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Closed Form Solutions for Term Structure
Derivatives with Log-Normal Interest Rates

KRISTIAN R. MILTERSEN, KLAUS SANDMANN, and DIETER SONDERMANN

ABSTRACT

We derive a unified model that gives closed form solutions for caps and floors written
on interest rates as well as puts and calls written on zero-coupon bonds. The crucial
assumption is that simple interest rates over a fixed finite period that matches the
contract, which we want to price, are log-normally distributed. Moreover, this as-
sumption is shown to be consistent with the Heath—Jarrow-Morton model for a
specific choice of volatility.

CLOSED FORM SOLUTIONS FOR interest rate derivatives, in particular caps, floors,
and bond options, have been obtained by a number of authors for Markovian
term structure models with normally distributed interest rates or alternatively
log-normally distributed bond prices (see, for example, Jamshidian (1989,
1991a); Heath, Jarrow, and Morton (1992); Brace and Musiela (1994); Geman,
El Karoui, and Rochet (1995)). These models support Black—Scholes type
formulas most frequently used by practitioners for pricing bond options and
swaptions. Unfortunately, these models imply negative interest rates with
positive probabilities, and hence they are not arbitrage free in an economy with
opportunities for riskless and costless storage of money. Briys, Crouhy, and
Schobel (1991) apply the Gaussian framework to derive closed form solutions
for caps, floors, and European zero-coupon bond options. To exclude the influ-
ence of negative forward rates on the pricing of zero-coupon bond options, they
introduce an additional boundary condition. As shown by Rady and Sandmann
(1994) these pricing formulas are only supported by a term structure model
with an absorbing boundary for the forward rate at zero, where the absorbing
probability is not negligible, which for a term structure model is a quite
problematic assumption.

* Miltersen is from Odense Universitet, Denmark. Sandmann is from Johannes-Gutenberg
Universitdt, Mainz, and Sondermann is from Rheinische Friedrich-Wilhelms-Universitéit, Bonn,
Germany. An earlier version of this article, Sandmann, Sondermann, and Miltersen (1994), was
presented at the Seventh Annual European Futures Research Symposium in Bonn and at Norwe-
gian School of Economics and Business Administration, Bergen, Norway. This version of the
article was presented at the Isaac Newton Institute at Cambridge University during the Financial
Mathematics Program. We are grateful to an anonymous referee and to Simon Babbs, Darrell
Duffie, Claus Munk, Sven Rady, Erik Schlogl, and the two CBOT discussants, Chris Veld and
Frans de Roon, for comments and assistance. Financial support from the Danish Natural and
Social Science Research Councils for the first author and from the Deutsche Forschungsgemein-
schaft at Rheinische Friedrich-Wilhelms-Universitdt Bonn for all three authors is gratefully
acknowledged.
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Alternatively, modeling log-normally distributed interest rates avoids the
problems of negative interest rates. However, as shown by Morton (1988) and
Hogan and Weintraub (1993), these rates explode with positive probability,
implying zero prices for bonds and hence also arbitrage opportunities. Fur-
thermore, so far, no closed form solutions are known for these models.

As observed by Sandmann and Sondermann (1994), the problems of explod-
ing interest rates result from an unfortunate choice of compounding period of
the interest rates modeled, namely the continuously compounding rate. As-
suming that the continuously compounded interest rate is log-normally dis-
tributed results in “double exponential” expressions, i.e., the exponential func-
tion is itself an argument of an exponential function, thus giving rise to infinite
expectations of the accumulation factor and of inverse bond prices under the
martingale measure. The problem disappears as shown in Sandmann and
Sondermann (1994) if, instead of assuming that the continuously compounded
interest rates are log-normally distributed, one assumes that simple interest
rates over a fixed finite period are log-normally distributed. In practice, inter-
est rates, both spot and forward, are quoted as simple rates per annum
(yearly), even if the finite period is different from one year, for example, three
months. Moreover, effective annual rates! are calculated and used as the
benchmark for comparing simple rates over different finite periods. Hence,
simple interest rates over finite periods are directly observable in the market
and form a natural starting point for modeling the term structure. We are
aware of two alternative approaches that are similar to our approach and also
avoid the problem of exploding rates: (i) Musiela (1994) models instantaneous
forward rates with noncontinuous compounding as log-normal and finds the
corresponding dynamics of the continuously compounding rates. (ii) Ho,
Stapleton, Subrahmanyam, and Thanassoulas (1994) model “bankers dis-
count” rates as log-normal. However, this latter approach implies negative
bond prices with positive probability.

The main result of this article is a unified model that provides closed form
solutions for interest rate caps and floors as well as puts and calls written on
zero-coupon bonds within the context of a log-normal interest rate model.
These solutions coincide with modifications of the Black—Scholes formula. In
particular, for caps and floors with payment periods of the same length as the
fixed period of the underlying simple interest rates we obtain the Black
formula often used by market practitioners without making the unrealistic
assumption that forward rates are independent of the accumulation process.2
Thus, in this case our model supports market practice. For call and put options
on zero-coupon bonds, our derived closed form solution matches the formula

1 By effective annual rates we mean the annually compounded rate which yields the same
return as the original rate compounded appropriately.
2 Hull (1998, p.375).
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derived in Kasler (1991).3 Késler (1991) derives the formula using no-arbitrage
arguments on two bond prices only. In this article, we provide a supporting
no-arbitrage term structure model. Moreover, the log-normal assumption is
shown to be consistent with the Heath—Jarrow—Morton model for a specific
choice of volatility structure.

