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An Asymptotic Theory for Estimating 
Beta-Pricing Models Using 
Cross-Sectional Regression 

RAVI JAGANNATHAN and ZHENYU WANG* 

ABSTRACT 

Without the assumption of conditional homoskedasticity, a general asymptotic dis- 
tribution theory for the two-stage cross-sectional regression method shows that the 
standard errors produced by the Fama-MacBeth procedure do not necessarily over- 
state the precision of the risk premium estimates. When factors are nisspecified, 
estimators for risk premiums can be biased, and the t-value of a premium may 
converge to infinity in probability even when the true premium is zero. However, 
when a beta-pricing model is misspecified, the t-values for firm characteristics 
generally converge to infinity in probability, which supports the use of firm char- 
acteristics in cross-sectional regressions for detecting model misspecification. 

LINEAR BETA-PRICING MODELS have received wide attention in finance literature. 
Although sophisticated econometric methods are available for evaluating lin- 
ear beta-pricing models, it is difficult to interpret statistical rejections ob- 
tained from these methods. The two-stage cross-sectional regression method, 
which is used in the two classic studies of the CAPM-one by Black, Jensen, 
and Scholes (1972) and the other by Fama and MacBeth (1973)-is still pre- 
ferred in many empirical studies. With the cross-sectional regression method, 
it is rather straightforward to interpret the results in economic terms. It is also 
convenient to examine model misspecification by checking whether firm char- 
acteristics such as relative size and book-to-market value explain any resid- 
ual variation in average returns across firms. The method is intuitive and easy 
to implement. Because of this, empirical studies of linear beta-pricing models 
still use the cross-sectional regression method as a diagnostic tool.' 

*Jagannathan is from the Kellogg Graduate School of Management, Northwestern Univer- 
sity, and the Carlson School of Management, University of Minnesota. Wang is from the Grad- 
uate School of Business, Columbia University. We appreciate comments from David Backus, Sid 
Browne, Edwin Elton, Pierre Hillion, Bob Hodrick, and Raymond Kan, as well as seminar 
participants at the 1998 meeting of the American Finance Association, Columbia University, 
Northwestern University, University of Minnesota, Federal Reserve Bank of New York, and 
Stockholm School of Economics. Errors are our own. We thank Laarni Bulan for research as- 
sistance. Ravi Jagannathan acknowledges partial financial support from the National Science 
Foundation, grant SBR-9409824. 

1 Examples are the studies by Chan et al. (1991), Jegadeesh (1992), Fama and French (1992), 
Davis (1994), Kothari, Shanken, and Sloan (1995), Fama and French (1996), Jagannathan and 
Wang (1996), and Daniel and Titman (1997). 

1285 



1286 The Journal of Finance 

The statistical properties of parameter estimates obtained by using the cross- 
sectional regression method are rather complex. Black et al. (1972) derive the 
sampling distribution of the estimators under the assumption that measure- 
ment errors in the betas obtained in the first stage are small enough to be ig- 
nored. Fama and MacBeth (1973) suggest conducting cross-sectional regression 
for each period and then treating the estimates as independent samples of the 
estimated parameter. Shanken (1992) shows how to take into account the sam- 
pling errors in the betas obtained in the first stage. Under the assumption that, 
given the realization of factors, asset returns have a conditional joint distri- 
bution with constant covariance matrix (conditional homoskedasticity), he shows 
that the standard errors obtained by using the Fama-MacBeth procedure over- 
state the precision of the estimated parameters. 

In this paper, without assuming conditional homoskedasticity, we derive 
the asymptotic distribution of the estimators in the cross-sectional regres- 
sion method. When observations on returns and factors are identically and 
independently distributed, conditional homoskedasticity holds if the distri- 
bution is normal. However, the assumption of conditional homoskedasticity 
does not hold if the returns and factors are independent and have an iden- 
tical t-distribution. The asymptotic distribution developed in this paper only 
requires that the fourth moments of the distribution exist. We show that 
when the assumption of conditional homoskedasticity is violated, the stan- 
dard errors obtained from the Fama-MacBeth procedure need not necessar- 
ily overstate the precision of the estimates. 

A beta-pricing model is often misspecified. When expected returns are not 
exactly linear in the factor betas, as prescribed by theoretical models, a linear 
beta-pricing model will be an incorrect specification. For example, if expected 
return is a linear function of the covariance between the return and the growth 
rate of consumption, as described by the consumption-based CAPM, Sharpe's 
(1964) version of the CAPM with betas relative to the market return will be 
misspecified. Even when expected asset returns are linear in their factor betas, 
the econometric specification could be wrong if some of the factors are unob- 
servable and an econometrician uses arbitrarily chosen observable variables 
in place of the unobservable factors. A classic example of this type of misspec- 
ification is the use of a stock market index as a proxy for the unobservable mar- 
ket return in the CAPM, which is criticized by Roll (1977). 

In this paper, we examine statistical properties of the estimators in cross- 
sectional regressions when linear beta-pricing models are misspecified. We 
show that when a model is misspecified in this way, the cross-sectional re- 
gression method will generally not provide consistent estimates of the pre- 
miums on factors. The estimator of the premiums corresponding to the 
arbitrarily chosen proxy-factors, as well as the correctly specified factors, 
may be biased. 

In empirical studies, researchers often use the t-statistics associated with 
factor risk premiums to let the data identify priced factors. A beta with a 
t-value larger than two is chosen to be included in the model, and a beta 
with a small t-value is excluded from the model. A recent critique of this 
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practice comes from Kan and Zhang (1997). They conduct simulations in 
which true asset returns are generated from a one-factor model but the fac- 
tor in the two-stage cross-sectional regression is misspecified as a random 
variable uncorrelated with asset returns. They refer to such a misspecified 
factor as a "useless factor," and show that the t-value of this "useless factor" 
converges to a large value in the cross-sectional regression. 

In this paper, we demonstrate that for any multifactor linear beta-pricing 
models, when factors are misspecified the t-value of a premium may converge 
to infinity in probability even when the true premium is zero. This can happen 
even when the misspecified factors are correlated with returns, that is, the mis- 
specified factors are not "useless" in the sense of Kan and Zhang (1997). Hence, 
in the absence of economic theory, the practice of using t-statistics to identify 
price factors could generally lead to erroneous conclusions-a beta can be in- 
cluded in a model simply because of misspecification. 

