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Equilibrium Analysis of Portfolio Insurance 

SANFORD J. GROSSMAN* and ZHONGQUAN ZHOU 

ABSTRACT 

A martingale approach is used to characterize general equilibrium in the presence of 
portfolio insurance. Insurers sell to noninsurers in bad states, and general equilib- 
rium requires that the risk premium rises to induce noninsurers to increase their 
holdings. We show that portfolio insurance increases price volatility, causes mean 
reversion in asset returns, raises the Sharpe ratio and volatility in bad states, and 
causes volatility to be correlated with volume. We also explain why out-of-the-money 
S&P 500 put options trade at a higher volatility than do in-the-money puts. 

WE CONSIDER A FINANCIAL MARKET with two types of risk managers: insurers and 
noninsurers. A noninsurer's objective is to maximize the expected utility of his 
terminal wealth, and an insurer's objective is to maximize the expected utility 
of his terminal wealth, subject to the constraint that in no circumstance, his 
portfolio wealth falls below a certain percentage of his initial capital ("floor"). 
Managers can invest in a risky asset and a risk-free asset. We develop a 
continuous time general equilibrium model of the price of the risky asset. 

The purpose of the analysis is to increase our understanding of the impact on 
market equilibrium of dynamic trading strategies and the demand for options, 
as well as to show that the relatively high implied volatility of out-of-the- 
money put options, documented in Rubinstein (1994), can be explained by the 
use of portfolio insurance strategies by investors. Cox and Leland (1982) and 
Grossman and Vila (1989) show that if markets are dynamically complete, 
then portfolio insurance is efficiently achieved by purchasing put options; that 
is, the demand for an absolute level of price protection is equivalent to a 
demand for put options.1 We show that a similar argument can be used in a 
general equilibrium context where the dynamic completeness of the market is 
determined endogenously.2 

Grossman (1988) argues that the current demand for put options determines 
the realized subsequent stock price volatility. In a two-period example, he 
shows that an increase in the demand for put protection will increase realized 
stock price volatility. Here, we present a continuous time general equilibrium 

* Grossman is from the Wharton School, University of Pennsylvania. Zhou is from the John M. 
Olin School of Business, Washington University in Saint Louis. 

1 See Brennan and Schwartz (1988) for a characterization of time invariant portfolio insurance 
strategies. 

2 Brennan and Schwartz (1989) have also analyzed the equilibrium implications of portfolio 
insurance. Their work, in contrast to ours, did not explicitly model the demand functions of the 
portfolio insurers as arising from an explicit floor-constrained expected utility optimization prob- 
lem. 
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analysis with assumptions similar to that of the Black-Scholes model, except 
that volatility is an endogenous quantity determined both by information 
regarding final payoffs, and by the demand for put protection. The price of the 
stock is determined by the information about its payoff, and by the markets' 
required risk premium for holding this type of risk and return. The required 
risk premium is determined by the demand for portfolio insurance. Thus, the 
demand for the option is an important determinant of the price of the stock. It 
is thus misleading to think of the option as the "derivative" security whose 
price is determined by the exogenous stock price process. In some situations, 
such as around market crashes, the demand for option-like payoffs can be a 
more important determinant of the asset price than is information about 
payoffs. 

Campbell, Grossman, and Wang (1992) present empirical evidence that the 
risk premium is related to trading volume. We show that risk is reallocated 
between insurers and noninsurers as a function of the size of the insurers' 
losses. This reallocation appears as trading volume between the two groups. 
The noninsurers require a higher risk premium, as they are induced to acquire 
the risky positions of the insurers subsequent to insurers' losses. 

We find that: 

1) The equilibrium price in the presence of insurers is lower than that in the 
absence of insurers in states where the insurers suffer losses. 

2) The Sharpe ratio in the presence of insurers is higher than that in the 
absence of insurers in states where insurers suffer losses. Good news will 
lower the Sharpe ratio, while bad news will raise it. 

3) Price volatility in the presence of insurers is higher than that in the 
absence of insurers, and when good news comes, volatility falls, while bad 
news serves to raise it. 

4) There is mean reversion of asset returns. 
5) When the price goes up, insurers buy the risky asset; while a fall in price 

will prompt the insurers to sell it. 
6) The Black-Scholes implied volatility of out-of-the-money put options is 

higher than the implied volatility of in-the-money put options. 
7) There is a positive correlation between the volume of trade and price 

volatility. 

The change in the price level, Sharpe ratio, trading volume, and volatility is 
most dramatic around the point at which the wealth of the insurers is expected 
to equal the floor. 

The above results are all a consequence of the fact that the use of an 
insurance strategy increases the sensitivity of an individual's risk aversion to 
changes in his wealth. His risk aversion is higher in bad states (i.e., when the 
price falls) and lower in good states (i.e., when price rises). Moreover, in bad 
states, the effective risk aversion in an economy with portfolio insurance is 
higher than in the economy without portfolio insurance. Thus, in bad states 
the economy's risk aversion and Sharpe ratio are higher, and the asset price is 
lower than would be the case in the absence of insurance strategies. The rise 
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in volatility is caused by the fact that prices fall more in bad states and rise by 
more in good states, because the insurers' risk aversion rises as their wealth 
falls. The mean reversion of returns is caused by the fact that, in bad states, 
expected returns rise when insurers sell, as the price falls by enough to induce 
noninsurers to buy from the insurers. The high Black-Scholes implied volatil- 
ity of out-of-the-money put options is due to the fact that the realized price 
volatility will be higher as the wealth of insurers approaches the floor. The 
positive correlation between volume and volatility is due to the fact that high 
volatility states are states in which a large price move is necessary in order to 
effect a reallocation of the risky asset between insurers and non-insurers.3 

The structure of the article is as follows. Section I discusses the optimization 
problem of portfolio insurers. Section II sets out the basic equations for general 
equilibrium, and provides and uses the "equivalent martingale measure" ap- 
proach to derive a simple formula for the equilibrium price process. Section III 
provides a detailed analysis of two examples. Example 1 assumes that the 
insurers and noninsurers have the same utility functions, while Example 2 
postulates that the insurers are less risk averse in their utility function than 
noninsurers. Section IV contains conclusions. 

