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Equilibrium Valuation of Foreign Exchange 
Claims 

GURDIP S. BAKSHI and ZHIWU CHEN* 

ABSTRACT 

This article studies the equilibrium valuation of foreign exchange contingent claims. 
Within a continuous-time Lucas (1982) two-country model, exchange rates, interest 
rates and, in particular, factor risk prices are all endogenously and jointly deter- 
mined. This guarantees the internal consistency of these price processes with a 
general equilibrium. In the same model, closed-form valuation formulas are pre- 
sented for currency options and currency futures options. Common to these formulas 
is that stochastic volatility and stochastic interest rates are admitted. Hedge ratios 
and other comparative statics are also provided analytically. It is shown that most 
existing currency option models are included as special cases. 

THIS ARTICLE STUDIES THE equilibrium valuation and hedging of foreign exchange 
contingent claims. The framework for analysis is the continuous-time coun- 
terpart of the well known two-country monetary model of Lucas (1982).1 That 
is, we use the modeling structure of Lucas (1982) and adopt his representative- 
agent perfect-pooling equilibrium notion, rather than extending the Lucas 
setup to a Cox, Ingersoll, and Ross (1985a) (henceforth, CIR) production 
economy as is done in Nielsen and Saa-Requejo (1993). For our purpose, the 
Lucas framework offers the desired simplicity and tractability. We assume a 
stochastic structure for the international economy such that the resulting 
nominal interest rates and exchange rate dynamics exhibit similar, empiri- 
cally plausible features as the corresponding ones in Nielsen and Saa-Requejo 
(1993). For example, the endogenous interest rates are positively correlated 
across national borders (Campbell and Clarida (1987) and Ilmanen (1995)). As 
a predictor of future spot exchange rates, the equilibrium forward exchange 
rate is biased in a direction consistent with the "forward premium puzzle" 

* Bakshi is from the University of Maryland, and Chen is from the Ohio State University. We 
thank David Backus, Suleyman Basak, Glenn Boyle, Charles Cao, Jia He, Jimmy Hilliard, Louis 
Scott, and especially Ren6 Stulz (the editor) and the referee for helpful comments and suggestions. 
We also gratefully acknowledge comments by seminar participants at the University of Georgia, 
Louisiana State University, University of New Orleans, and Tulane University. Any remaining 
errors are the authors' alone. 

1 Other two-country monetary models include Stulz (1987, 1992) and Svensson (1985). The 
focus in these related articles is on (i) characterizing equilibrium interest rates and exchange rates 
and/or (ii) studying the nature of the forward exchange rate biases. Exchange rate derivatives such 
as foreign exchange options contracts are, however, not studied in the existing literature. 
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(Fama (1984)). The term structure and exchange rate models each have time- 
varying drift and stochastic volatility, a feature in line with the empirical 
evidence irn, for example, Hodrick (1987) and Saa-Requejo (1994a,b). Yet, going 
beyond the analysis of Nielsen and Saai-Requejo (1993), we derive closed-form 
pricing formulas for currency options and currency futures options within the 
same general equilibrium framework. Thus, in some sense, our study and 
theirs complement each other. This is true even though the underlying econ- 
omy in our model is distinctly different from theirs. 

Our currency option pricing model differs from existing ones in several 
important ways. First, as the processes for exchange rates, domestic and 
foreign interest rates, and factor risk prices are all endogenously and jointly 
determined in equilibrium, the internal consistency is guaranteed. In contrast, 
existing models often take a partial equilibrium approach.2 Second, interest 
rates and currency volatility underlying our option model are both stochastic 
over time,3 whereas in existing currency option models they are not. The 
general model in Heston (1993) does allow both interest rates and volatility to 
be stochastic, but it does not offer a closed-form solution for European currency 
option prices. Third, any degree of correlation between domestic and foreign 
interest rates is permitted in our model, which contrasts with Heston's (1993) 
assumption of perfectly correlated cross-border interest rates. Next, the en- 
dogenous exchange rate process has the potential to reconcile the Black- 
Scholes (1973) formula-generated "volatility smiles," as the covariance be- 
tween movements in exchange rate and exchange-rate volatility can take 
either sign, depending on the monetary state of the economies as well as on the 
structural parameter values. Finally, according to existing empirical research, 
currency option models with stochastic volatility but constant interest rates 
can price short-term options well but misprice long-term options (e.g., Bates 
(1995, 1996), Bodurtha and Courtadon (1987), and Knoch (1992)). This finding 
is not surprising given the sensitivity of long-term options to interest rates. 
Therefore, incorporating both stochastic interest rates and stochastic currency 
volatility should help improve the model's ability to price and hedge long-term 
currency options. 

2 For such models, see, for a partial list, Amin and Jarrow (1991), Bates (1996), Biger and Hull 
(1983), Chesney and Scott (1989), Garman and Kohlhagen (1983), Grabbe (1983), Heston (1993), 
Hilliard, Madura, and Tucker (1991), Ingersoll (1990), and Melino and Turnbull (1990, 1995). CIR 
(1985b, Section 5) provide an example illustrating the relative advantages of the general equilib- 
rium approach over its partial equilibrium counterpart. Related discussion in Longstaff and 
Schwartz (1992) also applies here. In addition, a general equilibrium framework may afford 
insights that are not obtainable in a partial equilibrium setup. For example, Bailey and Stulz 
(1989) show that in a general equilibrium, an increase in stock volatility is not necessarily 
accompanied by an increase in the price of an option written on the stock, a conclusion contrary to 
what one would draw from the arbitrage-based Black-Scholes model. 

3 See Bakshi and Chen (1995) and Scott (1996) for equity option pricing models that also allow 
for stochastic volatility and stochastic interest rates. 
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The closed-form nature of our currency option formulas makes it possible to 
derive hedge ratios analytically. Note that in addition to the spot exchanger- 
ate, there are two state variables driving currency option prices in our model. 
For this reason, the model should possess better dynamic properties than 
existing single-factor option models. It is known that when one uses the 
implied volatility from observed option prices to value other options written on 
the same underlying asset and traded at the same time, even the constant- 
volatility and constant-interest-rate Black-Scholes model may exhibit practi- 
cally acceptable performance in pricing options cross-sectionally (e.g., Melino 
and Turnbull (1995)). That, however, only reflects the static performance, not 
the dynamic performance, of a model. If an option pricing model is to perform 
well, it should be able not only to value traded options with "small" pricing 
errors cross-sectionally, but also to lead to hedging strategies that generate 
"small" hedging errors over time (see Melino and Turnbull (1995) for a related 
discussion). In principle, one can expect our model to offer better-performing 
hedging strategies. 

The article is organized as follows. Section I outlines a two-country economy 
and presents the valuation framework for nominal contingent claims. It de- 
rives and characterizes the exchange rate and the domestic and foreign term 
structures of nominal interest rates. In Section II, we present the currency 
option pricing formula and its comparative statics and discuss the implemen- 
tational aspects of the model. Section III develops an equilibrium pricing 
formula for foreign exchange futures options. Section IV offers concluding 
remarks. The Appendix contains a proof of each result. 

I. Valuation Framework for Foreign Exchange Claims 

Consider a continuous-time Lucas (1982) two-country economy in which each 
country produces a unique perishable good and adopts its own monetary 
policy. Information flow in this infinite-horizon economy is generated by a 
four-dimensional standard Brownian motion w = (wx, wx, Wl, W2), where the 
component processes in w are mutually independent. Agents in both countries 
share the same information as generated by c. 

