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THE JOURNAL OF FINANCE « VOL. LI, NO. 4 « SEPTEMBER 1996

Strategic Trading When Agents Forecast the
Forecasts of Others

F. DOUGLAS FOSTER and S. VISWANATHAN*

ABSTRACT

We analyze a multi-period model of trading with differentially informed traders,
liquidity traders, and a market maker. Each informed trader’s initial information is
a noisy estimate of the long-term value of the asset, and the different signals received
by informed traders can have a variety of correlation structures. With this setup,
informed traders not only compete with each other for trading profits, they also learn
about other traders’ signals from the observed order flow. Our work suggests that the
initial correlation among the informed traders’ signals has a significant effect on the
informed traders’ profits and the informativeness of prices.

MANY FINANCIAL AND COMMODITY markets can be characterized by a number of
informed traders, each with different information. As an example, in agricul-
tural commodity markets differing assessments of crop quality, weather con-
ditions, and demand for products means investors will have many, distinct
views about the future value of a harvest. Depending on the crop and the
growing environment, differences in the opinions of traders can be significant
and persistent. Such heterogeneity of private information is not limited to
agricultural markets. In financial markets, information may be related to
corporate acquisitions, Federal Reserve policy, patent filings, mineral finds,
marketing policy, et cetera. Investors’ beliefs about these values and their
subsequent implications for corporate value can be varied. Because of the
richness and diversity of information in actual markets, one would like to
model speculative trading with private information where informed traders
have disparate information, and where this disparate information takes on a
variety of correlation structures. Further, one would like the model to be
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dynamic to address the endogenous evolution of beliefs, and to relate this
evolution of beliefs to trading volume and the informativeness of prices.

Modeling markets with heterogeneous information among the traders be-
comes complex very quickly because traders infer the value of an asset from
not only their own private information, but also using any information re-
vealed by other traders through trading. For example, an informed trader may
increase her estimate of the value of a security if she notices unusually large
purchases of the asset that are unlikely to come from liquidity (uninformed)
motivated trades. Any model that incorporates differential information in this
setting must also address the inferences that traders make once trading
occurs.

This richer, and more realistic, view of a market raises a number of inter-
esting and fundamental economic questions. How is information incorporated
into prices in a market with differentially informed traders? How quickly do
prices reflect the information known jointly by all informed traders? How do
informed traders learn about each others’ information? How might inferences
of the informed traders affect market maker behavior? What happens to
trading volume and the volatility of prices? What happens to informed traders’
profits, and hence the resources they will expend to become informed? How
does competition among informed traders change when no information is to be
released publicly for many periods?

While the role of information in price formation has long been a central
concern of finance researchers, there have been few models of the complexities
that arise with speculative trading when traders have heterogeneous informa-
tion. In particular, extensions of the Kyle (1985) monopolistic trader model
assume that all the informed traders have identical information and thus are
unable to address the issues that arise with heterogeneously informed traders
(see Michener and Tighe (1991), Holden and Subrahmanyam (1992), and
Foster and Viswanathan (1993)).! These articles show that with identical
information, informed traders compete very aggressively, and most of the
information is impounded in prices within a few trading periods (we refer to
this intense competition as a “rat race”). These papers indicate a dichotomy
between strategic trading with a monopolistically informed trader (analyzed in
Kyle (1985)) where information is released slowly over time, and strategic
trading with oligopolistically informed traders where information is released
almost instantly.

However, it is not clear how critical the identical information assumption is
for these results. It may be that if informed traders have different signals,
competition would not be so aggressive in an oligopolistic setting. If this is the
case, a better understanding of the economics of competition with disparate
information is needed. The goal of this article is to develop a model to analyze
these questions. Our primary focus is on the inference problem facing the
market maker and informed traders when informed traders have different
initial information about the value of an asset.

1 See also Dutta and Madhavan (1993) for a related identical information model.
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Our analysis is broken into two major sections. In the first, we develop a
generalization of Kyle’s (1985) monopolist-informed trader model, where we
assume that there are a number of informed traders, each with a unique
information endowment. In this market, informed traders learn from the order
flow, and use the order flow and their private information (which includes a
history of their own trades) to forecast the forecasts of other informed traders.
Normally, discrete time models where traders forecast the forecasts of others
about the liquidation value of the asset are plagued by the problem of an
increasing state history with time. This is due to a regress in expectations as
follows: traders forecast the forecasts of other traders; forecast the forecasts
that other traders make of their forecasts; and so on (see Townsend (1983a,
1983b), Marcet and Sargent (1989a, 1989b), and Singleton (1987) for more on
these issues). To avoid this problem, we use an approach that (in the context
of our model) yields a sufficient statistic for the trading history and avoids this
regress in expectations, both when all traders play their equilibrium strategies
and when one trader deviates from his equilibrium strategy given the equilib-
rium strategies of others. Because of this, our work is similar to recent articles
by He and Wang (1995) and Vayanos (1993). However, He and Wang (1995)
consider a competitive model with a continuum of traders and, as a conse-
quence, ignore strategic trading. Cao (1994) solves a model similar to our own.

The technique we employ to solve the inference problem in this article can be
used in a variety of other settings in economics and finance. First, it has
potential applications in models of industrial organization, where firms learn
about the unknown cost structure of the industry (see Vives (1988)) either in
markets with homogeneous products (Cournot competition) or differentiated
products (Bertrand competition). Second, the approach of this article can be
directly used to model a dynamic limit order model (thus extending Kyle
(1989)). Finally, this paper has potential applications in the rate of conver-
gence to rational expectations literature that has traditionally used a contin-
uum, as opposed to a finite number, of agents (see Vives (1993) for an example
of the continuum of agents approach).

In the second section of the article, we use the model to solve numerically a
number of examples. These examples provide important insights about how
the information structure influences the dynamic competition among informed
traders. The results in this setting are quite different from those in prior work
that has assumed informed traders have identical information. As noted ear-
lier, in models of competition with identical information, as the number of
trading periods is increased (holding the liquidity trading constant), there is
more intense trading in early periods, and the total profits to informed traders
fall. With heterogeneous information, we find that with a small initial positive
correlation between the private signals of the informed traders, increasing the
number of trading periods (while holding the total liquidity trading constant)
leads to greater profits to informed traders. In fact, total informed trader
profits may be close to the maximum profit of a monopolist-informed trader.

We find that trading outcomes depend critically on the initial correlation of
informed traders’ private signals. With heterogeneous information, each
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trader has some degree of monopoly power, because part of his information is
known only to him. This reduces the degree of competition between traders,
which provides an incentive to trade less aggressively. In addition, the corre-
lation between the signals of the informed traders falls deterministically as
more trading occurs. After a number of trading periods, this yields a negative
correlation between traders’ private information (more precisely between the
residual information known by each informed trader relative to the informa-
tion known by the market maker). This is akin to a difference of opinion among
the informed traders about the value of the asset.2 This difference of opinion
arises because the market maker is learning more accurately about the aver-
age signal and less accurately about any individual signal; hence, the remain-
ing private information becomes more disparate through time. Knowing this
will happen, every informed trader has an incentive to make smaller trades,
while hoping that other informed traders make large trades. We refer to this
standoff characteristic of the market as the “waiting game.” The “waiting
game” cannot occur with identically informed traders, but appears to be an
intriguing feature of markets with differing information.

Through a number of numerical examples, we find that if the initial corre-
lation between the signals is not too high, the competitive (“rat race”) incentive
of positive correlation occurs in very early periods, followed by a period with
negatively correlated signals and a tendency of traders to then play the
“waiting game.” This means that there is less competition and greater profits
to the informed traders than would be found with highly correlated private
information. We also use numeric solutions to the model to explore the impli-
cations of this phenomenon for trading costs, volatility, and the profits for
informed traders.

Our work has a number of important empirical implications. First, it sug-
gests that the cross-sectional correlation of information with analysts is an
important determinant of trading patterns. While Brennan, Jegadeesh, and
Swaminathan (1993) test the relation between price informativeness and the
number of analysts, further explorations (using analyst data) of the richer
implications of our model seem worthwhile. Second, if new information arrives
daily (as suggested by the work of Cho (1995)), then different cross-sectional
correlations of information can potentially explain why there is a U-shaped
pattern in bid-ask spreads in the stock market and why this U-shaped pattern
may vary across stocks. Also, differences in cross-sectional correlation may
explain why the options market exhibits declining bid-ask spreads over the
day, while the stock market exhibits a U-shaped pattern (see Chan, Chung,
and Johnson (1995) for this evidence). Third, the model adds to the new
literature that seeks to explain the volume-volatility relationship using struc-
tural models of speculative trading (see Easley, Kiefer, and O’Hara (1993) and
Foster and Viswanathan (1995)). Considering dynamic trading with heteroge-

2 This is in contrast to other models with heterogeneous beliefs (Harris and Raviv (1993) and
Wang (1993)), where beliefs are exogenously specified to be different and continue to differ over
time.
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neous information may result in a better structural model to explain the
volume-volatility relation.