I. Optimization 

We consider a financial market where trading takes place continuously be- 
tween time zero and time T. The traded securities are: (i) claims to a risky 
asset that is in positive supply, and (ii) a riskfree security, in zero supply, 
whose terminal payoff at T is always one unit of the consumption good. There 
is no consumption until time T, and there are no consumption goods until time 
T. At time T, a lump sum, liquidating dividend DT is paid on the risky asset. 

3 It may be interesting to contrast our work with the simultaneously produced work of Ba~ak 
(1995). Ba~ak uses the martingale technique to study the consequences of insurance strategies, 
but in contrast to our work he assumes that the termination date of the portfolio insurance 
strategy occurs at a date T prior to the last date of trading T'. Ba~ak (p. 2) finds that ". . . volatility 
and the risk premium are decreased by the presence of portfolio insurers." Ba~ak (p. 2) gives the 
intuition for his result: 

... portfolio insurers behave as more "risk averse" than the normal agents.... Hence, ... to 
clear the markets the risky securities must become more favorable which, within our set-up, is 
achieved by a decrease in the volatility (riskiness) of the equity market. As the market becomes 
less risky, we find that its risk premium must simultaneously decrease. 

We are primarily concerned with understanding how insurance changes the sensitivity of the risk 
premium and expected returns to good states and bad states. Ba~ak is primarily concerned with 
understanding how the presence or absence of insurers changes the level of the risk premium and 
volatility. 

In addition to having different objectives, Ba~ak has a different notion of volatility than we 
have. In his model, the bond and stock price processes are discontinuous at date T as the portfolio 
insurance expires. It is difficult for us to describe an economy in which prices jump and interest 
rates become infinite to have a lower volatility than an economy where the processes follow a 
diffusion. In any case, it is difficult to map our experience of the world into his result that there 
is a predictable date at which prices jump and interest rates become infinite. 
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The lump sum dividend provides the consumption good at time T. The risky 
asset will not pay out any dividend before time T, and at time T, each unit of 
risky asset will pay out a lump sum dividend in the amount of DT (in the unit 
of consumption good, denoted by "dollars"). The information flow concerning 
DT is described by a filtration generated by a standard Brownian motion {Zt}. 

The price of the risky asset is expressed in units of the price of the safe asset. 
That is, the price of the safe asset serves as a numeraire for the price of the 
risky asset. By definition, the price of safe asset is always equal to one. 

There are two groups of risk managers: insurers and noninsurers. The 
proportion of insurers in the market is denoted by A, and the proportion of 
noninsurers is thus (1 - X), where X is a constant between zero and one. At 
time zero, each manager is endowed with one unit of the risky asset. 

A noninsurer chooses a nonanticipative trading strategy in the risky and 
risk free securities to maximize his expected utility of final wealth: 

max EO[U1(WT)] 

subject to: 

WT=XTDT+ BT; (1) 

dW = XtdP (2) 

where Eo is an expectation operator conditional on time-zero information, WT 
denotes the final wealth, WO is given, Xt is the amount owned of the risky 
security at time t, and Bt represents the investment in the risk-free security, 
and where there is no return to the risk-free security because it is the nu- 
meraire. 

An insurer's optimization problem is the same as the noninsurer's, except 
that there is an additional constraint: 

WT ' K aWO, (3) 

which requires that the manager is not allowed to lose more than (1 - a) - 100 
percent of his initial wealth in any circumstance. We denote the insurer's 
utility function by U2(W), and require that he choose a nonanticipative trad- 
ing strategy to maximize EOU2(WT) subject to equations (1)-(3), where a E [0, 
1] and WO is given. 

We assume that both types of managers have strictly increasing concave and 
twice differentiable utility functions. 

' Note that the lower bound, a WO, depends on the initial price of the risky asset. We choose a 
lower bound that is a percentage of initial wealth, rather than a fixed constant, because this is 
consistent with the type of risk control preferences we observe in the marketplace. 
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II. Definition of Equilibrium and Basic Equations 

Let Xlt and X2t denote the optimal holdings of the risky asset by the 
noninsurer and the insurer, respectively, at time t, when faced with a price 
process {Pt}. We define {Pt} to be an equilibrium price process if 

(1 - A)X1t + AX2t = 1, Vt G [0, T]. (4) 

Note that the market in the risk free asset clears if the risky asset market 
clears. Our approach to computing the equilibrium price process is to conjec- 
ture that the price process is a diffusion. 

p = lttdt + o-tdZt, (5) 

where lt and oSt are dependent on the history (Z)t=0, and then to verify that 
1t and St can indeed be chosen so that equation (4) holds. 

Let {Pt} be a process. A positive-valued adapted process {atq} is called a 
pricing kernel of {Pt} provided (i) nqo = 1, (ii) nt is a martingale; and (iii) Ptnt 
is a martingale. 

If a price process is a diffusion, dPt/Pt = gtdt + o-tdZt, then by standard 
arguments the pricing kernel of {Pt} is unique and is given by: -qt = EJLqT], 
where 

TIT= exp - dt -J Ot dZt1, (6) 

where Ot = ytto The following lemma states that characterizing a price 
process is the same as characterizing the pricing kernel. 

LEMMA 1: (a) If {-t} is a pricing kernel of Pt where PT = DT, then Pt satisfies 

Et[DTTT] 

Et[-qT] 

(b) If there exists a process {t} and a process {Pt} such that: 

Et[DATIT 
Et[ (T] 

then nt Et[(T]/Eo[JT] is the pricing kernel for {Pt}. 
Proof: To prove (a), note that Pt-qt is a martingale, which implies that 

Ptnt = Et[PTT1T] Using qt = EtLY1T] and PT = DT, we obtain: Pt * Et[TI = 

Et[D Tr1T], which gives 

Et[D TTJT] Pt 
Et[ qT] 
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To prove (b), we note that the definition of nt implies that o = 1, and that 
qt is a martingale. The fact that Ptqt is a martingale follows immediately from 
the observation that Ptq5t = Et[DT 'T] Q.E.D. 

A trading strategy is a nonanticipating process {Xt} such that 

rT 

Eo| Xt2p20r2dt < oo. 

If Xt is a trading strategy, then, as is standard, we define the gains from trade 
by the stochastic integral f X d P. We will say a final wealth WT is attainable 
if there exists a trading strategy Xt such that dWt =Xt dPt, and WT = WT. 
Clearly, if WT is attainable with an initial wealth WO, and _qT is the pricing 
kernel, then EO[WT71T] = WO. 

