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The Term Structure of Interest Rates in a 
Partially Observable Economy 

DAVID FELDMAN* 

ABSTRACT 

This paper investigates the term structure of interest rates in a multiperiod production 
and exchange economy with incomplete information. Unable to observe their stochastic 
investment opportunities, investors engage in dynamic Bayesian inference. This results 
in the endogenous identification of a more complex production function which generates 
a richer term structure, resembling the one that actual market prices imply. In addition, 
this paper introduces a characteristic function of the term structure and demonstrates 
that, in contrast with a fully observable economy, the widely investigated expectations 
hypothesis holds true only if interest rates are nonstochastic. 

THIS PAPER INVESTIGATES THE term structure of interest rates in a dynamic 
production and exchange economy with an unobservable productivity factor. In 
order to estimate the unobservable stochastic investment opportunities, rational 
investors engage in dynamic Bayesian inference. Anticipated changes in inves- 
tors' "quality of information" about the fluctuations of the economic state variable 
affect equilibrium demands and prices. This results in the endogenous identifi- 
cation of a more complex production function which induces a richer term 
structure. Term structures of interest rates in a partially observable economy 
resemble term structure curves that actual market prices imply. This paper also 
introduces a characteristic function of the term structure and demonstrates that, 
in contrast with a fully observable economy, the widely investigated expectations 
hypothesis holds true only if interest rates are nonstochastic. 

The theory of the term structure of interest rates is a subject of renewed 
interest in the financial economics literature (see Section I). Thus far, the term 
structure of interest rates as implied by actual market prices has not been fully 
explained. In their seminal work, Cox, Ingersoll, and Ross (1985a, b) pursue a 
one-factor version of their model and, like Vasicek (1977), obtain explicit term 
structure curves that are monotonic or single humped.1 Market prices, however, 
imply curves of considerable variation as well, e.g., multiple humped curves (see 
Levine (1975)). 

* Department of Finance, University of Illinois at Chicago. This work was supported by the Dean's 
Fund, Owen Graduate School of Management, Vanderbilt Unioversity; Summer Grant, Graduate 
School of Industrial Administration, Carnegie Mellon University; and the Center for Research in 
Security Prices, Graduate School of Business, University of Chicago. I thank Avraham Beja, George 
Constantinides, Uri Dothan, Philip Dybvig, Zvi Eckstein, Shmuel Kandel, Dan Peled, and Linda 
Hutz Pesante for helpful discussions. 

' Their model also includes closed form solutions for two factor economies, but they do not 
investigate the resulting higher variation yield curves. See this paper's later discussion of the 
relationship between the introduction of dynamic Bayesian inference of realization of state variables 
and the introduction of additional state variables. 
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Cox, Ingersoll, and Ross (1985a, b) present a dynamic equilibrium model in 
which realized outputs and all contingent claims are functions of fully observable 
state variables. In reality, demands, relative prices, and outputs are determined 
by both observable and unobservable factors. The latter category includes factors 
for which only proxies are observed (e.g., inflation rate and money supply) and 
factors that are difficult to quantify (e.g., labor input measured in units of 
efficiency and technological progress measured in aggregate terms). 

This analysis investigates the informational effects on the term structure in a 
Cox, Ingersoll, and Ross (1985a, b) economy where an unobservable factor, or 
state varible, drives the production technologies. Investors draw inferences about 
the productivity factor from realized outputs and continuously update their 
estimates, thus engaging in a continuous Bayesian inference process.2 The time 
changes in the precision of investors' estimates represents the changes in their 
"quality of information," or "learning ability," about the changes in the stochastic 
investment opportunity set. In this context, default-free bond prices reflect 
investors' expectations regarding their "quality of information" through the life 
of the bond. 