The article is organized as follows. Section I presents the model. Section II
discusses our equilibrium concept, and Section III shows how we solve the
inference problem in forecasting the forecasts of others when all traders follow
their equilibrium strategies. Section IV resolves the dimensionality issue when
one trader deviates from his optimal strategy, keeping the equilibrium strat-
egies of other traders fixed. In addition, this section provides necessary and
sufficient conditions for an equilibrium. Section V presents a partial existence
result and an algorithm to compute the equilibrium. Section VI discusses some
numerical examples, and Section VII concludes.

I. The Model

In this section of the article, we outline a model based on Kyle (1985). We first
list our assumptions and detail the basic features of the model. After intro-
ducing the market participants, we describe the information structure used
and derive some basic measures for the amount of information stocks available
to informed traders.

Consider a market with risk-neutral traders; a market maker, M informed
traders, and a number of liquidity traders. These traders buy and sell a single
security over N periods. At the beginning of the first period, informed traders
receive a private signal that constitutes their initial endowment of informa-
tion. Based on this initial information, informed traders place orders with the
market maker. Each period the market maker sees the total order flow from
the informed and liquidity traders, and not knowing which orders come from
which traders, announces an adjustment to the current share price at which all
orders are filled. The price at which the market maker fills orders is deter-
mined by a competitive process. No additional information is revealed, so
informed traders trade based on the information that they receive in the initial
period and what they learn from watching the order flow. At the end of the last
period, the liquidation value of the asset, v, is announced, and holders of the
asset are paid.

More specifically, the i*® informed trader receives a signal s, at the start of
trading. The signal vector for all informed traders, (s1g, S20, - - - » Saro), 1S
drawn from a multivariate normal distribution with mean zero and a variance-
covariance matrix ¥,. The form of this and all other distributions is known to
all market participants. We assume that the matrix ¥, is such that the
variance of each signal s;, is A, and the covariance between any two signals s;,
and s, is (), (some additional restrictions are needed for ), and A, to ensure
that the variance-covariance matrix ¥, is positive definite —see equation (11)).
The true value of the asset vis normally distributed with mean p, and variance
o2. The covariance vector between the signal vector [syg, . . . , S370] and the true
value of the asset vis defined to be A,, where each element of this vector is c,.
The assumption of symmetry, i.e., that all traders have the same initial
variance of information A, same cross covariance between signals, (), and the



1442 The Journal of Finance

same covariance between signals and true value, c,, is critical for the analysis
that follows.
These assumptions imply:

S10

E[v— polsio, - - - » sl = Ao[ o] (1)

Smo

The symmetrical distribution assumption on informed traders means that the
vector Aj[¥,]™! has identical elements k = co(Ay — Qo)(Ag[A, + (M — 2)Q,] —
(M — 1)Q2) and (see details of derivation in Appendix):

M
E[U_po|310, e, Syl = K E S0 = kM

i=1

1 M
M‘ E Sio| = 0{1 (2)
i=1

where 6 = kM and ¥ = (UM)ZX, s;,. Thus the average of the signals, 9, is a
sufficient statistic for the information known to all informed traders about the
liquidation value of the asset. This means that the market maker and informed
traders need be concerned only about inferring the average of the signals from
the order flow. It is this fact that allows us to simplify the dynamic inferences
of these traders.

In addition to the informed traders there are liquidity traders, whose trade
in period n is u,, the realization of a normally distributed random variable
with mean zero and variance o2. We assume that the liquidity trading is
independent of all other random variables; hence, nothing can be learned
about the liquidation value of the asset from the liquidity traders’ orders.

The last market participant is a market maker who observes the total order
flow and sets the price equal to the conditional expected value of the asset,
based on the history of orders received up to and including that trading time.
If we define the i*™ informed trader’s order at time 7 to be x;,, then the market
maker observes the total order flow, y, = 5, x,, + u, and sets the price at
time n so that:

pan[vlyl’ ’yn]' (3)

After n periods of trading, the market maker has observed order flows (y4, . . .,¥,)
and updates his estimate of the signal of the i*" trader, s,,, to

tin = E[Sio|y1, e e ey yn] (4)
The market maker’s update of his estimate of the value of the asset, v, is

related to the updating of the signals, s;o, i = 1, ..., M according to

0 M
pan[val""ayn]:HEtin (5)
i=1
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The last expression in equation (5) follows from the law of iterated expecta-
tions and the definition of ¥ (a detailed derivation is in the Appendix). Intu-
itively, the expression follows from the fact that the average of the signals, 9,
is a sufficient statistic for the information available with all the informed
traders. Hence, the market maker’s updating of the true value of the asset is
linearly related to the market maker’s updating of the vector of signals that is
the private information in the model.

The i** informed trader, after each round of trading, observes the order flow
¥,, and knows his own trade x;,. Thus, the informed trader observes

Zin=Yn~ Xin (6)

and makes a better inference than the market maker about the signals of other
traders. Here, z;, is the order flow that comes from all the traders excluding
the i*" trader. This means that the informed trader’s information after n — 1
periods of trading contains the order flow up to that period (y4, . . ., ¥,,—1), his
original signal s;,, and the net of orders he did not submit (z;;, ..., 2;,,_1).
Based on this information, the i*® informed trader forecasts the true value of
the stock, v, and the trading decisions of the other traders in the next period,
and then decides on his own trade, x;,.

Finally, we define the following variables to measure the remaining infor-
mation at the end of period n (in this context the stock of information available
to traders is measured as a variance).

En = Var(ei}lyl’ ey yn) = Var(()f) - pn)
A, =Var(syly, ..., y,) = Var(s, — t;,) = Var(s;,) (7)
Q, = Cov(si, Sjoly1s - -+ » ¥n) = Cov(sig = tin, Sjo = tjn) = Cov(sy, sj)

where s;, = s;, — t;,. Here, 2, is the conditional variance (given the market
maker’s information after n periods of trading) of the conditional expectation
of the liquidation value given all available information, E[us,, . . . , $;3,] = 6.
A,, is the conditional variance of trader i’s signal, s;, (given the market maker’s
information after n periods of trading). Finally, (), is the conditional covari-
ance between any two signals, s;, and s;, (given the market maker’s informa-
tion after n periods of trading).

These variance-covariance measures are related as follows. First note the
following relation between X, A,, and Q,, (see Appendix for derivation),

2

0
S, = a7 [A+ (M= 1DQ,]. (8)

Also, the symmetric distribution assumption for the informed traders’ sig-
nals means the covariance between each individual signal and the equilibrium
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order flow is identical. This imposes the following restriction on the updating
process (see Appendix for details):

An—l - An = Qn—l - Qn
(9
2n—l - En = OZ[An—l - An]

Hence the evolution of 2,, A,, and ), are intimately related. Equation (9)
implies

A, — Q,=x, independent ofn. (10)

Thus the difference between variances and covariances of the updated signals
is independent of the trading period.

The market maker learns about the average signal, 9 = (l/M)EjZ‘i1 8;0 OVer
time. After N rounds of trading, there is still a positive value for the variance
of the market maker’s conditional expectation of the liquidation value of the
asset (with a finite number of trading periods the average signal cannot be
known perfectly). Thus, Var(dly,, ..., yy) > 0.3 But

. 1
Var(vlyy, ..., yn) = 70 [Ay+ (M — 1)Qy] using Equation (8)
(11)
M-1 . .
=Ay— X using Equation (10)

Hence, the conditional variance is greater than zero if and only if Ay > [(M —
1)/M]x. This also means that Q) > —(1/M)x.4 This calculation also implies that
the conditional correlation between individual signals (conditional on the order
flow) must eventually be negative if the information in the average signal v is
to be known accurately by the market maker. It is interesting to note that the
market maker never knows accurately any individual signal, even after an
infinite number of trading periods. However, this is irrelevant, as the average
signal is a sufficient statistic (for the purpose of predicting v) for all of the
information known by the informed traders.

The fact that the conditional correlation between the signals of the informed
traders (conditional on the order flow up that point in time) must eventually be
negative has important consequences for informed traders’ strategies. We will
return to this issue when we consider numerical solutions to the model.

3 The proof of this fact is as follows. If Var(dly,, . . ., ya) = 0, then there is a period & < N such
that 3, > 0, 2, ,, = 0. This is the last period in which the informed trader trades. But with I, >
0 and a one-period model, we know that 2,,; > 0 from Admati and Pfleiderer (1988), which is a
contradiction.

4 Qo > —(1/M)x ensures that the variance covariance matrix ¥, is positive definite.
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II. The Equilibrium Concept

In this section we introduce and discuss the equilibrium notion used in the
article. To begin, we define conditions to be satisfied for a Bayesian Nash
equilibrium for this model. Then we restrict our search to linear Markov
equilibria and conjecture equilibrium strategies for the market maker and
informed traders.

