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Option Valuation with Systematic 
Stochastic Volatility 

KAUSHIK I. AMIN and VICTOR K. NG* 

ABSTRACT 

We use an extension of the equilibrium framework of Rubinstein (1976) and 
Brennan (1979) to derive an option valuation formula when the stock return 
volatility is both stochastic and systematic. Our formula incorporates a stochastic 
volatility process as well as a stochastic interest rate process in the valuation of 
options. If the "mean," volatility, and "covariance" processes for the stock return 
and the consumption growth are predictable, our option valuation formula can be 
written in "preference-free" form. Further, many popular option valuation formulae 
in the literature can be written as special cases of our general formula. 

IN THIS PAPER, WE investigate the valuation of individual stock options when 
the volatility of the underlying stock return is stochastic and has a systematic 
component which is related to the stochastic volatility of the consumption 
growth or the market return. Such an investigation is timely and of signifi- 
cant interest because there is now a considerable amount of evidence that the 
volatility of stock prices is not only stochastic, but that it is also highly 
correlated with the volatility of the market as a whole. (For example, see 
Black (1975), Conrad, Kaul, and Gultekin (1991), Jarrow and Rosenfeld 
(1984), Jorion (1988), and Ng, Engle, and Rothschild (1992). Furthermore, 
empirical work by Black and Scholes (1972), Gultekin, Rogalski, and Tinic 
(1982), and Whaley (1982) has shown that the empirical biases inherent in 
the Black-Scholes option prices are different for options on high and low risk 
stocks. Because low risk stocks are mainly large firm stocks with stochastic 
return volatilities that are highly correlated with the return volatility of the 
market, and high risk stocks are mainly small firm stocks with a less- 
important systematic volatility component, incorporating systematic volatil- 
ity effects in option valuation models has the potential to reduce the empiri- 
cal biases exhibited by prices computed from the Black-Scholes formula. 

We use equilibrium arguments that extend the consumption-based rep- 
resentative agent framework of Rubinstein (1976), Brennan (1979), and 
Stapleton and Subrahmanyam (1984) to allow individual asset returns and 
the consumption growth to exhibit stochastic volatility. In particular, we 
permit the volatility of individual asset returns to consist of a systematic 
component that is related to the consumption (or market) volatility in addi- 
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tion to an idiosyncratic component. We also permit our framework to include 
a broad class of discrete-time processes that do not necessarily converge to 
diffusion processes.' Within this framework, we derive pricing formulae for 
calls and puts based on equilibrium arguments. Equilibrium arguments are 
necessary for option valuation since a perfect hedge for an option cannot be 
constructed in our general discrete time framework. Correspondingly, arbi- 
trage arguments cannot be used. 

A direct consequence of permitting the volatility of consumption to be 
stochastic is that the spot interest rate, which is determined by the consump- 
tion volatility in equilibrium, in general is also stochastic. Thus, our model 
simultaneously incorporates both a stochastic interest rate and a stochastic 
volatility process for stock returns in the valuation of options. Existing works 
extending the Black-Scholes model tend to consider either stochastic volatil- 
ity or stochastic interest rates but not both. 

We distinguish between models with predictable and unpredictable pro- 
cesses for the "mean," volatility, and the "covariance" of the stock return 
and consumption growth and show that the option-pricing results for the two 
cases are different.2 If these processes are predictable, then the option- 
pricing formula is independent of the preference parameters even if the 
individual stock return volatility is related to the consumption volatility. In 
particular, since the definition of Ito integrals requires that integrands be 
predictable, this result is quite useful when the underlying economic model is 
based on diffusion processes. However, when these processes are not pre- 
dictable, the option valuation formula generally depends on preference pa- 
rameters except when the unpredictable component of the volatility of indi- 
vidual stock returns is not related to the consumption volatility. 

As a special case of our formula, we also derive a closed form solution for 
option prices when the asset return follows a lognormal jump-diffusion 
process with systematic jumps. This permits us to evaluate the effect of 
systematic jumps in asset prices within the jump-diffusion context. Ball and 
Torous (1985) find that the existence of idiosyncratic jumps in individual 
stock returns leads to relatively small deviations between the Black-Scholes 
and Merton (1976) option valuation models. Therefore, it seems likely that if 
jumps in asset returns are important for option valuation at all, it is the 
systematic part rather than the idiosyncratic part that is important. Naik 
and Lee (1991) use a general equilibrium framework to extend Merton's 
(1976) model to include options on the market portfolio. By construction, the 
jumps in their framework must be systematic. However, their model does not 
permit valuation of options on individual stocks. 

'Examples of discrete time processes that do not converge to a diffusion, as we shrink the 
observation interval, are: the finite mixture of normals model of Kon (1984), the t-distribution, 
the variance gamma process of Madan and Seneta (1987), and many nonlinear autoregressive 
processes. 

2A discrete time process is predictable if its value is known one period in advance. For example, 
the volatility process is predictable if the volatility in period "t" is completely determined from 
the information set available at date "t - 1" 
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Many popular option valuation formulae in the literature can be written as 
special cases of our formula. Examples include the Black-Scholes formula, the 
Hull-White (1987) and Bailey-Stulz (1989) stochastic volatility option-pricing 
formulae, the Merton (1976) and Naik-Lee (1990) jump-diffusion option- 
pricing formulae as well as the Merton (1973), Amin-Jarrow (1992), and 
Turnbull-Milne (1991) stochastic interest rate option-pricing formulae for 
equity options. 

We also present some simulation results with our model. When the "mean" 
and volatility processes are predictable, we demonstrate that the direction of 
the bias inherent in prices obtained from the Black-Scholes model is different 
between stocks with a strong systematic volatility component and those with 
a strong idiosyncratic volatility component. This results from the fact that the 
systematic volatility component is related to the stochastic interest rate while 
the idiosyncratic volatility component is not. Since the effects of stochastic 
volatility and stochastic interest rates act in opposite directions, the actual 
bias depends on which effect dominates. Similarly, the effect of mean rever- 
sion in volatility on option prices also depends on whether it is from the 
systematic volatility component or the idiosyncratic component. 

Simulation results with our jump-diffusion option-pricing formula indicate 
that our formula yields option values significantly different from Merton's 
(1976) jump-diffusion option valuation formula only when the representative 
investor is significantly more risk averse than one with logarithmic utility. 
Further, our formula yields higher option values for in-the-money and at- 
the-money call options and lower values for out-of-the-money call options. 

This paper is organized as follows. In Section I, we introduce the basic 
framework and the stochastic processes used in the paper. We also derive the 
Euler conditions for utility maximization for the individual agent. In Section 
II, we derive the general stochastic volatility option-pricing formula. This 
formula is specialized to predictable volatility processes in Section III and 
to a jump-diffusion process in Section IV. Some comparative statics results 
and estimates of the deviations of option prices from those predicted by the 
Black-Scholes model are also provided in these sections. Finally, Section V 
concludes. 

I. The Framework of Analysis 

Our basic economic model consists of a generalization of the multiperiod 
representative agent economy of Brennan (1979). In this economy, the repre- 
sentative agent chooses consumption and investment plans to maximize her 
expected discounted utility of consumption subject to her intertemporal bud- 
get constraint. The agent maximizes 

Eo [ptCl-b/(1 - b)] (1) 
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where Ct is her consumption at date t, p is her time discount factor, and b 
is her coefficient of relative risk aversion. With b = 0, one obtains a risk- 
neutral agent and with b -* 1, one obtains logarithmic preferences. 

In this paper, we consider the valuation of simple European call and, put 
options written on a stock with price St at date t (t = 0,1,2,...).3 The 
options mature at date T and have an exercise price K. For simplicity, we 
also assume that the stock does not pay any dividends before the maturity 
date T. However, if the stock pays a proportional dividend in each period or a 
fixed set of dividends on fixed dates, this can easily be accommodated with 
rather simple modifications. 

For added generality, and to include empirical processes that do not have 
diffusion or jump-diffusion limits, we will set up our economic model in 
discrete time. Continuous time processes can be obtained by taking appropri- 
ate limits. 

The relevant uncertainty in our economic model is driven by the realization 
of a set of N + M + 2 random variables at each discrete date. Among them 
are a random shock to consumption, ec, t; a random shock to the stock price, 

,ss t; a set of N systematic state variables, [ Yit I * * * , YNt] ' Yt , that determine 
the time-varying "mean," "variance," and "covariance" of the consumption 
and stock return; and finally a set of M firm-specific state variables, 
[ ult,..., uMt]' = Ut, that determine the idiosyncratic -part of the stock return 
"variance."4 The investors' information set at time t is represented by the 
o-algebra Ft o-((e,, esT, YT,UE); T = 0,1,., t). 

We make the following assumptions on the joint evolution of the stock price 
and aggregate consumption: 

ASSUMPTION 1: 

ln(St) =ln(St- 1) + ts, t - '/2 hs, t + es, t I (2a) 

ln(Ct) =ln(Ct-1) + c,t -/2 hct +c,t (2b) 
where 

AC, t = c(YT;T < t),(2c) 

As, t = AsJ(YU, UT <t), (2d) 

[ES t Ft-1 V o(Yt,Ut) 

[ [ ht ( YT_,T; T<t) c s, t (YT f UT ; t4 (2e) 
0 

?['[Qcs t(YT,LUJ;T < t) hc,t(Y;T < t) JJ 
and N] is the bivariate normal distribution function. 