Firm characteristics are often used for detecting misspecification errors. 
If a linear beta-pricing model is correct, variables of firm characteristics 
added to the model should not explain the cross-sectional variation of ex- 
pected returns after controlling the betas prescribed by the model. In this 
case, the t-values of firm characteristics should be insignificant. Therefore, 
a significant t-value is viewed as a rejection of the linear beta-pricing model. 
The common firm characteristic used for this purpose is firm size, which is 
defined as the log of market capitalization of a firm. Banz (1981) is the first 
to use firm size to examine the CAPM. Berk (1995) theoretically shows why 
firm size should be correlated with expected returns in the cross-section. 
Another commonly used firm characteristic is the ratio of book value to mar- 
ket value of a firm. Chan, Hamao, and Lakonishok (1991) and Fama and 
French (1992) show that this variable explains a large fraction of the cross- 
sectional variation in expected returns. Based on this evidence, Fama and 
French (1993) propose a three-factor model for stock returns. Daniel and 
Titman (1997) add firm size and book-to-market ratio to the three-factor 
model and find that the t-values associated with these two firm character- 
istics are still significant in the cross-sectional regression. 

In this paper, we take a close look at the behavior of t-values associated 
with firm characteristics. When a linear beta-pricing model holds, those 
t-values converge to a normal distribution with a finite variance. However, 
when factors or models are misspecified, we show that the t-values associ- 
ated with firm characteristics generally converge to infinity in probability. 
In particular, we show that, when a firm characteristic such as size is added 
to the one-factor model with a misspecified "useless factor," the t-value of 
the firm characteristic converges to infinity in probability. Therefore, large 
t-values associated with firm characteristics reject the linear beta-pricing 
model. These results support the use of firm characteristics in cross- 
sectional regression for detecting model misspecification. 

Usually, betas of assets are defined as slope coefficients in the multiple 
regression of asset returns on factors. However, it is sometimes convenient 
to define each beta as the slope coefficient in the simple regression of return 
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on each single factor. For convenience, we refer to these betas as univariate 
betas, while referring to the first type as multivariate betas. Chen, Roll, and 
Ross (1986) report that they tested their factors with both multivariate and 
univariate betas. From a conditional single-factor model (CAPM), Jagan- 
nathan and Wang (1996) arrive at an unconditional beta-pricing model with 
two univariate betas. When using cross-sectional regression as a diagnostic 
tool, it is helpful to see how an asset pricing model's performance improves 
when additional factors are applied. For this purpose, it is convenient to use 
betas obtained from univariate regression of asset returns on individual fac- 
tors. In a model with multivariate betas, when a new factor is applied, the 
values of all the other betas will change unless the new factor is uncorre- 
lated with the old factors. However, in models with univariate betas, adding 
or deleting a factor will not change the values of betas corresponding to 
other factors. This makes it more convenient to compare performance of al- 
ternative specifications for factor models. 

In this paper, we derive an asymptotic distribution for models with uni- 
variate betas. Since each of the two beta types (as well as premiums) is 
simply a linear transformation of the other, one might think such an asymp- 
totic distribution for models with univariate betas is unnecessary because a 
model with univariate betas can be transformed to a model with multivar- 
iate betas. Nevertheless, a distribution theory for models with univariate 
betas is desirable for the following reason. We show that a nonzero risk 
premium for a factor in a model with univariate betas does not imply a 
nonzero risk premium on the same factor in the corresponding model with 
multivariate betas. Thus, if a theoretical model is in the form of univariate 
betas, we cannot examine the premium for the factor estimated with multi- 
variate betas. Additionally, we demonstrate that the standard errors ob- 
tained by applying the transformation to the asymptotic variance for models 
with multivariate betas are incorrect for models with univariate betas. 

The rest of the paper is organized as follows. In Section I, we describe the 
cross-sectional regression method in detail and set up the necessary nota- 
tions. In Section II, we derive the asymptotic distribution of estimators from 
the cross-sectional regression method, and we examine the effect of condi- 
tional homoskedasticity and heteroskedasticity. In Section III, we discuss 
the bias when factors are misspecified and show why firm characteristics 
such as size can be used as specification tests. In Section IV, we develop the 
asymptotic theory when betas are estimated in the first stage using simple 
regressions instead of multiple regressions. In Section V, we provide some 
concluding remarks. The Appendix contains proofs of theorems. 

I. Cross-Sectlonal Regresslion 

Let R = (R ...,RN)' be the vector of gross returns on N assets with co- 
variance matrix (. As observed by Hansen and Richard (1987), an asset 
pricing model implies a stochastic discount factor m such that E [mRi] = 1, 
for all i = 1,. . ,N. Let y = (Yl,. . ? ,YK)' be a vector of K factors. Suppose the 
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stochastic discount factor m can be linearly spanned by a vector of factors y; 
that is, m = 00 + O'y, where 00 is a constant number and 0 is a K-dimensional 
constant vector. Then E [mR]1 1, for all i 1,... ,N, can be rewritten in the 
following form: 

E[Ri] ao + b',i i 1,...,N, (1) 

3i -II-1E [(y - E [y])(Ri - E [Ri)1, (2) 

where Q2 is the variance matrix of y. In fact, it can be verified that, for a 
given vector y of random variables, asset returns satisfy the beta-pricing 
equations (1) and (2) for some constants ao (O 0) and b if and only if there 
are some constants 00 and 0 such that E [(06 + 6'y)Ri] = I for all i. An 
important example is the CAPM, where Dybvig and Ingersoll (1982) show 
that m is a linear function of return on the market portfolio. When returns 
have a linear factor structure, Ross (1976) shows that expected returns will 
be approximately linear in factor betas, and in that case equation (1) can be 
viewed as an approximation. 

To examine whether the linear beta pricing model holds using the cross- 
sectional regression method, the model in equation (2) is expanded to in- 
clude other asset characteristics such as relative market capitalization, 
book-to-market ratio, price-earnings ratio, etc. Let zi be a vector of L observ- 
able asset characteristics. Adding these to equation (2), we obtain 

E[Ri] - ao + a'zi - b'/pi. (3) 

If the assumption that m is a linear function of the factors is correct, then a 
should be a vector of zeros. This is often the null hypothesis in an empirical 
investigation. Financial economists also investigate if a particular factor is 
priced by looking at the t-value of the corresponding element in b. 

