-of-the-money, Cf* should be close 
to zero. In states when QTPT is expected to be very low so that the revenue 
put option is deep in-the-money, Cft should be close to the 'delta' that would 
be used in order to completely hedge away QTPT. In states when QTPT is 
expected to be close to (h + K), the revenue put option is at-the-money and, 
as a result, Cft should be between zero and the 'delta' that would be used in 
order to completely hedge away QTPT- 

By equation (23), we infer that QTPT can be seen as an increasing function 
of 'qT. Recall that in Section A, N iS shown to be high in extreme states 
when QT is either very high or very low. Thus, QTPT is high when QT iS 

either very high or very low. Therefore, in states when the commodity supply 
is expected to be either very tight or abundant, Cft should be close to zero. 
The producer's inaction in the market in these states helps us understand 
the existence of a commodity risk premium in such states. 

Similarly, we can show that in the intermediate states when QT is ex- 
pected to be moderate, QTPT iS low enough so that the revenue put option is 
not deep out-of-the-money, and, as a result, C$t is not close to zero, and it is 
between zero and the 'delta' that would be used in order to completely hedge 
away QTPT. The producer's active participation in the market in these states 
serves to reduce the commodity risk premium in such states. 

V. The Effect of Government Price Subsidy 

In this section, we consider the equilibrium consequences of government 
price subsidy. A price subsidy is essentially a put option that pays to the 
producer an amount equal to max(O,P - PT) for each unit of commodity 
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production, where P is the level of price support and is known at time zero. 
With price subsidies, the producer's revenue will be QT max1(P, PT). In the 
United States, price support levels for agricultural products have been set 
by a formula based on the average prices of previous years. 

Marcus and Modest (1986) look at the government price subsidy as a ran- 
dom number of put options on futures prices. In their paper, the U.S. agri- 
cultural price support system is evaluated without considering the equilibrium 
implications of the price support system itself. As we will see, the presence 
of price support can reduce price volatility, particularly in states when PT is 
at or below P. Thus, a partial equilibrium approach such as the one in Mar- 
cus and Modest (1986) could overestimate the true cost of agricultural sup- 
port programs. See Crain and Lee (1996) for some empirical evidence that 
commodity futures volatility depends on government programs. 

To analyze the equilibrium effect of a price subsidy, we have to know whether 
the producer can hedge in the futures market. In the extremie case when 
K 0 so that the producer does not trade in the futures market, the gov- 
ernment price subsidy has no effect at all on the equilibrium commodity 
price. If K > 0, then the government price -subsidy can influence the com- 
modity price because it affects the producer's trading decisions. Since K= 00 

corresponds to the case in which the producer has the most freedom to trade, 
we choose K = oo so that the producer can make the maximum use of the 
price subsidy, and in so doing, the equilibrium effect of price subsidy will be 
most transparent. 

Note that equations (20) and (21) are still valid equations for the optimal 
final wealth of the consumer and the speculator, respectively. The optimal 
final wealth of the producer, originally given in equation (22), is now 

rT 

If (Xf 7T) = QT max(P,PT) +T Ct dPt, (60) 

where C$t denotes the producer's optimal futures holdings. 
If we ignore how government subsidies are paid for,15 then we can sum 

equations (20), (21), and (60) and use equation (19) to obtain: 

I2C(X NT)T) + IS(XS, ?7T) + If(Xf T) =W + WS + QT-max(P - PT,O), (61) 

15 In a more general model, one might assume that consumers end up paying taxes to the 
government, and the government uses taxes to pay for the subsidies. The resulting effect on 
equilibrium futures prices hinges on whether consumers use the futures markets to hedge 
potential tax liabilities. If the consumers choose to completely hedge away future tax liabilities 
in the futures markets, then the equilibrium will be the same as in the case of no government 
subsidy, except that the consumer's initial wealth is reduced by an amount equal to the present 
value of government subsidies. If the consumers decide not to hedge against tax liabilities, then 
the resulting equilibrium is the one studied in the paper. I am grateful to Ren6 Stulz (the 
editor) for bringing up this point. 
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which, after replacing PT with UlC(QT)/(xC, 7T) in light of equation (24), be- 
comes 

KUIC (QT)1 
I2C(XC 17T) + IS(XSr,T) + If(xfr T) = Wc + Ws + QT-max P- 0 (62) [ Xc qT 

The following lemma, whose proof is given in the Appendix, uses result 
(62) to represent T7T as a function of QT. 

LEMMA 5: The equilibrium pricing kernel T is a decreasing function of QT. 

In particular, 

"iT - min{k, h(QT)}, (63) 

where k ? 1 is a positive constant and h(QT) is a positive and decreasing 
function of QT when lT < k. 