3It is understood that there are also other stocks in the market. 
4As there are other stocks in the economy, there are also other idiosyncratic state variables 

related to those stocks. But these additional state variables are irrelevant for the valuation of 
options on the stock under consideration. 
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ASSUMPTION 2: (et Es,t) conditional on 
o(YI 

U; T < t) is independent of 
[(YT,LU), T > t]. 

For subsequent reference, and with a slight abuse of terminology, we will 
refer to , t and hs,t as the mean rate (equivalently expected rate) of return 
and variance (equivalently volatility) of the stock return process, c,u t and hc t 
as the mean rate of return and variance of the consumption process and o(cs, t 
as their covariance process. These terms are consistent with standard termi- 
nology if we condition on Ft V o- (Yt, Ut). However, for conciseness, we will 
drop the reference to the conditioning information set. 

Assumption 1 describes the dynamics of the stock price and the consump- 
tion growth process. The stock price and consumption process are condition- 
ally lognormal in each period. By specifying these variables in terms of their 
logarithm, we ensure that they are always nonnegative. Further, by choosing 
the time interval appropriately and by defining the functional forms of the 
variance and covariance functions as well as the distributions of the state 
variables (YT, U), we can obtain a very rich class of processes that satisfy 
Assumption 1. For example, almost all the diffusion models of stock prices in 
the literature can be accommodated. Other examples will be provided in our 
subsequent discussion. 

Under Assumption 1, the mean consumption growth, A,u t7 and the variance 
of consumption growth, hC t7 are driven only by the systematic state variables 
Y while the mean stock return, Asut' the variance of the stock return, hs t7 

and the covariance between the consumption growth and the stock return, 
0cs t7 can be driven by the systematic and idiosyncratic state variables. 

Assumption 2 guarantees that the mean and variance of the stock return 
and consumption growth at time t are not affected by the values of the future 
state variables to be realized after time t. Even though it restricts the class of 
processes that we can consider, this assumption significantly simplifies the 
analysis and yields tractable formulae. Notice that Assumption 2 is imposed 
only on the variables that determine the volatility processes and not on the 
variables [(ec, t Es, t); t = 1, ... ,T]. Further, Assumptions 1 and 2 together 
guarantee that (ec, tes, t) for t = 1,..., T are serially uncorrelated in the 
presence of [(YrT,Ur);T= 1, ..., T]. 

The above setup represents an extension of the original setup in Brennan 
(1979). It is fairly general and can incorporate many important characteris- 
tics of stock prices. First, the stock return variance can have a systematic 
component that changes with the consumption variance. For example, con- 
sider the following specification for the stock variance: 

hst= f8 hC,t + hdt, (3) 

where /8 is a constant and hd, t = hd(UT; T < t) is some sequence of random 
variables. In this special case, 8 - h C t is the systematic component of the 
stock return variance and hd, t is the idiosyncratic component of the stock 
return variance which is driven only by the idiosyncratic state variables. The 
larger the value of /3, the higher the sensitivity of the stock return variance 
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to changes in the variance of consumption growth. Since the variance of 
consumption growth is negatively related to the interest rate in equilibrium 
(see equation (11) later in the paper), a large value of /8 implies a strong 
negative relationship between the individual stock return variance and the 
interest rate. Given that the variance and the interest rate are two important 
inputs in the determination of option prices and that they have the opposite 
effects on call option values,5 the value of ,B should therefore be important in 
determining the net effect of the two inputs. 

Second, mean reversion in both the consumption and stock return variance 
is permitted. For instance, consider the simple case where the function 
h( - -) is a first-order autoregressive model with a single state variable 
driving the dynamics as in equation (4) below: 

hC, t = (OC + atchc,t- 1 + 9CYt (4) 

where Yt is a random variable independent of h c, t-1 and wc, ac, and gc are 
constants. Then, hc, t is mean reverting as long as ac is between 0 and 1. The 
closer ac is to 0, the faster the mean reversion. This mean reversion behavior 
exists as long as h is a stationary autoregressive process. It is not impor- 
tant whether it is first order or not and whether there is more than one state 
variable driving the uncertainty. However, it is important to note that mean 
reversion in hc t is related to mean reversion in the interest rate while the 
mean reversion in h t might or might not be related to the mean reversion in 
the interest rate. This depends on the importance of the systematic compo- 
nent of the individual stock return variance. Hence, again the valuation of 
options should depend on the relative importance of the systematic compo- 
nent and the idiosyncratic component. 

Third, our framework permits predictable and unpredictable components in 
both the stock and consumption variance. The component of h C t and hS, t 
determined by the realizations of past state variables, (YT U1; T < t), consti- 
tutes the predictable component while the remaining part determined by the 
current state variables, (Yt, Ut), is the unpredictable component. 

If 1c, t c As, t 2 hc, t , hs, t and -cs, t are only functions of previous realizations 
of the state variables and hence are measurable with respect to the informa- 
tion set Ft1, we will say that the economy has predictable mean, variance, 
and covariance processes. This follows standard terminology in probability. 
For example, a continuous time representation that is consistent with As- 
sumptions 1 and 2 and the predictability of the mean return, variance, and 
the covariance is: 

dln(Ct) = (AC, t - /2 hc, t)dt + Vrh-dWCt c 

d ln(St) = (As, t -1/2 h s, t )dt + htdWs,t (5) 

where (Wc, Ws) is a two-dimensional Brownian motion with correlation 0, 
(Y, U) is a (N + M) dimensional Brownian motion, and (AC t ?s, t 

5See Section III for additional details. 
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hc t7 h5, tO-, S t) is continuous and adapted with respect to the filtration gener- 
ated by (Yt, Ut). This representation is of particular interest since the diffu- 
sion limits of the popular GARCH(1, 1) and EGARCH(1, 1) processes are 
special cases of this continuous time specification (see Nelson (1990)). Our 
basic economic model is also valid with this specification.6 

If Ac, t7 Is, t7 hC, t7 hS, t and ocs, t are also functions of current realizations of 
the state variables (Y, Ut) and hence are not measurable with respect to the 
information set Ft- 1, we will say that the economy has unpredictable mean 
return, variance, and covariance processes. This is consistent with pure jump 
and jump-diffusion models with unpredictable jumps in return and/or return 
variance. 

Within the unpredictable class, our setup can accommodate many discrete 
time stochastic processes for stock returns proposed in the empirical litera- 
ture if we impose appropriate assumptions on the distributions of the state 
variables. For example, if hs,t is i.i.d. multinomial, then we obtain the finite 
mixture of normals model of Kon (1984). As another example, if hs t is i.i.d. 
inverted gamma then the stock return follows the Student t-model. If hs, t is 
i.i.d. gamma, then we obtain the variance gamma process of Madan and 
Seneta (1987). Many other distributions can be obtained by making appropri- 
ate assumptions on the state variables that govern the mean and variance 
dynamics. 

A. The Valuation of Stocks and Bonds 

The optimality conditions of the agent's intertemporal optimization prob- 
lem require that the date t price irt({B}) of an asset that pays a stream of 
future cashflows {B} = {Bt?+1 Bt+2. Boo} satisfy: 

rTt(B) = Et ( pst (CS/CYt) .Bs (6) 
s=t+ 1 

Based on (6) we can write down the Euler equations for the determination of 
the interest rate and the stock price. 

LEMMA 1: The Euler equations for the determination of the one-period interest 
rate from time t to time t + 1, rt, and the stock price are 

exp(- rt) = Et[exp(- yt)], (7) 

1 = EJ pt] (8) 

6Strictly speaking, except in the continuous time limit, GARCH and EGARCH processes are 
not consistent with Assumption 2. However, by making proper assumptions on the dynamics of 
the state variables, we can, in most cases, construct a volatility process with the same spectrum 
as the GARCH and EGARCH models. The new process is empirically indistinguishable from the 
GARCH and EGARCH models given only information on stock prices and consumption. See 
Harvey, Ruiz, and Shephard (1992) for the relationship between ARCH and stochastic variance 
models. 
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where 

Yt =-ln p + b - AC,t+ 1- /2 b b(1 + b) * hct+ 1, (9) 

t= exp( As t + 1 - - b ti)* (10) 

Proof: See Appendix A. 

Note that the variable Yt in (7) and (9) can be interpreted as the one-period 
interest rate at time t if in addition to the information in Ft, the agent also 
knows the value of the state variables at time t + 1: {Yt+1, Ut+ 1j. Similarly, 
the variable ft in (8) and (10) can be interpreted as the ratio of the perfect 
foresight stock price (the stock price if the agent also knows {Yt+ 1, t + 1) to 
the true stock price. 

The above Euler equations can be further simplified when the conditional 
mean and variance of the consumption growth, the mean of the stock return, 
and the covariance between the stock return and consumption growth are 
predictable processes. 