A. Characterizing the Optimal Trading Strategy 

The characterization of equilibrium can be facilitated by using the equiva- 
lent martingale measure approach, which uses the fact that markets are 
dynamically complete to make the object of choice a final wealth random 
variable, instead of a trading strategy. 

The following lemma states that if the solution to the insurer's optimization 
problem is attainable, then it can be achieved by synthesizing a put with strike 
K on the optimally controlled wealth obtained by ignoring constraint (3). 

LEMMA 2: The solution to an insurer's optimization problem, maxEO[U2(WT)] 
subject to WT ' K, is given by the following expression for the optimal final 
wealth: W* = max{K, I2(x * NT)}, provided that W* is attainable, where I2 is 
the inverse function of U', and x is a positive number chosen to satisfy the 
budget constraint Eo[LqT* WT] = WON 

In Appendix 1, we give a proof which is a variant of the proof in Grossman 
and Vila (1989) and Cox and Leland (1982). Taking K = 0 in the above 
Lemma, we obtain the solution to the noninsurer's optimization problem. 

COROLLARY 1: The solution to the unconstrained problem, maxE0[ U(WT)] with 
an initial wealth W0, is given by the following expression for the optimal final 
wealth: W*T = I(y * NT), where I( ) is the inverse function of U'( ), and y is 
a nonnegative number chosen to satisfy the budget constraint E0[LqT* I(Y ' nT)] 
= W0. Q.E.D. 

To understand the Corollary, y should be thought of as the Lagrange multi- 
plier in the Lagrangian expression L = EOU(WT) + y[W0 - EOWTTJT]. The 
maximization of L is achieved by choosing WT in each state to maximize 
U(WT) - YWTT1T, leading to the first order condition U'(WT) = YrlT, which 
then leads to the expression: WT = I(Y * rqT). 
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Using Corollary 1, we obtain that the optimal final wealth of a noninsurer 
can be written as: 

WT' = I1(Y' _qT), (7 

where y is a constant to be chosen to satisfy the noninsurer's budget con- 
straint, 

Eo[ -qTI (y NT)1 ] WO 

and I, is the inverse function of U1. 
To understand Lemma 2, we find it useful to decompose the optimal final 

wealth of an insurer as follows: 

max{K, I2(x * NT)} = I2(X * rlT) + max{K - I2(x *TT), 0}. 

Note that I2(x * r)T) is the payoff from a portfolio strategy without the insur- 
ance constraint starting from an "artificial initial wealth" WO, where WO = 
EO[r)T * I2(X * r)T)] ? WO. Note also that max{K - I2(x * qT), O} is the payoff of 
a put option on 12(x * )T) with strike K. We use WT to denote the optimal final 
wealth of an insurer: 

WT = max{K, I2(X rqT)}. (8) 

B. Characterizing the Equilibrium Price Process 

Recall that Lemma 1 gives the price of the risky asset by using qT: 

Et[-qT DT] 9 Pt = 
Et[ ] T(9) 

We will sometimes use a formula which follows from equations (7) and (9) 

Et[U1(WTu) *DT] (10) 
t ,Et[ U1(0W 

where WTU is the optimal final wealth of the noninsurer. This formula is 
obtained, intuitively, by equating the expected marginal utility of a dollar 
invested in the risk free asset with that of a dollar invested in the risky asset 
at time t. To see the equivalence of the two approaches, we need only observe 
that for a noninsurer, U'1(WTU) = U'1[11(Y * qT) ] = Y * 1 T. because I,( * ) is 
the inverse function of U ( ). That is, the marginal utility of the optimal final 
wealth is proportional to -qTJ 

The characterization of Pt requires a characterization of rlT. We can extract 
rlT from a transformation of the market clearing condition at time T. In 
particular, since aggregate wealth at T must equal DT, equations (7)-(8) 
imply: 
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For A < 1, it is important to note that given constants PO, x, and y, the above 
equation uniquely determines rlT as a function of the exogenous DT, since I( * ) 
is a strictly decreasing function for both types of managers. On the other hand, 
given RiTz we have the following three equations for the three constants P0, x, 
and y: 

Eo[-qT] = 1 (12) 

EO[7?T DT] = PO (13) 

Eo['qT*Il(Y T)l= PO. (14) 

Equation (12) follows from the requirement that rqo = 1, and that -qt must be 
a martingale to be a pricing kernel. Equation (13) follows from (12) and (9). 
Equation (14) is the budget constraint of a noninsurer, i.e., the present value 
of the final wealth of a noninsurer is equal to his initial capital W0. (We use the 
fact that W0 = Po, since the risk-free asset is in zero supply and there is one 
unit of the risky asset.) The budget constraint of an insurer will automatically 
hold if equations (11)414) hold, and Appendix 2 shows that supply equals 
demand at all dates and states. 

In Appendix 2, we prove the following theorem, which summarizes the above 
remarks. 

THEOREM: Let DT be square integrable: E [D2] <Po. 
If Rtz PO, x, and y satisfy 

equations (11)-(14), then Pt defined by 

Pt E[ETT] (15) 

is an equilibrium price process. Moreover, Pt is a diffusion process. 

It is useful to consider two extreme cases: (a) A = 1 and (b) A = 0. 
(a) A = 1. In the case that A = 1, that is, the case that everybody is an insurer, 

Equation (11) becomes: max{aP0, I2(x NT)} = DT, which implies that 
with probability one, DT 2- aP0. If with probability one, DT > aP0, then 
I2(X r1T) = DT, which states that the insurance constraint will never be 
binding, and thus in this scenario, the equilibrium price in the presence of the 
insurance constraint coincides with the equilibrium price in the absence of the 
insurance constraint. If, however, DT = aP0 with positive probability, then 
max{faP0, I2(x *rT)} = DT does not uniquely determine _qT as a function of 
DT: in fact, there will be a continuum of -qT's that satisfy max{aP0, I2(x * TqT)} = DT, 
which suggests that there are multiple equilibria in situations when the floor can 
be hit. We have proved this nonuniqueness of equilibria in a parallel discrete-time 
setup. 
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(b) A = 0. In this case no one is an insurer, and we will use P* to denote the 
equilibrium price at time t, and BUT to denote the corresponding pricing kernel. 
Note that P* is given by: 

Et[ U'(DT) D] 

To find r, we note that by Corollary 1, we have I1(y* = DT, which 
gives rise to q = U (DT)/y, where y is a constant that is determined from 
the budget constraint: 

Eo[-q -Il(y*. =q Er T *I( lT) ] .O 

It may be of some interest to note that, in the presence of portfolio insurers, 
it is generally futile to try to construct the price equilibrium as if there is a 
representative agent with a smooth utility function. To see this, let rlT and 
rl2T satisfy: 

A *af PO + (1 -A1) * Il(Y * 'q1T) = DT9 ( 17) 

Ak*I2(X *q2T) + (1 - lA) *Il(y * T12T) = DT. (18) 

It can easily be verified that TJT = max{f TlT, T.2T}. If there is a representative 
agent with a smooth utility function U for our economy with a mixture of 
insurers and noninsurers, then TiT has to be proportional to U'(DT), which is 
a smooth function of DT, while the expression rTi = max{ 1lT, T12T} asserts the 
contrary. 