We follow Kyle (1985) in our definition of an equilibrium. As discussed in
equation (6), the market knows his own order x;, and the net order flow y,,.
Hence

Zin =Yn " Xin- (12)

is the order flow not submitted by the i informed trader and is used by trader
i to learn from the order flow about the liquidation value of the asset.

Just before period n, the i*" informed trader’s private information consists of
his own signal, s;y, plus what he alone learns from the orders up to that point
in time, (2,3, . . . , 2;,—1). In addition, all traders know the past net trades, (y,,

s Yn_1)- Let

Xin = Xin(siO’ Zily + v+ 5 Zin-1, Y15 + + + yn—l) (13)

represent the optimal strategy of the i*® informed trader (where the choice of
i is arbitrary).
Let

represent the optimal strategy of the market maker.

LetX; =(X,y,...,X;n) (foreachi) and P = (P,, . . ., Py) represent the vector
of strategy functions. Define the profit that accrues to the i** informed trader
from period n on (given the above strategy functions for tradersi = 1,..., M
and the market maker) as:

N

wn(Xl’ ’Xi’ ’XM’ P)= E (U_pk)xik (15)

k=n

A Bayesian Nash equilibrium of the trading game is a M + 1 vector of
strategies (X, . . . , Xjy, P) such that (we follow Kyle (1985) closely here):

1. Foranyi=1,...,Mandalln =1,..., N we have for X] = X}, ...,
X 1, Xy - - -, Xin), we have
E[Wn(Xl’ ce ey Xi’ e e ey XM’ P)lsiO’ zil’ L) zin—la yl’ L] yn—l]
(16)

= E[Wn(Xl’ ] X:’ cee XM’ P)IsiO’ Zily + 5 Zin-1, Y1, - - - ’yn—l]’
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i.e., the optimal strategy function for informed trader i is best no matter which
past strategies (or strategy functions) i may have played.
2. Foralln=1,..., N, we have

pr=Elvy,, ..., ¥, amn

i.e., the market maker sets prices equal to the conditional expected value given
the order flow.

This equilibrium concept is the Bayesian Nash equilibrium and is based on
a dynamic programming argument. Note that the strategy of the i*® informed
trader in the n'" round is required to be the optimal strategy, not only when
trader i plays his optimal strategy in the first n — 1 periods, but also when he
plays any arbitrary strategy in the first n — 1 periods. However, there are no
off equilibrium observations of order flow by the other informed traders in the
model (even when trader i deviates from his optimal strategy) as every possible
order flow is observed. Consequently, we do not have to concern ourselves with
the issue of how to assign off equilibrium beliefs.

Given the model structure described above, we are interested in linear
Markov equilibria. That is, we search for an equilibrium where the demands of
the informed traders, market maker learning about the signal vector, and
market maker learning about the true value of the asset take the form:5

Xin = an in—1
tin = tin—l + gnyn (18)
Prn=Dnr + )\nyn
While the definition of ¢;, is not a part of the general requirement of an
equilibrium, it is crucial for the linear equilibrium we focus on. This is because
an essential part of the linear equilibrium is an incorporation of the linear
forecasts of the forecasts of other traders.
The parameters {, and A, are related in the following way. First, ¢, =
Els;joly1s - - - » ¥,)- Thus
E[siolyla L] yn] - tin—l = E[sin—l|y1’ LR | yn] = E[sin—llyn] = gnyn (19)

and

E

1 M
H 2 Sin-1|Yn| = Znyn (20)
i=1

5 This is not the complete specification of the strategy function, as it is only the strategy that is
played in equilibrium. At this stage, we do not describe the optimal strategy given prior nonop-
timal play by trader i. We discuss the optimal strategy given prior nonoptimal play in Section IV.
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But
1 M
v— P17 > Sino1 (21)
i=1
and hence
E[v—paalys, .., ¥.] = E[60 = pooily,] = 65,5, (22)
Therefore
An =00, (23)

hence the market maker’s updating of the true value of the asset is given by his
updating about an individual signal and by the parameter 6.

ITI. The Dimensionality Issue

In this section we show how the dimensionality issue is resolved (i.e., we
avoid the problem of increasing state history with time). We are interested in
the case of linear strategies for informed traders and learning by the market
maker as given by equation (18).

Consider trader i who is interested in forecasting the true value of the asset
that is not predicted by the market after n — 1 periods of trading, using his

information (s;o, ¥1, ¥p—1, Xi1, - - - » X;n—1)- By equation (18), forr = 1, ...,
n—1:
r-1
Xir = BrSir—1= BrSio = tir1) = Byl Si0— 2 Ls (24)
s=1
Hence (x;4, . . . , x;,_1) is redundant and the meaningful history for trader i is

just (s;0, ¥15 - - - » ¥—1)- It is important to note that this only holds when trader
i has played his conjectured optimal strategy in past periods. In developing
this result, we exploited the fact that past optimal strategies are functions of
the private signal s;,, and the order flow up to that point. Hence, any additional
information (apart from the initial private signal, s;,) that the informed trader
has relative to the market maker is redundant.6

The redundancy of (x;;, ..., x;,_;) in equilibrium for trader j has a key
implication on how trader i attempts to manipulate the beliefs of trader j.
Because the equilibrium strategy of trader j only depends on his signal and the
observed market order flow (and not his own past order (x;,, . . . , x;,_1)), trader

6 It is interesting to compare this result with the hierarchical information structure studied by
Foster and Viswanathan (1994). With their asymmetric information structure, any additional
information that the lesser informed trader learns from the order flow (relative to market makers)
is not redundant.
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i can only manipulate trader j’s beliefs about the true value of the asset via the
publicly observed order flow. This simplifies the strategic gaming in the model,
because trader i does not have to worry about trader j’s ability to learn more
than the market maker.

Thus trader i predicts v — p,,_; as follows:

E[v _pn—1|si0a Yis o ov s Yoo Xity + -+ > Xin-1]

= E[‘U - pn—llsiO’ Y1, oo yn—l] = E[‘U - pn—llsin—la Y, - oo yn—l]
= E[‘U - pn—llsin—l] = nnsin—l (25)

S0 §;,_1 is a sufficient statistic for trader i to predict the value of the asset
(using information not known to the market maker) after n — 1 trading
periods. Hence we refer to s;,_; as the forecast of trader i after n trading
periods. In deriving equation (25), we first use the fact, shown in equation (24),

that in equilibrium (x;4, . . . , x;,_;) is redundant given (s;y, ¥, - - - , ¥,—1)- Then
we exploit the result that when we project s;q on (yy, . . .,y,_) to obtain s;,_;,
both v — p,,_; and s;,_; are independent of (y, ..., ¥,_1)

Trader i is also interested in predicting the forecasts of other informed
traders, because other traders use these forecasts to submit orders, which in
turn determine the market price. Because the j** trader submits an order of the
form x; = B;s;,_1, trader i needs to predict s;,_,. However,

E[sjn—llsio, Y1, -+« yn—l]
(26)
= E[Sjn—1|3in—1, Yir o oo Y1l = E[sjn—llsin—l] = PnSin-1

so trader i’s forecast of other traders’ forecasts is also a linear function of s;,, _;.
By induction, the n'® order forecast of the forecast of others is also a linear
function of s;,_;. Therefore s;,_; is a sufficient statistic, and there is no
history-dependent hierarchy of forecasts.

The above discussion shows how the dimensionality issue is resolved when
all traders submit their optimal orders (as given by expression (18)). However,
because informed traders act strategically, we must consider deviations from
the optimal strategy by any one trader (keeping the behavior of other traders
fixed). If trader i submits an arbitrary order sequence, (x;q, . . . , x;,_1), Which
is different from the equilibrium orders given by equation (18), the sufficient
statistics that we have computed need not be relevant. In particulars,,_; is not
orthogonal to (y;, ..., ¥,_;) because trader i has not played his optimal
strategy in the first n — 1 rounds of trading.

In the next section, we resolve the dimensionality issue for the case where
one trader deviates from his optimal strategy (keeping the strategies of other
traders fixed) and find the necessary and sufficient conditions for equilibrium.
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IV. Necessary and Sufficient Conditions For Equilibrium

Suppose that all traders other than trader i play their conjectured equilib-
rium strategy and the market maker updates beliefs using the linear rules
described above. Now consider what will happen if trader i has submitted
arbitrary orders in the first n — 1 periods, (x;q, . . . , %;,—1). To solve the model
in this setting, we first need to construct the following statistics based on
trader i’s information from the first n — 1 periods, (S;0, 21, - - - »Zin—15 - + - s Xi—1,

., X;,—1). These statistics correspond to the outcomes that would have
occurred had trader i used the equilibrium strategy instead of the arbitrary
strategy (x;1, . . . , X;,_1) in the first n — 1 periods.