For a certain class of information structures, the posterior distribution of the 
unobservable productivity factor enables the endogenous respecification of the 
state space and endogenously identifies a more complex production function 
which induces a richer term structure. The term structure of interest rates now 
reflects the changing precision of investors' estimates of their investment oppor- 
tunities. The resulting term structure curve has a high degree of variation and 
resembles the term structure implied by actual market prices. For example, a 
productivity factor with a constant instantaneous variance coefficient will result 
in an interest rate with an instantaneous variance coefficient that changes over 
time. The nature of this time dependency will be affected primarily by the 
endogenously determined dynamic quality of information and by the covariance 
structure of the unobservable productivity factor and the observable realized 
returns. 

In addition, if investors use the endogenously determined dynamic quality of 
information in their inference process, the expectations hypothesis of the term 
structure does not hold when interest rates are stochastic. This is in contrast to 
the findings of Cox, Ingersoll, and Ross (1981) in a fully observable economy. 

All the preceding arguments apply to all smooth concave utility functions and 
to all information structures that yield solvable optimal control problems. This 
analysis further specifies preferences as logarithmic and obtains explicit expres- 
sions for the term structure and each of its biases. 

Section I of the paper reviews and interprets recent research of the term 
structure; Section II describes the economy; and Section III analyzes the term 
structure of interest rates. Section IV examines the widely investigated expecta- 
tions hypothesis; Section V discusses some of this model's assumptions and 
implications; and Section VI summarizes conclusions. 

2Feldman (1983) and Dothan and Feldman (1986) explore such an economy, and similar economies 
are investigated in Detemple (1986) and Gennotte (1986). 
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I. Term Structure Models and Term Structure Hypotheses 

The term structure of interest rates is the yield to maturity on default-free bonds 
as a function of the term to maturity. The theory of the term structure of interest 
rates began at the end of the 19th century with Fisher (1896); and Cox, Ingersoll, 
and Ross (1981) provide an excellent review of the theory's development. Re- 
cently, Vasicek (1977), Dothan (1978), Richard (1978), Brennan and Schwartz 
(1979), and Langetieg (1980) derived term structure models using arbitrage 
arguments. Beja (1979) developed an equilibrium term structure theory in a state 
preference economy, and Cox, Ingersoll, and Ross (1985a, b) developed a term 
structure theory within a dynamic general equilibrium framework. Cox, Ingersoll, 
and Ross (1981) examined the compatibility of the traditional hypotheses with 
modern asset valuation techniques (continuous time, rational expectations equi- 
librium) and went on to discuss how term structure theory is affected by modern 
portfolio theory and valuation of contingent claims under diffusion processes. 
Breeden (1986) presented additional analysis and synthesis, and Detemple and 
Kihlstrom (1987) examined equilibrium interest rates where investors can acquire 
information. 

Existing term structure models contain a number of potentially limiting 
assumptions, such as: time separable preferences, homogeneous preferences, 
single factor, single good, linear production, and homogeneous information. Some 
of these assumptions are addressed in the works of Brennan and Schwartz (1979), 
Ulman and Wood (1982), Schaefer and Schwartz (1984), Sundaresan (1984), 
Cox, Ingersoll, and Ross (1985b), and Dunn and Singleton (1986). The present 
analysis, however, will focus on the assumption of complete information. 

Before interpreting the monotonic or humped yield curves that have been 
theoretically explained thus far, let us examine the traditional hypotheses that 
are relevant to models such as Cox, Ingersoll, and Ross (1985a, b) and Vasicek 
(1977). The expectations hypothesis can be examined within these models since 
individuals have a probability distribution over realizations of the future spot 
rates of interest. The "market risk premium" hypothesis can also be investigated 
since risk-averse individuals might be willing to incur a premium for the ability 
to hedge the changes in the stochastic investment opportunity set and thereby 
reduce the variance of optimally invested wealth. The maturity preferences/ 
market segmentation hypothesis, or, in its broader version, the habitat theory, 
could be examined if individuals' preferences are designed to reflect this specific 
structure. Cox, Ingersoll, and Ross (1981) provide a basis for proceeding in this 
direction by demonstrating the ways in which investors' risk aversion creates 
"habitats." Yet, none of the existing models have explored this avenue fully. 