III. Analysis of Equilibrium and Examples 

The previous sections provide a general methodology for finding the market 
equilibrium by extracting the martingale measure from the market-clearing 
conditions. The general methodology will now be used to analyze the effects of 
portfolio insurance on the price level, Sharpe ratio, price volatility, and risk 
premium. We will also examine the optimal investment strategies of both 
insurers and noninsurers, and analyze the costs and benefits of using portfolio 
insurance. 

The presence of portfolio insurance strategies will also affect the options 
market. At the end of this section, we will study the widely observed implied 
volatility "smile" that exists in the equity index options market; namely, for a 
given option maturity, the Black-Scholes implied volatilities of out-of-the- 
money put options are much higher than the implied volatilities of out-of-the- 
money call options.5 We will show that the volatility smile is consistent with 
the presence of portfolio insurance strategies. 

5 See Rubinstein (1994). 
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In what follows, we provide some analytical results but primarily concen- 
trate on explicit numerical solutions for some examples. The examples used to 
analyze equilibrium are based upon specific assumptions about the dividend 
process of the risky security DT, the utility functions of insurers and nonin- 
surers, and all the parameters in the model. Note that equation (11) implies 
that AaPO ' DT for all DT, since there must be enough aggregate wealth in 
the worst state for the portfolio insurance to be implemented. Thus, DT must 
be bounded away from zero. We therefore assume that there is an ? > 0 such 
that: 

DT= max E, exp(-2T + rZT)}, (19) 

where E and &- are positive constants. We assume that c = 15 percent per year 
to represent the level of volatility in the S&P 500. We choose T = 1 year and 
E small enough so that DT is essentially lognormal.6 

We will essentially concentrate on two examples that are distinguished only 
by their assumptions on utility functions for insurers. 

Example 1: U1(W) = U2(W) = ln(W). 

Example 2: U1(W) = ln(W) and U2(W) = Wl-A/(1 - A), where A = 1/2 

is the relative risk aversion of the insurers. 

Example 1 assumes that the insurers and noninsurers have the same utility 
functions, while Example 2 postulates that the insurers are less risk-averse in 
their utility function than noninsurers. We have observed that once a risk 
manager chooses to implement an investment strategy designed to insure 
against large losses, he chooses a larger exposure to risky assets in the no-loss 
states than his average exposure to risky assets prior to implementing the 
insurance strategy. That is, his risk aversion as reflected in his utility function 
will decrease due to the extra protection embodied in the portfolio insurance 
constraint. We choose A = 1/2 because it allows us to represent -q in closed 
form. Although we believe that Example 2 represents reality better than 
Example 1, Example 1 is presented to highlight the effects of the portfolio 
insurance constraint. 

For the benchmark case A = 0, we will use "*" superscript to denote the 
equilibrium for an economy without insurers. For example, P* is used to 
denote the equilibrium price, and -q* denotes the pricing kernel. Recall r = 

Et~Li], and rq = 1. Note that r1 is a martingale, and using equation (6), 

6 For the numerical examples, we choose ? such that the probability that DT is less than or 
equal to E is N( - 4) (=0.00003), where N( * ) denotes for the cumulative distribution function of a 
standard Normal random variable. That is, E = exp(V2&2T - 4N/(T). For 6r = 0.15, T = 1, we 
obtain E = 0.55. If at time t E [0, T), there is a significant chance that DT will be equal to E, then 
the so-called risky asset becomes essentially riskfree, and there will be little distinction between 
the equilibrium in the portfolio insurance economy and the equilibrium in the benchmark econ- 
omy. Analysis of equilibrium in this highly unlikely state (which is an artifact of the choice of E) 

is not interesting and will not be emphasized in the text. 
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dr) = -t O ) dZt, where O* ,4it/o- (> 0) is the Sharpe ratio in the 
benchmark economy. Therefore, good news (dZ > 0) will lower rq*, and bad 
news (dZt < 0) will raise -q*. As long as Zt remains around its initial value of 
zero, the pricing kernel -q* will stay around 1. We will find it convenient to use 

r as a state variable for analyzing equilibrium. 
In order to understand the results in the following subsections, it is impor- 

tant to note that the effective risk aversion of an insurer increases as his 
wealth level decreases (i.e., for a given investment opportunity set, the fraction 
of wealth held in the risky asset decreases as wealth decreases), and this 
sensitivity of the insurer's risk aversion is highest when the wealth level of the 
insurer is expected to be equal to the floor of the portfolio insurance constraint. 
Therefore, the contrast between the equilibrium in the portfolio insurance 
economy and the results in the benchmark economy is largest in states where 
the insurer's wealth is near the floor. 

The stochastic nature of an insurer's risk aversion is best seen in the 
relationship between the two pricing kernels: qT and OT , since a pricing kernel 
is proportional to each person's marginal utility of consumption. If qT > -DO in 
a state, then this indicates that the marginal utility of consumption in that 
state has risen relative to the benchmark economy. That is, the marginal 
investor is "poorer" and thus wants less risky assets than in the benchmark 
economy. 

We will use the value of DOT to describe the state of the economy. Clearly, 
high values of DOT occur only in bad states (where the marginal utility of 
consumption is high), and low DOT values occur in states where the marginal 
utility of consumption is low. We can use equation (11) to find the relationship 
between BET and -qT/lT-. This relationship will then be used to show that, for 
example, in bad states (where BET is high), pT will be high relative to E T, i.e., 
that the effective risk aversion rises in such states due to the presence of 
portfolio insurers. 