For each informed trader, starting with §}0 = 5o, we recursively define:

n

i

M
9= Budhatu,  Pi=pot 2 Mk

j=1 k=1

n n 27)
i = > LI 84, =8jo— > L

k=1 k=1

where §% is the order flow that would have occurred in the n** round of trading
if trader i had followed the equilibrium strategy (B8, . . . , B.,_1) in the first
n periods of trading. Similarly, after n rounds of trading, p%, is the price that
prevails in the n'® round of trading, 2}n is the market maker’s conditional
expected value of informed agent i’s information, and §J‘n is the information
that informed agent j has that is not known to the market maker, if trader i

had followed the equilibrium strategy (B8, . . . , Bé.,_,) in the first n periods
of trading.”

A key observation that we make (and prove) is that the order %, . .., §5_1)
is in the information set of trader i, (s;g, 215 - - - » Zin—1> Xi1y - -+ » Xin_1) (We
discuss this next). Hence, so are the variables (8%, 4, t4),J = 1,..., M, k =
1, ..., n — 1.8 Then by our construction, §},_; is orthogonal to (3, . . . §,_1), a
fact we use when we consider the value function of the i” informed agent.

Intuitively, (5%, . .., 9%,_,) is in the information set of the trader i because

trader i knows the strategy that he would have followed in equilibrium, and
hence the change in the expectations of the other agents (other informed
traders and market makers) that would occur had he played the equilibrium
strategy. Consequently, trader i can compute the amount by which trades of

7 It is important to note that because trader i played nonequilibrium strategies in the past, s, _;
is not orthogonal to y1, . . . , ¥,_;. The constructed variables (&,, p%, #,,) correspond to outcomes
that would have occurred if equilibrium play occurs and are consistent with our discussion in the
previous section. One can think of the informed traders keeping two sets of books: the first set
corresponds to what happens along the equilibrium path; and the second corresponds to actual
outcomes given the nonequilibrium play by the specified informed trader in earlier periods.

8 However, the variables §%,j # i,k = 1,...,n — 1 are not in the information set, as they
depend on the unknown information that other informed agents have.
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the other informed traders would change if he had played this equilibrium
strategy. Therefore, the order flow that would have occurred in equilibrium
had he played his equilibrium strategy is part of his information set after n —
1 rounds of trading. The proof of this is in the Appendix.

With the variables (8},_1, B}, 1, t,,—1) in the information set of the informed
trader, we provide variables that are sufficient statistics for prediction, taking
account of the fact that he has not played his optimal strategy in the past. The
sufficient statistics are &, ; (the forecast along the equilibrium path) and
Ph—_1—Pn—1 (the deviation from equilibrium prices induced by past suboptimal
play). If trader i had followed his equilibrium strategy, the forecast along the
equilibrium path, §;,_;, would have been a sufficient statistic. However, one
needs to account for past suboptimal play. The price deviation from equilib-
rium caused by past suboptimal play is the additional variable that is needed
to summarize the history observed by trader i. Hence, we show (see Appendix),

E[‘U _pn—llsiO’ Yir oo 5 ¥Yn-1%i15 -+ - xin—l]
=E[v - pr-al8ina] + (Br1 = Pa-). (28)

These statistics are also sufficient to forecast the forecasts of other traders.

With the above statistics to summarize the information available to trader i
after n — 1 periods of trading, we conjecture the value function of trader i after
stage n — 1 to be:

Vi(§fn—1, ﬁfz—l —Pu-1) = an—1(§fn—1)2 + ll’n—l-';‘fn—l(f’fz—l —Pn-1)
+ pn-1(Phor — Pa)® + 8ig. (29)

Given past optimal play by trader i, we have p,,_; = p,,_;, so that only the
first and fourth terms on the right hand side of equation (29) remain.
However, to find the optimal strategy in equilibrium, we have to consider
strategies that are optimal, given past nonoptimal play by this trader. To do
this, we have to consider the second and third terms on the right-hand side
of expression (29).

We now conjecture the optimal strategy of a trader who has played an
arbitrary, suboptimal strategy x;;, ..., x;,_; (the conjecture is confirmed in
equilibrium). Given his past suboptimal play, the future strategy will not be
the conjectured optimal strategy in equation (18) (which can only occur if the
trader had played optimally in the first n — 1 periods). However, his conjec-
tured optimal strategy from trading period n and beyond (given suboptimal
play in periods 1 to n — 1) is of the form:®

X = Bidi—1 + ¥e(Py—1 — Ps-1) fork =n toN. (30)

® The definition of equilibrium requires us to consider the optimal strategy of trader i for all
information set possibilities, not just outcomes given by playing the conjectured equilibrium
strategy in the first n — 1 periods of trading.
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Thus the optimal strategy from this period and beyond is the same as the
optimal strategy that would have occurred given past optimal play, plus a
second term that depends on the difference between the price that would have
occurred in this period had trader i followed the optimal strategy in the past
and the actual price this period.

The models of Kyle (1985), Foster and Viswanathan (1993), Michener and
Tighe (1991), and Holden and Subrahmanyam (1992) can be considered in
this context as follows.1° In these models, all informed traders have iden-
tical information, v (in Kyle (1985) there is the additional assumption of a
monopolist informed trader). Thus §%,_, = v— p%,_,. With B, = v,, we obtain
X;n = B,(v — p,_1) as is the case in these models. Similarly, setting u,, = «,,
and ¢, = 2a, and using 8, = v — p!, the value function after n periods
becomes «,(v — p,)? + §,, as is the case in these models.!? Hence the
identical information analyses carried out in these models is embedded in
our more general approach.

With this background, we state the necessary and sufficient conditions for a
linear recursive Markov equilibrium.

Proposition 1: The necessary and sufficient conditions for a recursive linear
Markov equilibrium are:

_ nn_)\nlpn
B = N+ A+ M=) (1-(A,¥,/6))]

_ (1_2I~Ln)\n)(1_()\an(M_1)/0))
Yn 2)\n(1 _Mn)\n)

_ BnMZn

" oo

plus the value function variables

)\n n 2
Qp-1 = (nn - Anan[l + (M - 1)¢n])Bn + an|:1 - 03 [1 + d’n(M - 1)]:|
ABo(M—1
Yoot = (M0 = LBl 1 + (M = 1)) ¥n — Ay¥aBn + Bn(l - #))
AaBr AuBn(M—1
+ %(1 - GB [1+ (M- 1)¢n])(1 —B—(G—l_ )\nvn)

10 See Back (1992) for a generalization of Kyle’s (1985) model in continuous time.

1 This can be verified using Proposition 1 below, setting 7, = ¢, = 1, 6 = 1 (the parameters 7,
and ¢, are defined in Proposition 1) and working backwards from the terminal trading round.
Thus, while strategies in these articles do not explicitly account for the fact that informed traders
may have played suboptimal strategies in previous periods, these strategies are correct. This is
because past strategies are only relevant to the extent they affect the deviation of the true value
from the current price.



1452 The Journal of Finance

A Ba(M—1 A B (M—1 2
Mpn-1= _)\n'Yi + 'Yn<1 - L—'—)) + nu'n(]- - _——B—(——_)- - AnYn)

0 0
D 1
an—l = 8n + 02 oy + a, 02 [(M - 1) Var (Sjn—llsiO’ Yoo v yn—l)]
)\232
+ a, 02 [[(M - 2)(M - 1)] Cov (sjn—l’ skn—llsiO, Y1, « -+ yn—l)]

where ay = Yy = uy = 8y = 0 and

d)n = Qn—l/An—l

0
Nn = M[l + (M - l)d)n]

A'21—1_Qr21—1
Var (Sjn—llsio, yl, eee yn—l) = —/\n:_
Qn—l(An—l_Qn_l)
COV (sjn—ly Skn_llsio, NViy o oo yn—l) —

An—l
In addition, the second order conditions must hold:
(1 = pad,) >0

Also, the following recursive equations on the information variances must hold:

MAn n
En = (1 - 0 B )En—l
M A.B,
An = An—l - F 0 En—l
M A.B,
Qn = Qn—l - ? 0 2n—l

As we have already discussed, these value functions and trading strategies
differ considerably from those obtained in Kyle (1985), Foster and
Viswanathan (1993), Holden and Subrahmanyam (1992), and Michener and
Tighe (1991). The identical information assumption used in these articles
implies that informed traders know each other’s information precisely and
simplifies the value function. (In Kyle (1985) there is only one informed trader,
which further simplifies the value function). In contrast, our model involves
learning by the informed traders about the information that other informed
traders have, so we have to consider explicitly how past suboptimal behavior
affects value functions and trading strategies.
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V. Computation of the Equilibrium

In this section, we discuss how one can compute numerically the recursions
needed to solve the model. First we note that the initial distribution of signals
is completely determined by the parameters A, (the initial variance of each
informed trader’s signal), £}, (the initial covariance between any two informed
traders’ signals), and 6 (the regression coefficient of the true value v on the
average signal 9). Because A, — (1, = x (see Equation (10)), we need only
compute A, in any trading period. (), immediately follows as

Q,=A,— x. (31)

We solve the model using a backward induction approach. First, we fix a
terminal value of A, such that Ay > [(M — 1)/M]y (remember that this is the
lower bound on Ay given in Equation (11)). Immediately, Q = Ay — x. The
value function parameters in the terminal period, oy, Yn, my, and 8y are all
zZero.