The article is organized as follows. Section I presents the model. Solutions
for interest rate derivatives are then derived in Section II. The relation to the
Heath—Jarrow-Morton model is found in Section III, and a discussion of the
limitations of the model is found in the conclusion, Section IV. Finally, some
proofs are deferred to the Appendix.

I. A Model for Simple Forward Rates over a Fixed Period

Let P(¢, T) denote the price, at date ¢, of a (default-free) zero-coupon bond that
pays one dollar at maturity date T'. Let (¢, T', ) denote the simple forward rate
at date ¢ over a fixed period of length « prevailing at date ¢ for the future time
interval [T, T' + «J. That is,

P, T+ a)=P(t, T)1 Y oft, T, ) (1)

The limit case @ = 0 corresponds to the continuously compounding forward
rate. This rate has to be treated as a special case in the following way:

f¢, T, 0)=lim f(¢, T, o),

a—0

deduced using 'Hospital’s rule from the following definition of a continuously
compounded forward rate:

(a/0T)P(t, T)
f(t, T, O) - P(t, T)

Consider at date ¢t an agreement between two parties to sell or buy the
zero-coupon bond with maturity T + « at the future date T, which is known as
a forward contract. The forward price F(¢, T, o) of the contract is defined as the
fixed price which the buyer agrees to pay at date T for the bond with maturity
T + «a, such that the value of the forward contract at date ¢ is zero. No-arbitrage
implies

Pit, T+ a) B 1
Pt,T) 1+4+aft, T, a°

Fit, T, a)= (2)

8 This formula is published in Kisler’s Ph.D. dissertation written in German. The formula
appears in the English manuscript Rady and Sandmann (1994), which is a comparative study of
different bond based no-arbitrage models.
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Figure 1. Curve of the simple forward rates with fixed period length a.

Note that, at each date ¢, bond prices, forward prices, and forward rates are
related by

"1Pkt, s+ i+ 1a)

P(t, s + na) = P(t, S)E) Pt s+ia)
n—1 1
= PG, s)g 1+ af(t,s +ia, a)’ (3)
forn=1,...,ands € [¢, t + a), where, for pure simplicity, we have chosen the

same fixed period length « for each interval. Figure 1 shows the points on the
forward rate curve used to price the bond with maturity s + na in the above
situation.

In our model, the stochastic behavior of the term structure of interest rates
is determined by the simple forward rates. We assume that, at each date ¢, we
observe several simple forward rates that are different with respect to the
length and position of their compounding interval. The set of simple forward
rates, at date ¢, can be expressed by the set of their compounding intervals
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{{T;, T; + o;1};cy, where T; < T}, for i, j € | such thati <j, o; > 0 fori € [, and
[ is an ordered index set that may be infinite.

In practice, this set of intervals is determined by the observed simple
forward rates and therefore by maturities of existing bonds or interest rate
futures. We model the processes of the simple forward rates in this set as
log-normal diffusions,t i.e.,

af( -, T, &)= p(t, T, )f(t, T, a)dt + y(t, T, 0)f(¢, T, @)dW,, (4)

where {f(-, T, a),} is initiated using the term structure of interest rates ob-
servable at date zero

0. T, «) = 1( P(0, T) )

a\P(0, T+ a)

No arbitrage implies that the set of forward rate processes, satisfying the
above log-normal assumption, is restricted to those processes that cannot
replicate each other. The mathematical reason is that the sum of log-normally
distributed variables is itself not log-normally distributed. From the economic
point of view, out of all traded simple forward rates we have to choose a
nonredundant subset of processes that can be modeled as log-normal diffu-
sions. We are free in the choice of this subset. For instance we can choose the
forward rates given by three month Eurodollar futures contracts.5 In this case
T; would correspond to the settlement date of the i-th contract, and o; = T}, ; —
T; to the length of the period covered by this contract. Therefore, purely in
order to simplify the notation, we sometimes take the length of the compound-
ing period « as fixed.

The existence of a unique nonnegative solution of the stochastic differential
equation, SDE (4), is proven (under suitable regularity conditions)é in Brace,
Gatarek, and Musiela (1995).

To complete the model, consider the situation where SDE (4) is satisfied for
all T' and one fixed «. Then we have not only specified the stochastic model for
the simple forward rates with compounding period «, but simultaneously we

4 Under the usual regularity conditions we can extend this to a multidimensional Wiener
process. Similar closed form solutions can be derived in this situation. For simplicity of exposition
we are concentrating on the one-dimensional case. The Heath, Jarrow, and Morton (1992) model
use the continuously compounded forward rates as a starting point, whereas our modeling
assumption is based on the simple forward rates. The relationship between both approaches is
discussed in Section III.