The output flow of the home country is 2x(t) at time t, and x(t) follows a diffusion: 

dx(t) = ttx(t, x)dt + ox(t, x)dcox(t), (1) 

where ,u.(t, x) and o-.(t, x) are respectively the drift and diffusion terms of x(t). 
They can be functions of any other state variables, but, as shown later, ,u.(t, x) 
and o-.(t, x) will not affect any nominal rates or nominal prices in this economy. 
Similarly, the foreign country produces 2x*(t) units of output of the foreign 
good, with x*(t) following a similar process. 

Each country has its own currency and conducts its own monetary policy, 
Money supply in each country is affected by two state variables, Y(t) and Z(t), 
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where 

d Y(t) = (Oy - KYY(t))dt + ay (t)d c1(t), (2) 

dZ(t) = (Oz - KZZ(t))dt + 0(zZ(t)dco2(t). (3) 

The domestic monetary policy results in money supply, M(t), satisfying 

dM(t) 4 
M(t) = [i1m + r11Y(t) + 7q2Z(t)]dt + (J1 (t)dco1(t) + 02 VZ()dw2(t). (4) 

This money supply process is empirically plausible, as seen from the discussion 
in Bakshi and Chen (1996). It also has the same stochastic structure as the real 
output process assumed in Nielsen and Saa-Requejo (1993), in that the condi- 
tional mean and variance of the growth rate are both linear in two independent 
square-root state variables. The foreign money supply, M*(t), is assumed to 
have the same structure as in equation (4), with the corresponding coefficients 
each having a "e" superscript (which is a convention followed throughout). 
Differences between domestic and foreign monetary policies are reflected by 
distinct structural parameter values. 

As in Lucas (1982), each country has a representative agent and a single 
claim traded against the whole output (2x(t) for the home and 2x*(t) for the 
foreign country) of its sole production technology. This claim is initially held by 
the country's representative agent. In addition, there are zero-net-supply 
securities traded. The two goods are traded in the respective countries and 
only in the producing country's currency. For example, the home country's 
output 2x(t) can only be purchased and consumed by paying a total of 2x(t)P(t) 
dollars, where P(t) is the domestic currency price per unit of domestic good. Let 
P*(t) be the foreign currency price for the foreign good. Capital and goods are 
perfectly mobile across national borders. 

To define the domestic agent's problem, let w(t) be the agent's time-t real 
wealth in terms of units of the domestic good, a.,(t)[a.,*(t)] the number of shares 
of the domestic [foreign] equity claim held, and N(t) [N*(t)] the amount of the 
home [foreign] currency demanded for domestic [foreign] transactions. Let S(t) 
denote the domestic currency (say, dollars) price of a unit of the foreign 
currency (say, Deutschemarks), and B(t, T) [B*(t, T)] the time t dollar (Deut- 
schemark) price of a nominal discount bond that pays one dollar (Deutsche- 
mark) in T periods. To simplify the budget constraint, assume for now that the 
agent invests only in the two equity markets as well as in the domestic bond 
market, with the understanding that the investment universe actually in- 
cludes foreign bonds and other financial assets. Assuming that both countries' 
agents have the same logarithmic preferences over the two goods, define the 
domestic agent's life time problem as 

C 
max Eo j e-Pt{y ln[c(t)] + (1 - y)ln[c*(t)]} dt, (5) 

c,c*,ax,a 0 
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subject to 

dw(t) = {w(t) - ax(t)px(t) - ax*(t)pX*(t)}[ B( ) ) 1 [ B(t, T) P(t) + dP(t) 
N(t) N*(t)S(t) 

+ ax(t)dpx(t) + ax*(t)dpx*(t) - N(t) dt - 
N (t) dt, (6) P(t) P(t)(6 

N(t) = P(t)c(t), (7) 

N*(t) = P*(t)c*(t), (8) 

with w(O) = px(O), where px(t) and px*(t) are respectively the prices of the home 
and the foreign equity share in terms of units of the domestic good, p is the time 
preference parameter, and y the expenditure share on the domestic good. A log 
utility function in domestic and foreign goods is also used in Nielsen and 
Saa-Requejo (1993) and Stulz (1987). Conditions (7) and (8) respectively reflect 
the cash-in-advance constraint for the domestic and the foreign goods mar- 
kets.4 The foreign representative agent's problem is similarly defined. 

Given the above setup, a Lucas-type perfect-pooling equilibrium exists 
where the domestic and foreign representative agents each consume half of 
each of the two goods, c(t) = x(t) and c*(t) = x*(t), and where each agent holds 
half of the domestic and foreign equity share, a.,(t) = 1/2 and a.,*(t) = 1/2, for 
every time t. Then, the equilibrium demand for the home currency is N(t) = 
x(t)P(t), each by the domestic and the foreign agent, implying a total demand 
of 2x(t)P(t) dollars. Similarly, the total demand for the foreign currency is 
2x*(t)P*(t). In equilibrium, the monetary policy for each country should be 
such that its money supply equal demand: M(t) = 2x(t)P(t) and M*(t) = 
2x*(t)P*(t). For variants of the Lucas (1982) model, see Bekaert, Hodrick, and 
Marshall (1995), Boyle (1990), and Stulz (1987, 1992). 

To value foreign exchange contingent claims in this perfect-pooling interna- 
tional equilibrium, it is important to first understand how risk factors are 
rewarded. Let R(t) be the domestic instantaneous nominal interest rate, and 
Q(t) the nominal price of any contingent claim, at time t. In the Appendix, we 
follow the variational approach of Grossman and Shiller (1982) to show that 
the time t equilibrium risk premium for the claim must satisfy 

gq(t) - R(t) = Cov, dM(t) dQ(t) (9) 

4 Conditions (7) and (8) reflect only the "cash requirement" aspect of the "cash-in-advance" 
constraint, and they do not incorporate the "in-advance" aspect. This treatment of the cash-in- 
advance constraint was first used by Lucas (1982). The later treatment by Lucas (1990) is such 
that one first has to have cash before making any consumption purchase. While that timing 
convention can be implemented in a discrete-time framework, it is technically difficult, if even 
possible, in a continuous-time framework. For this reason, we adopt the treatment in Lucas (1982). 
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where ,uq(t) is the expected instantaneous rate of return from holding the 
claim, and Covt(, ) is the usual conditional covariance between the two 
arguments divided by dt. The nominal risk premium is thus merely a function 
of, and increasing in, the covariance between the return on a contingent claim 
and domestic money growth. This result is obtained because the nominal 
intertemporal marginal rate of substitution in this logarithmic economy de- 
pends solely on the money growth process. In existing partial equilibrium 
models of currency option valuation with stochastic volatility, for instance, the 
market price of volatility risk is often taken to be zero (or a constant) (e.g., 
Melino and Turnbull (1990), and Stein and Stein (1991)). In light of the above 
equation, the zero volatility risk premium assumption holds only when the 
option's price movements are uncorrelated with money growth. 