Equation (3) can be concisely written using matrix notation. Let B 
(I. . l,/8N)'. Then, 

B = E [(R -E [R]) (y - E [y])'Ifl-1. (4) 

Let c = (a0,a',b')', Z = (Z1, .,ZN)', and X = (t,Z,B), where t is the 
N-dimensional vector of ones. The cross-sectional regression equation is 

E [R =- tao + Za + Bb = Xc. (5) 

We assume the rank of matrix X is K. Then, the unknown parameter c can 
be expressed as 

c = (X'X)-1X'E[R]. (6) 
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Suppose T samples of returns and factors are observed: 

(Rt,yt') = (R1t,..,RNt,yjt ...yKA) t = 1, .. IT. (7) 

These samples are usually time-series observations. We assume they are 
stationary and the sample moments of returns and factors converge to the 
corresponding unconditional population moments. Then, the covariance ma- 
trices 1d and Q2 can be consistently estimated by 

1 T 

q =T (R t - R) (R t - R)', (8) 
Tt=1 

Ii=- (Yt - Y) (Yt - Y) ̂  (9) T t=1 

where R and y are the time-series average of observations on the vectors of 
returns and factors. In the rest of the paper, we use hij (yij) to denote the 
element of (I (ID) at the ith row and jth column, and (0kl (4kl) to denote the 
element of (1 (ft) at the kth row and Ith column. The consistent estimators 
for E [R1 and /i are 

T 

R= E Rit (10) 
Tt=1 

T 

8i f-Q1 E (Yt - y)(Rit - Rj). (11) 
t=1 

We use B to represent the matrix of the estimated betas and let X (t, Z, B). 
The cross-sectional OLS estimate for c is 

A 
A A 

1A 

c-= (X'X)'-X'R. (12) 

To estimate standard errors, Fama and MacBeth (1973) suggest doing a 
cross-sectional regression for each t; that is, 

- A 
_1 

A 

ct = (X'X)- X'Rt (13) 

and treating ct as an independent sample: the average is c- and the variance 
of T(c - c) is estimated by 

A 
T 

v = - E (ct -8) (ct C). (14) 
Tt=1 
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The Fama-MacBeth procedure has two advantages. First, it is very intuitive 
and easy to implement. Second, when we only need the t-values of the cross- 
sectional variables, it does not require us to estimate covariances among 
returns on different assets. 

In recent years, several researchers have recommended GLS over OLS for 
the cross-sectional regression. It is well known that GLS can be more effi- 
cient than OLS. There are also economic reasons for using GLS. Kandel and 
Stambaugh (1995) argue that, if the weighting matrix is chosen to be the 
covariance of returns, the slope coefficient and the R square in the cross- 
sectional GLS for the CAPM indicate the degree of inefficiency of the index 
portfolio, while the slope coefficient and the R square in the cross-sectional 
OLS can potentially be any value even when the index portfolio is almost 
efficient. Let Q be a symmetric positive definite matrix and Q a consistent 
estimator of Q. The GLS estimate of c can be written as 

A 
- A - A A _ 

c = (X'QX)'-X'QR. (15) 

As T becomes large, c^ is a consistent estimator for c in view of equation (15). 
If we use GLS in the Fama-MacBeth method, the time-series of estimated c 
should have the form of 

A A A ^ 1^ ^(1 
ct=(X'QX)-'X'QRt. (16) 

Substituting equations (15) and (16) into equation (14), we obtain 

V = (X'QX)-'X'Q [ T E (Rt - R)(Rt - R)' QX(X'QX)1 (17) 

In the rest of the paper, this is referred to as the variance from the F'ama- 
MacBeth method. When observations on returns are identically and inde- 
pendently distributed, the matrix V converges in probability to the limit 

(X'QX)<'X'Q(QX(X'QX)< 

as the sample size T becomes infinitely large. 

II. Asymptotic Distribution of the Estimators 

In order to understand the properties of estimated covariance matrix v 
suggested by Fama and MacBeth (1973), it is convenient to use equation (5) 
to write the average return as 

Rz=Xc+(R-E[R])-(B-B)b. (18) 
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Substituting equation (18) into equation (15), we obtain 

T( c) = (X'QX-'X'Q (R - E[R]) (19) 

- (X'QX)-1X'QT(B - B)b (20) 

which decomposes the estimation error in c into two parts: the first part 
comes from replacement of expected returns by average returns, and the 
second part comes from replacement of true betas by their estimates. 

The error in the estimated expected returns is 

T 

T(R - E[R]) = T-1/2 E (Rt - E[R]). (21) 
t=1 

Let us assume the Central Limit Theorem applies to the averages of 
observations on returns; that is, as T -e 0o, the random variable 

T(R - E[R]) converges in distribution to a random vector r of multivar- 
iate distribution with mean zero and variance T. If the time series of 
returns is serially uncorrelated, we will have T (D. 

To assess the error in the estimated betas, we should consider the time- 
series regression model 

Rt = A + Byt + ut, (22) 

where A = E[Rt] - BE[yt] and ut = Rt - A - Byte. It follows that 

E[ut] = 0 and E[utyO] - 0. (23) 

Let Yt = Yt - y, Y = (Y1,. ?,YT) , and U = (Ut,.. ,UT)'. Notice that B - B 
U'Y(Y'Y)-1. Under very general conditions, the average of the product of 
the factor deviations and the residual u converges to a normal distribution, 
that is, as T -X oo, the random variable vec(Y'U)/ T converges in dis- 
tribution to a normal random vector with zero mean. (Here, the operator 
"vec" stacks all the columns in a matrix into a long vector.) Let hi = 
lim T-1/2 Et it and H- (ha,. , hN). Denote the covariance between hi and 
hj by Hij = E[hi hj]. The covariance E [vec(H)vec(H)'] is then a matrix 171 
with N x N blocks such that the block on the ith row and jth column is Hii 
We express this kind of construction by lI = (Hij)ij=1,...,N 

To consider both the sampling errors in estimated expected returns and 
estimated betas, we must consider the covariance between r and H. Let ri be 
the ith element of vector r and define yij E [ri h.]. If we construct a matrix 
r ('>ij=,.. N in a similar way as H, the matrix F is the covariance be- 
tween r and vec(H). 



Estimating Beta-Pricing Models Using Cross-Sectional Regression 1293 

We summarize these limiting distributions in the following assumption: 

ASSUMPTION 1: As T -X oo, the random variable 

(T 1/2 (R - E [R])', T-1/2 (vec(Y' U))')' 

converges in distribution to a normal random vector with zero mean and 
covariance matrix 

1T rX 

Assumption 1 can be obtained from a Central Limit Theorem.. For example, 
if the observations of returns and factors are identically and independently 
distributed over time, this assumption can be obtained from the Lindeberg- 
Levy Central Limit Theorem by assuming the existence of t:he fourth mo- 
ments of returns and factors. If the time series (R',(vec(ytu4))')' is also 
covariance stationary and ergodic, a Central Limit Theorem such as Propo- 
sition 7.11 in Hamilton (1994) can be used to obtain Assumption 1, in which 
the asymptotic variance is the sum of autocovariances of the time series 
(R',(vec(ytu')) ). 