5 A three month Eurodollar futures quote of 94.47 corresponds to a three month forward LIBOR
rate of 5.53 (compare Hull (1993, p.99)). This is common market practice, i.e., the market neglects
the stochastic effect of margin payments and thus the difference between a futures contract and
a forward rate agreement (FRA) based on the futures quote. With reference to the discussion in
Section II, it is an assumption of the model that the underlying interest rate is default free.

6 Taking up the ideas from our model, Brace, Gatarek, and Musiela (1995, Theorem 2.1) have
shown existence for a bounded and (piecewise) continuous volatility function y : R2 — R. The
existence of a solution to the SDE (4) under the original probability measure is well-known. The
question solved in their article is the existence under the equivalent martingale measure.
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have determined the stochastic model for all rates with any compounding
period (including the continuously compounding rates) through the bond
prices. That is, bond prices are calculated using equation (3). Given the bond
prices, forward rates can be calculated with any different compounding period
than the chosen « using equation (1). However, the domain of this stochastic
description is only the time interval [¢ + a, ®); compare Figure 1. That is, for
rates with shorter compounding periods, 8, than «, we have not determined the
stochastic model of simple forward rates with compounding period B (including
the continuously compounding rates, i.e., 8 = 0) in the time interval [¢,¢ + o — B].
Using Itd’s lemma on the forward price process from equation (2) gives

VO]-(dF( “ T’ a)t) = _F(t, T, a)2a7(t, T) a)f(t, T7 a)th
_F(t7 T, (1)(1 - F(ty T, a))}’(t, T, a)th, (5)

where we are only calculating the diffusion part of the It6 processes in this
article, since we know from Harrison and Kreps (1979) and Harrison and
Pliska (1981) that the drift part will not play any role for the pricing of
contingent claims. For that purpose, we have introduced the obvious notation
“vol.” That is, for the Itd process

dX, = &X;,, t)dt + 8(X,, t)dW, we define vol(dX,) = 8X,, t)dW,.

II. Closed Form Solutions for Interest Rate Derivatives

In this section, we focus on the arbitrage price of interest rate derivatives.
More precisely, we consider two special interest rate derivatives: interest rate
caps and floors, and European debt options where the underlying security is a
zero-coupon bond. Since the construction of the underlying term structure
model is very closely related to the Black—Scholes model, we should expect
similar pricing formulas for these derivatives within our model.

Caps and floors are special types of options where a nominal interest rate is
the underlying security. The underlying interest rate could be, for example, the
three or six month London Inter Bank Offered Rate (LIBOR). A cap is an
insurance against upward movements in the interest rate, and a floor is an
insurance against downward movements in the interest rate. Let {r,;} be a
nominal interest rate process with compounding period «, for instance, for o =
V4 the process {r,} is the quoted three-month LIBOR. It is an assumption of the
model that the underlying interest rate, f{ -, -, ), is default-free since it is used
for pricing default-free bonds. In practice, the LIBOR is based on a “replen-
ished” AA rate and, hence, not default-free. However, (i) assuming that the
short position of the cap or floor contract has the same credit quality as the one
on which LIBOR is based, and (ii) modeling the default risk as in Duffie and
Singleton (1994) and Duffie, Schroder, and Skiadas (1994), the same formulas
apply with the volatility process adjusted to include the default spread on
LIBOR. As it is shown in Duffie (1994), the volatility of the credit spread and
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of the default-free rate simply adds together to give the volatility of the
defaultable rate. This result also applies to our model, SDE (4), with appro-
priate dynamics of the default risk. Duffie and Singleton (1994) then show that
options, etc., written on defaultable interest rates can be priced using standard
option pricing techniques, such as valuing expectations under an equivalent
martingale measure or solving partial differential equations (PDE)s, by (i)
simply substituting the default-free volatility with the volatility of the default-
able rate and (ii) using the defaultable rate as the short rate in the option
pricing model.”

Lett, <ty <---<tybeasetof dates and define «; = ¢;, ; — ¢;. A cap contract
with level L, face value V, underlying nominal interest rate process {r,}, and
payment dates ¢4, . . ., ¢ty is defined by the payoff at all dates ¢,

Va[lr, — L]"=Va; max{r, — L, 0},

if payments are made in arrear. A cap with one payment date is called a caplet.
Since all caps are portfolios of caplets, we concentrate on pricing a caplet.
Clearly, r, = f(¢,,t;, ;). Since this rate is known at date t;, the payoff of a caplet
at date ¢;, ; is also known at date ¢;, hence the present value of this payoff, at
date ¢,, is equal to

P(t;, ti)Valf(t;, t;, o) — L]*

\4
= r . ) ) N - .
1+ af (2, t;, ai)Ll + af(t;, t;, a;) — (1 + a;L)]
_ V 1 1 + aiL +
- _1+aif(ti1 ti, ai)
=V(1 + o) T+ al (t;, t;, )| . 6)

The floor is just the opposite contract, and the present value at date #; is given
by

1 +
V(1 + aiL)I:F(ti’ ti, ;) — m} . (7)

The payoff of a cap or a floor, at each date ¢;, is equivalent to V(1 + o;L) times
the payoff of a European put option or a European call option, respectively,
with exercise date ¢;, exercise price K = 1/(1 + o;L), and a zero-coupon bond
with maturity ¢,,; = ¢, + o; as the underlying security. Thus, the arbitrage
price of a cap or a floor is equal to the arbitrage price of a portfolio of European
put options or European call options, respectively.