A. The Nominal Exchange Rate 

Exploiting the agent's first-order conditions, we obtain the equilibrium nom- 
inal exchange rate below: 

S (t) = (y x)(t) P*(t) = 1y M(t) Vt. (10) 

The nominal exchange rate is thus decreasing in the expenditure share of the 
domestic good and proportional to the ratio of domestic to foreign money 
supply. Surprisingly, it is independent of the production output in either 
country and completely driven by monetary policies. This detachment of ex- 
change rates from the real side is obtained due to the perfect-pooling assump- 
tion and the "cash-only" requirement for consumption transactions. In a per- 
fect-pooling equilibrium, cross-border trade in goods occurs irrespective of 
exchange rates. Consequently, the cash-in-advance constraint and monetary 
policies become the sole determinants of exchange rates. Applying Ito's lemma 
to equation (10) yields 

dS(t) 1 
S (t) = ps(t)dt + a, Y(t) dw1(t) - SZ(tZ )dco2(t), (11) 

where Zs(t) =t - p * + (7q1 - q* + al2 0-a1*1)Y(t) + (% - 2 ? (42 

724r2)Z(t), Ors `1 - o-T, and rs*- *2- o02. The expected depreciation rate of the 
domestic currency is therefore time-varying and monetary state-dependent. 
The exchange rate volatility, V(t), taken here as the variance of the spot 
depreciation rate, is V(t) = o-Y(t) ? o-*2Z(t), while the conditional covariance 
between changes in the spot rate and those in volatility is Covt(dS/S, dV(t)) = 
o-yo-s3Y(t) - o-ao-s3Z(t). This endogenously determined covariance can be nega- 
tive or positive, depending on the structural parameter values and on the 
monetary states of the countries. This fact is empirically plausible, because, 
according to Bates (1995, 1996), nonzero correlations between volatility and 
exchange rate changes may be necessary to reconcile the "volatility smile" 
puzzle associated with the Black-Scholes formula for currency options. 
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B. The Nominal Interest Rates 

Consider a pure discount bond that pays one dollar in T periods and deter- 
mine its price B(t, T). Via a variational argument, B(t, T) must satisfy 

x (t) P(t) M_____ 

X(t?ijT)P(t+ T) M(t T) B(tr)=Et(e -pIrt ()) E(-TM(t?) k (12) 

Evaluating this conditional expectation results in the closed-form bond price: 

B(t, T) = exp[-(p + pJ)T- a,(T) - ajT() - e8(T)Y(t) - ez(T)Z(t)], (13) 

where Ay o (1o -;Az eO(2OU 1eyy 5 [(Ky ? A3)2 ? - o_)]112, 1zY5[(Kz + AZ)2 

+ 2o-z (m - 2]12 

2 (-l - a2)(1 - e eyT) 

ey(T) 
= 

- 2 ?JXy + (Ky + Ay '&2)(1 - e `T 

2( - o.2 . 

ez) . 2iz + (Kz + A z - ,)(1 - e- ) 

2 Ofg ( [ 2eT)(g +g A g) 1 r } 
agT In 1?+ 2ig J +2-[gIKg Ag]JTJ, 

forg = y, z. The foreign bond price, denoted by B*(t, T), has a similar structure, 
except that Ay and Az should be respectively replaced by A* = r*1 r, A* = 
1- ra replaced by -q* - 42; and "72 - o-2 replaced by q* - O2 2 . The implied 

T-period nominal yields to maturity in the two countries are, respectively, 

?(t YZ + + a(T) + az(T) + Y(t) eT) 
R (t, T; Y, Z) = p +/, Yt+ Z(t), (14) 

?*T a*,(T) *(T) z__T_ 

R*(t, T; Y, Z) = p + /1 m + T a? Y(t) + 

(15) 

with the corresponding instantaneous nominal interest rates given by 

R(t) p + Lm + (71-q a2)y(t) ? ("72-(T2)Z(t), (16) 

R*(t) = p + pt + (_- oQ12)Y(t) + (X2-*_2)Z(t). (17) 

Therefore, both countries' nominal term structures are driven by two common 
factors. Several features can be noted. First, nominal interest rates in both 
countries are correlated, consistent with the findings in Campbell and Clarida 
(1987), Ilmanen (1995), and Nielsen and Saa-Requejo (1993). The two coun- 
tries' term structures will be uncorrelated when, for instance, "72 - = 0 - 

=0, or when l - - -2 2 
O 0. Changes in both domestic and foreign 

interest rates are also correlated with the currency depreciation rate dS(t)/S(t), 
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as they are all driven by Y(t) and Z(t). The signs of these correlations can be 
- positive or negative. 

Next, the nominal interest rates, both domestic and foreign, are completely 
driven by monetary shocks and hence detached from the real sector of either 
country. This detachment seems to be a common property of monetary econ- 
omies with log utility functions. In the context of a one-country monetary 
economy, Bakshi and Chen (1996) show that when investors care about both 
consumption and real cash holdings and when their preferences are represent- 
able by a log utility, the real and the nominal term structures of interest rates 
will have totally different risk factors, where the nominal rates are driven by 
monetary shocks and the real rates by real shocks. In their case, if monetary 
and output shocks are statistically independent of one another, the nominal 
and real term structure will also be. 

Finally, our nominal term structure model, domestic or foreign, is structur- 
ally similar to the real term structure model of Nielsen and Saa'-Requejo 
(1993), in that both domestic and foreign interest rates are linear functions of 
two square-root state variables, Y(t) and Z(t). For this reason, their character- 
izations and results concerning the term structures of the two countries as well 
as the spot, forward, and futures exchange rates carry over to our nominal 
economy as well. Likewise, our closed-form valuation formulas to be derived 
shortly for various currency options apply to their setup. In this sense, our 
work and theirs complement each other. It should, however, be noted that the 
underlying real economy in our model is distinctly different from their real 
economy, and only our nominal economy shares many features with their real 
economy. In addition, the international equilibrium in Nielsen and Saa'-Re- 
quejo (1993) is more appropriately Walrasian, whereas the counterpart in this 
article is an exogenously imposed Lucas-type perfect-pooling equilibrium. This 
difference makes our valuation framework relatively more tractable. 

II. Valuing Currency Options 

Consider a European call option on the exchange rate with strike price K and 
T periods to expiration. At expiration the dollar payoff to the call is max(O, 
S(t + ) - K). Then, under the log utility, its time t price is given by 

CE(t, 
T) = Et 

e-PMa(? 
) max(0, S(t + T) - K) (18) max(t 

S( 
?Tr 

By the money supply and exchange rate dynamics respectively specified in 
equations (4) and (11), the above conditional expectation must be independent 
of {x(t), x*(t)} and can only be a function of {S(t), Y(t), Z(t)}. This allows us to 
write the nominal price of the call as C(t, S, Y, Z, T). Applying Ito's lemma to 
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C(t, S, Y, Z, T) and substituting the resulting expression into equation (9) yields 
the partial differential equation (PDE) below: 

(1/2)(U.2Y + 4.*2Z)S2CSS + S(R - R*)CS + 1/2cry2YCyy 

+ [Oy - (Ky + Ay)Y]Cy + 1/22ZCzz + [O, - (Kz + Az)Z]Cz 

+ oyorSSYCsY- ZC& SSZCSZ-CT-RC = 0, (19) 

which is subject to the boundary condition: C(t+ T, 0) = max(0, S(t + T) - K), 
where subscripts on upper-case letters denote partial derivatives with respect 
to the corresponding variables. As shown in the Appendix, the solution to this 
PDE is 

C(t, T) = S(t)B*(t, Tr)H1(t, S, Y, Z, T) - KB(t, T)H2(t, S, Y, Z, T), 
(20) 

where I1 and 12 may be interpreted as "risk-neutral" probabilities that the 
option expires in the money, and they are respectively given by 

1 1 - 
-iO1'Kf(t,S, Y, Z, T; 

i 
H/j(t, S, Y, Z, T) = + J' Re[e (d J dT, 

2 i 

(21) 

forj = 1, 2, where Re[-] stands for the real value part of the expression and i 
for imaginary numbers, and the characteristic functions, fi and f2, are given 
below: 

f = exp{ -O [2 ln( 1 + 
I 

Ky + Ay -(1 + io)uyus - (l e - yT) 