Now consider any arbitrary trading period n, where we have solved the
model backward using the chosen terminal value Ay. Thus we know A, «,,, ¥,,,
W, and §,. Also, we know 6 and y (both are given parameters), so we know (2,
and 2,,. Given ¢,,, we could use the two equations defining 8, and A, to solve
for these two variables. However, ¢,, = {),,_;/A,,_;, and consequently it depends
on variables that are unknown in the backward induction algorithm. We can
express ¢, in terms of y, (,, and A,, as follows. Notice that

A'ILB'L M
An = An—l - 0 FZn—l

Aan
= An—l - 0 [An—l + (M - I)Qn—l]
A’an
=A,1— 9 [MA,..— (M - 1)x] (32)
which yields
An_()\an/o)(M_l)X
Similarly,
_ Qﬂ + (A’HBH/O)X
Q,_1= 1-(MA,B,J0) " (34)
Thus
o Q,+(NB/0)X
= K, =(0BJO) (M -T)x (35)
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This representation of ¢,, in terms of ()., A,,, A,,, and ,, means that the first and
third equations in the necessary and sufficient conditions can be solved to yield
A, and B,. Substituting for 8, we obtain the following fourth order equation for
Ay

4 00’3(M—1)X 0124¢nAn 00’2
(An) TMEST + ()\n)3—_27_ - ()\n)zﬁ—l’E—n[(M + 1A, — (M - 1)x].

6
- )\nAnlpn + M[MAn - (M - I)X] =0. (36)

One can verify that (irrespective of whether s, is negative or positive), there
are only two sign changes, so there are at most two real roots by Descartes’ rule
of signs. Also, the left-hand side of equation (36) is strictly greater than zero at
A, = 0, negative at A, = V3, /0, and becomes infinite as A, goes to infinity.
Thus there is only one real root between 0 and V=, /o,, which is the only
solution to the necessary conditions.!2 If this solution satisfies the second order
conditions, it is sufficient.13

Once we compute A,, the remaining parameters are easily obtained. The
third equation of Proposition 1 yields B,, and the second equation of the
Proposition gives vy,. Through substitution of these parameters we can com-
pute a,_1, ¥,_1, Mp_1, O,—1, and A,_; which are used as inputs to the prior
period.

The solution technique yields an initial value of A, given the terminal value
of Ay, keeping x and 0 fixed. If the resulting initial value of A, is too high
relative to value we seek, we reduce A,, and vice versa. We continue to adjust
Ay in this manner, until we find the terminal value of Ay that yields the
desired initial A,.

VI. Numerical Results

To illustrate the model, we compute the equilibrium parameter values for a
variety of settings. We are interested in seeing how competition among the
informed traders is affected by the correlation structure between their initial
information endowments, how the correlation structure changes through time,
and how lengthening the number of trading periods affects price formation.

The specific parameterization that we choose is as follows. The M informed
traders see M different pieces of information, and the truth is the sum of these
signals. Hence, by definition the informed traders together know the truth, v =

12 The restriction that A, < V2, /o, follows from the requirement that 3, must be decreasing
over time. ’

13 This argument guarantees uniqueness in the class of recursive linear Markov equilibria (if an
equilibrium exists in this class). Verification of the second order condition is required to ensure
existence. In our numerical work, this second order condition is always satisfied.
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M | 5,0.14 This parameterization allows us to fix the total information available to
the informed traders while altering the correlation between their signals. If Q, =
Ay, all of the signals are perfectly correlated and the truth is just M times each
individual signal (this corresponds to all the informed traders having the same
information). If (), = 0, then the signals, s,,, received by the informed traders are
independent, and informed traders have the maximal amount of information not
known to other traders. Here A, = ¢%/M. By varying Q, between —(1/M)y and A,,
we can model arbitrary correlations between the signals, while the overall infor-
mation available to informed traders is kept fixed.

To begin, we consider a four period (N = 4) example with three informed
traders (M = 3) using the parameterization discussed above (6 = 3). Further,
we set 0> = 1 and 3, = 1 and consider four different correlation structures
(very highly correlated information, a low positive correlation, zero correlation,
and low negative correlation). By using these different correlation structures
with this parameterization, we are fixing the overall information available to
informed traders as a group, and considering different distributions of this
information across traders. We set the values of y to be 0.000004, 0.2,
0.333333, and 1.0 for the four separate cases. Given the other parameter
values, these imply A, values of 0.111114, 0.244445, 0.333333, and 0.777778,
respectively. This means that the Q, becomes 0.11111, 0.044444, 0.00, and
—0.22222, respectively. The initial correlations are 0.999964, 0.181819, 0.00,
and —0.28571, respectively.15

In the remainder of this section, we present numerical solutions to the model
for different correlation structures. We vary the number of trading periods to
understand the effect of more frequent trading. We plot endogenous parame-
ters such as the variance of the true value of the asset, informed traders’
profits, market depth, and the conditional correlation between the informed
traders’ signals.

Figure 1, Panel A shows the evolution of the variance of the true value given
the order flow for the first n periods, Z,,. Initially we consider the case of four
trading periods (N = 4). The lesser the initial correlation in the signals
received by the informed traders, the higher is the terminal variance of the
true value. This means that less information is being revealed through trading
when the signals have lower initial correlation.

Figure 1, Panel B describes the total expected profits to all informed trades
for each of the correlation structures. The profits to the informed traders are
lowest with identical information and are much higher in the other three cases.
Surprisingly, the profits are highest in the case with positive but not perfect
correlation; the expected profit in this case is 1.45232 versus 1.44285 in the

14 In fact, this is the most general correlation structure up to a scale parameter 6. This follows
from equation (2). In our specific parameterization, the parameter 6 in equation (2) is always equal
to M. This follows from the fact that v = 3, 5,y = M.

15 For the first of these cases, the correlation is not exactly one, but is extremely close to one. In
our discussion we will refer to this case as informed traders having identical information, even
though this is not precisely true.
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Figure 1. Information Decay, Profit, Market Depth, and Conditional Correlation Dy-
namics with 4 Periods. Numeric solutions to the model with three informed traders, one unit of
initial variance of information, and four units of liquidity trader variance across all periods. Four
different initial correlation structures are examined, high (0.9999), low (0.1818), independent
(0.0000), and negative (—0.2857). Panel A, Information decay; Panel B, profit; Panel C, market

depth; Panel D, conditional correlation.
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case of initial zero correlation. The expected profit with negative correlation is
lower than in the cases of zero and positive correlation.

Figure 1, Panel C plots the market maker’s sensitivity to the order flow, A,
for each period for all correlation structures. The identical information (perfect
positive correlation) case has the highest market maker sensitivity in the first
period, but as more information is released through trading, it falls in later
periods. This is consistent with the intense trading in the first period that
occurs with perfect positive correlation. The second highest trading costs occur
with positive but not perfect correlation, the third highest with zero correla-
tion, and the lowest with negative correlation. When we look to the terminal
period, the order of the market maker’s sensitivity to order flow is reversed; the
highest sensitivity is found for the case of negative initial correlation, the next
with zero initial correlation, then positive but not perfect initial correlation,
and finally the lowest sensitivity is found for the case of positive and perfect
initial correlation between signals. This occurs because with negative correla-
tion, the least information is released in the first three trading periods,
yielding the highest variance of information (¥,) at the start of trading in
period 4 (see the discussion of Figure 1, Panel A).

It is interesting to note that in the negative correlation case, A, increases
each period and is at its highest in the final period, when the maximum
amount of information is released through trading (for this correlation level).
This is in contrast with the other three correlation structures, where A,
decreases with each trading period. This suggests that the initial negative
correlation between the informed traders’ signals leads to behavior different
from that observed with positively correlated signals.1¢

Figure 1, Panel D shows the conditional correlation between the informed
traders’ signals. When the initial correlation is very high, it remains so with
only four trading periods. With lower initial correlations the conditional cor-
relation becomes negative even when there are only four trading periods. Also
note that the change in the correlation is highest for the case of positive, low
initial correlation between the informed traders’ signals. From Panel B we also
know that this is the case with the highest ex ante profits.