Thus, eliminate DT from equation (11) by using I1(y* r)4q) = DT, and 
obtain: 

A * max{a * P0, I2(x * r)T)} + (1 - A) *Il(Y T *rT) = I1(y* T -T), (20) 

which describes rlT as a function of -q*. Use this function to define a function 
g by: g(-q*) = TT/TN1'. Figure 1 is the plot of function g for the examples. Since 
g(x) can be solved analytically for these examples, it is straightforward to 
show that (i) g(x) is positive, continuous, and convex in x, (ii) there exists a 
transitional point ij such that g'(x) is nonpositive for x < 1), and strictly 
positive for x > 14. The transition point ij is characterized by the property that 

we q* -aP when to T = a, aP0 = I2(x * T). Recall that the optimal final wealth of an 
insurer is equal to the sum of payoff (12(x * -T)) from a portfolio strategy 
ignoring the insurance constraint and the payoff of a put option on 12(x * rqT) 

with strike K = aP0. When - T = X, the put option expires at the money. 
To understand Figure 1, note that for 4 > X, the insurers' final wealth 

equals aP0, and thus low DT events (i.e., high 4q* events) will cause the 
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Figure 1. Pricing kernel ratio. a = 0.8; A = 0.4. 

noninsurer to transfer wealth to the insurer, causing each noninsurer to suffer 
a larger drop in per capita wealth than in the benchmark economy. Thus the 
marginal utility of consumption of a noninsurer should increase faster than in 
the benchmark economy, implying that g( )T) is an increasing function of )T. 

As for -) < Ad, as -) goes down, we note that in Example 2, an insurer's 
marginal utility of consumption decreases less than the noninsurer's marginal 
utility of consumption, and TqT, representing the marginal utility of consump- 
tion averaged over both insurers and noninsurers, has to decrease less than 
q T. implying that g (4) is a decreasing function of . In short, the convex 
shape of function g( )T) is consistent with the intuition that as -) * goes up, the 
risk aversion in the portfolio insurance economy rises relative to the bench- 
mark economy. 

A. Relative Sensitivity of Pt and P* to News 

As a preliminary to analyzing the dependence of the price ratio (P /P*) on 
news, we analyze the dependence of the initial price PO on the demand for 
portfolio insurance. The demand for portfolio insurance varies as either A or a 
changes. Figure 2A shows PO as a function of a. Observe that in both examples, 
PO falls as a increases, since the effective risk aversion of the economy rises as 
a increases. Figure 2B shows PO as a function of A. For a fixed a, an increase 
in A increases the weight on portfolio insurers, and this increases the marginal 
risk aversion of the economy unambiguously when insurers and noninsurers 
have the same utility function, thus lowering P0. However, when the insurers 
have less risk averse utility functions than the noninsurers, an increase in A, 
starting from a low A, will increase P0, while the reverse happens when A is 
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Figure 2A: Initial price as a function of alpha. A = 0.40; 2B: Initial price as a function of 
lambda. a = 0.75. 

larger. This occurs because when A is small, the shift in weight between the 
two risk aversions has a larger impact than the increased use of portfolio 
insurance strategies. 
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In order to analyze P /P*, we use equations (15) and (20) to define a function 
h by h( O, t) = Pt/P . Figure 3 graphs h as a function of rq for t = 1/2. Figure 
3 suggests that h is a decreasing function of r-q for both examples, reflecting 
the fact that the risk aversion in the portfolio insurance economy rises when 
bad news (i.e., high r-q states) comes. Note that in Example 1, h(-q, t) is 
always below 1, since the insurers are always more risk averse than the 
noninsurers, while in Example 2, h(-q, t) can be higher than 1 in good states, 
since in good states, the effective risk aversion of an insurer can be less than 
that of a noninsurer. In any case, it is clear that bad news causes Pt to fall by 
more than P*, and this effect is most pronounced as wealth falls toward the 
portfolio insurance floor. 

The relationship between NT and -qT can help us understand Figure 3. Since 
our examples assume that the uninsured have log utility, equation (7) implies 
that in the "*" economy where everyone is uninsured, 4q* = WU *4 DT = 

a constant. Therefore: 

Et(TiT) 
t[D 

Et[(T) Pt_ Et[DT rl -T (-qTl-q*T)] _E[T -q T] - E 1T /1 q T) I 

t Et(-qT) Et((q)T) 

=Pt * 
(q E 

t( 
) = P . [i - covE(gq) ) 

Et(-q T) ~~~~Et(-qT) 
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Dividing by P* in the above equation, we obtain: 

h( rq*, t) = 1 - ovt(g( qrT)j' nT) (21r) 

which implies that h(-q*, t) is above 1 if and only if covt(g('q*), -Tq) is 
negative, which occurs, for example, when t is close to T, if and only if g(x) is 
negatively sloped around x = Et(- ) = I*. In Example 2 of Figure 1, we have 
seen that g(x) is positively sloped for large x and negatively sloped for small x, 
thus we expect h( rq, t) to be below 1 for large Aj*, and above 1 for small 71* 

If h(-q*, t) is a decreasing function of 71*, then when good news comes, Pt will 
rise more than P* does, and when bad news arrives, P will fall more than P* 
does. Although we cannot compute h(-*, t) exactly, qualitative properties of 
h( i*, t) can be obtained by linearizing g(-q*) around ro*. Using g(-q*) 
g(-q*) + g'(7) (AT - I*), we have 

Covt(g(-q*T), 
- 

T) -g'() t vart(-q*T), (22) 

and 

Et(q T) = Et[g(-)q (23) 

g(-qn -*ea + g'- (ct) - 
vart(-q*T). 

By equation (21), we arrive at the following approximation: 

h( * t) 1 - g( () g'(1* vart(') (24) t g(q ~t-q*+ g'(-q t vart(-*) (4 

{ g ' ( q T ' 718 } -1 {+ . vart(4/v-q)j 

which suggests that h (x, t) is a decreasing function of x if and only if 
(g'(x) x x)/g(x) is an increasing function of x. By straightforward computation, 
we can show that (g' (x) x x)/g(x) is an increasing function of x, thus we should 
expect that h(x, t) is a decreasing function of x. 