The asymptotic distribution of the error in the estimated c is summarized 
as the following theorem: 

THEOREM 1: Suppose X has full rank. Under Assumption 1 T(c - c) con- 
verges in distribution, as T -* oo, to a normal distribution with mean zero 
and variance S = V + W - G, where V, W, and G are defined as 

V = (X'QX)-lX'QPQX(X'QX)-<, (24) 

W = (X'QX)-1X'Q(IN 0 (Q-1b))'H1(IN xo ((l b))QX(X'QX)<, (25) 

G = (X'QX)-VX'Q[F(IN ? (V1b) + (IN 0 ?-1b)'F'IQX(X'QX)-1. (26) 

The matrix V is positive definite, and the matrix W is positive semi-definite, 
but the matrix G is generally not definite, depending on the value of b as 
well as Ql and F. When observations on returns are i.i.d., we have T = (. In 
this case, the matrix V is the limit of the estimated covariance matrix gen- 
erated by the Fama-MacBeth procedure. Since W and G are generally non- 
zero, the Fama-MacBeth procedure produces biased asymptotic covariances. 
However, since G is not positive definite, the direction of t:he bias in the 
Fama-MacBeth method is not clear. Nonetheless, if the null hypothesis in- 



1294 The Journal of Finance 

cludes b = 0, both W and G are zero under the null hypothesis and thus the 
original estimate of the standard error in the Fama-MacBeth method will 
be correct.2 

In his asymptotic theory for the Fama-MacBeth method, Shanken (1992) 
assumes asset returns are homoskedastic. To be specific, Shanken's assump- 
tion is indicated in Assumption 2. (Also see Assumption 1 in his paper.) 

ASSUMPTION 2: Suppose X has full rank. Conditional on factor values, the 
residual in the time-series regression model has zero mean and constant co- 
variance; that is, 

E[vec(U)IY]= 0 and E[vec(U)(vec(U))' Y] =A IT, (27) 

where A is an N-dimensional constant symmetric positive definite matrix and 
IT is the T-dimensional identity matrix. 

This assumption holds if returns and factors are contemporaneously i.i.d. 
and have a joint normal distribution. 

Conditional homoskedasticity has direct consequences in the assessment 
of estimation errors. These are summarized in the following theorem: 

THEOREM 2: Under Assumption 2, the random variable T(c - c) converges, 
as T -e oo, to a normal distribution with mean zero and variance S V v + W, 
where V is defined in equation (24), and W is defined as 

W = (b 'Q-b) (X'QX)-'-X'QAQX(X'QX)-1. (28) 

Since W is positive definite, the standard error obtained from the Fama- 
MacBeth method always overstates the precision of the estimates, under the 
assumption of conditional homoskedasticity. However, this is generally not 
true when a time series is conditionally heteroskedastic. 

Numerous studies have presented evidence for nonnormality and hetero- 
skedasticity. Early works by Fama (1965) and Blattberg and Gonedes (1974) 
document nonnormality, and works by Barone-Adesi and Talwar (1983), Schwert 
and Sequin (1990), and Bollerslev, Engle, and Wooldridge (1988) document con- 
ditional heteroskedasticity. Using contemporaneously i.i.d. time series of re- 
turns from a t-distribution of more than four degrees of freedom, MacKinlay 
and Richardson (1991) demonstrate that returns are conditionally heteroske- 
dastic and the test of mean-variance efficiency will be biased under the as- 
sumption of conditional homoskedasticity. Their bootstrapping experiment 
further demonstrates that stock returns are not homoskedastic. For these rea- 
sons, MacKinlay and Richardson (1991) advocate the GMM method developed 
by Hansen (1982), which does not require conditional homoskedasticity. 

2 This is first pointed out by Shanken (1992, p. 14), in view of the asymptotic variance 
derived in his paper. Although the asymptotic variance derived here is different from Shan- 
ken's, his observation still holds true. 
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Nevertheless, Assumption 1 may be satisfied by many stationary time 
series that are not conditionally homoskedastic. As we have pointed out, it 
follows from the Lindeberg-Levy Central Limit Theorem that any contem- 
poraneously i.i.d. time series of returns and factors with finite fourth mo- 
ments satisfies Assumption 1, while it might not satisfy the assumption of 
conditional homoskedasticity unless the tinle series is also normally distrib- 
uted. Clearly, the i.i.d. time series of returns with t-distribution in MacKin- 
lay and Richardson (1991) is an example of this kind. Notice t,he GMM also 
requires the existence of fourth moments (see Hansen (1982)). 

III. Misspecificatlon Bias 

In the previous analysis, we assume the null hypothesis miodel is correctly 
specified. When the model is correctly specified, the estimator in cross- 
sectional regression is consistent if the time series of returns and factors is 
stationary and ergodic. However, if the null hypothesis model is misspeci- 
fied, the estimator in cross-sectional regression will be asymptotically bi- 
ased. Assume that y is a different vector of factors than y; that is, at least 
some of the factors in y and y are different. Suppose the true model is 

E[R] = tao + Za + Rb, where B =E[(R - E[R])(y - E[y])'](V1. (29) 

A researcher who incorrectly specifies the model as 

E[R] = tao + Za + Bb, where B =E[(R - E[R])(y - E[y])']?Y1 (30) 

will estimate betas by regressing returns on the vector of misspecified fac- 
tors y and then will estimate the risk premiums in cross-sectional regres- 
sion. The bias is given in the following theorem: 

THEOREM 3: Assume that X = (t,Z,B) has full rank. If equation (29) holds 
with time series (R', 5%')' but betas are estimated from the time series 
(Rt,y ), then the vector of estimated coefficients c converges to c + 
(X'QX)-1X'Q (B - B)b in probability. 

In view of this theorem, the estimator in cross-sectional regression is as- 
ymptotically biased if and only if X'Q(B - 1B)b f 0. Notice that not only the 
estimates for the premium on the misspecified betas can be biased, but also 
the estimates for the premium on those correctly specified betas can be bi- 
ased when some other factor is misspecified. 