COROLLARY 1: If 1c, t c, ts , hc t and cs, t are only functions of {Yr,UT; T < t} 
and hence are measurable with respect to Ft- 1, then the Euler equations for 
the determination of the interest rate and the stock price are: 

rt= -ln(p) + bp,C -A/2 b(1 + b) hc,t+1, (11) 

1 = exp(1us,1t+ - rt - b, ocs, t+1) (12) 

Proof: If Ac, t+ 1 As, t+ 1 hc, t+ 1 and ocs, t+ 1 are measurable with respect to 
Ft, (7) and (8) reduce to rt = Yt and 1 = ?t. With (9) and (10), the result 
follows immediately. Q.E.D. 

Notice that Corollary 1, and in particular equation (12), holds even if h5 t is 
not measurable with respect to Ft 1. In other words, (11) and (12) are 
consistent with an unpredictable idiosyncratic component in h5 t. In Section 
III, this will permit us to derive a preference-free valuation formula even if 
h5 t is not predictable. 

This completes our description of the basic economic model. We now turn to 
the problem of option valuation. 

IL. Pricing European Options on Individual Stocks 

Based on equation (6), the time 0 value, LI0, of a European call option on 
the stock, with exercise price K and expiration date T, must satisfy: 

1lo = Eo{ pT(C T/CO) Max[0, ST -K]}- (13) 

Let GT-= o(Y, Uj;T < T) be the o-algebra generated by (Y7,U; T < T). That 
is, GT contains all the information about the state variables up to the 
expiration date of the option, T. In particular, GT contains the entire path of 
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the variance processes. Applying the law of iterated expectations by first 
conditioning on F0 V GT, (13) can be rewritten as: 

l1o = So Eo{Eo[ pT(CT/CO)b Max[O, ST/SO - K/SO]IGT}. (14) 

This expression can be simplified to obtain a useful option-pricing formula. 

PROPOSITION 1: The price of a call option on the stock with a strike price K and 
maturity date T is 

flo = Eo{SOQI(GT) -N[dj(GT)] -K Q2(GT) *N[d2(GT)]} (15) 

where, 

T 
In[SoQl(GT)/(K Q2(GT))] + /2 E t 

dl(GT) =1/2 
t=1 

E hs,t 

T 
d2(GT) = dl(GT) -E hst 

t=l 

QJ(GT) = exp {E I.,,t - yt - bo-,st}) 
t=l 

Q2(GT) = exp -E Yt}. 

Proof. See Appendix A. 

Proposition 1 yields the option-pricing formula with time-varying processes 
for the stock variance and the interest rate where their evolution over time is 
driven by the evolution of the state variables. Notice that the formula is not 
preference free in general as Ql(GT) and Q2(GT) depend on the preference 
parameter b and parameters determining the consumption process. 

As a special case, we can also obtain a valuation formula for options on 
aggregate consumption. Many authors have interpreted options on aggregate 
consumption to correspond to options on the market portfolio. As a first step, 
we need to determine the value of the market portfolio. In many cases, for 
example with logarithmic utility (Rubinstein (1976)), it can be shown that the 
value of the market portfolio determined from the Euler equation is propor- 
tional to the current value of aggregate consumption. Therefore, the market 
portfolio is perfectly correlated with aggregate consumption and we can use 
the above option valuation formula by substituting hC t for both hsJt and 
aCS. The model in Bailey and Stulz (1989) is a special case of our model 
under these conditions. 
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The formula in Proposition 1 is the fundamental result on which this paper 
is based. In subsequent sections, we will specialize this formula to specific 
situations of interest. 

III. Option Pricing with Predictable Mean, Variance, and 
Covariance 

When the mean and variance of consumption growth, the mean of the stock 
return, and the covariance between the stock return and consumption growth 
are predictable, our general pricing formula reduces to a preference-free 
formula. This formula can be written as an expected Black-Scholes formula 
where the expectation is taken with respect to the state variables that govern 
the evolution of the stock return variance process and the interest rate. 
Notice that we do not require the predictability condition on the stock return 
variance. 

PROPOSITION 2: If A,, t7 As t, h CtI and ocs t are only functions of{Y U T < t} 
and hence are measurable with respect to Ftf1, then the time 0 value of a 
European call option, with strike price K and time to maturity T, on the stock 
is 

flo = Eo{So N[dl(GT)] - K exp(-R(GT)T) N[d2(GT)]} (16) 

where 

dl(GT) ln[ So/(K exp(-R(GT)T)] +V2 hs(GT)T 
d(T)= [7is(GT) T] / 

d2(GT) = dl(GT) - hs(GT)T, 
T-1 

R(GT) = rtT, 
t=O 
T 

hs(GT)= E hs,IT. 
t= 1 

Proof: By observation, the formula (15) becomes a preference-free expected 
Black-Scholes formula if Ql(GT) = 1. A necessary and sufficient condition for 
this condition to hold is that As t - yt - bacs t = 0. hen ct ts,t7 hc,t7 and 
Scs t are predictable, this condition follows from Corollary 1. Q.E.D. 

Since the uncertainty only enters the formula through the average interest 
rate and the average variance, we can think of the expectation as being taken 
with respect to the joint distribution of the average interest rate and the 
average variance. Hence, once the stochastic processes for the interest rate 
and the stock variance are specified, we can value options as simple expected 
discounted cash flows without explicit information about the consumption 
process or the utility-based parameters. All the dynamics of the consumption 
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process relevant to option valuation are embodied in the interest rate process. 
The pricing formula is preference free as it does not explicitly involve the 
preference parameters other than through the interest rate. Option values 
using the formula can be computed using Monte Carlo simulation (Boyle 
(1977)) or other numerical methods. 

In the above formula, it is not possible to eliminate the dependence on the 
stochastic nature of the interest rate and collapse it into the price of a 
discount bond maturing at date T. In many stochastic interest rate models 
(e.g., Merton (1973), Amin and Jarrow (1992), and Turnbull and Milne 
(1991)), this is possible. In general, the stochastic nature of the interest rate 
creates dynamic hedging demands that must be reflected in option values. In 
fact, we cannot eliminate this dependence even when the interest rate 
process is uncorrelated with the stochastic volatility process of the stock. 
However, if we restrict the stock volatility to be constant and if the distribu- 
tion of exp[ T t1 rt -1] is lognormal as assumed by these authors, then their 
result can be obtained. We now demonstrate this result. 

From Proposition 2, we can value options using risk-neutral or preference- 
free valuation. Therefore, 

7r(Call) = E4 exp[- E rt l j(Soexpp , (rt 1 -V2h8,t + Zs t)j Kj] 

=E4 S(SO exp[ E(-h + t K exp[ E rtj] (17) 

where 

Zs,t = 8sSt + -s,t rt-l 

and Q is the risk-neutral measure (as defined by Brennan (1979)). Given our 
assumptions, the distribution of rt under Q is the same as that under the 
original probability measure. Therefore, exp[ZET rt l] is unconditionally 
lognormal and further E[it= 1 - rt- 1] is the time "O0" price of a discount bond 
paying $1 at date "T." Further, under Q and conditional on Ft-,, -,t is 
N(O, hs, t). Therefore, using Lemma 2 in Appendix B, the above expectation 
reduces to: 

-nr(Call) = SON(dj) - KB0(T)N(d2), (18) 

where 

ln[ S0/(KB0(T))I + y/2 2 

=d Variance[E(est + rti)j. 

d2 =d, ; 

T 
2 =Variance E, (es, t + rt - 1) 
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The formula represented by (18) is identical to the stochastic interest rate 
formula in Merton (1973), Amin and Jarrow (1992), and Turnbull and Milne 
(1991). 

Several other aspects of Proposition 2 are noteworthy. First, as is apparent 
from the statement of Proposition 2, the above formula is valid even if hS t is 
not predictable. However, given that the covariance process is required to be 
predictable, the unpredictable portion of the stock variance must be restricted 
to be idiosyncratic. 

Second, even though we have derived the above formula using a discrete 
time framework, the formula is also valid if we define all our processes to be 
continuous time diffusion processes as long as two conditions are satisfied. 
First, the consumption and stock return processes over any finite interval 
must be lognormal, conditional on the path of some state variables (Yt, Ut) 
governing the mean, variance, and covariance (covariation) processes. Second, 
the two-dimensional Brownian motion governing the evolution of the stock 
price and the consumption process at any date t, conditional on (Yt, Ut), must 
be independent of the state variables (Yr, U ) at any future date T. These two 
conditions are the continuous time analogues of Assumptions 1 and 2. We do 
not need to impose predictability of the mean, variance, and covariance 
processes since the definition of Ito integrals guarantees that this assumption 
is automatically satisfied if the stock return and consumption processes are 
diffusions. In particular, the specification given in equation (5), which in- 
cludes the continuous time limits of the GARCH(1, 1) and EGARCH(1, 1) 
processes, satisfies these conditions. 

Finally, several other option-pricing formulae in the literature are special 
cases of equation (16) even though many of them have been derived under 
different conditions. These include the Black-Scholes formula, the Hull-White 
(1987) stochastic variance stock option valuation formula, the Bailey-Stulz 
(1989) stochastic variance index option-pricing formula, and the Merton 
(1973), Amin and Jarrow (1992), and Turnbull and Milne (1991) stochastic 
interest rate option valuation formulae. 