The results discussed in the above figures illustrate two effects. First, when
traders have heterogeneous information, the competitive pressure from the
trades of others is reduced. Each trader has some monopoly power, as part of
his information is unique. Thus each trader faces less competition and has less
incentive to trade aggressively. Second, with a large enough number of trading
periods, the conditional correlation between the informed traders’ signals
(conditional on the observed order flow) eventually becomes negative (this

16 While this is peripheral to the main focus of our paper, a substantial empirical literature has
documented that trading costs increase after earnings announcements. This has been viewed as
contradictory to the results that have been previously obtained in the literature, where A,
decreases through time. Bushman, Dutta, Hughes, and Indejejikian (1993) provide an excellent
discussion of the empirical and theoretical literature and present a model with discretionary
liquidity trading where trading costs increase over time. In our model, negatively correlated
information yields a similar increase in trading costs over time.
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requires more periods the higher the initial correlation). This is because the
market maker is learning more about the average of the informed traders’
signals than he is about each individual trader’s signal. Because the market
maker will never learn precisely each informed trader’s signal, the conditional
correlation between the signals becomes negative over time. This negative
correlation can be viewed as an endogenous difference of opinion.

Whenever informed traders’ beliefs are negatively correlated (conditional on the
public information), each informed trader thinks the market lacks resiliency as
follows. With negatively correlated information, each informed trader views the
other informed traders as collectively pulling the stock price in the wrong direc-
tion. Hence, each informed trader perceives that without his trades, there is no
mechanism to push the price to its true value, and all informed traders have an
incentive to make smaller trades in the current period, with the hope of making
larger trades in the future. We refer to this effect as the “waiting game.”

As an example, if an informed trader believes that an asset is undervalued,
large trades from other informed traders will lower the price even further,
thereby amplifying the mispricing and creating greater future trading profits.
This being the case, no informed trader wants to place large orders in the
initial trading periods when their signals are negatively correlated. Consistent
with this, one needs the liquidity in the market to be lower in latter periods
(the market maker’s sensitivity to trades, A,, must be highest in the terminal
rounds of trading) when informed traders have negatively correlated initial
signals. Otherwise, informed traders have no incentive to trade in early peri-
ods. This effect is borne out in Panel C of Figure 1 where the market maker’s
sensitivity to trades, A,, is highest in the terminal period of trading with
negatively correlated signals.

These numerical solutions suggest that competition is less intense when
there is imperfect correlation among the informed traders signals, as opposed
to the case where they have identical information. We now consider what
happens if we add more trading periods, while keeping the liquidity trading
variance fixed. Consider increasing the number of trading periods between two
fixed times, 0 and 1, while overall liquidity trading variance is kept fixed (thus
the liquidity trading variance in any given trading period falls). This will allow
us to understand how more frequent trading affects order submission and
whether our conjectures about the role of the initial correlation between the
informed traders’ signals in competition is correct.

In Figure 2, Panels A and B, we show the evolution of variance, 2, for the
small but positive correlation case (correlation = 0.181819) and for the perfect
correlation case (correlation = 0.999964), respectively. Here 3, = 1 and 6 = 3.
As the number of trading periods is varied (between 4, 20, 80, and 800), the
total liquidity variance over all trading periods No? is kept constant at 4. We
find that there is a marked contrast in the information decay when we change
the correlation structure. With perfect correlation, competition is very intense,
and most of variance is released very quickly (the terminal variance is
0.00000154 for the four trading period case). As more trading periods are
added, information is released more quickly, and the variance of the liquida-
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Figure 2. Information Decay with Changing Number of Trading Periods. Numeric solu-
tions to the model with three informed traders, one unit of initial variance of information, and four
units of liquidity trader variance across all periods (total liquidity variance is kept constant as new
periods are added). Model is solved for 4, 20, 80, and 800 periods. High initial correlation case

starts with a correlation of 0.9999. Low initial correlation case starts with a correlation of 0.1818.
Panel A, high initial correlation; Panel B, low initial correlation.
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tion value drops dramatically. With small but positive initial correlation, the
decline in the variance is much less dramatic. Even after 800 periods, the
terminal variance is 0.074128. It appears that competition is much less intense
with the lower initial correlation in signals. In fact, the decay in the variance
of the liquidation value is much slower than would be the case for a monopolist
informed trader. A monopolist informed trader with the same initial variance
would trade so that terminal variance after 800 periods would be 0.00125.

In Figure 3, Panels A and B, we show how the total expected profits made by all
informed traders varies by trading periods for the two cases of perfect positive
correlation and when the initial correlation is small but positive. From Kyle (1985)
we know that a monopolist makes the maximum expected profit with continuous
trading of (54)*%0,,. This is 2 in our example. With small but positive correlation
in the informed traders’ initial information, the expected trading profit increases
with the number of trading periods (holding the total liquidity variance constant).
With four trading periods, the total expected profit is 1.45232, and with 800
trading periods the total expected informed trader profit is 1.86325. These values
are in sharp contrast to the perfect correlation case, where profits fall dramati-
cally as the number of trading periods increases. In fact, with small but positive
initial correlation and 800 periods of trading, the three informed traders together
make 93 percent of the maximum expected profit of a monopolist informed trader.

The importance of the correlation structure of the informed traders’ signals
is further confirmed when we consider how the market maker’s sensitivity to
order flow changes as more trading periods are added. In Figure 4, Panel A, we
show that the market maker’s sensitivity to orders, A, is initially very high
and falls quickly with initially perfectly correlated information. This drop is
accelerated as more trading periods are added. In contrast, Figure 4, Panel B
shows the changes in the market maker’s sensitivity to order flow when the
initial correlation between signals is small but positive. Here changes in
market depth follow a distinct U-shaped pattern, and this U-shape becomes
more pronounced as trading periods are added. The market maker’s sensitivity
to trades is high in initial periods and then declines during the middle periods,
and increases dramatically in the latter trading periods. The key reason for
this difference in market depth is the negative correlation between the in-
formed traders signals that eventually results through repeated trading. From
our analysis of the negative correlation case, we know that there is an incen-
tive for the informed traders to delay trades to future periods and play a
“waiting game.” As the number of trading periods is increased, the part of the
informed traders signals not known to the market maker becomes negatively
correlated (so long as the initial correlation is not perfect, i.e., x > 0), which
means that informed traders will, after some time, choose to defer their trades
to the later periods.'?

17 From comparing Panel B in Figure 4 with Panel B in Figure 5, it is clear that initially when
the correlation is negative, the market sensitivity to the trades (A,) continues to decline. It is only
when the correlation becomes sufficiently negative that the market maker’s sensitivity to trades
starts to increase and finally jumps dramatically in the final rounds of trading.
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Figure 3. Expected Profits with Changing Number of Trading Periods. Numeric solutions
to the model with three informed traders, one unit of initial variance of information, and four units
of liquidity trader variance across all periods (total liquidity variance is kept constant as new
periods are added). Model is solved for 4, 20, 80, and 800 periods. High initial correlation case
starts with a correlation of 0.9999. Low initial correlation case starts with a correlation of 0.1818.
Panel A, high initial correlation; Panel B, low initial correlation.
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Figure 4. Market Liquidity with Changing Number of Trading Periods. Numeric solutions
to the model with three informed traders, one unit of initial variance of information, and four units
of liquidity trader variance across all periods (total liquidity variance is kept constant as new
periods are added). Model is solved for 4, 20, 80, and 800 periods. High initial correlation case
starts with a correlation of 0.9999. Low initial correlation case starts with a correlation of 0.1818.
Panel A, high initial correlation; Panel B, low initial correlation.
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In Figure 5, we plot the conditional correlation and confirm that as more
periods are added, the correlation becomes negative earlier in the trading
process (where periods are considered as a percentage of the total available
time). More importantly, the stock of remaining information (as measured as
variance) at the time when the correlation becomes negative is higher when
more trading periods are added. In Panel A, we show the case of initially
perfectly correlated signals and note that with only 4 periods, there is very
little change in the correlation structure. With 800 periods, however, the
correlation becomes negative about period 400. However, the extremely in-
tense trading in the early periods implies that the stock of remaining infor-
mation at this point in time is 0.0044, which is very close to zero. In Panel B
of Figure 5, we show the conditional correlation between the informed traders’
signals for the case of an initial small, positive correlation. Now, the negative
correlation phase starts in period 235, when the stock of remaining informa-
tion is 0.6007 (as opposed to the 0.50 stock of remaining information in the 4
period case, where the correlation becomes negative in period 3). This high
stock of information unknown to the market maker (which increases with the
number of trading periods) implies that the negative correlation phase is much
more important with initial small, positive correlation. Also, the increase in
the initial stock of information (at the point when the correlation turns nega-
tive) with the number of trading periods seems to be a fundamental aspect of
the increase in profits as the number of trading periods increases.