When an estimator in cross-sectional regression is biased, the practice of 
using t-values to judge if a factor should be included in the niodel is prob- 
lematic. For example, suppose we wish to check if factor Yk should be in- 
cluded in the model by looking at the t-value of bk. Let I 1 + L + k and Si 
be a consistent estimate for the Ith diagonal element of the variance matrix 
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S in Theorem 1, and VI be a 1 + L + K dimensional vector with the Ith 
element as 1 and other elements as zero. The t-value for the kth element of 
b is then 

T1l/2-t T[1/2= 2[bk + <J(X'QX<1XQ'(B - B)b] 

S+ s 
6 

/2; (X'Qx)- X'Q 

x T12[(R - E [R]) - (B - B)b]. (31) 

Notice that the second term on the right-hand side of the equation will con- 
verge to a finite distribution when T becomes infinitely large. It follows that 
T S!2sj1/2 bk converges to infinity in probability if Vl (X'QX)-1X'Q (B - B) b : 0, 
even when bk - 0. In this case, the probability of concluding that factor Yk iS 

priced converges to 1, although the true premium on factor Yk iS zero. There- 
fore, the cross-sectional regression method is not suitable for identifying fac- 
tors in the model.3 

Kan and Zhang (1997) study a related case for a one-factor model in which 
Yi is misspecified as a factor Yi that is uncorrelated with all the returns, 
while the true beta _ is nonzero and has nonzero premium. In their case, 
the misspecified beta is a zero vector (/31 = 0). Then, we have X = (t,O) and 
it does not have full rank. Under the assumption that returns and factors 
are i.i.d and normal, Kan and Zhang conduct simulations showing that the 
t-value for the slope of the misspecified beta obtained in the Fama-MacBeth 
procedure tends to become large as observations increase. 

Here we offer an alternative characterization of Kan and Zhang's (1997) 
observation. To simplify the algebra, let us assume Q = Q N INfor the rest 
of this section. The estimated variance obtained from the Fama-MacBeth 
procedure is a two-dimensional symmetric matrix 

V = (X'X)-1X' DX(X'X)-1 (32) 

where 4) is the sample estimate of @ and X (t,81). Like Kan and Zhang, we 
also assume the estimated X has full rank, although the true X - (t,O) is 
degenerate. If returns and factors are i.i.d,, the matrix X should have full 
rank with probability 1. The t-value calculated from the Fama-MacBeth 
procedure is 

t = (T/v22) b bl, (33) 

where v'22 is the lower-right element of the matrix V in equation (32). The 
probability distribution of this t-value is given in the following theorem. 

3 The generalized method of moments developed by Hansen (1982) is more suitable for iden- 
tifying model misspecification. Systematic approaches to evaluation of misspecified models are 
proposed by Hansen and Jagannathan (1991, 1997). 
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THEOREM 4: Suppose E[R] - aot + b1/31 and /31 / 0. Assume that observa- 
tions of returns and the misspecified factor are i.i.d. with finite fourth mo- 
ments. In addition, assume the misspecified factor is uncorrelated with all 
the returns. Then, the t-value in equation (33), which is calculated from the 
misspecified factor using the Fama-MacBeth procedure, converges to infinity 
in probability (i.e., limP[ItI > 8] =1 for any 8 > 0) if and only if b1 0. 

This theorem shows that a misspecified factor, even when it is not corre- 
lated with returns, is likely to give a t-value larger than a given value such 
as two. For this reason, Kan and Zhang (1997) argue for caution in using 
cross-sectional regression to test beta pricing models. However, we do not 
believe this is a major concern, for the following reasons: (1) economic intu- 
ition tells us that Chen-Roll-Ross factors and the market factor used by 
Fama and French should be correlated with asset returns, and thus the true 
betas of those factors cannot be zero; (2) empirical experience also shows us 
high correlation between returns and those factors; (3) if a factor is sus- 
pected to be uncorrelated with returns, a statistical test can be easily con- 
ducted, and a zero-beta factor should not be used in the cross-sectional test 
in the first place; (4) even if a factor is misspecified, Theorem 4 tells us a 
large t-value on the factor still indicates that b1 / 0, and thus a model with 
b, = 0 is correctly rejected; and (5) as we will show in Theorem 6, a factor 
uncorrelated with asset returns cannot stand up against a test with a cross- 
sectional variable z such as firm size. 

In empirical tests of asset pricing models, we often check risk-based vari- 
ables against nonrisk-based variables such as firm size or book-to-market. 
This practice works well even when factors are misspecified. Let us explain 
this with one beta and one firm characteristic, such as firm size. Suppose 
the vector of N average returns has the asymptotic properties 

plimR =E[R] and limFT(R -E[R]) - N(O,4). (34) 

Suppose the expected return is a linear span of the vector [8 of true betas on 
the N assets, 

E[R] = b3, (35) 

where b is a nonzero real number. Let z be the vector of N firm sizes. The 
alternative model for the cross-sectional expected returns can be specified as 

E [R]= az + b/3, (36) 

where a is a real number. The null hypothesis in the specification test is 
a = 0. 

Let ,/ be a vector of estimated betas, which has the asymptotic properties 

plim,8=,8 and limFT(,8-,l)-N(O,Y), (37) 
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where /3 is an N dimensional vector and X is an N dimensional symmetric 
positive definite matrix. Let X = (z, /). Assume X has full rank with prob- 
ability one. The cross-sectional regression equation is 

R = az + b,8 +,E. (38) 

The cross-sectional estimator for (a,b) is 

I = (X'X) - X'R. (39) b 

The variance based on the Fama-MacBeth procedure is asymptotically equiv- 
alent to 

V= (X'X)-1X'4X(X'X)-<. (40) 

The t-statistic for a is ta = j1 a -2&. 
The asymptotic distribution of ta depends on the relationship between the 

limit of ,8 and the true beta ,(. The following theorem summarizes this 
relationship. 

THEOREM 5: Suppose (z'z)(/3,8/) # (z'/3)2. If (z'/)(/p3) = (z3,8)(/3/), as 
T -X oo, the t-statistic ta converges in distribution to a normal random vari- 
able with zero mean and finite variance. If (z'/)(/3'/) # (z'/)(/'/), as 
T -* oo, the probability P[Ital > 8] converges to 1 for every positive number 8. 

As a special case, if = -l ; that is, /8 is a consistent estimator of the true 
beta, then the equation (z'/3)(/3'/3) (z'/3)(/3'/3) holds; thus the t-statistics ta 
have an asymptotic normal distribution with zero mean and finite variance. 
In this case, ta will converge to a finite distribution. However, if (z'/38)(/3'/3) #t 
(z',/3)8(/8'/3), the theorem says ta explodes to infinity in probability, although 
the true value of a is zero. Another way to state the theorem is that lim 
P[Iltal > 8] 1 for any positive 8 if and only if (z'/3)(,/',/) t (z',8)(/3'/3). Since 
(z'/B)(,/',8) + (z',8)(,/',8) implies /8 # /3, a large t-value on firm size z implies 
the beta pricing model is likely to be misspecified. 