When the conditional mean and variance of consumption growth are deter- 
ministic and time invariant, the interest rate as given by the Euler condition 
(11) is constant. Equation (16) is then the Hull-White (1987) formula. The call 
option price is computed as the expected Black-Scholes price with the expec- 
tation taken with respect to the stochastic average variance over the life of 
the option. If the stock variance process is also constant, then we obtain the 
Black-Scholes formula. Finally, the Bailey-Stulz (1989) stochastic variance 
formula for index options can be obtained by imposing logarithmic prefer- 
ences and assuming that e, t and s, t are perfectly correlated. Then, the 
covariance between the stock return and consumption growth is equal to the 
variance of the consumption growth. Substituting these conditions yields 
their formula. 

Having derived a general option valuation formula with both stochastic 
variance and stochastic interest rates, we now demonstrate the effects of 
incorporating these features on option values relative to those obtained from 
the Black-Scholes formula. 
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A. The Effect of Systematic Variance 

Since the systematic component of the individual stock return variance is 
related to the interest rate through the consumption variance, we expect that 
the direction of the bias inherent in Black-Scholes prices will be different 
between stocks with a strong systematic variance component and those with 
a strong idiosyncratic variance component. By similar reasoning, the effect of 
mean reversion in the variance on option prices should also depend on 
whether the mean reversion is for the systematic component of the variance 
or for the idiosyncratic component. 

We now illustrate some of these relationships using simple simulation 
experiments. We emphasize that we wish to only demonstrate that the 
systematic variance and stochastic interest rate can interact to induce inter- 
esting pricing implications. An exhaustive analysis is beyond the scope of this 
paper. For example, it would also be of interest to document the pricing 
biases when either/or the interest rate and the stochastic variance are 
significantly higher or lower than their long-term averages. It is likely that 
the sign and magnitude of the pricing biases will be different across these 
different cases. 

Table I gives the prices of call options from the Black-Scholes formula and 
the stochastic variance, stochastic interest rate, option-pricing formula given 
in Proposition 2. Hereafter, we refer to the latter prices as SVR (for Stochas- 
tic Volatility and Interest Rate) prices. To ensure a meaningful comparison, 
the Black-Scholes prices are based on the average simulated variance and the 
average simulated interest rate. The exact dynamic model for the variance 
and interest rate processes used in the experiment is: 

hs t = (S hm, t + (I- 8) * hd,t (19) 

ln(hm t) = [COrn /2 y] + am ln(hm,t-1) + Oyt-Y> (20) 

ln(hd,t) = [(Od -/2 au2I + ad ln(hd, t- 1) + auUt- 1 (21) 

=r1- 0(hrn,t - hrn,ti)(2 rt rt_-(h 1-mt1 (22) 

where hint = [ E(hs, )/E(hC, )] * hct is a scalar multiple of the consumption 
variance and is scaled such that it has the same unconditional mean as the 
stock return variance h S, t; hd, t is the idiosyncratic stock return variance and 
is also taken to have the same unconditional mean as h s,t; and Yt and Ut are 
independent i.i.d. standard normal random variables. 

Equation (19) decomposes the stock variance into a systematic component 
(/3 (* hm t) and arl idiosyncratic component ((1 - 3) * hd t). A value of /3 close 
to one represents a strong systematic component while a value of /3 close to 
zero indicates a weak systematic component. We equate the unconditional 
means of hm t and hd, t to ensure that the unconditional expectation of the 
stock return volatility is unchanged as we change the value of /3 in (19). This 
is the reason why we specify hm t instead of hc t directly. 

Our theory implies that the interest rate is proportional to the consumption 
variance, hc t (see equation (11)). Therefore, interest rate changes are speci- 
fied to be proportional to changes in hm t in (22). Thus, we can either specify 
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Table I 

The Joint Effect of Stochastic Variance and Stochastic 
Interest Rates on Six-Month Call Option Prices 

This table gives the call option prices from the Black-Scholes formula (BS price) and the 
stochastic variance and stochastic interest rate formula in Proposition 2 (SVR price). The 
simulations are based on a weekly time interval and the following dynamics: 

hst= 3hm,t + (1 -3) hd,t 

ln hm, t [(-lam)ln hm,o/2U y2] + am ln hm, t-1 + 0yYt-1 

ln hd,t = [(1 - ad)lnhd,O -0Y2 0u] + ad - ln hd, t- 1 + -uUt- 1 

where hd,t, hmit, and hs,t are the idiosyncratic volatility, the systematic volatility, and the 
overall stock volatility processes respectively, and (Ut, Yt) are i.i.d. N(0, 1) random variables. 
Parameter values: o-, = 1/ 52, o-u = 2/ 52, ro = 0.1/52, hm,0 = 0.04/52, and hd,o = 0.04/52. 

Low Systematic Variance (,8 = 0.1) High Systematic Variance (,8 = 0.9) 

SO/Xa b BS pricec SVR priced % Dife BS price SVR price % Dif 

Panel A: am = 1, ad = 1 

1.10 7.210 7.232 -0.302 7.214 7.289 - 1.02 
1.00 4.025 3.946 1.988 4.046 4.082 - 0.88 
0.90 1.579 1.494 5.73 1.607 1.581 1.645 

Panel B: am = 1, ad = 0.8 

1.10 7.325 7.349 -0.321 7.265 7.332 -0.918 
1.00 4.218 4.245 -0.636 4.114 4.145 - 0.749 
0.90 1.780 1.803 - 1.276 1.670 1.644 1.549 

Panel C: am = 0.8, ad = 1 

1.10 7.174 7.174 0.0 7.205 7.211 -0.086 
1.00 4.005 3.877 3.293 4.059 4.060 -0.026 
0.90 1.576 1.452 8.589 1.632 1.628 0.248 

Panel D: am = 0.8, ad = 0.8 

1.10 7.291 7.292 -0.015 7.243 7.249 -0.076 
1.00 4.198 4.188 0.244 4.121 4.123 -0.058 
0.90 1.775 1.765 0.579 1.696 1.694 0.144 

as0 = Initial stock price ($50). 
bX = Exercise price. 
CBS price = Black-Scholes price. 
dSVR price = Option price from Proposition 2. 
e% Dif = {[(BS price)/(SVR price)] - 1} 100. 

the process for the interest rate or hm t. Consistent with the decomposition in 
(19), we specify the process for hm t. The parameters for hi t in (20) and "0" 
in (22) are chosen to obtain reasonable values of the first and second 
moments of the interest rate. Importantly, we do not need to specify the risk 
aversion parameters or the consumption process directly. 

The parameters -Y and au determine the variability of the rate of change 
of the two variance components hm t and hd, t. The parameters am and ad 
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measure their degree of persistence. Values close to 1 indicate high persis- 
tence and slow mean reversion, while values close to 0 indicate low persis- 
tence and fast mean reversion. Finally, we set the drift terms (Om and Wod as 
(1 - ac)ln(hm 0) and (1 - ad) * ln(hd,O) respectively to ensure that the uncon- 
ditional expectations of ln(hm t) and ln(hd, t) are equal to ln(hm, 0) and 
ln(hd 0), respectively. This permits us to isolate the effect of changing the 
speed of mean reversion (am and ad) from the effect of changing the 
unconditional expectations of ln(hm, t) and ln(hd, 4) 

The length of each time interval is taken to be one week. The value of -Y 
and a-u are fixed at 1/ 52 and 2/ 52, respectively. For the case where 
am =a d = Lthese values represent approximately a 14 percent standard 
deviation for (ln hM, t - ln(hM, t- l)) and a 28 percent standard deviation for 
(ln(hd t) - ln(hd, t-)) on an annualized basis. By setting a-u to be bigger 
than aY we take the position that the idiosyncratic stock return variance is 
more variable than the systematic component. We fix 0 to be 3.0. When 
am = ad =1, this yields an annualized standard deviation of the interest rate 
to be 3.72 percent. 

The date 0 values: r0, hm 0, and hd,o are taken to be 0.1/52, 0.04/52, and 
0.04/52 respectively. Forcing hm 0 and hd,o to be equal ensures that when 
we change /3 the unconditional standard deviation of the stock return does 
not change. 

In the experiment, we vary the values of /3, am, and ad. Choosing different 
values of /3 permits us to compare changes in the Black-Scholes bias when 
the systematic component of the stock return variance becomes more or less 
important. Changing the values of am and ad permits us to compare the 
effect of mean reversion in the systematic and idiosyncratic components of 
the variance. 

Table I reports the prices of six-month call options on a stock with varying 
ratios, (1.10, 1.00, and 0.90), of the stock price to the exercise price. Table II 
reports the results for one-year options. These tables have four panels. Panel 
A corresponds to the case when there is no mean reversion in either the 
systematic variance or the idiosyncratic stock return variance. Panel B 
reports option values when there is mean reversion in the idiosyncratic stock 
return variance but there is no mean reversion in the systematic variance. 
Panel C corresponds to the case when there is mean reversion in the 
systematic variance but no mean reversion in the stock return variance. 
Finally, Panel D gives the results when there is mean reversion in both the 
variance components. In each panel, the first three columns correspond to a 
small systematic variance component (,/ = 0.1) and the last three columns 
correspond to a large systematic component in the stock return variance 
(/3 = 0.9). 