7 We are indebted to Darrell Duffie for pointing this out to us.
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ProrosiTioN 1: Consider a European call option with exercise price K and
exercise date T written on a zero-coupon bond with maturity date T + «. If the
simple forward rate process {f(t, T, a)},c(0,77 is log-normally distributed, i.e.
satisfies SDE (4), then the arbitrage price is
Call = P(¢, T + a)N(e,) — KP(t, T)N(ey) — KP(t, T + a)(N(ey) — N(ey))

= (1 - KP(E, T+ a)N(ey) — K(P¢, T) — P(t, T + a))Nley), (8)

with

3 1 /1 P, T+ a)(1l-K) N a(t, T, a)
“27 5@, T, o)\ " (PG, T) - PG, T + a))K 2 )’

T
a(t, T, o) =J v¥(s, T, a) ds,
t

where N( - ) denotes the standard normal distribution.

Proof: The proof consists of two steps. First, we consider a self-financing
portfolio strategy on the bond market that duplicates the payoff of the Euro-
pean call option. The resulting partial differential equation will be solved in
the second step.

Assume that there exists a self-financing portfolio strategy (¢!, ¢?) =
(¢}, ?ero,r7 on the bond market with value process V = {V:iero,r1- Then the
dynamics of the value process, V, is according to It6’s lemma

dV,= ¢XdP(t, T + a) + $2dP(t, T)  with Vp=[P(T, T + a) — K]*.

By no arbitrage, the value process of the call option is then equal to the value
process of the portfolio strategy. Consider instead the forward value process V
defined by

V,= Vi _ IF(¢, T, a) + ¢2.
P(t, T) t ) ’ t

If the portfolio strategy (¢!, ¢?) is self-financing on the bond market we derive
by It6’s lemma that

dV,=¢}dF( -, T, a), with Vp=[P(T,T + a) — K]* =[F(T, T, a) — K]*.
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Thus, ¢; can be interpreted as the number of T forward contracts to hold at
date ¢t committing us to buy, at time T, a zero-coupon bond with maturity 7" +
a. Define the forward price of the call option as

1
cit,Fit, T, o)) = T)—(—t—T) Call.

By no arbitrage, the forward value of the portfolio strategy is equal to the
forward price of the call option. This corresponds exactly to a change of
measure from the martingale measure to the T forward risk adjusted measure
with the zero-coupon bond P(-, T) as numeraire (compare Geman (1989),
Jamshidian (1991b), or Geman, El Karoui, and Rochet (1995)). That is,

V.= ¢F(t, T, a) + 2 =é(t, F(t, T, )
implying that

A

dv,

$:dF( -, T, a),=dé( -, F( -, T, a)),
¢(t, F)dt + Yaépp(t, F)d(F(-)), + ¢p(t, F)dF.

In particular, the self-financing portfolio strategy is determined by ¢; = éx(t,
F(t, T, @) and ¢? = ét, F(¢, T, @) — ¢;F(¢t, F(t, T, ). Furthermore, the forward
price process of the call option is a solution of the PDE

ét(ty F(t7 Ty a)) + 1/26F,F(t7 F(t7 T’ a))d<F( ) T7 a))t = 0’ (9)

with boundary condition &7, F(T, T, o)) = [F(T, T, ) — K]*. From equation (5)
the process of the quadratic variation of the forward price is known. Hence,
ét(ty F(t’ T7 a)) + 1/2éF,F(t7 F(t7 T, a))Yz(t, T, a)Fz(t7 T’ a)

-(1-F(¢, T, a)dt=0. (10)
The solution of the PDE (10) follows the presentation in Rady and Sandmann

(1994). For completeness, we give the outline of the proof in the Appendix.
Q.E.D.

Note that the self-financing portfolio strategy is given by

h (1 — K)N(e,) + KN(ey)
(qb?) - ( ~KN(e) ’

where ¢} (¢?) is the number of bonds with maturity T + « (T) to hold at date
t. The equivalent hedge on the forward market, at any date 0 = ¢ = T, consists
of holding a long position of ¢; forward contracts with forward price F(¢, T, a) =
P(t, T + ) - P(¢, D! and holding V, = V, - P(¢, T)"! bonds with maturity 7. As
shown in the proof of Proposition 1 this strategy is self-financing, duplicates
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the call value V,, and requires no cash transactions between the start of the
option and its settlement date. Using put-call parity, the value for the put
option is

Put = K(P(¢, T) — P, T + @))N(—e)) — (1 = K)P, T + o)N(—ey), (11)

where N( - ), e, e5, and o are as defined in Proposition 1. For the put option, the
self-financing portfolio strategy on the bond market is given by 1 — ¢} and 1 —
@2, respectively.