Equation (52), which states Ot =St[F (QT) QT]lEt[F(QT)] where 
NT F(QT), can be applied here to derive properties of the market price of 
risk. According to equation (63), N iS constant when QT is low enough to 
make PT > P, and in other states, NT is a decreasing function of QT. There- 
fore, when Et (QT) is low or, equivalently, when the futures price is high, Ot 
is slightly negative, and in states when Et(QT) is high or, equivalently, when 
the futures price is low, Ot is negative. 

To understand why the futures price is expected to fall when the expected 
output is high, we need to look at the producer's trading decisions. The pro- 
ducer's endowment is the sum of QTPT and the value of government price 
subsidy: QTmax(O, P - PT). Compared to the previous benchmark case, the 
producer is now faced with the extra task of hedging an uncertain quantity 
QT of put options on price. When Et(QT) increases, we see dual effects: first, 
the number of possible put options increases, and, second, the delta of each 
put option becomes more negative. As a result, the producer is motivated to 
buy futures in order to reduce the total delta risk. Since the benchmark case 
gives zero risk premium, it is only reasonable to expect a negative risk pre- 
mium in this case so that the futures market can clear-that is, speculators 
have to be induced to sell futures to the producers. We expect to see a more 
negative risk premium in states when the futures price is just at or below P 
because, by option theory, the delta of a put option is more sensitive in these 
states. 

Equation (53), which states ot = o-t + Ot, can be used to obtain price vol- 
atility in the presence of a government price subsidy. Since Ot is slightly 
negative when Et(QT) is low, and more negative when Et(QT) is high, we 
conclude that ot is slightly lower than ort* when Et(QT) is low, and ot is lower 
than o-t when Et(QT) is high. In any circumstance, a price subsidy serves to 
reduce price volatility. The fact that, compared to the benchmark case, the 
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producer is buying futures when the futures price gets lower16 helps us un- 
derstand the result that a price subsidy reduces volatility, especially in states 
when futures prices are low. 

VI. Summary and Empirical Discussion 

In this paper, we develop a simple framework to analyze the equilibrium 
consequences of liquidity constraints, speculation, and government price sub- 
sidy. When producers cannot fully participate in the futures market due to 
their inability to bear unlimited trading losses, the futures price tends to 
exhibit mean reversion, especially when the commodity output is either very 
high or very low. The mean-reverting property of the futures price induces 
speculators to buy at low prices and sell at high prices. Speculation tends to 
make volatility an increasing function of the price level. 

The effect of government price subsidies on commodity prices depends on 
the extent to which producers can participate in futures trading. If produc- 
ers are not faced with any trading loss constraints, then a price subsidy 
causes the expected return on the futures price to be negative and reduces 
price volatility, particularly in states when the futures price is just at or 
below the governmental price support level. 

We conclude this paper by presenting some stylized facts, with the under- 
standing that a more detailed test of the implications of this paper is needed. 
We compute daily returns based on the daily settlement price of nearby 
active soybean futures from the beginning of 1985 to the end of 1995. Having 
computed returns, we then adjust the futures price level by the GDP de- 
flator to obtain the price of soybeans relative to the price of the basket of 
all other goods. To be more specific, let Pt denote the original price and 
Pg denote the adjusted price, then the price level adjustment is such that 
Pa = Pt for January 2, 1987, and Pa > Pt before January 2, 1987, and 
P' < Pt after January 2, 1987. Because the period under consideration is a 
period with very low GDP deflators, the price level adjustment has insigni- 
ficant effect on our results. 

We obtain a set of numbers denoted by {(P ,Rt,t?1)}, where Rt,t?1 is the 
daily futures return from t to (t + 1). We then sort the dataset by Pa in 
ascending order, and divide the whole sample into four subsamples with 
equal numbers of observations. For each subsample, we compute annualized 
mean and annualized standard deviation. Here are the results: the first 
subsample, which has the lowest P', has a mean of 12.51 percent and a 
standard deviation of 14.75 percent; the second subsample has a mean of 
4.13 percent and standard deviation of 16.76 percent; the third subsample 

1G Or if we use the language in the theory of storage, we can say that the producer is moti- 
vated to store more commodities when the futures price gets lower, which gives rise to lower 
volatilities in these states. 
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has a mean of - 4.07 percent and standard deviation of 17.97 percent; and 
the fourth subsample, which has the highest P', has a mean of - 17.50 
percent and standard deviation of 23.99 percent. 