Strictly speaking, the Black-Scholes call price is a concave function of the 
variance for at-the-money options and a convex function of the variance for 
sufficiently deep in-the-money or deep out-of-the-money call options.7 How- 
ever, for almost all exchange-traded options, the exercise price is within 10 

7See Hull and White (1987) for details. 
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Table II 

The Joint Effect of Stochastic Variance and Stochastic 
Interest Rates on One-Year Call Option Prices 

This table gives the call option prices from the Black-Scholes formula (BS price) and the 
stochastic variance and stochastic interest rate formula in Proposition 2 (SVR price). The 
simulations are based on a weekly time interval and the following dynamics: 

ht= f hm,t + (1 1)-hd,t 

Inlhm,t = [(1 - am)lnhm,o- Y2o2] + am lnhm,t_i + 0yt-l 

ln hd, t = [(1 - ad)ln hd,o -0Y2 2] + ad *ln hd,t1- + oUuUti- 

where hd, t, hm t, h, t are the idiosyncratic volatility, the systematic volatility, and the overall 
stock volatility processes respectively, and (Ut, Yt) are i.i.d. N(0, 1) random variables. Parameter 
values: oY = 1/ 52, o-u = 2/ V5, ro = 0.1/52, hm,0 = 0.04/52, and hd,o = 0.04/52. 

Low Systematic Variance (f3 = 0.1) High Systematic Variance (,8 = 0.9) 

SOXa, b BS pricec SVR priced % Dif3 BS price SVR price % Dif 

Panel A: am = 1, ad = 1 

1.10 9.467 9.600 -1.383 9.476 9.768 -2.997 
1.00 6.367 6.409 -0.647 6.400 6.662 - 3.936 
0.90 3.555 3.470 2.456 3.607 3.722 -3.077 

Panel B: am = 1, ad = 0.8 

1.10 9.668 9.821 -1.557 9.621 9.886 -2.676 
1.00 6.683 6.892 - 3.037 6.582 6.809 -3.332 
0.90 3.941 4.159 -5.251 3.801 3.890 -2.291 

Panel C: am = 0.8, ad = 1 

1.10 9.445 9.407 0.408 9.476 9.483 -0.074 
1.00 6.377 6.104 4.471 6.425 6.427 -0.042 
0.90 3.594 3.159 13.771 3.652 3.649 0.097 

Panel D: am = 0.8, ad = 0.8 

1.10 9.652 9.653 -0.008 9.579 9.586 -0.069 
1.00 6.684 6.678 0.083 6.578 6.584 -0.082 
0.90 3.959 3.949 0.240 3.834 3.836 - 0.042 

as0 = Initial stock price ($50). 
bX= Exercise price. 
CBS price = Black-Scholes price. 
dSVR price = Option price from Proposition 2. 
e% DIF = {[(BS price)/(SVR price)] - 1} 100. 

percent of the stock price. Ignoring interest rate effects for the moment, for 
these options, Jensen's inequality implies that the stochastic nature of the 
variance reduces the call price relative to the Black-Scholes price evaluated 
at the average variance level. In other words, the stochastic variance acting 
by itself causes the Black-Scholes formula to overprice call options (which are 
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not extremely deep in or out of the money). However, the stochastic variance 
induces more complicated effects if it is systematic and hence is related to the 
stochastic interest rate. 

Assuming that stock and bond prices are positively correlated (which is 
normally the case), then following Merton (1973), stochastic interest rates 
increase the option price (relative to a constant interest rate model) above the 
Black-Scholes value when the variability of the interest rate is high. The 
effect is reversed if the variability of the interest rate is low. Of course, when 
the interest rate variability is low, the effect of the stochastic nature of the 
interest rate is small. Hence, it is very likely to be the case that stochastic 
interest rates induce higher option prices, i.e., the Black-Scholes formula will 
underprice call options. 

In summary, for the options of most interest, stochastic volatility causes 
option values to increase and stochastic interest rates cause option values to 
decrease if each of these effects act by themselves. However, their combined 
effect should depend on the relative importance (variability) of each of these 
two processes. 

First, we analyze the results in Table I for six-month call options. Compar- 
ing the fourth column of Panel A (labeled "% Dif") to the fourth column of 
Panel B, we observe that mean reversion in only the idiosyncratic part of the 
stock return variance can cause the Black-Scholes bias to change from 
positive (the Black-Scholes formula overprices the option) to negative (the 
Black-Scholes formula underprices the option). This is logical since mean 
reversion in the idiosyncratic variance effectively reduces the importance of 
the stochastic variance relative to the stochastic interest rate induced by 
the systematic volatility component (alternatively, stochastic variance of 
consumption). 

Comparing the fourth column of Panels A and C reveals that mean 
reversion in the systematic variance alone causes the Black-Scholes overpric- 
ing to be even more significant. Again, this is intuitively reasonable since 
mean reversion in the systematic variance is accompanied by mean reversion 
in the interest rate. Therefore, the importance of the stochastic interest rate 
declines relative to the overall stochastic variance. Thus, the difference 
between Black-Scholes values and SVR values is higher in Panel C than in 
Panel A. 

In Panel D, the prices correspond to significant mean reversion in both the 
systematic and idiosyncratic variance components. Since mean reversion 
reduces the effect of the stochastic nature of both these inputs, the Black- 
Scholes biases are quite small. 

When the systematic component of the stock variance is large (last three 
columns in Table I), the combined effect of the stochastic variance and the 
stochastic interest rate is more complicated since the two are now highly 
correlated. In this case, the stochastic variance also works through the 
stochastic interest rate. Since the direct and indirect effects of the stochastic 
variance are of opposite direction, the composite effect of the stochastic 
variance is not very significant. Therefore, the relative difference between the 



898 The Journal of Finance 

Black-Scholes price and the SVR price is smaller when the systematic 
variance component is large (column 7) relative to when the systematic 
variance component is small (column 4). This fact is apparent by comparing 
the "% Dif" columns in Panels A and B when the systematic variance 
component is low or high. 

Now consider the results for one-year call option prices reported in Table II. 
By and large, we notice that the SVR prices are much larger than the 
Black-Scholes prices relative to those reported for six-month calls in Table I. 
For the purpose of option valuation, Proposition 2 implies that we can view 
the stock distribution as risk neutral with an expected rate of return in each 
period equal to the interest rate. Therefore, the stochastic interest rate 
appears as a stochastic drift in the stock price distribution. The additional 
uncertainty due to a stochastic drift induces the total unconditional variance 
over the life of the option to increase relative to a model in which the interest 
rate is deterministic. Further, the longer the maturity, the bigger the in- 
crease in the total variance due to the stochastic drift. Therefore, SVR call 
values are higher due to stochastic interest rates and this overpricing in- 
creases even further as the maturity increases. Correspondingly, one-year 
options exhibit much larger overpricing by the SVR formula. 

The notable exceptions to the above argument are the option prices in 
Panel C. These prices correspond to a high rate of mean reversion in the 
interest rate. With high mean reversion, the stochastic interest rate has only 
a marginal effect, therefore the stochastic volatility effect dominates. Thus, 
the Black-Scholes prices are larger. 

IV. Option Valuation with Systematic Jumps 

Our model development in Section II has been very general. For predictable 
mean return, variance, and covariance processes, we have a very simple and 
useful formula. However, when these processes are not predictable, the 
formula is not so simple. For it to be useful, we need to make it more specific. 
In general, this will depend on the specific characteristics of the aggregate 
consumption process and the stock price process. In this section, we consider 
a specific example that leads to an analysis with jump-diffusion processes. 
In particular, these processes have received considerable attention in the 
literature. 

We will specify the stock price return as well as the return on aggregate 
consumption in each period to have a distribution described by a mixture of 
normal distributions. This distribution has been previously studied by several 
authors, including Kon (1984), who demonstrates that this fits return data 
much better than the (log)normal distribution. Further, we will show that by 
an appropriate parameterization and taking limits, one can obtain a bivariate 
jump-diffusion process for consumption and asset returns. 

Let the time between each successive information release be A. Define 
(Yt Ut) to be a composite random variable that corresponds to a se- 



Option Valuation with Systematic Stochastic Volatility 899 

quence of i.i.d. scalar-valued Bernoulli random variables such that 

= 1 with probability AA, 
= 0 with probability 1 - AA, 

where A is a constant. As 8t is scalar valued, we will drop the vector notation 
for subsequent analysis. We further assume that the distribution of the 
random shocks (eC t ?s t) is given by 

5 
- 

+ -d SA t0j 'S a-dscA N[ s]; [ d 8 2 + (23) 

where all the parameters on the right-hand side are assumed to be constant. 
One can think of the variance component as being composed of two parts. In 
every period, the stock return has a variance component equal to -d2sA. 
However, in some periods there is an additional component corresponding to 
the occurrence of some rare event that causes a large increment to the 
variance equal to fj-2 A similar principle applies to the consumption return 
and the correlation between the two processes. Alternately, when 8t equals 1, 
jumps in both the consumption as well as the stock price variance occur, 
otherwise no jump occurs. Of course, large increases in the variance will 
in general be accompanied by large jumps in the stock return and the 
consumption process. In fact, when we take limits to the continuous time 
case, these two concepts are indistinguishable. Therefore, we will use them 
interchangeably. 