The monotonic or single humped yield curves obtained in current models can 
be interpreted as follows. Models like Vasicek (1977) and the main example in 
Cox, Ingersoll, and Ross (1985b) use a mean reverting autonomous diffusion 
process as the dynamics of the spot rate of interest. This spot rate is sufficient 
to determine bond prices of all maturities. Investors share a probability distri- 
bution over realizations of future spot rates; particularly, they believe that the 
spot rate will eventually attain its asymptotic rate. Indeed, the yield curve is flat 
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for long terms to maturity (see Dybvig, Ingersoll, and Ross (1985) for discussion 
of uncertainty structures which result in asymptotically flat yield curves). More- 
over, when the spot rate is low and individuals expect it to rise toward its 
asymptotic mean, the yield curve is upward sloping. When the spot rate is high 
and individuals expect it to fall, the yield curve is downward sloping. Up to this 
point, investors' behavior is consistent with the expectations hypothesis. The 
expectations hypothesis, however, fails to explain the humped term structure 
obtained for intermediate values of the spot rate. 

In addition to investors' expectations regarding future spot rates, two other 
interacting phenomena determine the shape of the yield curve. (Ulman and Wood 
(1982) explicitly characterize the impact of these two phenomena for an Ornstein- 
Uhlenbeck process.) The first phenomenon is the Jensen's inequality bias, which 
is zero for instantaneous maturities and which monotonically assumes a negative 
asymptotic value for long maturities. The resulting yield curve is shifted down- 
ward from the curve of the average expected future spot rates in a monotonic 
fashion. The second phenomenon is the market risk premium bias, which is zero 
for instantaneous maturities and which monotonically attains an asymptotic 
value that can be negative or positive. Its sign is opposite that of the market risk 
premium. Assuming that the market risk premium is positive, the two biases on 
the yield to maturity would be negative. 

The hump in the yield curve, for an intermediate range of spot rates, can be 
heuristically explained as follows. If one chooses a spot rate slightly lower than 
the asymptotic value of the expected future spot rate, expectations will drive the 
yield to maturity upward for short maturities when the biases are small. However, 
for longer maturities, when the biases become large, they "take over," i.e., stop 
the climb of the yield curve toward the average expected spot rates curve and 
drive it down to its asymptotic value. 

Brennan and Schwartz (1979) analyze an economy where the term structure 
of interest rates is not solely determined by a single stochastic state variable, but 
instead is a function of two state variables which stand for the short and long 
rates of interest. Schaefer and Schwartz (1984) pursue a similar model and find 
an approximate analytical solution. Cox, Ingersoll, and Ross (1985b) attain closed 
form solutions for several two factor economies. 

Sundaresan (1984) demonstrates that a common input across production 
technologies of different goods in a multigood production economy gives rise to 
a richer term structure. Dunn and Singleton (1986) explore the term structure 
where preferences are not time separable, causing interaction among utilities 
obtained from durable and nondurable goods. As a result of this interaction, 
shifts in the term structure may affect demands for consumption goods directly, 
and bonds with different terms to maturity may differ more widely in their risk 
characteristics. Benninga and Protopapadakis (1986) analyze the term premium, 
and Ahn and Thompson (1988) investigate the term structure where economic 
state variables follow jump-diffusion processes. Recent empirical studies of the 
term structure include Brennan and Schwartz (1980), Brown and Dybvig (1986), 
Fama (1984a, b), Gibbons and Ramaswamy (1986), and Stambaugh (1986). 

The following analysis relaxes the assumption of complete observability and 
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examines the effects of the resulting Bayesian inference on the term structure 
and its expectations hypothesis. 