We have written two versions of the closed form solutions in equation (8).
The first version has three terms, whereas the first two terms look similar to
the Black—Scholes formula (but note that e; and e, are not the usual arguments
of N( -)), and then there is a third correction term. The second version is in
structure a Black-Scholes formula, where (1 — K)P(t, T + «) should be
interpreted as the price of the underlying security and K(P(¢, T) — P(¢, T + «))
as the present value of the exercise price.

A closed form solution of the type equation (8) was first derived by Kéasler
(1991) under specific assumptions for the two underlying zero-coupon bonds. A
discussion of this model relative to other bond price based models8 can be found
in Rady and Sandmann (1994). In a pure probabilistic framework for zero-
coupon bonds, Rady (1995) has recently derived the same pricing formulas for
zero-coupon bond options using the change of measure technique. This ap-
proach is based on the fact that under T forward risk adjusted measure, @,
the forward price of the call option is a martingale; i.e.,

é(t, x) = Eq[[F(T, T, a) - KI'|F(¢, T, a) = x].

The main difficulty is to determine the transition density q(v; ¢, x). Given the
solution of the PDE (10) (see the Appendix) the transition density for v € 10, 1[
is equal to

q(v; t, x)
_ 1 x ( [In((1 — v)v) — In((1 — x)/x) + Yao(t) P
T = Bmokp) v -v) P 207(t)

with

) an

T
o?(t) = j Y (u, T, a) du.

8 By the term bond price based model we understand a model in which the bond prices are the
exogeneously given basic underlying variables. This is in contrast to the model of this article—and
many other models—where the exogeneously given basic underlying variable is the term structure
of interest rates from which the bond prices are then given endogeneously.
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Applying the substitution z = (1 — v)/v with du = —(1/v?) dv and (u + 1)/u =
1/(1 — v) yields that

f q(v; ¢, x) dv
0
7 1 1+u ( [In(z) — In((1 — x)/x) + 1/202(t)]2)
= O ~\/27702(t).x. L exp\~ 2070 du =1,

which implies that q(v; ¢, x) is indeed a density. Furthermore, the forward price
F(t, T, ) is a martingale under Qr; i.e. x = Eg [F(T, T, ) | F(¢, T, a) = x], and
the PDE (10) is satisfied by the function é(t, x) = [3[v — K]*q(v; ¢, x)dv. Since
x is equal to the forward price at time ¢; i.e. x = 1/[1 + of(t, T, a)] the
substitution p = In[(1 — v)/av] yields

. 1 =l 1 (1 + ae’) (p — In f + Yeo?(t))?
x) = 5o f [1 T aer K] d+ap 'eXP{‘ 20%(0) } dp-

The solution can be calculated in the same way as the one in the Appendix.® We
can now apply Proposition 1 and equation (11) to the pricing of interest rate
caps and floors.

ProrosiTion 2: Consider a cap with interest rate level L, face value V, and
(arrear) payment dates ty, . . . , tn. Define a; = t;.1 — t, fori =0,.. ,N — 1. If
the simple forward rate processes {f(t, t;, @)}e0,,15atisfy the SDE (4), then the
arbitrage price of the cap at date t =<ty = t; — oy is

N-1
Cap =V 2 aiP(ta ti+1)(f(t’ ti7 ai)N(dl(t, ti7 ai)) - LN(d2(t’ ti’ ai))),
i=0

(13)

9 This is not only an alternative way to prove Proposition 1. The arbitrage price of any European
type contingent claim with Borel measurable payoff function A( - ) at time T on the zero coupon
bond with maturity 7' + « is determined by

1
Pt, T+ a) Eg[h(F(T, T, )|Ft, T, a) =x]1=Pt, T+ a) f h(v)q(v; t, x) dv.
0

Hence, the pricing of such claims is reduced to the (numerical) calculation of a one-dimensional
integral equation.
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with

1 [ flt,s,0) %2, s, q)
dl’z(t, s, a) = O'(t, s, a)\ln L + ) ),

o¥(t, s, a) =f Y u, s, @) du,
t

where N( + ) denotes the standard normal distribution.

Proof: By arbitrage, we can reduce the problem to the pricing of a caplet
with arrear payment date ¢;,; = t; + «,;. From equation (6), the payoff of the
caplet is equivalent to V(1 + o,L) times the payoff of a European put option
with exercise price 1/(1 + o;L), where the underlying security is a zero-coupon
bond with maturity date ¢,,,. Then, according to equation (11), the arbitrage
price of the caplet is

1
Caplet = V(1 + aiL)(m(P(t, t;) — P(¢, tiv1))N(—ey)

_ (1 _ ﬂ—laj)P(t, t,~+1)N(—el)>

P(t, t;
= VP(t, t,-+1)((13~(-t(’—§)17 - 1)N(_92) - aiLN(—el))

= VP(¢, t; 1) (af(t, t;, a;)N(—ey) — o;,LN(—ey)), (14)

with

-1 P(t, t;+)(1 = 1/(1 + ;L)) a’(t, t;, a;)
T o(t, t,, ai)\ln (P(t, t) — P(t, tu))[1/(1 + aL)] 2 )
3 -1 (1 a;L _ o’(t, t;, a,-)) 4
T olt, t, @)\ af(t, t;, @) g ) =dilt b @)

By summing the respective caplets, this yields the pricing formula for a
cap. Q.E.D.