It is possible to augment 8t such that separate jumps in the stock price and 
in aggregate consumption are permitted. Any jump in aggregate consumption 
that does not affect the stock price will not directly affect the option value. 
The effect will enter into the option price only through the endogenously 
determined interest rate. Therefore, there does not seem much point in 
explicitly considering this. Further, any jump that occurs in the stock price 
when the consumption process does not jump is idiosyncratic. Ball and 
Torous (1985) show that the presence of idiosyncratic jumps in stock prices 
leads to relatively minor deviations in prices from corresponding Black- 
Scholes values. This implies that only those jumps that simultaneously affect 
both aggregate consumption and the stock price will be important for deter- 
mining option values. Therefore, we concentrate on such jumps. However, 
except for tedious algebra and a much larger number of parameters, the other 
types of jumps mentioned can easily be incorporated. 

To complete the model specification, we need to specify tLc( ),cs() and p. 
Analogous to the variance, let 

AcOd ( = ) dcA + at8(jc2 

=s ( Pt) =d s 5A + at 8 js - 
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We will assume that I,js o-j2 ,j 2 ojc, and o>jsc are also constants and they do 
not vary with the length of the trading interval. Further, to facilitate continu- 
ous discounting in the subsequent derivation, redefine p as 

p = exp(-,/3A), 

where /3 is also a constant. With these definitions, the discounting parameter 
'y(5t) defined in Section I can be decomposed into two components, 

y(5t) = yAl + tyj (24) 

where 

b(1 + b) 
2 

y- 8 + b - ydc 2 *?d2cd 

b?2 
2~ ~~~~~(5 yj - b *jC- 2 *, ?C. (25) 

We first focus on the stochastic process followed by the aggregate consump- 
tion and the stock price as the time between successive information releases 
is reduced to zero. In this case, it can be shown that the joint distribution of 
(CT, ST) is given by (see Appendix A for additional details) 

CT = COexp[[ Adc - -dc T + aJdcWdc(T) + E Y (Jj) 

ST = - ~~~2OST j=O 

T SoexP [[lAds 2 ad2sT + a-dsWds(T) + E YNT ) (26) 

where NJ(T) is the number of jumps up to time T corresponding to a 
compound Poisson process with parameter A and Ej=-J(T) Yc(j) and EJf(T)Y (j) 
are the cumulative increments up to time T to the logarithm of the consump- 
tion and the stock price corresponding to the Poisson jumps. The number of 
jumps for both CT and ST are identical and Yc(j) is normally distributed with 
mean ( ci -_ /2 aji2) and variance aj-2 for i = c, s respectively and the covari- 
ance of Yc(j) and Ysj) is equal to o-js. Further, (Wds(T), Wdc(T)) has the 
same distribution as a two-dimensional Brownian motion evaluated at date T 
with a correlation equal to o-d sc/( (-d s "-d c) 

This joint distribution for the stock return and the consumption growth 
process corresponds to a bivariate jump-diffusion process. The stock price 
distribution is the same as that used by Merton (1976) and the representa- 
tion for the consumption process is the starting point for the analysis in Naik 
and Lee (1990). 

Given these distributions, we can now substitute the definition of the 
parameters from (23), (24), and (25) into our general option valuation formula 
(Proposition 1) and take limits to obtain the continuous time version of our 
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option valuation formula. This yields 
00 ~~(AT)n 

Hl0(Call) = E exp(-AT) n! 
n=O 

*[S0Q1(n)N[ d1(n)] - KQ2(n)N[ d2(n)] ] 
where 

Q1(n) = exp{[Pads- /-bJdSC]T+ n y y-boja 727 
* 2zis]) 

Q2(n) = exp[-yT -nyj, 

d1(n) = ln[S0Q1(n)/(KQ2(n))] + ds/2[cr: + oj n/T]T 

[(s + ojsn/T)TI] 

d2(n) = dl(n) ds + ojsn/T)T] . (27) 

This is our jump-diffusion call option valuation formula with systematic jump 
risk. Similarly, one can write down a formula for put options. 

The above formula can also be used to value options on the market 
portfolio. One just needs to substitute the parameters for the market instead 
of the parameters for the stock and the market variance parameter for the 
covariance parameters. This is true since, with our utility function and our 
current assumptions, it can be shown that the value of the market portfolio is 
proportional to the value of current aggregate consumption where the propor- 
tionality factor is determined to satisfy the Euler equation for the market. 
The result then follows from the observation that the market portfolio is 
perfectly correlated with aggregate consumption. This is the special case 
analyzed by Naik and Lee (1990). Correspondingly, their formula is a special 
case of the above formula. 

The Euler equation for stock valuation (equation (8)) implies that for a 
small time interval A1, 

exp(-[ [ds - - bodsc]) 

= Al\ * exp [ Uyy- - b-7 + 1/2 fj2 ] + (1-A + o(l). 

By taking a Taylor series expansion and taking limits as A -1 0, this yields 

Iyd s--bodsc = A[ 1-exp( Ijs-yj-bo-jsc + (1/2) oj2)]. (28) 

Similarly, the Euler condition corresponding to discount bond prices (equa- 
tion (9)) is 

r = y-A(exp[-yj] -1). (29) 

These two conditions must be satisfied in equilibrium. They yield two addi- 
tional restrictions that can be imposed on the model to reduce the number of 
parameters. 

When jumps in stock returns are idiosyncratic, there are no jumps in the 
consumption return. Therefore, yj and o-jsc are both zero. The Euler condi- 
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tions then imply that r = y and ud / - y-bodSC = AL 1-exp(pt1s +2 s 
Substituting these relationships in the general jump-diffusion formula de- 
rived earlier yields Merton's (1976) jump-diffusion formula with idiosyncratic 
jump risk. This is a preference-free option valuation formula and does not 
depend on any of the utility and consumption parameters. 

To understand the effect of systematic jumps on option prices, we provide a 
sample of European call option prices for a representative set of parameter 
values using our formula (expression (27)) as well as Merton's (1976) jump- 
diffusion formula with idiosyncratic jump risk in Table III. As an illustrative 
example, we assume that the jumps in the stock price and the consumption 
process are positively correlated. Further, the parameters used to compute 
prices with Merton's formula are the same as those used in expression (27) to 

Table III 

The Effect of Systematic Jumps versus Idiosyncratic Jumps 
on Call Option Prices 

This table gives the call option prices from Merton's (1976) Jump-Diffusion Formula and the 
Systematic Jump Risk Formula (equation 27). Parameter values with time measured in years: 

od = 0.025, 
2 = 0.015, qd= 0.05, 

2 
= 0.025, dsc=Y2JdsOdc 

0rsc = 0.75o-js o> ln p --0.07, 1-dc = 0-1, Ajc = /2JC2 

P-js = -Y2 kA = 2.0. 

Ads and "r" are determined in equilibrium by the Euler conditions. 

b = 0.5 b = 1.0 b = 3.0 

So /a,b IJRC SJRd % Dife IJR SJR % Dif IJR SJR % Dif 

Panel A: Option Maturity = Y'2 Years 

1.1 5.20 5.21 -0.23 5.25 5.28 -0.48 4.97 5.07 - 1.99 
1.0 1.84 1.84 -0.16 1.87 1.88 -0.47 1.69 1.74 -2.84 
0.9 0.34 0.33 3.43 0.35 0.33 6.41 0.32 0.27 17.26 

Panel B: Option Maturity = 1/2 Years 

1.1 8.31 8.33 -0.24 8.55 8.60 -0.54 7.27 7.49 -2.93 
1.0 5.54 5.55 -0.22 5.75 5.78 -0.57 4.69 4.86 -3.57 
0.9 3.17 3.16 0.13 3.31 3.31 -0.06 2.58 2.65 -2.65 

Panel C: Option Maturity = 1 Year 

1.1 11.14 11.16 -0.19 11.58 11.63 -0.44 9.28 9.56 -2.86 
1.0 8.56 8.58 -0.19 8.96 9.01 -0.50 6.90 7.15 -3.46 
0.9 6.05 6.06 -0.09 6.39 6.42 -0.42 4.69 4.87 -3.72 

aS0 = Initial stock price ($50). 
bX= Exercise price. 
cIJR = Option values with idiosyncratic jump risk (Merton's (1976) formula). 
dSJR = Option values with systematic jump risk. 
e% Dif = [(IJR/SJR) - 1]. 100. 
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compute option prices. To ensure a "fair" comparison, the interest rate used 
in Merton's formula is equated to the interest rate obtained in the model with 
systematic jump risk. 

From Table III, we notice that the systematic jump risk becomes important 
only when the risk aversion coefficient becomes larger than one (i.e., the 
representative agent is more risk averse than one with logarithmic utility). 
Further, the model with systematic jumps yields higher option values rela- 
tive to Merton's formula for in-the-money and at-the-money (SO/X 2 1) 
options and significantly lower values for short-term, out-of-the-money op- 
tions. These biases result from the interaction of two different effects, which 
are described below. 