These numerical results suggest that dynamic competition with heteroge-
neously informed traders can result in very different competitive outcomes
than the case of identically informed traders. In particular, the intense com-
petition that exists with identically informed traders does not occur when the
correlation is not perfect. Also, an increase in the number of trading periods
does not lead to a decrease in profit and even more intense competition. We
find that for our examples with initially small but positive information, an
increase in the number of trading periods leads to more cooperation among the
informed traders, yielding larger expected trading profits. It appears that
these results are driven by the fact that the perfect correlation case leads only
to a “rat race,” while imperfect correlation eventually leads to a “waiting
game.”

To investigate the results further, we repeat our analysis in Figure 1 for the
800 trading period case. Figure 6, Panel A shows the evolution of the variance
of the liquidation value for the four different initial correlations over the 800
trading periods. The interesting aspect of Figure 6, Panel A is that the perfect
positive correlation case shows a large decay in variance in the first instant
and very little subsequent decay; the decay pattern is convex and decreasing.
In contrast, the initial negative correlation case shows smaller decays in
variance initially and a large decay at the end of trading; the decay pattern is
concave and decreasing. Additionally, the initial negative covariance case has
a positive terminal variance of information, i.e., some information is not
revealed in the market price after 800 periods of trading. The initial small but
positive correlation and the initial zero correlation case show an intermediate
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Figure 5. Conditional Correlation with Changing Number of Trading Periods. Numeric
solutions to the model with three informed traders, one unit of initial variance of information, and
four units of liquidity trader variance across all periods (total liquidity variance is kept constant
as new periods are added). Model is solved for 4, 20, 80, and 800 periods. High initial correlation
case starts with a correlation of 0.9999. Low initial correlation case starts with a correlation of
0.1818. Panel A, high initial correlation; Panel B, low initial correlation.
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Figure 6. Information Decay, Profit, Market Depth, and Conditional Correlation Dy-
namics with 800 Periods. Numeric solutions to the model with three informed traders, one unit
of initial variance of information, and four units of liquidity trader variance across all periods.
Four different initial correlation structures are examined, high (0.9999), low (0.1818), independent
(0.0000), and negative (—0.2857). Panel A, information decay; Panel B, profit; Panel C, market
depth; Panel D, conditional correlation.
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decay pattern that is initially convex and then concave and show a smaller
positive terminal variance than the initial negative correlation case.

Figure 6, Panel B shows the evolution of total expected profits for the four
initial correlations over 800 periods. Again, the small but positive correlation
has the highest profits. The reason for this effect is interesting. While initial
negative correlation leads to a “waiting game,” it also results in information
being unused at end of trading (there is a positive terminal variance), which
causes some diminution of profits. The initially small, but positive, correlation
leads to an initial “rat race” phase followed by the “waiting game” phase and
thus results in less information left unused (not impounded into the price) at
the end of trading.!8 This leads to greater profits for all the informed traders.

Figure 6, Panel C shows the market maker’s sensitivity to trades, A, over
the 800 periods for the four cases. As discussed previously, the perfect corre-
lation case leads to a rapid drop in the market maker’s sensitivity to trades. In
contrast, two of the other three cases (the initial small but positive correlation
and the initial zero correlation) show a reduction in A, followed by an increase
toward the end, while the initially negative correlation case shows an increase
in A, at the end. The jump in the market maker’s sensitivity to trades at the
end of trading is highest for the initial negative correlation case; then the
initial zero correlation case, the initial small but positive correlation case and
the initial perfect correlation case.1?

Finally, in Figure 6, Panel D, we show the conditional correlation of the
informed trades’ signals for the 800 period case, using a variety of initial
correlation values. In all four cases, we notice that the conditional correlation
is eventually negative. As previously discussed, the conditional correlation
becomes negative very quickly with nearly perfectly correlated information.
However, the stock of information at this point is so small that it is of little
benefit to informed traders. In contrast, with a initial small positive correla-
tion or zero correlation, the stock of information at the point when the corre-
lation is negative is much larger. Finally, with initially negatively correlated
information, there is less incentive to trade in early periods and hence little
learning by the market maker. Therefore, the change in the correlation struc-
ture is slow, except in the terminal rounds of trading.

We believe these numerical results demonstrate that the nature of compe-
tition with heterogeneous information depends critically on the correlations of
the initial signals and the number of trading periods. When the initial corre-
lation is high, there is an incentive to compete aggressively (the “rat-race”

18 Back, Cao, and Willard (1995) have recently solved a similar model in continuous time. They
find that in continuous time, there is no unused information at the end of trading. Hence, the
information that is unused at the terminal time in our approach is traded away in the last instant.
However, trading at the last instant is not profitable. This means that our intuitive description
works in continuous time if “unused information” is replaced by “information traded away at the
last instant.”

19 Because we actually use a nearly perfect positive correlation case, there is a small jumpin A,
at the end of trading. However, it is very small relative to the already insignificant value of A,
toward the end, and hence we do not discuss it.
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effect). However, with low initial correlation, there is also an incentive to
postpone trades (the “waiting-game” effect). This effect allows greater implicit
cooperation among informed traders and thus greater informed trader profits.

VII. Conclusions

In this article, dynamic trading with heterogeneous information is analyzed. In the
context of a specific dynamic trading game, an approach to resolve the dimensionality
issue that arises in strategic dynamic models with heterogeneous trading is pre-
sented. From this we derive the necessary and sufficient conditions for a linear
Markov recursive equilibrium. Using these conditions, the nature of competition with
heterogeneous information is analyzed with some numerical examples.

We show that competition with imperfectly correlated information is different from
competition with perfectly correlated information. In particular, competition is much
less intense because of the existence of a second incentive in equilibrium, which we
call the “waiting game.” This is in addition to the usual incentive that leads to
aggressive competition in the identical information case, which we call the “rat race.”
Consequently, increasing the number of trading periods while holding the total
liquidity variance constant leads to greater profits and less intense competition
between the informed traders when the initial correlation is not too high.

Appendix
The Inverse of the Matrix ¥, and the Parameter vy

Let the diagonal elements of [¥,] ! be @ and the off diagonal elements all be
b. Then the entries of Ay[¥,]™ ' are all equal and identical to cola + (M — 1)b].
Hence « = cola + (M — 1)b]. The values of a and b are given by the linear
equations:

alg+ (M —-1)bQp=1 aQy+b[Ag+ (M —-2)Q]=0 (A1)

which yield the solutions

[Ao + (M — 2)Q,]

T A Ao+ (M — 2)Q1—-(M — 1)Q2
b= - o
T AJfA+ (M-2)Q,]-(M-1)Q3 (A2)
A—Q
K= 979 Q.E.D.

COA A+ (M—2)Q0] —(M—-1)Q2



1470 The Journal of Finance

Derivation of Equation (5)

p.=Ellys, ..., y.]
= E[E[v|v, y4, . . .
= E[E[v|v]lys,
=E[0vlyy, ..., ¥u]
= 0E[vly1, ..., ¥u)

_ 0
_M_i

M =

1

Mz
>
B

~
[
-

SES

Q.E.D.
Derivation of Relations Between %, A,, and ),

2, can be written as,

. 0 &
zan[(ev_pn)2]=E HZ Sio —

[ (2]

0 2
= (1\_4) [MA, + M(M - 1)Q,]

2

0
= 37 lAn+ (M - 1)Q,].

Elsulyy, - - -

e Yl

(A3)
,yn]lyl’ L) yn]
s Yl
o M\
i tm) } (A4)
i=1

Next let ¢, = Cov(s;,_1, ¥,).- Then the updating for the variance-covariance

matrix V¥, becomes:

q’n = \I”n—l - (Cov(sln—la yn) e Cov(sMn—l’ yn))\?ar—(y_)-(

COV(Slp~11 yn))

Cov(sll{.n—la yn)
(A5)
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Because Cov(s;,_;, ¥,) = ¢, for all i, it follows that
An—l - A= Qn—l - ‘Q'n zn—l - Zn = Gz[An—l - An] (A6)
Q.E.D.

Proof of Sufficient Statistics Claims

We define §%,_; recursively as follows (and also show that it belongs to the
information set of trader i after n — 1 trading periods):

=2 Bisio + BiSio + uy = > BiSjo T BiSio + U1 = z;1 + BiSio (7)
i i

which belongs to the information set at time 1. Next:

=2 Bi8j + Bisi + u,

j#i

= > Bilsjo— ty) + Bilsio — ) + uy
i

= 2 Bilsjo— tj) + > (i — £) + Ba(sio — ) + uy (A8)
j#i i

=2zt E(tjl - 2}1) + Bilsio — th).