B. Sharpe Ratio Differential 

In this subsection, we consider (Ot - O4), where Ot is the Sharpe ratio in the 
portfolio insurance economy, and Ot is the Sharpe ratio in the benchmark 
economy. Figure 4 presents (Ot - O*) for t = 1/2 as a function of But for both 
Example 1 and Example 2. In Example 1, we observe that (0t - O*t) is always 
positive because the risk aversion in the portfolio insurance economy is always 
higher than the risk aversion in the benchmark economy. In Example 2, we 
observe that (Ot - O*) is positive in bad states, and negative in good states. 

Although the algebraic sign of (Ot - O*) can be different for the two 
examples, the sensitivity of the differential is the same: (Ot - O*) increases as 
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Figure 4. Sharpe ratio differential. ( = 0.8; A = 0.4; t = 0.5. 

r increases. The Sharpe ratio, which measures the expected reward per unit 
of risk, should increase when the effective risk aversion in an economy rises. 
Since the effective risk aversion in the portfolio insurance economy rises 
relative to the benchmark economy as -q* goes up, we should expect that as -q* 
increases, (0a - O*) should increase. 

The relationship between the two pricing kernels can be used to study (at - 

O*). Recall that gT = g(-q), which, by taking the expectation at time t, 
gives that -t = Et g([ )]. Write A = - *, where e can be thought of 
as being independent of the information filtration at time t with Et( E) = 1. We 
can then write -t = - * q(-q, t), where we define: 

(q *l, t) =Et[e *~ g (ql e)] 

Applying Ito's Lemma to -t = -q q(- , t), and observing that both qt and 
rq are martingale processes, we have 

drt d )* (aqla -*t * d 
-lt 

= * 
mq + q(t*, t) 

Since dt = - t qt dZt, and da - * * dZt, the above equation *~~~~~~~~~~~ t 

implies 

(aq/a -q )* T) O* 
* ( ql~t) Its 
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Therefore, (0t - O') is positive if and only if (eq/l ri) is positive. From the 
definition of q(-rq, t), we have 

aqla -q Et[g'(-*. e)*2]~ 

which shows that the slope of function g determines the sign of (aq/a ). In 
Example 2, g'(-q*) is positive for large q * and negative for small 71*, thus (Ot - 

O') is positive for large -q* and negative for small -q*. In Example 1, g' (q*) is 
always nonnegative, and thus O is never below O'. 

C. Volatility Differential 

Figure 5 shows (at - o*) as a function of q for t = 1/2, where ot is price 
volatility in the portfolio insurance economy and or* is the price volatility in the 
benchmark economy. We find that at > o *. Also, good news will bring down 
the volatility differential, while bad news will raise it. 

To understand why price volatility rises with the presence of portfolio 
insurers, we need to revisit the price ratio relationship: Pt = P** h(q*t, t). By 
Ito's Lemma, we obtain 

dPt dP* dh(-q*t, t) dP* dh(-q*, t) 

Pt P* + h(*, t) Pt h(r-*t, t) 

which, by comparing dZt terms, implies: 

,crtdZt = fZt+ h(d t)* 
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Since 

d-q* 

= - O 

-* 

Tl 
dZt, 

we conclude: 

(ah/arl*) ~* ol* ft = Oft- h(-8, t) 

Note from the above equation that ot is higher than oe if and only if 
(ahlarq) is negative. In Subsection III.A, we have seen that (ahlarlq) is 
negative, implying that the volatility difference (a-t - 3') is positive. 

D. Risk Premium Differential and Mean Reversion of Returns 

Based on the identity gt = (* Qt g = (ad* 0, Figure 6 graphs (ltt - gun) 
as a function of r-q for t = 1/2. Observe that (lt - 04) is an increasing function 
of r-q. That is, good news will bring down (it - 14), while bad news will raise 
it. Note that we have constructed the model of the benchmark economy so that 
/I* is essentially constant over a large range of values for r-q. Therefore [t is an 
increasing function of r-q, i.e., there is mean reversion in returns. 

E. Optimal Investment Strategy 

Figure 7 graphs the optimal investment strategy of an insurer for both 
Example 1 and Example 2 as a function of rq for t = 1/2. The optimal 
investment strategy of a noninsurer can be easily obtained from the market- 
clearing condition. We observe that in both examples, when good news comes, 
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Figure 7. Holdings of risky asset by an insurer. ( = 0.8; A = 0.4; t = 0.5. 

insurers buy the risky asset, and when bad news arrives, insurers sell risky 
assets. The insurers' trading behavior is most sensitive to a change in r)q when 
r is close to ij. 

To understand the insurers' trading behavior, we need to recall that in 
Section IJ.A, it is shown that the insurers' optimal final wealth is the sum of 
two components: one component is the optimal final wealth without portfolio 
insurance, and the other component is the payoff of a put option. To achieve the 
optimal final wealth, and in particular, to mimic the payoff of a put option, 
insurers have to buy the risky asset if the price of the risky asset goes up, sell 
the risky asset if the price goes down, since the delta of a put option is more 
negative when price goes down, and less negative when price goes up. In an 
equilibrium, by definition, noninsurers have to take the opposite side of the 
insurers' trades. That is, when good news comes, noninsurers sell the risky 
asset; when bad news comes, noninsurers buy the risky asset. The risk pre- 
mium falls when there is good news, and rises when there is bad news in order 
to induce the noninsurers to engage in these trades. 

F. Cost and Benefit of Portfolio Insurance 

Recall that the optimal final wealth of an insurer is given by WT = 

max{K, 12(x *T)}, where I2( ) is the inverse function of U'( ). The opti- 
mal final wealth of a noninsurer can be written as Wu = (y 1T)-1 in both 
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examples. We can analyze the cost and benefit of portfolio insurance by 
treating both WI and Wu as functions of roTe 

In Example 2, we have WI = max{K, (x *rET) 2} Thus, there exists TiL and 
T1H such that WT is higher than Wu when TiT < TiL or TiT > TiH, and WT is 
lower than Wu when NT E OqL, NqH). Since TiT is a decreasing function of DT 
by equation (11), we can say that in either very good states or very bad states, 
the insurer's wealth is higher than the noninsurer's wealth, and in interme- 
diate states, the insurer suffers losses compared to the noninsurer. In other 
words, the insurer can capture the upside potential and limit the downside loss 
at the expense of losing some money when no dramatic event occurs. 

In Example 1, WI = max{K, (x *T)-1}. Thus, WI is less than Wu unless 
WI = K. In other words, except in very bad states, the insurer will always 
underperform the noninsurer. 