- (Ky ? - (1 + ip)0y 0 - (y)Tj 

- [ 2 ln(1 [K A + (1 + i ) z* - z] (1 - e 6,T 

-(KZ + AZ + (1 + i4)oz4-z )T 

+ i4 ln[S(t)] - ln[B*(t, T)] -(P + ? T + (1 + i 4)(m - AM)T 

[(1+ i'k){171_ - 7* + ?r 
*2 + 1/2 Js.2i4 

_ + o-2](1 -e -T) 

?y + 1/2[Ky + Ay - (1 + i4)uyuos - (y](1 - eyT) Y 

[(1 + i4){nq _ 
- 2 2 ?+ 2 _ 

1/2s*2i44 ? 2 -.2](1 - e -) T 

(z + 1/2[Kz + Az + (1 + i4) o-o- - (z](1 -eT) Z(t)e 

(22) 
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and 

f2= exp- 2 [2 1n(1 + [Ky+ Ay iOy(- y](1 - 

- O.[2.( +[~ ~ 24~ ~](1y -(Ky + Ayiko--yo-(--)T 

Cr2 2 Int 1 + KZ+ Az i J s (Z](1-e Z 

-(KZ+ Az+ i0zos -( Z)T] 

+ i4 ln[S(t)] -ln[B(t, )] (p + ? n) + im)A?-4(iMmT- 

? [ik{m - o-2 -* + o-*2 _ ?o(} - 
2 

m ? o 2 ?(i4-)2o](1 e*T) 
Y() 

(Y* + 1/2[KY + Ay - iooyao - (yf(l - eC>) 

- 2- uV2 ? (7 ? ?S2} + Ti2 -2 - ?2(i<p)2o.*2(1 - e-z) T) 

?z + ?/2[Kz + Az + i.o-zao- (z](l - e-) T) 
(23) 

with 

= [(y+ Ay - (1 + i4)oYos)2 - 2oy2((1 + i4){ q1 -o2 -_ 

+ o*2+?/2f2i44 - _q1 + U2)]112, 

(z = [(Kz + Az + (1 + iO)UzU*o)2 + 2 o2((1 + i4){f- o *2 - T2+ ? 2 

j 1/2U*2ip} + U22)]1 - 

*y= [(Ky + A -i (y (s) 2- 2(Y2(i+{P1-qj 2- + 072 - /2 72} 

-r1o 2 + 1/2(ij4)2o72)]1/2 

(z= [(KZ + Akz + +Zs) +2z( {n--2 2 2 + /ff2 

+ 2-~2 -1/2(i/)2uf*2)1/2 ? Th - U2 

Taking the integration in equation (21) to find the two probabilities represents 
a convenient alternative to solving the original PDEs for I1, and 1'2 (Heston 
(1993) and Scott (1996)). The currency option pricing formula in equation (20) 
includes most existing currency option models as special cases. To see this, 
note the following: 



Equilibrium Valuation of Foreign Exchange Claims 809 

1. The Garman and Kohlhagen (1983) currency option model is obtained if 
we set, in equation (4) and its foreign counterpart, Y(t) = Z(t) = 1 for all 
t, making interest rates and volatility both constant; 

2. The currency option models with constant interest rates but stochastic 
volatility of Chesney and Scott (1989), Heston (1993), Melino and Turn- 
bull (1990), and Scott (1987) are obtained from the formula in equation 
(20) if we set, in equation (4) and its foreign counterpart, r1 = 01, 72 = 0 

= * 2 * *2 

3. The Amin and Jarrow (1991) currency option model with stochastic 
interest rates but constant volatility becomes a special case if we set o.- = 
oj* and Or2 = o* (i.e., if the home and foreign countries have perfectly 
correlated money growth rates); 

4. The currency option model of Heston (1993) in which the stochastic 
interest rates (both domestic and foreign) and the stochastic currency 
volatility are perfectly correlated is a special case of the formula in 
equation (20), if we set q2 = U2, 2= o and 2 = U22. It should also be 
noted that in Heston's Section 2, he does not have a closed-form expres- 
sion for the characteristic functions in his equation (25), whereas we do 
here for the probabilities in equation (20). In this sense, we have provided 
a closed-form solution for the option valuation problem stated in Heston's 
Section 2. 

The relative strength and weakness of each class of models can also be noted. 
First, the Garman-Kohlhagen model is probably the most widely applied 
currency option formula. Like the original Black-Scholes formula, its strength 
is derived mainly from its simplicity and ease to implement. Its relatively weak 
empirical performance then comes as no surprise. Among other things, its 
constant interest rates assumption implies that forward and futures exchange 
rates are not different from each other, which trivializes the practical differ- 
ences between forward and futures contracts. 

The next class of models assumes constant interest rates but stochastic 
volatility. As expected, these models have performed better than the Garman- 
Kohlhagen model in explaining currency option prices, in particular those with 
short terms to expiration (e.g., Bates (1995, 1996), Knoch (1992), and Melino 
and Turnbull (1990)). Using numerical procedures, for instance, Knoch (1992) 
demonstrates that for relatively short-term currency options with the appro- 
priate choice of the structural parameter values, a currency option model with 
stochastic volatility can explain most of the known strike price-related biases 
associated with the Black-Scholes model and its currency option variant. It 
has difficulty explaining longer-term currency options, however. From the 
standpoint of modeling, it also requires a special set of restrictions on the 
underlying international economy. In particular, the constant interest rates as- 
sumption still trivializes the differences between forward and futures contracts. 

In contrast, our general model allows domestic and foreign interest rates to 
be not only stochastic but also correlated across national borders (with any 
degree of correlation). Furthermore, volatility risk is priced in an internally 
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consistent manner. The covariance between changes in exchange rate and in 
-currency volatility can be negative and is time-varying, which offers more 
flexibility iXn resolving empirical biases of existing models. Since our model 
includes all the above mentioned ones as special cases, we should expect its 
empirical performance to be better. In addition, as the currency option price in 
our model is driven by two state variables, our model should be able to explain 
more time-series movements in option prices than, for instance, Heston's 
(1993) single-factor model. This is in the same spirit as in the term structure 
literature, where a two-factor term structure model is known generally to 
perform better than its single-factor counterparts (e.g., Longstaff and 
Schwartz (1992)). 

Finally, the formula in equation (20) applies to European currency options. 
In practice, most traded options are American. For American options that are 
unlikely to be exercised early, the European option pricing model will still 
work. For example, as Grabbe (1983) and Ingersoll (1990) demonstrate, it will 
never be optimal to exercise an American currency call early when the domes- 
tic interest rates exceed their foreign counterpart; the same can be said about 
American foreign exchange puts when the domestic interest rates are lower 
than their foreign counterpart. For those with early exercise potential, one 
may use the early-exercise-premium approximation proposed in Barone-Adesi 
and Whaley (1987). 

A. Implementation Considerations 

The European currency option price in equation (20) is driven by, in addition 
to S(t), two state variables, Y(t) and Z(t). These two are not observable in 
practice, which may hamper the implementation of the model. To resolve this 
problem, one can follow Nielsen and Saa-Requejo (1993), CIR (1985a,b), and 
Longstaff and Schwartz (1992) to replace them by two observable endogenous 
variables. In doing so, one faces a few alternative choices. For example, since 
both the domestic interest rate R(t) and the exchange rate volatility V(t) are 
linear in Y(t) and Z(t), one can use R(t) and V(t) to substitute out Y(t) and Z(t) 
in equation (20) so that the option price is expressed in terms of S(t), R(t), and 
V(t). This substitution scheme would be consistent with the ones used in 
Bakshi and Chen (1995) (for equity options) and Longstaff and Schwartz 
(1992) (for bond options). 