First, if jumps in the stock price as well as consumption are positively 
correlated, the stock return premium is higher under the systematic jump 
case relative to the idiosyncratic jump case since the systematic jump is not 
diversifiable. This is reflected in the Euler equation (28) for stock valuation. 
The value of btds is higher when o-jsc is positive than when (jsc is equal to 
zero. The consequence is that the stock price drifts upwards at a faster rate 
under systematic jumps than with idiosyncratic jumps. We term this the 
"drift effect." Second, the marginal rate of substitution tends to jump with the 
stock return under systematic jumps but not under idiosyncratic jumps. As a 
consequence, jumps in the stock price that increase the value of the call also 
tend to increase, on average, the discount rate applied to discount the cash 
flows on the option. We term this the "discounting effect." 

The drift effect causes the call option to be worth more relative to a model 
with idiosyncratic jumps, whereas the discounting effect leads to the opposite 
result. For a short term out-of-the-money call option whose value is mainly 
derived from the possibility of a jump, the discounting effect dominates and 
hence the price given by Merton's (1976) formula is higher than the price 
given by our systematic jump formula. However, for longer term options and 
for in-the-money and at-the-money options whose values are not derived 
mainly from the potential of having a jump, the drift effect dominates. Hence, 
the price given by Merton's formula is lower than the price given by our 
systematic jump formula. 

Even though the prices are not reported, the bias in option values reverses 
itself when the correlation between the consumption and asset jumps is 
negative. The discounting effect and the drift effect now influence the call 
option price in exactly the opposite way. Therefore, the sign of the biases is 
also reversed as expected. 

V. Conclusions 

This paper provides a model for the valuation of individual stock options 
when the variance of the underlying stock return is stochastic and is corre- 
lated with the variance of the consumption growth or the market return. The 
variance of the consumption growth, in general, induces a stochastic interest 
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rate. Therefore, our model simultaneously incorporates a stochastic variance 
as well as a stochastic interest rate in the valuation of options. 

Using a generalization of the consumption-based equilibrium approach of 
Rubinstein (1976) and Brennan (1979), we have derived a general option- 
pricing formula that is consistent with stochastic stock return variance, 
stochastic consumption growth variance, stochastic interest rates, as well as 
the existence of a -systematic component in the stock return variance. Fur- 
ther, our framework can include a broad class of popular empirical processes 
that do not necessarily have diffusion limits. In the special case in which the 
mean return of both the stock and consumption, the consumption variance 
and the covariance between the stock and consumption returns are pre- 
dictable processes, our option valuation formula is preference free. 

We have shown that the direction of the bias inherent in prices obtained 
from the Black-Scholes model is different between stocks with a strong 
systematic variance component and those with a strong idiosyncratic vari- 
ance component. Further, the effect of mean reversion in variance on option 
prices is dependent on whether the mean reversion is related to the interest 
rate or whether the mean reversion is for the idiosyncratic component that is 
not related to the interest rate. 

We have also derived a closed form formula for call options on stocks 
with systematic jumps in the stock return. Relative to Merton's (1976) jump- 
diffusion formula with idiosyncratic jump risk, the systematic jump formula 
gives higher prices for long maturity calls and short maturity in-the-money 
calls if the jumps in the stock return and aggregate consumption are posi- 
tively correlated. However, for short maturity out-of-the-money calls, Merton's 
formula yields significantly higher values under the same conditions. Fur- 
ther, the direction of these biases is reversed if the jumps in the stock return 
and aggregate consumption are negatively correlated. 

The theory developed here calls for additional research. We have docu- 
mented that economy wide volatility and interest rate changes can induce 
different types of pricing biases for options on different types of stocks. 
Further, it is also likely that different biases will be induced when the 
interest rate or/and the volatility are significantly different from their long 
run values. Mean reversion in these processes from extreme values will likely 
yield different biases depending on whether these variables are lower or 
higher than their long run values. Future empirical research should focus on 
incorporating the systematic volatility and stochastic interest rate factors 
studied here. This research can potentially explain some of the empirical 
biases documented by authors such as Whaley (1982) and Rubinstein (1985). 

Appendix A 

Proof of Lemma 1: Let ct ln[ p(Ct/Ct1 b] and st-ln[St/StJ. Based 
on (6), the one-period interest rate at time t, rt, must satisfy 

exp(-rt) = Et[exp(ct+l)]. 
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In terms of stock valuation, since the stock does not pay any dividends prior 
to date T, the stock return process in the time interval [0, T] must satisfy 

1 = Et[exp(ct+1 + st+1)]. 

Using the law of iterated expectations, the above two equations can be 
written respectively as 

exp(-rt) = Et Et[exp(ct + 1)Io(Yt+ 1, Ut+ 1)] (Al) 

1 = E[ Et[exp(ct+ 1 + st+ o1 O(Y T+, Ut+ 0)] I (A2) 

Under our setup, for any t, 

[c]| 
I 

yu) N n p - bl-c, t + .5bhc t] [t Ft- V or(Y,Ut) - N ~ ?5h~ 

|b2 hC - bocs, tl 

bo-,?s,t hs t 
Evaluating the inner conditional expectations in (Al) and (A2) yields equa- 
tions (7) through (10). Q.E.D. 

Proof of Proposition 1: Define XTET1 st = ln(ST/SO), ZT ET1ct = 

ln[ pT(CT/CO)b] and K ln(K/SO) where ct and st are defined as in the 
proof for Lemma 1. Equation (14) can now be rewritten as 

lEo = So * EO{EO[exp(ZT) * Max[0, exp(xT) - exp(K)]IGT]}. (A3) 

Under Assumptions 1 and 2, 

[ZX Fo V GT -N([-:T1; [-';~~ 
[ ]l {[~I-x, T ] tzx,TT Wx,TT] 

where, 

?1, - . st 2hs,)/T~ (A4b) 

T 

hzzT E- b2h, t/T, (A4c) 
tt= 

T 

-Ls,- t hs, t IT (A4b) 

tt = 

T 

hz,T 1b hc, tIT (A4e 

t=l 
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To evaluate the inner conditional expectation in equation (A3), we can apply 
a change of measure conditional on Fo V GT, taking exp(ZT - 

Az, TT -/2 

hz, TT) as the Radon-Nikodym derivative. Using Lemma 1 in Appendix B, the 
conditional distribution of XT given Fo V GT under the new measure is 
normal with mean -zxTT and variance hXTT. Integrating over this distribu- 
tion yields 

EO[exp(zT) Max[ 0, exp(xT) - exp( K)]IGT ] 

= Ql(GT) N[ dj(GT)] - exp(K) Q2(GT) N[d2(GT)] (A5) 
where, 

Ql(GT) - zexpF(,T + Px,T + /2 hz,T + 1zx,T + /2 hx,T)T], 

Q2(GT) exp[( 
I-Az,T +1/2 *hzT)T], 

d1(GT)-[- ?( IX,T +?ZX,T + hX,T)T]/(hX,TT) 

d2(GT ) = dl(GT) - (7hxKTT) 

But, given the definitions (A4a) to (A4e) and equations (9) and (10), 

Ql(GT) = exp(E i/-'s, - Yt - b+ o- E t} 

T~~~ 

t~~~~t 

dl(GT) = _ _T - 1/2 
t= 1 

E hs,t 

T 

d2(GT) = dl(GT) - E hs, t 
t== 1 

Multiplying (A5) through by SO now yields the required formula. Q.E.D. 

Convergence Proof for Section IV:8 With the definitions in Section IV, the 
consumption process for any fixed date "T" can be represented as 

CT = Co exp E [ Ikd C A + 8tIjc] 2-C + 8tu ic ] 

+8to-jcuj(t) + odcud(t)V7]} 

8For conciseness, we provide only the general ideas in the proof. More details and formal 
proofs are available from the authors. 
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where (Ud(t), uj(t)) for t = 1, ... , T/A are i.i.d. bivariate normal (0, 1) random 
variables such that for a fixed date t, Ud(t) and uj(t) are independent of each 
other. Simplifying, 

CT = Coexp {E [ILdcA - 2cd2c A + (Jdc Ud (t)f )j 

*exp E at 2 + ojcuj(t)]} 

In the limit, as A -O 0, the first exponent is equal to exp{[ adc 
- 1/2 o]d2cIT + 

odcWdc(T)l where WdC(T) is a normally distributed random variable with 
mean zero and variance T which we may as well assume to be a standard 
Brownian motion evaluated at T. The second exponent has a distribution 
given by 

(AA/)n(1A- )( /n LN[( 2tn - jon)n,.n1 
n=O n T( 2 ))-I 

where LN[ x, y] is the lognormal distribution with mean x and variance y. In 
the limit, as A -O 0, this expression equals 

Lexp(-AT) LN[ /_jC (7j2 n 'j2n] 

n=O 

This is the distribution corresponding to a compound Poisson process evalu- 
ated at time T, with a lognormal distribution for the jump magnitude. 
Therefore, 

!21Tj=O CT CoexP{[[iLYc -2JdcJ + ydCWdc(T + NJ(T) 

where EYJ.0T) Yc(j) is a compound Poisson process evaluated at T whose 
increments at jump times are Normal( ,jc - '/2 o-jc 2 2) increments at jump 
times. 