II. A Partially Observable Production Exchange Economy 

The underlying economic structure is in the spirit of Cox, Ingersoll, and Ross 
(1985a, b). This model, however, allows the existence of an unobservable state 
variable. This economy is explored in Feldman (1983) and Dothan and Feldman 
(1986), and similar economies are investigated in Detemple (1986) and Gennotte 
(1986). While these works concentrate on methodological issues, the following 
analysis focuses on the term structure. 

In a competitive frictionless multiperiod economy, individuals observe an (n x 
1) vector of realized outputs (t of a single consumption/production numeraire 
good. These constant stochastic returns to scale outputs evolve as the Ito 
diffusions, 

dtt = I(~t)(Ao + A16t)dt + I(~t)BjdWt, 

with initial condition 0O. The underlying uncertainty in the economy is described 
by Wt = (Wt, Ft), WO = 0, an [(n + 1) x 1] vector of independent Wiener 
processes defined over a complete probability space (Q, F, P) with a nondecreasing 
right continuous family of sub-o--algebras (Ft), 0 c t < T. Ao and A1 are known 
(n x 1) vectors of constants; B1 is a known [n x (n + 1)] matrix of constants; 
and B B1B '-which is the instantaneous variance-covariance matrix of realized 
outputs-is positive definite. I( ~) is a diagonal matrix with (, 's as elements. 

Individuals, however, do not observe the realization of an economic state 
variable (productivity factor) Ot, which evolves as 

dot = (ao + a16t)dt + bfdWt. 

The initial condition 00 is normally distributed given 4o; b1 is a known [(n + 1) 
x 1] vector of constants; b b1 b is positive; and ao and a1 are known constants. 

Individuals with identical endowments and preferences maximize expected 
lifetime time additive utility of consumption, conditional on their observations, 

E{j h[c(T), T] dTi l ,, O < s < t; wt = wo} 

They continuously allocate their initial wealth wt (henceforth denoted also as w) 
among consumption c, investment u, and instantaneous borrowing and lending 
at an endogenously determined market clearing rate r. The von Neumann- 
Morgenstern utility function h is concave and twice-differentiable. 

3 Contributing to the analysis of an equilibrium in a partially observable economy are: Merton 
(1973, 1980, 1981), Fleming and Rishel (1975), Klein and Bawa (1976, 1987), Liptser and Shiryayev 
(1977, 1978), Vasicek (1977), Williams (1977), Kreps (1979, 1982), Richard and Sundaresan (1980), 
Brock (1982), Duffie and Huang (1985a), Duffie (1986), Huang (1985), and Cox, Ingersoll, and Ross 
(1985a, b). Recent works that study problems of incomplete information are Detemple (1986), Feldman 
(1989), Duffie and Huang (1985b), Stulz (1986), Gennotte (1986), and Ghysels (1985). 
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Unfortunately, because the productivity factor is unobservable, this structure 
is non-Markovian and does not allow a state vector solution. In order to determine 
portfolio/consumption rules, investors identify an endogenous economy which 
has an identical information structure and which is compact and Markovian. 
Portfolio/consumption rules are optimal in the exogenous economy if and only 
if they are optimal in the endogenous economy. Investors in this endogenous 
economy represent information flow in terms of the posterior distribution (non- 
linear filter) of At given the observations (,, 0 c s c t (see Lipster and Shiryayev 
(1978)): 

dmt = (ao + a1m1)dt + (D + Alyt)'B-1/2dW , 

d,yt = [b + 2a,,yt - (D + Al1yt)'B-1(D + Alyt)]dt, 

d Wt = B-1/2[I-1 (St )dt - (Ao + A1mt)dt], 

where mo = E[0o I to], oyo = E[(0o - MO)2 I so]. The mean is mt, and 'Yt is the 
variance of the conditional distribution. Wt is the innovation process-a process 
that describes the deviations of the observations from their expected values- 
and it is a vector of independent Wiener processes. D B1 b1 is the instantaneous 
covariance between realized outputs and the unobservable factor.4 It is important 
to note that the conditional mean, the estimate of the unobservable factor, is a 
sufficient statistic to the posterior distribution and is updated recursively. 