Alternatively, we can follow Nielsen and Saa-Requejo (1993) to substitute 
out Y(t) and Z(t) by R(t) and R*(t). A major advantage of this scheme is that 
both R(t) and R*(t) are directly observable quantities during trading hours. 
Solving the system of linear equations in (16) and (17) for Y(t) and Z(t) gives 

Y(t) = qIo + qf1R(t) + qf2R*(t), (24) 

Z(t) = + 0 + q4R(t) + q4R*(t), (25) 
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where 

(/Jym ?p) (o(2 -1 2r) - (IJym* ? p) (o( {2 - T1 {) 

(/m ? P)(712 - .) (m* + P)(Tli - o*) 

* *2 *2 *2 2 

12 - (O 2 XqT1 2712 7f 1 (Fi 

and 

?-(F= - -(*2)( 2 2) - (m - -(u2)(n* 07*2) 

Then, substituting this solution into equation (20) and making appropriate 
changes in the characteristic functions, one has the currency option price 
expressed as a function of S(t), R(t), and R*(t). 

B. Hedging and Hedge Ratios 

One advantage offered by a closed-form option pricing formula is the ability 
to derive hedge ratios analytically. In the present context, currency option 
comparative statics are all different from their counterparts based on the 
Garman and Kohlhagen (1983) model. In particular, hedging strategies based 
on the latter will be severely biased. To demonstrate this, first take as an 
example the sensitivity to strike price: aC(t, T)/aK = -B(t, T)HI2 < 0, where both 
B(t, T) and r2 now depend on the nominal state of the economy and are hence 
time-varying. Next, there are three option delta measures, respectively with 
respect to S(t), Y(t), and Z(t): 

As = as = B*(t, T)I1 > 0, (26) 

- 
_ =- S(t)B*(t, T) - eY(rT)l - KB(t, T) { - eyJ(T)FI2} (27) 

A _z- dZ = S(t)B*(t, T)1 dZ -ez()l}- KB(t, T)1 dZ -eZ(r)I2} (28) 

where 

alI_ 1 ln[F. 1af11 
aLj =- JRe[e' ['](i4-V dLl do, for j = 1, 2, and L = Y, Z, 

(29) 
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and the two partial derivatives, afj/aY and afja/Z, can be easily obtained from 
equations (22) and (23). The gamma measures with respect to the three 
variables can also be derived in closed-form but are not given here to save 
space. 

The analytical expressions for the deltas have important implications for the 
construction and execution of hedging strategies involving currency options 
and other contingent claims. This can be best demonstrated by considering a 
standard delta-neutral hedge with the target being a currency call option 
itself. To do so, one has three sources of uncertainty to control for: dS(t), dY(t), 
and dZ(t), or equivalently dS(t), dR(t), and dR*(t). Then, consider a replicating 
portfolio consisting of (i) As(t) units of the foreign currency (to control for dS(t)), 
(ii) AB(t) units of the domestic bond (to control for dR(t)), (iii) AB*(t) units of the 
foreign bond (to control for dR*(t)), and (iv) a residual cash position AO(t) 
earning the instantaneous interest rate R(t). Using a standard argument, we 
find the following solution for a delta-neutral hedge: 

A s ( t ) = A s S ( t){e (rT)Ay - eO(rT)AZ (30) 

As(t) = B (t t){ey(T)eO*(T) - ez(T)eO(r)}T (31) eZ(T)AZ - eOY(T)Ay 

AB*(t) = S(t)B*(t, T){ey(T)eO(T) - ez(T)e(T)}' (32) 

o(t) - C(t, T) - {AS(t)S(t) + AB(t)B(t, T) + AB*(t)B*(t, )}. (33) 

Taking these positions results in a locally risk-free replicating portfolio of the 
target. The same logic of reasoning can be used to devise analytical delta- 
neutral hedges for other types of foreign exchange contingent securities and 
portfolios. 

C. A "Watered-Down" Version of the General Model 

As noted before, the general currency option model in equation (20) has 
many appealing properties and includes existing models as special cases. 
However, when we substitute the solution in equations (24) and (25) into 
equations (16) and (17) and apply Ito's lemma to derive the dynamics for the 
resulting interest rates R(t) and R*(t), we find that the processes followed by 
R(t) and R*(t) are interrelated in a sufficiently complex manner so that esti- 
mating the structural parameters in practice becomes a formidable task. 

To enhance applicability, we offer a specialized, parsimonious version of our 
general model such that (i) it still allows interest rates and currency volatility 
to be stochastic and yet (ii) the number of parameters to be estimated is as 
small as possible. To achieve these goals, set A,,m = A,,,* = -p and q2 = 2 = 

= a = 0 in equation (4) and its foreign counterpart, so that domestic money 
supply is totally driven by Y(t) and its foreign counterpart by Z(t). Under these 
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restrictions, we obtain R(t) = - o2)Y(t) and R*(t) = (n* - o22)Z(t). To 
ensure positive interest rates, we require that -ql > o1 and q* > a-22. The 
resulting interest rate dynamics are 

dR(t) = [OR - KRR(t)]dt + CR R(t) dI1(t), (34) 

dR*(t) = [O* - KRR*(t)]dt + oRVW*(t)dw02(t), (35) 

where 

K 1~~~~~~~~~~~ 
KR-KY, OR-YVV71Ol), 0R ORhrR Y - , KR Kz, 

R and 2 R- V- 

In practice, the six coefficients, KR, OR, UR, K4* OR and oR-, are to be directly 
estimated from the observed interest rate processes. The domestic i-period 
bond price is 

B(t, T; R) = exp[-aR(T) - 13R(T)R(t)], (36) 

where, with AR -RU.s and SR= (KR?XR)22o, we set 

-R KR AR)T ?2 (1 e 'R)(SR - KR- AR) B 

aR(T) = 2i ; R A)T ln 1 - 2;RJJ 

2(1 - eSR T) 

2'SR 
- 

[SR 
- 

KR 
- 

AR] (1 - e SRT) 

Adding a "*" superscript to each parameter and variable gives the foreign bond 
counterpart. The simplified exchange rate dynamics becomes 

dS(t) 
S(t) = [R(t) - R*(t) + osR(t)]dt + aso 7K6dcow(t) - o*+Nitdw2(t), (37) 

where a-8 a/ m - aT27 = (4/ X - *2 and both can be directly estimated 
from the actual exchange rate process. The stochastic currency volatility is now 
osR(t) + os2R*(t). 

Incorporating these restrictions into equation (20) and replacing Y(t) and 
Z(t) respectively by R(t)/(Qq - o2j) and R*(t)/(n* - or2), we arrive at the 
currency call option pricing formula below: 

C(t, T) = S(t)B*(t, T)F11(t, S, R, R*, T) - KB(t, )F12(t, S, R, R*, T), (38) 

where the probabilities, fl1 and I2, are inverted, as in equation (21), from their 
respective characteristic functions given in equations (A8) and (A9) of the 
Appendix. This currency option formula is a relatively simple fun,ction of S(t), 
R(t), and R*(t), and it depends only on eight structural parameters. The hedge 
ratios based on this simplified version can be similarly derived as before. To 
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Figure 1. Implied volatility. Implied volatility is obtained by inverting the Garman-Kohlhagen 
currency option formula, with the call price input determined by formula (20). The + curve, the O 
curve, and the O curve plot the relationship between strike price and implied volatility, respec- 
tively for options with terms-to-expiration of 20, 180, and 360 days. The spot exchange rate 
assumed is 100, Y(t) = 0.75, and Z(t) = 1.00. Other structural parameter values used in the 
calculations are: p = 0.050, A,,, = -0.050, -1l = 0.135, %1 = 0.048, o- = 0.300, o-2 = ?.??, Am* 
-0.050, 1 0.052, -q* = 0.110, &1 = 0-100, &2 = 0.300, Ky = 0.100, Oy =0.120, o-Y = 0.150, Kz = 

0.500, 0, 0.950, and o-, = 0.40. 

implement this currency option formula for pricing and hedging purposes, one 
can consult with Bakshi, Cao, and Chen (1996) and Bates (1996). 