Similarly, one can show that the stock price process is given by: 

NJ(T) 

ST =Soexp[ ILds - ads]T + adsWds(T) + E Y (j) 

where EJ =0T) Y(j) is a compound Poisson process evaluated at "T" whose 
increments at jump times are Normal( Al-j - '/2 oj2, (ojs2) and the distribution of 
Wds(T) is that of a Brownian motion evaluated at T. Given our assumptions, 
the number of jumps as well as jump times for CT and ST are identical. 
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Further, it is apparent that Covariance(o-dSWdS(T), oJdcWdc(T)) = JdSCT and 
Covariance(Yc(j), Ys(j)) = o-jcs. Q.E.D. 

Appendix B 

LEMMA 1: Consider a probability measure Q and two random variables X and 
Y such that (X, Y) is normally distributed under Q with mean ( /u, ,y) and 
variance-covariance matrix 

x2 Pxy Ox oy1 

LPX YTX Ty UY ] 

Define Q such that its Radon-Nikodym derivative with respect to Q is given by 

= exp[ A1y - 9IT72 + Y 

Then, X NE iutx + pXy rx, o(TX] 
under Q. 

Proof: First, we notice that Q is a probability measure since dQ/dQ ? 0 
and EQ[dQ/dQ] = 1. To show the appropriate distribution of X under Q, 
consider its density function fx(x) under Q. By the Radon-Nikodym Theorem 
(Halmos (1974), p. 128), 

fx(x) =f exp[-ILy - 2-crY2 +y]fxy(x,y)dy 

where fxy( ,) is the bivariate normal density under Q: 

fxy(x Y =1 ep 
- 1 ((x 

- 
Ax 

f~(,y)= 2,7To--ox (1 - p2) '42(1 -p2) J ) 

x 0L ( y + (y 
Y 

) }] 

Define 

( - pY ) x -Ax 
5, = . 

J (V(l p2 ) ' XV(1 Px2y 

We can now rewrite fx(x) as 

= 
-o g(x)f (21T)cr.,1 _-p2 * exp - 1 y2 + y + pxy dy 
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where 

g(x) = 
V(2ir)o-x exp -[Iy - Y- !2j 

Making a change of variable from y to y, 

fx( x) = g( x ) expfIlty + 2[Cy/(1 - P ) + Pxy ]2j 

| oox/(2ir) exp[- 2 
- - + 

Noting that the integral equals 1 and simplifying the remaining expression 
yields 

1 1 ( X- Y 21 
=-(x) expg-p -2x x] 

This is the normal density with mean j+ + ,x and variance cr2. Q.E.D. 
LEMMA 2: Given that X and Y are normal random variables with mean zero 
and variances o;.2 and o.2 respectively, 

EK exp(X - u2ex ) p K2 exp(Y- p2 )j 

= K1 NQq)-K2 N* r- 

where 

ln(Kl/K2~~P ) _2 

and S 2 is the variance of (X2 - Y). 

Proof: See Lemma 5, Appendix A in Amin and Jarrow (1992). 

REFERENCES 

Amin, K., and R. Jarrow, 1991, Pricing foreign currency options under stochastic interest rates, 
Journal of International Money and Finance 10, 310-329. 

, 1992, Pricing options in a stochastic interest rate economy, Mathematical Finance 3(3), 
1-21. 

Bailey, W., and R. Stulz, 1989, The pricing of stock index options in a general equilibrium model, 
Journal of Financial and Quantitative Analysis 24, 1-12. 

Ball, C., and W. Torous, 1985, On jumps in common stock prices and their impact on call pricing, 
Journal of Finance 40, 155-173. 



910 The Journal of Finance 

Black, Fischer, 1975, Fact and fantasy in the use of options, Financial Analysts Journal 31, 
36-41. 

and Myron Scholes, 1972, The valuation of option contracts and a test of market 
efficiency, Journal of Finance 27, 637-654. 

Boyle, P., 1977, Options: A Monte Carlo approach, Journal of Financial Economics 4, 323-338. 
Brennan, M., 1979, The pricing of contingent claims in discrete-time models, Journal of Finance 

34, 53-68. 
Conrad, J., M. Gultekin, and G. Kaul, 1991, Asymmetric predictability of conditional variances, 

Review of Financial Studies 4, 597-622. 
Engle, R., Victor Ng, and Michael Rothschild, 1990, Asset pricing with a factor ARCH covariance 

structure: Empirical estimates for Treasury bills, Journal of Econometrics 45, 213-237. 
Gultekin, Bulent, Richard Rogalski, and Seha Tinic, 1982, Option pricing model estimates: Some 

empirical results, Financial Management 11, 58-69. 
Halmos, P. R., 1974, Measure Theory (Springer Verlag, New York). 
Harvey, A. C., E. Ruiz, and N. Shephard, 1992, Multivariate stochastic variance models, Mimeo, 

Department of Statistics and Management Sciences, London School of Economics. 
Hull, J., and A. White, 1987, The pricing of options on assets with stochastic volatilities, Journal 

of Finance 42, 281-300. 
Jarrow, Robert, and Eric Rosenfeld, 1984, Jump risks and the intertemporal capital asset pricing 

model, Journal of Business 57, 337-351. 
Jorion, P., 1988, On jump processes in the foreign exchange and stock markets, Review of 

Financial Studies 1, 427-445. 
Kon, S., 1984, Models of stock returns-a comparison, Journal of Finance 39, 147-165. 
Madan, D., and E. Seneta, 1987, Stock price distributions with variance gamma components, 

Journal of Business 63, 511-524. 
Merton, R., 1973, Theory of rational option pricing, Bell Journal of Economics and Management 

Science 4, 141-183. 
, 1976, Option pricing when underlying stock returns are discontinuous, Journal of 

Financial Economics 3, 125-144. 
Naik, V., and M. Lee, 1990, General equilibrium pricing of options on the market portfolio with 

discontinuous returns, Review of Financial Studies 3, 493-522. 
Nelson, D., 1990, ARCH models as diffusion approximations, Journal of Econometrics 45, 7-38. 
Ng, Victor, Robert Engle, and Michael Rothschild, 1992, A multi-dynamic-factor model for stock 

returns, Journal of Econometrics 52, 245-266. 
Rubinstein, M., 1976, The valuation of uncertain income streams and the pricing of options, Bell 

Journal of Economics and Management Science, 407-425. 
, 1985, Nonparametric tests of alternative option pricing models using all reported trades 

and quotes on the 30 most active CBOE option classes from August 23, 1976 through August 
31, 1978, Journal of Finance 40, 455-480. 

Stapleton, R., and M. Subrahmanyam, 1984, The valuation of multivariate contingent claims in 
discrete-time models, Journal of Finance 39, 207-228. 

Turnbull, S., and F. Milne, 1991, A simple approach to interest-rate option pricing, Review of 
Financial Studies 4, 87-121. 

Whaley, Robert E., 1982, Valuation of American call options on divided paying stocks, Journal of 
Financial Economics 10, 29-58. 


	Article Contents
	p. 881
	p. 882
	p. 883
	p. 884
	p. 885
	p. 886
	p. 887
	p. 888
	p. 889
	p. 890
	p. 891
	p. 892
	p. 893
	p. 894
	p. 895
	p. 896
	p. 897
	p. 898
	p. 899
	p. 900
	p. 901
	p. 902
	p. 903
	p. 904
	p. 905
	p. 906
	p. 907
	p. 908
	p. 909
	p. 910

	Issue Table of Contents
	The Journal of Finance, Vol. 48, No. 3, Papers and Proceedings of the Fifty-Third Annual Meeting of the American Finance Association: Anaheim, California January 5-7, 1993 (Jul., 1993), pp. 831-1145
	Front Matter
	The Modern Industrial Revolution, Exit, and the Failure of Internal Control Systems [pp.  831 - 880]
	Option Valuation with Systematic Stochastic Volatility [pp.  881 - 910]
	Measuring Asset Values for Cash Settlement in Derivative Markets: Hedonic Repeated Measures Indices and Perpetual Futures [pp.  911 - 931]
	Invisible Parameters in Option Prices [pp.  933 - 947]
	Top-Management Compensation and Capital Structure [pp.  949 - 974]
	Influence Costs and Capital Structure [pp.  975 - 1008]
	Market Integration and Price Execution for NYSE-Listed Securities [pp.  1009 - 1038]
	The Investment Performance of U.S. Equity Pension Fund Managers: An Empirical Investigation [pp.  1039 - 1055]
	Abstracts of Papers Presented at the 1993 AFA Meetings [pp.  1057 - 1123]
	Reports of the American Finance Association
	American Finance Association: Minutes of the Annual Membership Meeting: January 6, 1993 [pp.  1125 - 1126]
	American Finance Association: Report of the Executive Secretary and Treasurer for the Year Ending September 30, 1992 [pp.  1127 - 1130]
	American Finance Association: Report of the Managing Editor of the Journal of Finance for the Year 1992 [pp.  1131 - 1142]
	American Finance Association: Report of the AFA Representative to the National Bureau of Economic Research [pp.  1143 - 1145]

	Back Matter