Based on the subsample mean results, we observe that the futures returns 
are positive when the futures prices are low, and negative when the futures 
prices are high. This observation is consistent with equilibrium predictions 
on the effect of liquidity constraints. The subsample standard deviation re- 
sults suggest that futures price volatility is an increasing function of the 
price level, which justifies our assumption that the consumer's utility func- 
tion exhibits decreasing relative risk aversion. Indeed, the dramatic pickup 
in volatility in the fourth subsample suggests that the relative risk aversion 
can be very high if consumption level is low, pointing to the conclusion that 
the consumer is willing to pay a lot to maintain an adequate level of con- 
sumption of indispensable commodities. 

Appendix 

Proof of Lemma 1: For any pair (CT, BT) that satisfies equation (12), we 
need to show 

EO[UlC(CT) + U2C(BT)] ? EO[UUC(c7T) + U2C(B T)]. (Al) 

We use the standard support argument for concave functions. That is, for 
concave U(-), we have that for any a and b, U(a) - U(b) ? U'(b) (a - b). 
Observe that 

EO[U1C(CT) + U2C(BT)] 
-,EO[Ulc(C 

cT) + U2C(BCT)] 

? Eo [Uc (CCT )(CT C7T)] + Eo [U2C (BT ) (BT BCT (A2) 

EO[XC.PT -WT-(CT CcAT)] + Eo[Xc NT (BT - BCT)] 0. 

Q.E.D. 

Proof of Lemma 2: For any terminal wealth WT that satisfies WT 
QT PT - K and EO (WT -qT) = Wf, we need to show Eo [Uf (WT)] ? Eo [Uf(W/S+)], 
where W/T is defined in equation (18). 

We use the standard support argument for concave functions. That is, for 
concave U(.), we have that for any a and b, U(a) - U(b) ? U'(b)?(a - b). 
Observe that 

Eo[Uf (WT) - Uf (Wj?fl)] C Eo[U (WfT))- (WT - WM). (A3) 

In states when WT = If(Xf - T), we have 

U/ (W7T) * (WT - WfT) = Xf T -T(WT - WT) (A4) 
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In states when W$T QTPT - K, we have W$T > If(Xf NqT) and thus 
U'f(W/T) ? Xf qT, and WT ? W/T, which together imply 

U/ (W/T) * (WT - W/T) C Xf lT.(WT - W+T) (A5) 

Therefore, we have 

EO[Uf(WT) - Uf(W7T)l ? EO[Xf 7T (WT WST)] = 0. (A6) 

Q.E.D. 

Proof of Theorem 1: First let us show that Pt as defined by equation (28) 
is a diffusion process. According to the corollary in Protter (1990, p. 157), 
there exists a nonanticipating Ot such that qt- Et(qT) can be written as an 
exponential: 

,qt = exp(-4 f ds -fOsdZ) (A7) 

which implies that dqtl/qt = - Q dZt. Similarly, there exists a nonantici- 
pating at such that 

dEt(PT -7T) -atdZt. (A8) 
Et (PT 7WT) 

Applying Ito's lemma to Pt = Et (PT 77T)I77t, we obtain 

dPt 
- = (at + Ot) * (Ot dt + dZt), (A9) 
Pt 

which shows that Pt is a diffusion process. 
To show that Pt is an equilibrium price process, we need to show that 

when all market participants are faced with Pt, the futures market clears 
at all times. Define Wct = Et(Wc*T *iT)/I7t, Wt = Et(W,*T -qT)/'rt, and Wft = 

Et [(W7T - QTPT) 1TI//t. Note that due to budget constraints Wco = Wc, 
W,O = Ws, and Wfo = 0. By the same argument used to derive dPt/Pt 
(at + Ot) (Otdt + dZt), we can show that there exist nonanticipating it, jt, 
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and kt such that dW t/Wct = 
(it 

+ Ot).(Otdt ? dZt) dWst/Ws- (Jt ? 6). 

(Otdt + dZt), and d Wft/Wft = (kt + Ot) (Otdt + dZt). As a result, we may write 
dWct = CctdPtd dWst = CPtdPt and dWft = Cftdpt. Or, equivalently, 

rT 

WCT =wC + fCctdPt, (AIl) 

T 

WS*T =WS +1 CstdPt, (All) 

T 

W7T =QTPT +J Cft dPt. (A12) 

It remains to show that Cct + Cst + Cft 0. Note that equation (23) can be 
rewritten as WC? + WS7' + (W7T - QTPT) = + WS. Thus, Wct + Wst + Wft 
Wc + Ws, which, through differentiation, implies that Cct + Ct + Cft 0. 
Q.E.D. 