If the limit of the estimated beta is zero, that is, 8 = 0, the misspecified 
factor is uncorrelated with returns and referred to as "a useless factor" by 
Kan and Zhang (1997). In this case, we never have (z'z)(,8',8) / (z',83)2, and 
the limit of the cross-sectional regressor X becomes degenerate. Then we 
cannot apply Theorem 5. However, firm characteristics such as firm size can 
still be used to check out this kind of model misspecification. This follows 
from the next theorem. 

THEOREM 6: If 8 = 0, as T -> oo, the probability P[ Ita > 8] converges to 1 for 
any positive number 8. 

This theorem shows that such a useless factor cannot make firm size insig- 
nificant in the cross-sectional regression. 
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IV. Asymptotic Theory for Models with Univariate Betas 

Sometimes a beta in asset pricing models takes the formr of the slope co- 
efficient in the simple regression of a return on a single factor. For conve- 
nience, we refer to such betas as univariate betas, while referring to the 
betas in Section I as multivariate betas. To be explicit, a univariate beta of 
asset i with respect to factor Yk is defined as fik cov(Ri,y)/var(y). Let 
13k= (= k, ***, /3Nk) . We have 

Bk = Wkp]E [(Yk -E [Yk])R]. (41) 

If we define B* (1,3. . .,13) and let D be a K x K diagonal matrix with the 
same diagonal elements as the matrix Ql, then 

B* = E [R (y-E [y])']D-. (42) 

A model with univariate betas will be in the form of 

E[R] = tao + Za + B*b =X*c (43) 

where X* = (t, Z, B *) and c* (ao, a', b*). 
Univariate betas are simply a linear transformation of multivariate betas. 

In fact, it follows from equations (4) and (42) that 

B* BlD-'. (44) 

It then follows from equations (5), (43), and (44) that 

b* = DO-'b, c* Fc, and X* = XFl, (45) 

where 

ZI 0 
F (0 D0)-1 (46) 

in which the dimension of the identity matrix I is L + 1. 
Although univariate and multivariate betas are related by a simple linear 

transformation, testing if some coefficients in b are zero does not tell us 
whether some coefficients in b* are zero. For example, if 

1 -0.5~ 
b* (1,2)' and Q= -0.5 1 (47) 

then D is the identity matrix, and 

b = ID-lb* = (0,1.5)'. (48) 
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Notice each element of b * is positive but the first element of b is zero. There- 
fore, even if all the coefficients in the univariate-beta model are significant, 
some of the coefficients in the corresponding multivariate-beta model can 
still be insignificant. For this reason, it is misleading to look at the t-values 
in the multivariate-beta model while primary interests are on the coeffi- 
cients in the univariate-beta model. Therefore, we sometimes have to di- 
rectly examine estimators for the univariate-beta model. 

Since the coefficients of univariate betas are simply a linear transforma- 
tion of the coefficients of multivariate betas, one is tempted to apply the 
transformation to the asymptotic variance of estimation errors in Theorem 1 
to obtain the asymptotic variance for the case with univariate betas. Nev- 
ertheless, this approach is incorrect. If we apply the transformations in (45) 
to the variance obtained in Theorem 1, we have F(V + W - G)F'. However, 
equation (45) and its estimated version imply 

(c* - c*) F(c - c) + (F - F)c. (49) 

Under Assumption 1, it follows from Theorem 1 that the first term on the 
right-hand side converges to a normal distribution with the variance matrix 
F(V + W - G)F'. Therefore, the matrix F(V + W - G)F' is not the variance 
for the asymptotic distribution of T(c* - c*) because it omits the second 
term in equation (49). Generally, the second term does not converge to zero. 

Now, let us present an asymptotic theory for the estimators using univar- 
iate betas. For each k = , e K and t 1 ... ,T, if we define 

Ak =E[Rt]-E[Ykt1/3) and u*t= - At Ykt 13* (50) 

then 

Rt= A* +Ykt/k3 + ut, E[ut]= 0, and 
E[UktYkt] 

=. (51) 

Let Yk = (YkI - Yk,' 7YkT - Yk) and Uk = (Ukl,.., UkT)'- We need an as- 
sumption similar to Assumption 1: 

ASSUMPTION 3: As T -> 0o, the random variable 

1 _ 
=- (T(R- -t)',Ui 'Y, .,U 'YK)' 

VT 

converges to a normal distribution with zero mean. 

We need some notations for the covariance matrix of this limiting distribu- 
tion. Let r = lim T 112(Rf - E [Ri]) and h* = lim T-1/2Y1y' U . The covariance 
matrix contains P = E [rr'1, 17] = E [h r'] and Ht1 = E [hZ* hi ']. Following the 
derivation in Section II, we obtain Theorem 7. 
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THEOREM 7: Under Assumption 3, the random variable T(c* - c*) con- 
verges, as T -- oo, to a normal distribution with mean zero and variance S* 
V* + W* - G*, where 

(X*'QX* )-lX*fQQX* (X*fQX* )--, (52) 

K\ 
W * (X*fQX* )-1x*fQ (k b*.kl*1 bit QX* (X*'QX*)-, (53) 

G V 
(X* QX*)1X*fQ(E b* wi1(r? + rkf)) QX*(X*fQX*)- (54) 

Under the assumption of E [uJYt I 0Yk = and E [utu7t Il - where l\,> is 
a positive definite matrix independent of the value of Yk, a derivation sim- 
ilar to those of Theorem 2 shows G" = 0. As we have argued in Section II, 
conditional homoskedasticity calls for samples from an i.i.d. normal distri- 
bution, which is usually violated by financial data. Therefore, for a cross- 
sectional regression with univariate betas, the matrix G* is generally nonzero. 
Jagannathan and Wang (1996) show T(c* - c*) converges to a normal dis- 
tribution with mean zero and variance V* + W * (see Theorem 2 in their 
paper). However, they assume E [u *t I Y] = 0 and E [u,tu u * 

I Y] = Ak, which 
cannot be satisfied even by identically, independently, and normally distrib- 
uted returns and factors. This wrong assumption is corrected by Jagan- 
nathan and Wang (1998). 

V. Conclusion 

Although the cross-sectional regression method is elegant and intuitively 
appealing, assessing the sampling errors associated with the estimated pa- 
rameters is not straightforward. Black et al. (1972) and Fama and Mac- 
Beth (1973) show how to assess the sampling errors under the assumption 
that the betas of assets are measured so precisely in the first stage that 
the estimation error in the betas can be ignored. Shanken (1992) shows 
how to compute standard errors of the estimated parameters when asset 
returns, conditional on the factors, have a joint normal distribution with 
constant variance. Under this assumption, he shows that the Fama- 
MacBeth procedure overstates the precision of the estimator in the cross- 
sectional regression. 