G. The Implied Volatility Smile and Portfolio Insurance 

In the equity index options market, out-of-the-money put options command 
much higher implied volatilities than the out-of-the-money call options (the 
volatility "smile"). We will now show that the presence of portfolio insurance is 
consistent with the volatility smile. Thus, the existence of the volatility smile 
in the options market is evidence that the options market has priced in the 
equilibrium implications of portfolio insurance. 

The pricing of an option is made easy by using the pricing kernel. In an 
equilibrium, the price of a European put option with strike E and maturity T 
is given by: 

P(E)=EO[TiT max{E - DT, O}]. 

Let us use o-(E) to denote the Black-Scholes implied volatility of an option 
with strike price E. That is, o-(E) is the volatility which, when used in the 
Black-Scholes Formula, gives the option a price of P(E). Figure 8 plots U1(E) 
as a function of E for both examples. Note that the implied volatilities for 
out-of-the-money puts are much higher than the implied volatilities for at-the- 
money puts. Also, as out-of-the-money puts go further out of the money, 
implied volatilities go up even higher. Figure 8 is consistent with what we 
observe in the U.S. equity index options market. 

By numerically computing the pricing kernel from a set of option prices, 
Rubinstein (1994, p. 796) has observed that the existence of the volatility smile 
can be explained by a model where the local price volatility a- is a decreasing 
function of the price of the underlying asset. The analysis in Section III.C 
shows that local volatility goes up when bad news arrives, that is, local 
volatility is a decreasing function of Pt.7 Thus, we have provided a theoretical 

7 In Section III.C it is shown that at - or* is decreasing in Pt. However, the examples are 
constructed such that or* is essentially constant over a large range of values for Pt. 
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Figure 8. Implied volatility smile. a = 0.8; A = 0.4. 

model that explains the volatility smile as a consequence of the use of portfolio 
insurance strategies. 

H. Volatility and Trading Volume 

Numerous studies have found a positive correlation between volatility and 
trading volume.8 Our model provides an explanation for this correlation. High 
volatility states are states in which a large price move is necessary in order to 
effect a reallocation of the risky asset between the insurers and the noninsur- 
ers. This reallocation appears as volume. 

To see this, let XI X'(t, A*) denote an insurer's optimal holdings of the 
risky asset at time t. Trading volume over a period of time, say lit, is defined 
to be A * |lX-i, which is the aggregate number of shares transacted between 
the insurers and the noninsurers. By Ito's Lemma and the fact that dq* = 
-Oa -* dZt, we have 

dX't= - r ) 2t + * dt + 2 * d dt. (25) -~~Iq 
, *-d~t t 2 tQ *25) 

8 See Harris (1986), Karpoff (1987). See also Admati and Pfleiderer (1988) for an explanation 
based upon asymmetric information. 
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Note that for small dt, the term involving dZt dominates the terms involving 
dt. Thus, it follows from the above equation that 

Et(JAXtl) aX| do*| * UA tEt(|/AZt|) (26) 

ax' 
|- d | t q t * 2*t/'r. 

Figure 9 graphs [A X Et(|/AX-l)] and 
(at 

- o-*) as functions of A* for Example 
1, when t = 1/2, and At = 1/12. Note that [A * Et(|AXti)] is the expected 
monthly trading volume. From Figure 9, we observe that volume and volatility 
generally move in tandem: a higher trading volume is associated with a higher 
price volatility. 

IV. Conclusions 

We have shown how the martingale approach can be used to analyze a 
dynamic general equilibrium and yield substantive conclusions. The reader 
can easily verify that a dynamic programming approach where the state 
variable is the history of the price process would be far more difficult to use in 
this context. 

Our substantive conclusions regarding the impact of portfolio insurance 
strategies are similar to that of Grossman's (1988) two period example. In 
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particular, we have demonstrated how the volatility of the risky asset price 
process is determined by the demand for option-like payoffs. It is as if the risky 
asset is the "derivative" security, and the options are the "underlying" security. 

Appendix 1: Proof of Lemma 2 

Proof of Lemma 2: Let WT be any attainable final wealth such that WT ? K. 
We have seen that EO['YT * WT] = WO. Our proof is complete if we can show 
that 

EOJU2(WT)]C EO?U2(W*T)] 

We will use the standard support argument. Namely, for concave U2 ), we 
have that for any a and b, U2(a) - U2(b) ? U'2(b) * (a - b). Note that 

EO[U2(WT)] - EO[U2(W*T)] 

= EO[U2(WT) - U2(W*T)] 

C EO[U2(W*) *(WT- WT)] 

- E[U2( W*) * (WT - WM IWT> K] 9j[WT> K] 

+ Ej[U((W*) * (WT - WT)IWT' K] PO[WT- K] 

Observe that in the event that W*T > K, we have U2(W*T) = U'(12(X MT)) = 
X qT. In the event that WTC K, we have that WT - W?T 0, and that U2(W*T) 
U'(12(X T)T)) = X 7T, since U'( ) is a decreasing function. Thus, we have 

Eo[ U2(WT)* (WT - W* I W*> K]= X EO[ -T' (WT W*T)IWT K 

and 

EO[ U2(WT)* (WT - WT)IWT' K] -'X EO[ -T' (WT W*T)|WT-K 

Therefore, we obtain: 

Ej[U2(W* *(WT- WM IW* >K] * O[W* >K] 

+ EO[U2(WT) * (WT - W*T)W*T < K] 9PO[W T > K] 

? X * EO[NT*(WT- WT)IW* K] 9%[W* K] 

+ X * Eo[qT*(WT- WTW K]KP TW -K] 

= x * Eo[qT (WT- WT)] ?= 0 
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This completes the proof. Q.E.D. 

Appendix 2: Proof of the Theorem 

Proof of the Theorem: First let us show that Pt defined by 

Et[DTT)T] 

Et[-TT] 

is a diffusion process. According to the corollary in Protter (1990, p. 157), there 
exists a nonanticipating Ot such that -t Et(=T) can be written as 

t= exp-( 02 ds - :t dZs). 