The hedge strategy for each caplet is determined by a long and a short
position on the bond market. For the caplet with payment date ¢, ; the hedge
strategy for ¢ < ¢, is equal to a short position ¢; in the bond with maturity ¢, ;
and a long position ¢? in the bond with maturity ¢,, with

(‘f)tl) (_V[N(dl(t’ ti, a;)) + o,LN(ds(t, t;, ;)]

02 VN(dy(t, ¢, @)
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An equivalent hedge on the forward market is to hold a short position of ¢}
forward contracts settled at ¢; on the bond maturing at ¢; + «;, and to invest the
caplet premium into bonds with maturity ¢;,. Again, no cash transactions are
needed between 0 and ¢,.

A similar proof gives, under the same conditions as in Proposition 2, that the
price of a floor is

N-1

Floor =V 2 aip(ty ti+l)(LN(_d2(t, ti, ai)) - f(t’ ti’ ai)N(_dl(t’ ti) ai)))’ (15)

i=0

with d, , and o are as defined in Proposition 2.

The formulas (13) and (15) coincide with the formulas frequently used by
market practioners for the pricing of caps and floors. So far, there was no
convincing theoretical argument justifying this practice. In particular, it was
an open question whether there exists a consistent term structure model in
which these formulas are valid, ruling out arbitrage across different maturi-
ties.

The proof of Proposition 2 uses the relationship between a caplet and a
European zero coupon put option. Alternatively, one can calculate the arbi-
trage price of a caplet directly under the T forward risk adjusted measure Q.
The transition probability q(v; ¢, x), where x is the time ¢ forward price is given
by equation (12). With x = 1/(1 + of ) and the substitution p = In[(1 — v)/av]
this implies:

1 +
Caplet = P, t)V(1 + a,-L)EQTHm —FT,T, a)] F¢,T, o) = x]
3 e 1+al]'1+ ae (p—Inf+ Y o?? q
PGV 170w | T5of &P 202 P
P, t)Va [*= (p — Inf+ Yo0??
“Tivof J (e"‘L>eXP{ 20t )¢
InL

= P(, t;.1)Vo[fN(d,) — LN(d,)]

where, for simplicity, we have set

T 1 f 0.2
f=ft, T, a), o= J Y¥(u, T, a) du and d;;= E(IH(I_;) + ~2—)
t

However, under @ the simple forward rate fi¢, T, ) is not a martingale since

1+ af(t, T, a)eo'z(t,T,a)
T+ of(t, T, @)

EQT[f(T’ T’ a)lF(t’ T’ CK) = x] :f(t’ T’ a)'
(16)
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In order to clarify the relation between the different forward rates and to
strengthen the intuition behind these formulas we pick up a suggestion made
by a referee of this journal. It was observed by the referee (and by Brace et al.
(1995)) that a probabilistic proof of the cap pricing formula—without recur-
rence to the PDE (10) and the put option formula (11)—may be obtained as
follows: “show that under an appropriate change of measure the caplet formula
(14) is the expected value of its payoff at maturity under this measure. . . . This
involves identifying the change of measure; explicitly identifying the distribu-
tion under the change of measure; and explicitly identifying how to evaluate

the integral. . . . Given expression (4), show the form of equation (4) under the
change of measure. Show how to compute the expression for the cap.”® Let

be the corresponding Heath, Jarrow, and Morton (1992) model for the contin-
uously compounding forward rates (compare Section III). Denote by P* the
risk-neutral probability measure of this model, and by E* [ - |%,] the condi-
tional expectation under P* with respect to the o-algebra %, at date ¢ (compare
Heath, Jarrow, and Morton (1992)). Then f(¢, ¢, 0) is the continuously com-
pounding spot rate. It is well-known that under the risk-neutral measure P*
the value c(¢) of the caplet (with face value one dollar), at any date t = T, is
given by

c(t) = E*

T+a
exp{—f flu, u, 0) du} ~a-[AAT, T, @) — L1*|%,|. (18)

This expression can be evaluated by a change of measure from P* to the (T' +
a) forward risk adjusted measure Q.

Qria= (P(0, T + a) B(T + &) 'P*,

where B(T + a) = exp [T7* flu, u, 0) du is the accumulation factor up to date
T + « (see for example Geman (1989), Jamshidian (1991a) or Geman, El
Karoui, and Rochet (1995)). Denoting by Er., [ - |%,] the conditional expecta-
tion under @, ,, the expression (18) transforms to

c(t) =P, T+ )Ero[alf(T, T, @) = L]*|%,].

According to the following Lemma, f(¢, T, «) is a log-normal martingale under
Q1. . Hence Black’s formula gives immediately

c(t)=a-P@, T+ a){f(t, T, )+ N(d)) — L-N(dp)}

with d; , as defined in Proposition 2.

10 Quotations from a referee’s report on an earlier version of this article.
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LemMA 3: The forward rate process equation (4) satisfies the stochastic differ-
ential equation

af( -, T, a),

fi&, T, a) = 'Y(t’ T, a)dWr.(t),

where Wy (t) is a Wiener process under the (T + «) forward measure Qr..,,.
(Proof: see the Appendix.)