Based on findings reported in the empirical literature in this area, there 
are reasons to suspect that asset returns may not be jointly normally dis- 
tributed and they exhibit conditional heteroskedasticity (see, for example, 
MacKinlay and Richardson (1991)). In this paper, we derive the asymptotic 
distribution of the estimators in the cross-sectional regression under the 
assumption that asset returns follow a stationary and ergodic process. When 
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asset returns exhibit conditional heteroskedasticity, the Fama-MacBeth pro- 
cedure does not necessarily overstate the precision of the estimates, unlike 
the case considered by Shanken (1992). 

At this point, we have three standard errors for the estimator in the two- 
stage cross-sectional regression; one from the Fama-MacBeth procedure, which 
ignores the estimation errors in betas; one provided by Shanken, which as- 
sumes conditional homoskedasticity; and one developed in this paper. We 
need to know the magnitude of numerical differences among the three stan- 
dard errors. We also need to understand more about the performance of 
these three standard errors in the samples of finite size we often encounter. 
These can be examined by Monte Carlo simulation and will be studied in a 
separate paper. 

One advantage of the standard error from the Fama-MacBeth procedure 
is that it does not need to estimate the covariances among asset returns, 
which makes it suitable for studying a large cross section of individual stocks. 
However, the other two types of standard errors, as well as the GMM, re- 
quire a researcher to estimate the covariance matrix of asset returns. In 
order to apply these two asymptotic standard errors or the GMM to only 
several hundred observations, we have to limit our study to a small number 
of portfolios. 

Using a misspecified model, an econometrician may erroneously conclude 
that a particular factor is priced-that is, it captures some of the pervasive 
economy-wide risk. This paper demonstrates that when a model is misspec- 
ified, the t-statistic for the factor risk premium can converge to infinity 
under certain conditions even when the true factor risk premium is zero 
(i.e., the particular factor-risk is not priced). This challenges the practice of 
using t-values to identify priced factors, since a factor may have a signifi- 
cant t-value simply because the model is misspecified. 

However, we confirm that model misspecification can be detected by using 
firm characteristics, because the t-values associated with those firm char- 
acteristics in a misspecified model converge to infinity in probability. Our 
results also imply that firm characteristics might be significant in the cross- 
sectional regression because the linear beta-pricing model is misspecified, 
not because the firm characteristics are priced. 

Appendix 

Proof of Theorem 1: Since B - B U'Y(Y'Y)-', the error in the estimator 
can be written as 

(c- c)= (X'QX)1X'Q (R - E[R]) 

-(X'QX)--1X'Q L lf I L b. (Al) 
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Since the time series of returns and factors is stationary and ergodic, we have 
X and Y'Y/T converge to X and fl respectively in probability. It then fol- 
lows from Assumption 1 and Slutsky's theorem that T (c - c) converges to a 
normal distribution with zero mean. We therefore only need to prove that the 
asymptotic covariance matrix is V + W - G, as given in Theorem 1. 

Assumption 1 implies that VNT(R - E [R]) converges to a normal distribu- 
tion with mean zero and variance T. Then, the first term on the right-hand 
side of equation (Al) converges to a normal distribution with mean zero and 
variance V, where V is given in equation (24). 

It follows from Assumption 1 that the limit of the sampling error in 
betas is 

lim FT(B -B) imL U1Lm Hy1 H (A2) 

The asymptotic covariance matrix between the sampling errors in betas for 
two assets is therefore 

b'O7-lE[hjhjI'-lb = b''H-lHIO7'-lb. (A3) 

Then, the asymptotic covariance matrix of (B - B)b can be written as 

b'Q-'E[H'HIJ-lb - (I? (f t-b))'H(I 0 (f-lb)), (A4) 

which implies that the covariance of the second term on the right-hand side 
of equation (Al) is the matrix W given in equation (25). 

The asymptotic covariance between T(Ri - E [Ri]) and FT(i3 - ,83)'b can 
be calculated as follows: 

E [lim T(RR - E [R i ]) lim T(,8/ - I83)'bI 

=ELlim T(R1 -E[Ri])lim( ujtYt')limY Y/TT) b1 

- E [ri hj]l-lb -yi' lb. (A5) 

We therefore have 

E[lim T(R - E[R])lim T(B - B)b] = F(IN0 fV-lb), (A6) 

which implies that the asymptotic covariance between the two terms on the 
right-hand side of equation (Al) is 

(X'QX)-X'QF (IN 0 QY'b)QX(X'QX)'. 
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The sum of this matrix and its transpose is the matrix G given in equation (26). 
Therefore, the asymptotic covariance of c is the sum of V, W, and -G. Q.E.D. 

Proof of Theorem 2: Let ei - (uil, .. . ,u2iT)' and 8ij be the element of A at the 
ith row and the jth column. It follows from Assumption 2 that 

E lim FTb (, - ,i )lm FT( 13j - 18j )'b I 

= lim TE [b'(Y'Y)-'Y'ej ejY(Y'Y)-lb] 

=lim TE [b'(Y'Y)-'Y'E [eiej' lY]Y(Y'Y)-lbI 

lim3ijb'EL T)ib = ij b'fl b, (A7) 

which means the matrix W in Theorem 1 becomes 

W = (b'fr-'b)(X'QX)-'X'QAQX(X'QX)-l. (A8) 

If we denote by LT the T dimensional vector of ones, the error in the esti- 
mated expected return can be expressed as 

F(R?i -E [Ri ]) = T(y -E [y] )',8i + c' ei I/T (A9) 

It follows from equation (A9) and Assumption 2 that 

)'i - E [ lim T(Ri - E [R1i 1) lim (ejY/IT)1 

= limI3B'E[(y - E[y1)ej Y] + lim - E [t'ejejY] 

lim/3,'E[(y - E[y])E[ejIY]Y] + lim TE[t [eiejtY1Y1 

1 
= lim T biE [c Y] = O, (Al0) 

which implies the matrices F and G in Theorem 1 are zero. Q.E.D. 