D. Properties of Currency Options in an Example Economy 

Without conducting a complete empirical test (which is beyond the scope of 
the present article), this subsection provides an example economy to illustrate 
the point that our currency option pricing model in equation (20) possesses 
empirically plausible features. Structural parameter values used in the exam- 
ple are given in the note to Figure 1. Given the parameter values, (i) the 
expected currency depreciation rate is 7.52 percent with a standard deviation 
of 34.60 percent; (ii) the instantaneous domestic and foreign interest rates are 
respectively 8.17 percent and 5.15 percent; (iii) Interest rates on longer matu- 
rity domestic bonds are R(t, 0.25) = 8.43 percent, R(t, 0.5) = 8.68 percent, R(t, 
1) = 9.11 percent, R(t, 5) = 10.95 percent, and R(t, 30) = 12.30 percent, which 
represents an upward sloping yield curve; The foreign yield curve is also 
upward sloping, with R*(t, 0.25) = 5.25 percent, R*(t, 0.5) = 5.34 percent, R*(t, 
1) = 5.48 percent, R*(t, 5) = 6.16 percent, and R*(t, 30) = 6.95 percent; (iv) Due 
to positive yield differentials, the time t term structure of forward rates is also 



Equilibrium Valuation of Foreign Exchange Claims 815 

00 

n I I I - I Ir I I- 

CD 

CD - 0 - - 

-4- 

<CD E 

CD 

Q-O ~ ~ ~ ~ ~ ~ ~ ~ ~ o 

Ln l 

CD0 30 60 90 120 150 180 210 240 270 300 330 360 

TERM-TO-EXPIRATION (DAYS) 

Figure 2. Term structure of implied volatility. Implied volatility is obtained by inverting the 
Garman-Kohlhagen currency option formula, with the call price input determined by formula (20). 
The + curve, the D] curve, and the 0 curve correspond to the relationship between maturity and 
implied volatility, respectively for currency calls with strike prices K = 80, K = 100, and K = 120. 
The spot exchange rate assumed is 100. All other structural parameter values used in the 
calculations are the same as assumed for Figure 1. 

upward sloping. The currency call option price is increasing in O and Q , and 
decreasing in the mean-reversion coefficients, Ky and Kz. Among other features, 
domestic and foreign interest rates are positively correlated with currency 
depreciation rate, and changes in currency volatility are negatively correlated 
with exchange rate fluctuations. 

An often cited empirical regularity in the currency option literature is that 
when actual option prices are substituted into the Garman-Kohlhagen (1983) 
formula to back out the implied volatility, the resulting estimate varies across 
strike prices and across terms to expiration (i.e., volatility smiles). As pointed 
out by Cao (1993), the volatility smiles are time-dependent and can exhibit 
upward-sloping, downward-sloping, or U-shaped patterns. 

We conduct the following exercise to demonstrate that currency option prices 
generated by our model can be consistent with their real-life counterparts. 
First, compute the theoretical option price based on formula (20) with the 
structural parameters as given. Next, substitute the computed option price 
into the Garman-Kohlhagen formula to back out the implied currency volatil- 
ity. Finally, repeat these two steps for many options to arrive at implied- 
volatility patterns in relation to either strike prices or maturities. Figure 1 
shows three strike price-implied volatility patterns: one each for short-term 
(20-day), medium term (180-day), and long-term (360-day) calls. Figure 2 
presents three maturity-implied volatility patterns. In Figure 2, for instance, 
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the maturity-implied volatility shape is upward sloping, with longer-term calls 
having higher implied volatility. Holding term-to-expiration fixed, out-of-the- 
money calls in Figure 1 have lower implied volatilities than both at-the-money 
and in-the-money calls. We also tried many other parameter value combina- 
tions (not reported here) and obtained a rich variety of possible shapes for the 
two relationships. Overall, the conclusion that can be drawn is that, depending 
on the state of the international economy and the structural parameter values, 
option prices obtained from formula (20) can produce any desired implied- 
volatility patterns in relation to moneyness and maturity, including the com- 
monly observed upward- and downward-sloping smiles for currency options. 
For this reason, one can expect our currency option model to help mitigate 
moneyness- and maturity-related biases of existing models. 

III. Currency Futures and Currency Futures Options 

A T-period currency futures contract represents an obligation to purchase in 
T periods the said amount of the foreign currency at a contracted price (i.e., 
futures exchange rate). This type of contract is traded through the daily 
"marking-to-market" process. Let G(t, T) be the futures exchange rate for 
delivery of one unit foreign currency T periods from time t. Then, by Ito's 
lemma and the risk premium equation in (9), G(t, T) must solve 

1/2(Uf2Y + U*2Z)S2Gss + S(R - R*)GS + 1/2 2YGyy 

+ [0y - (Ky + Ay)Y]Gy + 1/2o2ZGzz + [0, - (Kz + Xz)Z]Gz + ?yosSYGsy 
- (zorsSZGsz -GT = , (39) 

subject to the boundary condition: G(t + T, 0) = S(t + T). The solution to this 
PDE is 