The filter equations define the instantaneous variance of mt, the estimate of 
the unobservable factor, as 

um(,yt) = B-1/2 (D + A. yt), 

and define the instantaneous covariance G between the rates of return on 
investment in (t and the realizations of mt, the estimate of the unobservable 
factor, as 

G = B1/2 amQt) = D + A1lyt. 

In equilibrium, G is set to be an average of D and A1, dynamically weighted by 
the filtering error. D, the instantaneous covariance, represents the diffusion 
source of covariance, and A1 represents the drift source of covariance between 
the unobservable factor and realized outputs. 

Using the filter equations, individuals reformulate the problem as a Markovian 
one,5 

max E{ f h[c(), T] dT I Wt = wo 
c, a 

4 Liptser and Shiryayev ((1978), Theorems 12.5 and 12.7) prove that if the conditional distribution 
of Oo given 4o is Gaussian, N(mo, yo), then Wt, mt, and yt are the unique, continuous, Ff measurable 
(strong) solutions of the filter equations. Moreover, the innovation process Wt generates the economy, 
i.e., the a-algebras Ftt'w and Ft are equivalent. 

'Compare with the investors' original problem 

m {T h 

max Eq h[c(T ), T] dT l -<, O ' s t; Wt = wo 
C,U 



Term Structure of Interest Rates 795 

where 

dmt = (ao + a,mt)dt + (D + Alyt)'B-1/2dWt, 

d'yt = [b + 2a,,yt - (D + Al1yt)'B-(D + Alyt)]dt, 

I l(tt)dtt = (Ao + Aimt)dt + B1/2dWt, 

s.t. 

dw = w[u'I- (~t)d , + (1 - u'l)r] - cdt, 

c > O, u >-O, wO > O, WT O .- 

Assuming all production processes are active, they determine the optimal port- 
folio/consumption rules as found in Cox, Ingersoll, and Ross (1985a): 

r = u' (AO + Almt) + jww u'Bu + Jwm u'G, 
Jw Wwj 

or 

r = (lB -1)- [llB-(Ao + A1mt) + j.W + l'B-C], 

and 

u = 
ww B-[(Ao + Amt) - rl] + JwmB`GS wJww 

where J, J = J(w, mt, t) is the indirect utility function of the optimization 
problem, w2U 'Bu is the variance of optimally invested wealth, and wu'G is the 
covariance between the estimate of the unobservable factor mt and optimally 
invested wealth. Subscripts denote partial derivatives, and 1 is an (n x 1) vector 
of ones. 

In order to obtain explicit solutions, preferences are specified as Bernoulli- 
logarithmic, 

h[c(t), t] = e-?tlog c(t). 

The resulting equilibrium, market-clearing, instantaneous rate of interest r is 
a deterministic linear function of the estimate of the unobservable factor mt: 

1'BB1A - 1 1'B-1Aj 
V'B-11 l'B -11mt r= + 

where 

dOt = (ao + a1Ot)dt + b'dWt, 

I-lQt)dtt = (Ao + A1Ot)dt + B,dWt, 

s.t. 

dw = w[u'I-(Qt)d~t + (1 - u'l)r] - cdt, 

C O, U > O, Wo > O, WT 2 O. 
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r evolves as 

dr = (do + dir)dt + aI(-yt)dWt, 

where 

1 'B-1Ai 1 - l'B-AAo 
a 

'B-11 ao+ 1'B-11 a al-al. 

The instantaneous variance of the spot rate of interest 4 (-yt ) is 

Ur(Yt) = 1'B1Ai B-1/2(D + Al-yt). 