In other words, dtl = - OtdZt. Similarly, there exists a nonanticipating 
at such that 

dEt[DTT=T] 
Et[D TT1T] 

Applying Ito's Lemma to Pt = Et[DT-qT]qnt, we obtain: 

P 
= (at + Ot) * (Otdt + dZt), (A. 1) 

which shows that Pt is a diffusion process. 
To show that Pt is an equilibrium price process, we need to show that when 

the insurers and noninsurers are faced with Pt, the market in the risky asset 
clears at all times. According to Lemma 1 and equation (12), qt- E[ T] is the 
pricing kernel for Pt. According to Lemma 2, the optimal final wealth of an 
insurer can be written as WI = max{K, I2(x * N1T)}, provided that WI is 
attainable. According to Corollary 1, the optimal final wealth of a noninsurer 
can be written as Wu = Il(Yy * T), provided that WTu is attainable. 

Define WI = Et[T * WI]IEtJr1T], and WT = Et[qT * Wj]IEt[lqT]. It follows 
from equation (11) that 

AWIt + (1-A)WU a Pt 

By the same argument used to write (A. 1) above, there exist nonanticipating 
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bt and ct such that 

dWI 
=(bt + Ot) (Otdt + dZt), 

dW~t 
Wu = (ct + Ot) (Otdt + dZt). 

Therefore, we may write dWI = XtdPt and dWfu = XudPt for nonantici- 
pating Xl and Xtu. Differentiating AWI + (1 - A) Wu = Pt, we obtain that 
AXXtdPt + (1 - A) XudPt = dPt. that is, AXX + (1 - A)XuT = 1, which states 
that the market in the risky asset clears at all times. Q:E.D. 

REFERENCES 

Admati, Anat R., and Paul Pfleiderer, 1988, A theory of intraday patterns: Volume and price 
variability, Review of Financial Studies 1, 3-40. 

Basak, Sileyman, 1995, A general equilibrium model of portfolio insurance, Review of Financial 
Studies 8, 1059-1090. 

Black, Fischer, and Andre Perold, 1992, Theory of constant proportion portfolio insurance, Journal 
of Economic Dynamics and Control 16, 403-426. 

Brennan, Michael J., and Eduardo S. Schwartz, 1988, Time-invariant portfolio insurance strate- 
gies, Journal of Finance 43, 283-299. 

Brennan, Michael J., and Eduardo S. Schwartz, 1989, Portfolio insurance and financial market 
equilibrium, Journal of Business 62, 455-472. 

Campbell, John, Sanford J. Grossman, and Jiang Wang, 1992, Trading volume and serial corre- 
lation in stock returns, Quarterly Journal of Economics 108, 905-939. 

Cox, John, and Hayne Leland, 1982, Notes on intertemporal investment policies, mimeograph, 
Stanford University. 

Grossman, Sanford J., 1988, An analysis of the implications for stock and futures price volatility 
of program trading and dynamic hedging strategies, Journal of Business 61, 275-298. 

Grossman, Sanford J., and Jean-Luc Vila, 1989, Portfolio insurance in complete markets: A note, 
Journal of Business 62, 473-476. 

Harris, Lawrence E., 1986, A transaction data study on weekly and intradaily patterns in stock 
returns, Journal of Financial Economics 16, 99-117. 

Harrison, J. Michael, and David Kreps, 1979, Martingales and arbitrage in multiperiod securities 
markets, Journal of Economic Theory 20, 381-408. 

Karpoff, Jonathan M., 1987, The relation between price changes and trading volume: A survey, 
Journal of Financial and Quantitative Analysis 22, 109-126. 

Protter, Philip, 1990, Stochastic integration and differential equations (Springer-Verlag, New 
York.) 

Rubinstein, Mark, 1994, Implied binomial trees, Journal of Finance 49, 771-818. 


	Article Contents
	p. 1379
	p. 1380
	p. 1381
	p. 1382
	p. 1383
	p. 1384
	p. 1385
	p. 1386
	p. 1387
	p. 1388
	p. 1389
	p. 1390
	p. 1391
	p. 1392
	p. 1393
	p. 1394
	p. 1395
	p. 1396
	p. 1397
	p. 1398
	p. 1399
	p. 1400
	p. 1401
	p. 1402
	p. 1403

	Issue Table of Contents
	The Journal of Finance, Vol. 51, No. 4 (Sep., 1996), pp. 1097-1572+1-21+1-9
	Front Matter
	Who Manages Risk? An Empirical Examination of Risk Management Practices in the Gold Mining Industry [pp.  1097 - 1137]
	The Capital Budgeting Process: Incentives and Information [pp.  1139 - 1174]
	Bustup Takeovers of Value-Destroying Diversified Firms [pp.  1175 - 1200]
	The Value of Diversification During the Conglomerate Merger Wave [pp.  1201 - 1225]
	The Method of Payment in Corporate Acquisitions, Investment Opportunities, and Management Ownership [pp.  1227 - 1246]
	Tax-Exempt Debt and the Capital Structure of Nonprofit Organizations: An Application to Hospitals [pp.  1247 - 1283]
	Regulatory Incentives and the Thrift Crisis: Dividends, Mutual-To-Stock Conversions, and Financial Distress [pp.  1285 - 1319]
	Impact of the 1988 Basle Accord on International Banks [pp.  1321 - 1346]
	Evidence of Bank Market Discipline in Subordinated Debenture Yields: 1983- 1991 [pp.  1347 - 1377]
	Equilibrium Analysis of Portfolio Insurance [pp.  1379 - 1403]
	Liquidity, Information, and Infrequently Traded Stocks [pp.  1405 - 1436]
	Strategic Trading When Agents Forecast the Forecasts of Others [pp.  1437 - 1478]
	Shorter Papers
	Decision Frequency and Synchronization Across Agents: Implications for Aggregate Consumption and Equity Return [pp.  1479 - 1497]
	Relative Pricing of Eurodollar Futures and Forward Contracts [pp.  1499 - 1522]
	Earnings Announcements and the Components of the Bid-Ask Spread [pp.  1523 - 1535]
	Noise Trading in Small Markets [pp.  1537 - 1550]
	Evidence of Discrimination in Lending: An Extension [pp.  1551 - 1554]

	Book Reviews
	untitled [pp.  1555 - 1559]
	untitled [pp.  1559 - 1562]
	untitled [pp.  1562 - 1565]
	untitled [pp.  1565 - 1567]
	untitled [pp.  1568 - 1569]

	Miscellanea [pp.  1571 - 1572]
	Back Matter [pp.  1 - 9]