G(t, T) = S(t)exp{(tm - [k)T + Vy(T) + Vz(T) + y3(T))Y(t) + Iz3(T)Z(t)}, y 
~~~~~~~(40) 

where 

20 e[e - eyT)(K + A? - (y (s - 

= - o2 2ln[y 

+1/2[y -K - Ay +? 0yO'}]T 

20~ f [ (1 - -T)( + A + o*- CZ) 
+ in2[ 1+ (1 -KIn e + 

? 1/2[~z K 
- AZ - Z(*T 
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2(- l -o 2 + or* 2)(1 - e- yT) 

- 2 y + (Ky + Ay - 0y - -y) (1 e 

2O(Tr- 2 o2 'q2 + 2)(1 e ) 
1e1) . 2z + (Kz + Az + O-z(Oj - J)(l - e z ) 

Vy (Ky + Ay- yoS) 2- 2 oy{rY r- 2 - + C?* 2} 

+ A + oCo *)2 ? 2o {2-z2 2 - *2'2 + O2}. 

A European call option on a currency futures gives the holder the right to 
take a long position in the futures contract at a prefixed price. Let T be the time 
to expiration for such a futures option contract, and i- the time to maturity for 
the underlying futures, all from time t. Assume T ? i. Let H(t, T) be the time 
t price of the futures option. As before, H(t, T) can only be a function of S(t), Y(t), 
and Z(t), and it must solve the valuation PDE given in equation (19), subject to 
the terminal payoff condition: H(t + T, 0) = max(O, G(t + T, T - ) - K). As 
shown in the Appendix, the solution is 

H(t, T) = G(t, i)D(t, Y, Z)l1(t, S, Y, Z, T) - KB(t, T)H2(t, S, Y, Z, T), 
(41) 

where the "risk-neutral" probabilities are given by 

_ 
0 

eiKjt S, Y, Z, T; 4)1 
Hj(t, S, Y, Z, T) = 1/2 +-I Re[ d, (42) 

forj = 1, 2, where K-ln[K] -(,um - It )(i- 'r)- V(i - T)-vz(i-T) and the 
characteristic functions, fj forj = 1, 2, are given in equations (All) and (A12) 
of the Appendix. The exercise region for this call is determined by the condi- 
tion: f3y(; - T)Y(t + T) + f3jz( - T)Z(t + T) + ln[S(t + v)] - K. In (41), D(t, Y, Z) 
adjusts for the fact that the foreign currency pays a stochastic interest rate 
(which is like a stochastic dividend flow) and this adjustment function is given 
in equation (A10) of the Appendix. As i- -> T, the futures option becomes a spot 
currency option and its price in equation (41) converges to its spot option 
counterpart in equation (20). For applications, one can, for instance, use the 
substitution scheme given in equations (24) and (25) to replace the unobserv- 
able Y(t) and Z(t) in equation (41), by R(t) and R*(t). 

One distinctive feature of the pricing formula in equation (41) is that the 
underlying futures exchange rate, domestic and foreign bond prices, and the 
futures option price are endogenously determined in the same eqtilibrium. In 
contrast, the well-known futures option model of Black (1976) is partial equi- 
librium in nature, and it only allows constant futures price volatility and 



818 The Journal of Finance 

constant interest rates. Amin and Jarrow's (1991) partial-equilibrium model 
for currency futures options does allow stochastic interest rates but only 
deterministic exchange rate volatility. Both the Black and the Amin-Jarrow 
models are nested within our currency futures option model. 

We close this section by mentioning two more points. First, as in the previous 
section for spot currency options, hedge ratios and hence hedging strategies 
can be conveniently derived in closed-form for currency futures options. Next, 
by imposing the same set of restrictions required for the "watered-down" 
version of the spot currency option model, one can develop an easy-to-imple- 
ment version of equation (41). Since the derivation of these formulas is essen- 
tially the same as for the previous case, the details are not repeated here. 

IV. Conclusion 

Extending the Lucas (1982) two-country economy to a continuous-time 
setup, we have developed an equilibrium valuation framework for foreign 
exchange contingent claims, especially for option-like contracts. The simple 
framework makes it convenient to derive analytical solutions for nominal 
valuation problems. For example, we derive and study closed-form pricing 
formulas respectively for spot exchange rate options, futures exchange rate, 
and currency futures options. The closed-form nature of these formulas not 
only renders the valuation straightforward and precise, but also makes it 
possible to analytically derive hedge ratios and hedging strategies. 

The discussion in this article can be extended in several directions. First, 
cross-currency equity options and cross-currency equity futures options (e.g., 
the Chicago-traded Nikkei futures contract and options written on the con- 
tract) can be valued in the same context. Second, jumps in money supplies and 
hence in exchange rates can be incorporated along the lines of Bates (1996), 
Jorion (1988), and Scott (1996). Finally, the spot and the futures currency 
option formulas can be subjected to empirical tests. This exercise is pursued in 
a follow-up project. 

Appendix: Proof of Results 

Proof of Equation (9) 

The proof involves applying the variational argument in Grossman and 
Shiller (1982), in which the time horizon is divided into many subperiods of 
length At. Let U(x(t), x*(t)) be a general twice continuously differentiable 
period utility of consumption in the domestic and the foreign good. Observe 
that 

P(t) AP(t) / Ap(t) 2 
- 1 - + V / 
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and 

AP(t) AM(t) Ax(t) (Ax(t) 2 

P(t) M(t) -x (t) \x (t) )?OA)1.(l 

Taking the Taylor series of the marginal utility Ux(x(t + At), x*(t + At)) at (x(t), 
x*(t)) yields 

UJ(x(t + At), x*(t + At)) = 1 UX x + 1/2 UX(A*x) J Ax 

UXX*X* *)2 (AxAx* ?O(t) 3/2. + 1/2 UX (Ax*)2 + (XX*) + o(A 
ux u~~~~x 

(A2) 

Then, for the discretized economy, the representative agent's first-order con- 
dition yields the risk premium on any contingent claim as determined by the 
Euler equation: 

Ux(X(t + At), x*(t + At)) P(t) ? AQ(t) 
- 1 0l 

Et[ePAtU Ux(x(t), x*(tA) P(t + (t) Q(t) - R(t)At -. 
(A3) 

Then, equation (9) is obtained by taking At -> 0 and repeatedly applying Ito's 
lemma to (A3), and by using equations (Al), (A2), and the log utility assumed 
in the model. Q.E.D. 

Derivation of the Currency Option Formula in Equation (20) 

The PDE in equation (19) can be expressed as 