J#i

Because B = gly'l and trader i knows 99, this means that trader i also knows
, for arbltrary J (which includes ] 1). Also, tJ1 is public information and
trader i knows z;, and s;,. Thus 95 is in trader ’s information set after two
periods of trading.
Next we show that 95, . . . ,§%_; are in the information set using an induction
argument. Assume that 9%, ..., §._, is in the information set after r — 1
periods of trading. This means:

V= 2 B,ﬁ;r_l + BrsAér—l + u,

J#i

= > Bsjo— Zj’r—l) + Bsio— thoy) +u, (A9)
J#i

= E(st - tjr—l) + Br(siO - 2§r—1) + ur + 2 Br(tjr—l - zjl:r—l)
J#i J#i

=2 + 2 Br(tjr—l - 2;r—1) + Br(siO - zér—l)

J#i

Because #: Loy = 252 L¢3 is known, it follows that 9. is known after r periods
of trading.
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Our claim then is that the variables § _; (the forecast along the equilibrium
path) and p%, _; — p,,_; (the deviation from equilibrium prices induced by past
suboptimal play) are sufficient statistics for prediction given past deviations by
trader i. We prove this as follows:

E[‘U _pn—llsiO’ yl’ e e ey yn—l’ Xily o+ oy xin—l]
Elv—piy+ Doy = PutlSio Y1o -+ 5 Yoot Xity + + + 5 Xin—1] (A10)
= E[v _ﬁi—llsio, Y, - v 5 Yn-10 Xi15 + - - Xin-1] + (plr:z—l — Pn-1)

Because the second term in the last line of equation (A10) is in the information
set, we need only consider the first term in the last line of equation (A10). Now:

E[v _pZ—llsio, Yis oo s Yoe1s Xty « o+ 5 Xin-1]
= E[‘U _pl;z—llsio’ 5”11 LRI 5’2—1, Xi1y « o xin—l] (A]-]-)

where we use the fact that we can construct (0, 1, - - - ¥p—15 Xi1s - - - » Xin—1) from
(Si0s 345 - - - 5 ¥o1s Xi1y - - - » Xip—1) (the reverse has already been shown to be true).
Hence

E[v _ﬁ;—llsim Yir o ov s Ynots Xits  + + » Xin-1]

= E[v— ph-ilsio, % - -+ 5 Fn-vs Xits -+ 5 Xini]

=E[v—phil8h-t, 90 - s Tt Xits s Xini] (A12)
=E[v- p;—llgfn—b Xity + -+ 5 Xin-1]

= E[U - p;—llgﬁn—l]

The fact that x4, . .., x;,_; are arbitrary numbers unrelated to equilibrium
play is used in the last step in equation (A12).

Proof of Proposition 1:

In the n'* round of trading, the i*" informed trader maximizes

E[(U _pn)xinlsio’ 21y« 5 %in-1L Y1, - -+ yn—l]

) oo (A13)
+ E[o‘n(éin)2 + lpn§in A; - pn)
+ Mn(ﬁ;; _pn)2|si07 Z2ily « 3 %in-1Y1 -+ yn] + 8n
Because
Pr=DPno1+ AYn = Dot + Ayl 2 BuSjno1 + Xin + U, (A14)

J#i
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we obtain the first order condition for maximization with respect to x;, as:

Si0y i1y + + + 5 Rin—1> Xi15 - - - 5 Xin-1 (A15)

EI: ( V— Pp-1— Anz anjn—l)

J#i

- 2/\nxin
+ E[lpnéin( - /\n) + 2“‘n(ﬁiz _pn)( - )\n)lsi01 Z2i15 -+ 5 2in-1>Xi15 - - - 9xin—1] = 0
and the second order condition is
— 2\, + 2u,A2 < 0. (A16)

We expand the first order condition to obtain:

E v piz—l - )\n E Bn§}n—l Si0s Zi1y + -+ + 5 Zin-1> Xi1y - - - 5 Xin-1
J#i
+ (ﬁiz—l - pn—l) + A, 2 Bn(éjn—l - sjn—l) - 2/\nxin (A17)
J#i
- )\nll‘nE[§§n|3i0, Zity s Zino1s Xits -+ > Xin-1]

- zl'LnAnE[(ﬁiz _pn)|si0’ Zi1y + o+ 5 Zin=1> Xj15 + + - xin—l] =0

where
n-1
piz—l_pn—lz 2 )‘r yi-yr) (A]-S)
r=1

is in the information set of informed agent i. Similarly

A

al _ _ _ji
8in-17 Sjn-1= tjn-1 — tjn1

n-1 n—1
=2 Ly~ 2L (A19)
r=1 r=1

1 n-1 n—1
- 5 2 )‘ryf‘ - E AYr
r=1 r=1

1 A
= ) n-1— Pn-1)
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is also in the information set of informed agent i. We also note that
Elv—philsio i1, - -+ Zine1s ity - -+ 5 Xipo1] = E[v — P18l (A20)
= Nu8in1
and
E[§}n—1lsio, Zily + o v s Zino1y Xty + v oy Xipo1] = E[gjén—1|§fn—1] = ¢n§ﬁn—l (A21)
Finally, one can show that

pfz_pn= fz—l_pn—l)-'-)‘n(yiz_yn)

A22
MBM - 1) N (A22)
=11- _‘0— ;z—l - pn—l) + Aansin—l - Anxin
Using all of these relations we can show that

Xin = Bngfn—l + yn(ﬁ;—l - pn—l) (A23)

where B _ nn_)\nlpn

AT A (A (M - 1)1~ ((Aaa)/6))]

(1= 2p,0,)(1 — (ABLM — 1)/6)) (A24)

Y= 2/\n(1 - Mn)\n)

Substituting back the optimal choice of x;, and simplifying we obtain (more
details are available from the authors on request):

Ay B, 2
Qp-1 = (nn - )\an[l + (M - 1)¢n])Bn + an[l - TB[]- + (M - 1)¢n]:|

ABn(M — 1)
¢n—1 = (nn - /\an[l + (M - 1)¢n])7n - )\nyan + Bn(l - —6_)
)\an )‘an(M - 1)
w12 - 1g,1)(1 - 2D An) (azs)
/\n n M-1 An n M-1 2
Mp-1= — )\nyrzz + Yn(l - %) + /J'n(]- - %—)_ )\nyn)
a\y ,  AiB:
8n—1 = 6n + 62 (U + a, 02 [(M - 1) Var (Sjn—llsim Y1, -0 yn—l)]
AnBr

+ oy, 92 [[(M - 2)(M - 1)] COV (sjn—h skn—llsiO’ Yis o 9yn—1)]
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To compute ¢,, note that ¢, is the regression coefficient of s;,,_; on s;,_; and is:

_ Cov(sin—h sjn—l) _ Qn—l
" Var(s;,_1) A

(A26)

Next, 7, is the regression of coefficient of v — p,,_; on s;,_; and is computed as

follows:

_ COV(U_Pn—l, sin—l)
= Var(s,-)

_ (G/M) Ejhil Cov(sjn—h sin—l)
B Var(s;,-1)

60 (M- 1)Q,+ A,
B M An—l

0
= 7[1+ (M - 1),]
Next we obtain:

Var(sjn—llsiO’ Yir oo v > Y1)
= E[(sjn—l - ¢’n3in—1)2] = E[(sjn—l)z] - (i)rzzE[(sin—l)Z]

= Var(3j0|y1, cee s YnD) T ¢>;2zvar(3i0|y1, ce s Y1)

A2_1 - QZ_I
=[1 - 2 Ay = It S
[ n] 1 An—l
Similarly,
Cov(sjn—l’ skn—1|8i07 Vi -+« yn—l)

= Cov(sjn—l — b4Sin-1, Skn-1— &rSin-1)

= Cov(sjn—h skn—l) - ¢)n Cov(sjn—l’ sin—l)

- ¢)nCOV(sin—l’ skn—l) + d)iCOV(Sin_l, Sin—l)

= Qn—l - ¢)nQn—l - d’nQn—l + d)rzzAn—l
Q.

=" Ay — Quy)

n-1

>

(A27)

(A28)

(A29)
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To compute A, we note that

M
Yn= 2 anin—l + Unp
j=1

1 M
= BnM|:H E (siO - tin—l)ji tu,
j=1

B"M(e{; -

0 pn—l) + Unp

We then obtain from the projection theorem,

(M0 2
" (BM/9)*Y .1 + oF

and
Zn = En—l - /\72L Var(yn)
= zn—l - )\nCOV(G{’ ~Pr-1, yn)

_ zn—lai
Bl (BnM/e)En—l + 0.3
Using equations (A31) and (A32), we obtain that

— Bann

" 0o’

Finally,
En = zn—l - )\nCOV(O{J ~Pr-1, yn)

M
= En - )\n Ee_ zn—l

(-2 s,

Also note that

AuBn M
A=A, 1 — gan[An—l + (M — 1)Qn—1] =A,q - —9— ?Zn—l

(A30)

(A31)

(A32)

(A33)

(A34)

(A35)
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and similarly

A, M
Q,=Q,, - o pEn-l- (A36)
Q.E.D.
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