III. The Corresponding Term Structure Model for the Continuously
Compounding Interest Rates

We want to show how to specify the volatility of the Heath—-Jarrow—Morton
model such that this model will give the crucially needed log-normal simple
forward rates. In the Heath—Jarrow—Morton model the continuously com-
pounding forward rate, {f(¢, T, 0)};c(0 1, for T € [0, 7], is the basic modeling
element. This process is modeled as an It6 process in the following way

df( ) T: 0)t= M’(ty T1 f(t7 T1 0))dt + n(t1 T7 f(t7 T1 0))th

The relation between the continuously compounding forward rates and the
simple forward rates over a fixed period « is given by

1 T+a
T+aft, T,a) T&T @)= eXp( —f ft, s, O)ds) t=T.

T

On the first hand, define Y(¢, T, a) = —ln F(¢, T, a) then
d
T Y&, T,a)=f, T+ «a, 0)—f(t, T, 0). (19)

On the other hand, Y(¢, T, o) = In(1 + of (¢, T, «)), therefore,

1
1+ af(t, T, a)

afT(t7 T: a) = F(t7 T1 a)afT(t) T7 a)1
(20)

0
3T Y¢, T, a) =

where fp(¢t, T, a) denotes (3/0T)ft, T, a). Combining equations (19) and (20)
yields

f(t7 T+ a, 0) _f(t7 T1 O) = aF(t7 T) a)fT(ts T1 a)~ (21)
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Solving the simple difference equation (21) gives

n-1
f(t, s + na, 0) =f(t,s, 0) + 2 aF(t, s +ia, a)fr(t, s + ia, a),
i=0
se[t, t+a), (22)
with initial condition
tta
J f(t, s, 0) ds = In(1 + af(z, ¢, ). (23)
t

This is compatible with our earlier findings in Section I; that is, when speci-
fying the Itd process of the simple forward rates with fixed period length «a, we
do not specify the continuously compounding interest rates in the time interval
[¢,t + al. So any (nonnegative) value of the continuously compounding forward
rate in that interval, fulfilling the initial condition (23), is valid, because the
continuously compounded rates specified in the time interval [t + «, 7] by
equation (22) take care of integrating up to the right bond prices. Again, the
reader is referred to Figure 1 to get the intuition.

To find the volatility of the corresponding continuously compounding inter-
est rates we just have to find vol(dX( -, T, o),), where

X(t’ T, a) = afT(ta T, a)F(t, Ta a)

and then use equation (22). We already know vol(dF( -, T, a),) from equation
(5). Moreover, using the Ité process description from equation (4) and a result
from Fernique et al. (1983, Chapter 2), vol(df{ -, T, a),) can be calculated as

a
vol(dfr( +, T, a)) = -7(f¢, T, 0)¥(¢, T, «))dW,

= (fT(t7 T7 a)’)’(t, T’ a) + f(t’ T’ a)’yT(t’ T7 a))th (24)

Finally, using It6’s lemma and the relation o (¢, T, o) - Ft, T, @) = 1 —
Ft, T, a)
voldX( -, T, a),) = a(—f1(t, T, o)F(t, T, )1 — F(¢t, T, o))y, T, )
+F¢, T, O)ft, T, o)y, T, a) + ft, T, &)yrlt, T, )))dW,
= (af (¢, T, @)F%(¢, T, a)y(t, T, )
+(A-F@¢ T, o)ylt, T, a))dW,
=(=Fit, T, a)yt, T,a) + (1 —F@¢, T, a))yr(t, T, ))dW,

= 587((1 —F¢t, T, )y, T, )dW,. (25)
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Using It6’s lemma on equation (22) and the result of equation (25) yields the
volatility of the corresponding continuously compounding forward rate model.
However, it should be emphasized that this volatility process of the Heath—
Jarrow-Morton model is state dependent.

IV. Conclusion

Under the assumption of log-normality of simple rates, we have derived
intuitive closed form solutions for pricing and hedging caps and floors in a
consistent arbitrage-free term structure model of the Heath—Jarrow—Morton
type. These formulas support common market practice to price caplets by a
naive application of Black’s formula on interest rates. However, there is
another common market practice that is inconsistent with the caplet formula:
namely, to apply Black’s formula also to the pricing of bond options and
swaptions. We have shown how the formula for calls and puts on zero coupon
bonds has to be modified in order to be consistent with the caplet formula.

However, our model does not strictly support the application of the Black
type formulas to all interest rate derivatives in large portfolios. Recall the
assumption of log-normality of the «; simple forward rates, where we are free
to choose the interval lengths «;. In practice, one would choose these intervals
according to the most liquid markets for forward rates; for instance first model
the three-month forward rates using either the Eurodollar futures— or the
FRA—market for the first two or three years, then space the «; according to
market information on longer forward rates. But, if for example, two consec-
utive three-month rates are log-normal, the six-month rate for the same period
cannot be log-normal at the same time. Thus, if we have priced the two
three-month caplets consistently, the caplet formula for the six-month caplet
must be considered with caution, since Black’s formula will not give the exact
arbitrage-free price. But the Heath—Jarrow—Morton solution to our term struc-
ture model is valid for all forward rates and provides the exact no-arbitrage
price for any composed or interpolated rate. However, this solution may re-
quire numerical techniques.