0 = 1/2(u2y + <r2z) ?C [R-R - 1/2(UJs2Y + <s Z)] h 

1/2 2 -+ [Oy -(Ky + Ay)Y] a + 1/2 cT2Z ? Ly 
ayyi az2 

aC 
? [Oz - (KZ + AZ)Z] az 

a2C a2C aC 
.YO. s_ __ osZ - - - RC, (A4) 

ahaYU ahaZ a 

where for convenience, h(t) - ln[S(t)]. Then, substituting the conjecture (20)_ 
into equation (A4) yields the following PDE respectively for the probabilities, 
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Hl1 and H2: 

1/20-~y+ r*Z)a2n F 1 aB* 
'/2(sY + &2Z) ah2 ? [R - R* + 1/2 (TsY + (c*2Z + (ryorSYB* - 

1 aB*l aHM 
offzo*zI -?? B* aZ jah 

Y~~~~~~~~~~~~~ d7* hhY 
a2n 1I \ 1 aB* M 

+ Y/ Z z + [Oy (KZ + Ay)Z - Y s + ayo zZ B*+ JA 

+1/2oYay2+[U~-kY+A)+yaI 1B* aY JaY 

___- aT0 ( 

and 

1/ (r~ +0.*2)a2n F2- 
1 aB"~ln 

+1/)o Z;aZ2 + LR - R* - 1/2 ( + )- r 2Z + yZ B a az 

- o4 aZ h 1 0 ay2 

[ Y 7 B aY] ;aY + fOysY SahaY h aZ2Z 

1/ ~~~2Z~~an2 R aR* a1/2 aI < +H 2 laB 
2 (crKY + tZ) [ S'2 -U1ay0. (6 

[ z ( ) z B aZ1 aZ Z S ahaZ aT aY2 

The PDEs in equations (A5) and (A6) must be separately solved subject to the 
terminal condition 

flj(t + T9 h, Y. Z. 0; ln[K]) =1lh(t+T)-In[K] 

forj = 1, 2. As in Heston (1993), the characteristic functions corresponding to 
the two probabilities, fj(t, h, Y. Z. T; O for j = 1, 2, must also satisfy the 
respective PDEs in equations (A5) and (A6), subject to the terminal condition 

j(t + T, h, Y. Z. O; += e i*h -t+T)0 (A7) 

To solve these PDEs, make the substitution: f( b s t)fp and t2 = B(t, t)f2. 

Solving the PDEs separately results in the characteristic functions given 
respectively in equations (22) and (23). Q.E.D. 
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Characteristic Functions for the Watered-Down Option Formula in Equation 
(38) 

The two characteristic functions are derived as in the general case and given 
below: 

f1=exp- IR [2In(1+ [KR - 
ikXR -11(1 - e+1T) -_(KR-iXAR- 61)T1 

OR* [KR* + (2 + i4P)AkR* - (2](1 - e62T)) 

(KR* + (2 + i+)AR* - + ( + 1 + i4A - 1](1 -e 1T) R(t) 

[( 1 +_i 4) ( - ?/2i4o"7* 2) ] (1 - 
e+ i2T) 

(2+?KR* + (2 + i4p,R*-~)TA ~]1- ~ R*(t + ek ln[S(t)] 

- ln[B*8(t, )]},(A8) 

f2= exp{ - [ 2 ln( 1 + 1R+ (1 i)AR- i(](1 _,-(l -) 

-(KR +(1 -ik)AR-(1T 

_ [2(1 + ( [R (1 ii)AR* - ](1 - e 2T 

- (KR* + (1 + in)SR* - 

+ [(i4t - 1)(1 + 1/2j4>(y2)](1 - e-(*l) *R 
(1 + 1/2[KjR + (1 - i4)AR - (8](1 - e (1T) 

*2 + 1/2[KR* + (1 + ik)AR* - e*](1 - e2T (t) + [S(t)] 

- ln[B (t, T)] (A9) 

where 

O= {(KR- i4AR) - 2o+j(1 + i4)(1 + 1/2i4 f4) - 1]}1/2, 

f2= = {(KR* + (2 + ik)AR*) + 2oR*(1 + i4)(1 - 1/2i4+y2)} 

= {(KR + (1 - i4)AR)2 - 2oR(i4- 1)(1 + 1/2 iO)k)}l'2 

( = {(KR* + (1 + ick)AR*)2 + 2oR*i4(1 + 1/2(1 - i )}1 T 
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Q.E.D. 

Derivation of the Currency Futures Option Formula in Equation (41) 

Conjecture the solution to the PDE in equation (19) is of the form as given in 
equation (41). Then, using the same steps as in the derivation of the spot 
currency option formula, we arrive at the adjustment function D(t, Y, Z) and 
the two corresponding characteristic functions below: 

D(t, Y, Z) exp{ ln(1 - 
- - A y 

+ - T) + (T])(1 - ) 

- (p + itm)T + Vy(i- T) + Vz( - T) - 
Vy- V() + (y3(i- T)Oy 

+ z(7 - T-)Oz)T + [Iy(3 - T) -y(i)]Y(t) + [fz( -T) - Iz(T)1Z(t) 

0 
- (Vy - K- Ay + oUy[oyf3y( -T) + js])T 

y 

-2 ln(1_ (vz -Kz -Az + qz[qzj3z(r - T) - af])(l e e-V-T) 
- l(n + -Az + 2vz &VZT)) 

0z 
-: YV - Kz- Az + ojoUf3ZQ~ - T)- *]T 

(7*- 
o2 + 

?2o-2 
+ (KY + Aky)py(~ - 

T) 
- 1/2[o T-) 

+ 
O-]2 

v (1 -e e T) + 1/2(vy - Ky - Ay + o-y [ 3oy( - r) + ) Yt 

- o*2 + 1/2o2 + (Kz + Az)pz(i -T) 

-1/2[a0Pz3z(i - rT) -2) 

Z(t)j 
vz(l - ezT)1 + 1/2(vz - K- Az + uoC3[o- ,Bz - T) - os]) 

(A10) 

_20 [Ky + Ay - (1 + i)orY[crs + ofyiy( - T)] - sy](1 - e-SY) 
A exp {-ff2 ln(1 + 2s - 

+ i4 ln[S(t)] - ln[D(t, Y, Z)] + vy(i - T) + vz( - ) 

+ (1 + i)3y(i - r){Y(t) + OYT} 

+ (1 + i)I(J - r){Z(t) + OZT} - (Ibm -U)T- vm(r) Vz(T) 

- f3y(T)Y(t) - 3Bz(Q)Z(t) + <(Ky + Xy- (1 + i4)oJ[o-S + oTy4y(i- T)] -;y)T 

+ (Am - )(1 + i)Tr- (P + IJm)T 

20 (O [Kz + Az + (1 + i4)oz[os - 
oJ3zz(i 

- T)] - ';](1 e- ) 
- l1n I2 

202,Z 
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0-2 + (1 + i)[-(Ky + Ay)y( --T)] 
+ 1/2(1 + i4)2[o-5 + ( - 

(1 - e SyT) 'y + 1/2{Ky + Ay - (1 + i4)(Ty[(Ts + yy(i -)] - ;y( 

2-o2 + (1 + io)[p* + (Kz + Az)I3Q -T)] 
-1/2(l + i )2[o"* - ojz3( -T)] Z(t) 

(1 - e zT)1' z + 1/2{Kz + Az + (1 + i4)OTz[O* - OzIz -)] - 

+ 2 (Kz + Az + (1 + i)oZ[ffo - Czz(T- T)] - z)T (A) 

{ 20 ( [Ky + A i-ay[Us + -ypy( - T] ]( e -e T 
f2 = exp - C2 In 1 + 2s 

+ i 4 ln[S(t)] -ln[B(t, T)] + i44pQy( -T){Y(t) + OyT} 

+ i43z(Q - T){Z(t) + OZT} 

+ K + Ay - i kOy[Os + ( - ) (p + ILm)T 

+ (Im - 4i 4 T) 

20z 1 [KZ + Az + i4o-z[os (-zoz(- T)] - ;*](1 -e 4ZT - 21n1 2se * 

ij- + o2- i4(Ky + Ay)y(3 - T) 
+ 1/2(j4)2[(Ts + fyy( -T)]2 Y(t) 

(1 - e-sy*T)-lse + 1/2{Ky + Ay - iIo-y[os + oypy( T)] - 

j4+)7*+ 'p2 - 
2 + i4(Kz + A)z(I - T- 

1/2 2i)[(T-T Z(a*) 2( 

(1 - e%IT) 1Se + 1/2{Kz + AZ + iIOz[- U*ffzpz TZ() )Z 

+ 2:(Kz + AZ + i4ofz[o* - zfJz(T- T)] - T (A12) 

where~~~~~(. _171 _q*-71 + eT2 _ 1/2(y.2 _q*rl 
_ 

e2 - 1.2+ 2 + 1/2 &S*2, where2- 2+- 22?2 %, 

Y {(K~ + AY - E Yo-:f3Y(T - i) + os]) + 2oq(Xl - U*2 + 1/2oT2 

+ (Ky + Ay)fpy(Q - T)- 1/2 (fyy(~ - T) + s) 2) } 1/2, 

Z {(Kz + AZ 
- 

UZ[ f3 T) 
- 

a])2 + 2o-2(_q*- _a*2 + 1/20-*2 

+ (KZ + Az)3z(Q - T) 1/2(Uz ,iB - T) - 
T)P/2 

Sy= (Ky + Ay - (1 + i4)o-fy[os + 3yjy( -T)]) 

- 2(y2((1 + i4;){T_i - -2- _ q + oe2 - 1/20-2} 
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- + O2-(1 + i4)(Ky + Ay)3y(v - T) 

+ 1/2(1 + i+)2[o-s + oyIy(i -T)]2)} 

Z= {(Kz + Az + (1 + i4)o-z[o_ -"* T)])2 + 2oz2((1 + i+) 

* {T* 2- *2 -2 + - 2 + 1/27*2} + 2-22 + (1 + i4)(K + XZ)I(- 

-1/2(1 + i+)2[os - 2-)11}2 

e= + A - i4o-[,s + yy( -A)]) 

- 20(ik{, _- 2 - _q + <-2 1/202} _-_ + a2 

- i4(Ky + Ay) y(r-) + j/2(iO)2[8s + fyp3(a 
- 

T)-]2)1/2 

= {(K' + A + ikZ[o- zz(- -)]) 

+ 2u7(i{p -q 2- 2+ 2 + 1/2.*2} 

+ 172 - O2 + i4(Kz + AZ):f3z( - T) -/2(i4)2[8 - 3zz(j - )]2)2 

Q.E.D. 
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