Proof of Lemma 3: Define a function f by f(t, Zt) Et [F(QT)]. By defini- 
tion, f (t, Zt) is a martingale. Ito's lemma gives: 

f (t, Zt) = f (O, ZO) + F af d'Zs (A13) 
ao 

Let us use q (x) to denote the density function of (ZT - Zt). Because 
(ZT - Zt) and Zt are stochastically independent, q (x) does not depend on the 
value of Z. By noting that QT= exp[- 2 T - o- (ZT Zt) - t , we can 
write: 

f (t, Zt ) = F |exp (-( )f 2 T - (7Zt - - X) q (x) dx, (A14) 

which, under the assumption that F(?) is continuous and piecewise differ- 
entiable, gives rise to: 

F [exp( ( o2T -oZt - ox)] 

az~~ 00 2 
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which can be rewritten as 

3f 
_= -o=.Eti[F'(QT) QT] (A16) 

Therefore, f(t,Zt) = f(O,ZO) -o-foEs[F'(QT).QT]dZs, which is equa- 
tion (33). Equation (34) follows by setting t = T in equation (33). Q.E.D. 

Proof of Proposition 1: Let us define f(t,Zt) = Et[R(QT)Jl'c(QT)] and 
g(t,Zt) = Et[UC(QT)]> ,then by equation (36), o* = orf(t,Zt) /g(t,Zt), which, 
by direct differentiation, implies that o-t*a/Zt > 0 provided that 

() g (tZ (t, Zt) - f (t,Zt) dZ > ?. (A17) 

By an argument similar to the one used to establish Lemma 3, we obtain: 

= -o=.Et[R'(QT)UlC(QT)QT+ R(QT)UlC(QT)QT] 

- .Et [R' (QT) UC (QT)QT- R2(QT). Ulc(Q1)], 

3g(t, Zt) 
= -o*Et[U1 (QT)QT] =1 J-Et [R(QT) Ul c (QT)] (A19) 

Therefore, in order to establish o-t*1/Zt > 0, we need to show 

0 < -oJ.Et[R'(QT)U1C(QT)QT- R2(QT)UlC(QT)] Et[ UlC(QT)] 

- Et [R(QT)UlC(QT)] =-Et [R(QT)Ul'C(QT)]. (A20) 

Since R'(QT) < 0, we need only show that 

0 c Et[R2(QT)Ulc(QT)]-Et[Ul'c(QT)]- {Et[R(QT)Ulc(QT)]}2, (A21) 

which follows from the Cauchy-Schwarz inequality in the following way: 

{Et [R(QT)UlC(QT)]}2 

={EtI[R(QT) U_'(Q). U1C(QT)]}2 

cEt[R(QT) 
UC( -)]-Et[ UC(QT)]2 

- Et[R 2(QT)Ul'C(QT)]*Et[Ul'C(QT)] (A22) 

Q.E.D. 
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Proof of Proposition 2: Note that dPt /Pt = At dt + o- tdZt implies 

PT= Po-expf (/t - -2 o)dt +? otdZt1 (A23) 

which, together with relationship (10), suggests 

PT rlT Po exp| y 2 - o2 o dt +I (ot - 
t)dZt' (A24) 

which, by noting ,Ut = oQt Ot, can be restated as: 

PT rqT = Po-exp[ -2 (t -Ot) 2dt + f(ot-Ot)dZtI. (A25) 

On the other hand, equation (24) entails that PT 71T = Ul,(QT)/xC Recall 
that in the benchmark case, Pi* follows a martingale and by (31) we know 
that PT is proportional to 

Et[PT -1T] = PO exp[ (0S -- Os)2ds + (os - ,) dZs I (A26) 

which implies that ot* = St - ot. Q.ED. 

Proof of Lemma 5: Note that equation (62) implies that when PT > P, 
7T is a constant, and when PT < P, 7T is a function of QT. Under the 
assumption that utility functions of cash holdings are logarithmic, we can 
write 

X _ + XS + Xf XC + X + X-1 + X QTUlC(QT) 1 
71T = min{C W - W ? I (A27) 

t CWC + WCs W PQT 

where T is not constant only if PT <F, that is, only if P > x 1 U[C(QT). 
Let k be the constant such that T k when PT > P. Then we can write 
71T =min{k, h(QT)}, where 

h (q) = k b.xq.UI(q) (A28) 
i1?bPq 
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where b (W, + W)-1 is a positive constant. The fact that k - 1 follows 
from E0q(nT) = 1 and T 'f? k. To see that h (q) is a decreasing function of q 
when P > xc U1,(q), we note that by direct differentiation, h'(q) ? 0 if and 
only if 

bxJ [Ulc(q) + q 
-Ul(q)](I 

+ b Pq) ? [k + b 
- 
xq .Ulc(q)] bP, (A30) 

which holds if xc1 Uc(q) ? P. Q.E.D. 
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