Proof of Theorem 3: Using equation (29) and X = (,Z, B), we obtain 

R? = X'c + (R_ - E [R]I) - (B - B)b + (B - B)b . (All) 

Since XQ 'X is assumed to be non-singular, we can multiply the above equation 
by X'QX 1X'Q to obtain the following formula for the estimator of the cross- 
sectional regression 
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c-c + (X'QX)'X'Q[(R-E[R]) - (B -B)b] 

+ (X'QX)1X'Q (B - B)b. (A12) 

Since the time series of returns Rt and factors Yt is assumed to be stationary 
and ergodic, and since X has full rank, it follows from equation (A12) that 

lim c-c + (X'QX)-'X'Q (B - B)b. (A13) 

Proof of Theorem 4: Notice that X =(L,1). Since P converges to 'F in 
probability, the lower-right element v22 of matrix V in equation (32) is as- 
ymptotically equivalent to 

[81 8- (1'I1)2L2 [(t7W3)2(t'Q't) + N2(jl<Ijl1) - 2N(t'/3A)(I3Pt)]. (A14) 

It follows from equation 381 = 0 that 

l- b + [ "l - 

x 81-- (8'1)'][(R - E[RI) - p8bb + Plb1I. (A15) 

The t-value for the slope of 131 can be written as T V12b2112 b1. If we let I - 

T 1/2/31 and ,-T "2(R - E [RI), it follows from equation (A14) that the 
t-value for the slope of 381 is asymptotically equivalent to 

t = Q1(/13, ) + Q2(01,12) x bjT/2, (A16) 

where the functions Q1(.,.) and Q2 (.,.) from R2N to liZ are defined as 

Qi(i 1, /J) = [(tL )%"t + N2/3l 81 1 - 2N(t',81)/3 tl 1/2 

x {[N,8181 - (C',832lb, + [Nf,i - (t',&)t'I[/ - _JjbjI} (A17) 

Q2(1, ) - [(t74i)%'Ft + N2/3l 'Ff31 - 2N(8'f31)f31 Fd"2 

x [N,il3 - (W,l1)64W ]i (A18) 

when , A 0. If,8 = 0, we define Q1 and Q2 to be zero. Under the assumption 
that returns and factors are i.i.d. with finite fourth moments, the vector 
(,l3j, 4')' converges in distribution to a vector of normal random variables 
with zero mean. Let us denote the limiting variable by ((',r')'. The set of 
discontinuity points of Q1 and Q2 iS 

DE {($<)' ) E +N24D"F' - 2N(c'4)4'45 == 0}, (A19) 

which is obviously a closed subset in 7,2N. Since f has a normal distribution, 
the probability for the random variable to fall in the set D is zero. It then 
follows from Theorem 3.2.5 in Amemiya (1985) that Ql(8'1,4) and Q2(31,) 



1306 The Journal of Finance 

converge in distribution to Q1((,-q) and Q2(fyNj). Since lim T1/2 - +00, it fol- 
lows from equation (A16) that t converges in probability to infinity if and 
only if b1 # 0, which completes the proof. 

Proof of Theorem 5: It follows from E [R] = b/ and a 0 O that 

R=(R-E[R])+(z 18) b ) (A20) 

Multiplying (X'X)-'X' to both sides, we obtain 

(b) (b) 
+ (X X)-X [(P - E [RI) + (9#S -)b] (A21) 

Let D (z z)(3/,83) - (z'/8)2 Since 

(X'X) X: =D (-z',8 z'z )18 (1) A 

we have 

) - (X'X -X'[(R - [RE [R]) + fb1 

D (Z'z),8' - (z'8)3[ - zb(A23) 

Then, the t-statistic ta is 

ta= TDj7112a 

= Vi 1/2SD- ) )Z' - (Z ' 8)1 FT ](!R - E [R]) 

+ V-Tbj/2D 
- 

[(133)(Z3) _(Z' )( - (A24) 

The first term converges in distribution to a normal random variable with 
zero mean and finite variance. The rest of the proof examines whether the 
second term converges to a distribution with finite variance. 

If (z'=l)(,3',3) (z',3)(l3',i), it can be shown that 

T[(/3'13)(z'13) - (z':)(:'R 
rs / x S = S , S XS S s T 

A (A25) IS 
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which converges in distribution to 

[2 (z',l),- (,l',) ]]lim T(i -u). 

This expression has a normal distribution. Therefore, ta converges in distri- 
bution to a normal random variable with finite variance. 

If (z',l)(l3',3) + (z'l3)(,l3',), then we have 

lim 
T-1/2 Db1[(1313)(z 

la 
) - 

= (lim T){vj112D- 1 (l3',3)(z',i) - (z'I3)(If3fl )]b} == cc, (A26) 

which implies that limP[j ta j> 8] = 1 for any 8 > 0. This completes the 
proof. Q.E.D. 

Proof of Theorem 6: Let X - (z,,l). Since 1D converges to 4) in probability, 
the upper-left element v1j of matrix V in equation (40) is asymptotically 
equivalent to 

[(z'z)(IW'I) - (zW)2]2 [(,')2(z,z) + (- 2(13'1)(z'/)(1'4z)] 

(A27) 

Using the same derivation as in the proof of Theorem 5, the t-statistics for 
the slope of z can be shown to be 

ta = [ l8,82 D - (z'I8)I,8'] T(R-E E[R-) 

+ Tbj112 D '13'/3)(z'/3) - (z'/3)(3 '/3)]b. (A28) 

If we substitute expression (A27) for 11 and let l1- T1/2,3 and 
=T 1/2 (R - E[R]), the t-value for the slope of z is asymptotically equiv- 

alent to 

ta = Q1(1,) + Q2( ,)*b1T1/2, (A29) 

where the functions Q1(.,.) and Q2(.,.) from jR2N to 7Z1 are defined as 

Q (:) _ 2 + (Z,')2(f2?1 ) - 2(8'')(z'I3)(I 'z)]1/2 

X [(I' )Z' - (Z' '3) '] (A30) 

Q2(IX1,i) _ [(,/37,)2(Z qZ) Z (Z7t)2(:tIp) - 2( 3')(z, )(I?z)]1/2 

x (z'3)/' [(f / T) - /3]b (A31) 
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when /3 # 0 . If 8 - 0, we define Q1 and Q2 to be zero. The vector (,/',,u')' 
converges in distribution to a vector of normal random variables with zero 
mean. Let us denote the limiting variable by (c', r' )'. The set of discontinuity 
points of Q1 and Q2 iS 

D _ {(4', ')' E R ($2N: )2(z,FZ) + (z, )2($I@)- = 

(A32) 

which is obviously a closed subset in IR2N. Since f has a normal distribution, 
the probability for the random variable to fall in the set D is zero. It then 
follows from Theorem 3.2.5 in Amemiya (1985) that Q1(, /2) and Q2(I8, i) 
converge in distribution to Q1(V,) and Q2((,). Since limT1/2 ?+o, it fol- 
lows from equation (A29) that ta converges in probability to infinity if and 
only if b1 # 0, which completes the proof. 

Proof of Theorem 7: Similar to the proof of Theorem 1. 
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