In general, if some of the needed forward rate processes are replicable, there
are two ways to proceed: either (i) one can solve the corresponding PDE by
numerical procedures, or (ii) one can inconsistently assume that the true
underlying simple interest rate process is log-normally distributed. Surely, at
first glance (ii) is questionable. However, the question that arises is: how big is
the mispricing if, in spite of the inconsistency, one uses the closed form
solutions to price different options? Further research is needed to measure the
size of this problem. This mispricing should be counterbalanced with the extra
calculations needed to do numerical procedures.

The second problem is analogous to the problem of using the Black—Scholes
formula on individual assets simultaneously while using the Black—Scholes
formula on an arithmetic index of the same assets. An inconsistency problem
that practitioners do not care much about, because the magnitude of this
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problem is smaller than many other theoretically inconsistent problems of
using the Black—Scholes formula.

Appendix
Solution of the PDE (10):

Proof: Given the assumptions of Proposition 1, we have to solve the PDE
(10) on [0, T X (0, 1) where, for simplicity, we omit the period length q, i.e.,

¢, x) + (1/2)y%(t, T)x*(1 — x)%.(t, x) = 0
with
¢(T,x)=[x—-K], «x€[0,1],

where é(¢, x) is the date T forward value of the option contract. This problem is
transformed by introducing the new time variable

T
s=s(,T) =f v¥(r, T) dr

and the new space variable

1
1+ exp(—2)

x
z=1In & x
- x

1

and, finally, setting é(z, x) = a(2)b(s)h(s, z). The idea is now to choose differ-
entiable functions a( - ) and &( - ) in such a way that any solution A( -, - ) of the
heat equation yields a solution é( -, - ) of the original PDE. As shown in Rady
and Sandmann (1994) this can be done by setting

1
exp(2/2) + exp(—2/2)

a(z) = and b(s) = e %5,

That is,

1
exp(z/2) + exp(—2z/2)

é(t, x) = e Bh(s, 2).

The transformed problem on [0, T'] X R is

1

1 +
Ehzz—hs=0, with h(O,z)=(eZ/2+e_Z/2)[-—————————— K] .

1+ exp(—2z)
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This equation is known as the Heat Equation (compare for example Merton
(1973, p. 225) or McKean (1965)) with the solution

1 o
h(s, z) = ‘—\/E-;J h(0, z + p\/g)e_pz/zdp

— 1 B (e(z+p \/5)/2 + e—(z+p \/5)/2)
J2n
(1/ \/s)(In[K/(1-K)]-2)
( ! —K)e“’z/zdp
1+ exp(—(z + py5)
=(1-K)I,—KI,,
with
1 [~ 1 1-K
I = —\/2— j el 202 4 = ez’zeS/SN(T(z +In 7 + %)),
T B (KI(1-K)]—2) °
) 1 1-K
I, = —\/2—j e (e \B2e=2 4y = e‘Z/ZeS/SN(T(z +In R %))
Ty FIE(1-K)]-2) g
Therefore,
. 3 exp(—s/8)
¢t x) = exp(z/2) + exp(—2/2) his, 2)
exp(z/2) exp(—z/2)
a- K)exp(z/2) + exp(—2/2) Nie) - K exp(z/2) + exp(—z/2) Niey)
=x =1-x
and since

Pt, T+a)=Pk, T)F(t, T, a) = P(t, T)l +aft, T, a)’

the spot arbitrage price of the European call option is
Cal = P(¢,T)¢(¢,F(¢,T,a)). Q.E.D.
Proof of Lemma 3
Proof: From the Heath—Jarrow-Morton model we know that

dP( -, T),

a1y — ¢t 0)dt - 8, T)dw,,
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where W is a Wiener process under P* and

T
8(t, T) =J n(t, u) du.

Using P(¢, T) as numeraire (i.e., dollars delivered at date T), Girsanov’s
theorem implies that

t
Wr(t) = W) + j ou, T) du
0
is a Wiener process under @, (compare for example Duffie (1992) or Karatzas

and Shreve (1988)). Ito’s lemma applied to the T forward price process
Ft, T, o) = Pt, T + 0)/P(t, T) gives

dF( -, T, &),
FG T, o) O T) -8 T+ a)dW(t) + 5(¢, T)de)
T+a
= —f n(t, u) du dW(2) (A1)
T

and by comparison of vol(dF) with equation (5)
T+a
f nt,u)du=1-F(, T, o)y, T, a).
T

Since

_1 1
¢, T, a) —E(m— 1),

Ito’s lemma in connection with equation (Al) implies

1

1 1
df = —| —gz dF + 553 d(F)

1 T+a T+a 2
= F J n(t, u) du dW, + J nt, u) du | dt

T T

B 1 T+a d dW 3 1 - F T dW
= F ] n(t, u) du Tha = a—f v(t, T, a) T+a

=f-vt, T, o) dWr,,. Q.E.D.
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