Next, the model introduces markets for claims contingent on the interest rate. 
Determined by arbitrage, their prices obey the general valuation equation 

r/2o Qyt)frr + [do + a1r - u'B1U2rr('Yt)Ifr- rf + ft + 6(r, t) = 0, 

for any boundary conditions -yo, f (r, t) = f, and with payout function 8. The 
market risk parameter is u 'B 1/2 Ur (Yt )- 

In a partially observable economy, individuals observe realized outputs and 
continuously draw inferences about the realizations of the unobservable factor. 
At each point in time, they possess a posterior distribution of the realization of 
the factor, which they continuously update. This conditional distribution is 
normal. Its mean mt, a sufficient statistic for the conditional distribution, is the 
best estimate of the unobservable factor. Its variance -Yt, the filtering error, 
defines the precision of the estimate. In fact, at each point in time individuals 
have a measure of the accuracy of their estimate or the quality of their informa- 
tion. Since the second moment of the posterior distribution changes over time, 
so does the estimate's precision. In other words, individuals' quality of informa- 
tion about the realizations of the unobservable factor changes over time. 

In equilibrium, the stochastic spot rate of interest is a one-to-one function of 
the best estimate of the factor. Additionally, prices of multiperiod claims on the 
spot rate (i.e., bonds) reflect the path of the estimate's precision-or investors' 
quality of information-through the lives of the claims. Since this quality of 
information changes over time, so does investors' ability to infer the changes of 
the stochastic investment opportunity set. 

In a fully observable economy, the changes of the stochastic investment 
opportunity set are observable, and equilibrium interest rates are set to perfectly 
imitate these changes (see Cox, Ingersoll, and Ross (1985b)). In a partially 
observable economy, however, it is impossible to perfectly duplicate these unob- 
servable changes. Rather, investors' quality of information determines the extent 
to which these changes can be followed. 

Changes in the quality of information, and therefore in individuals' perception 
of investment opportunities, induce two effects. First, the volatility of the interest 
rate changes as a function of individuals' ability to infer the fluctuation in their 
investment opportunities. In other words, the variance of the spot rate changes 
as a function of individuals' dynamic quality of information. Secondly, the 
covariance between the return on optimally invested wealth and the perceived 
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changes in the investment opportunities varies as a function of the (changing) 
quality of information. This covariance is crucial in determining the market risk 
parameter, which, in turn, determines the market risk premium. These two 
effects combine to influence bond prices and give rise to term structure curves 
with a high degree of variation. 

The following sections analyze the term structure. Propositions 1 and 2 
characterize the possible paths of the quality of information. Propositions 3 and 
4 identify the consequent behavior of the variance of interest rates, and the final 
series of propositions describes the resulting term structure. 

III. The Term Structure of Interest Rates 

To simplify the notation and the discussion, assume that the factor is a "good 
factor," i.e., A1 > 0. As discussed earlier, this assumption implies that the "drift 
source" of covariance is positive. Despite the applicability of this paper's results 
to the multitechnology case, assume for simplicity that there is a single realized 
output, i.e., that n = 1. In addition, assume that a, < 0 so that 0, follows a mean 
reverting sample path. 

PROPOSITION 1: Prices of multiperiod default-free bonds are a function of the path 
of the estimation error through the life of the bond. In partiuclar, the price of a 
unit default-free discount bond with term to maturity 1, f (r, -) is 

f (r, T ) = expt T + ( O_r (1eajT a-,_B (eyt ) lealt ) dt 

+ or2 
2 

2(,t )1ealt )2 dt}. 

Proof: See Appendix. 

PROPOSITION 2: 

(a) The estimation error yt evolves monotonicallv from its initial value 'Yo, to a 
non-negative asymptotic steady state yss, according to the rule 

IYS _Yo Ys A211 

Vuyo-yA exp( -(,Ys - YU)tt 

'Y 

-T _ 
s 

exp [(-B )y ('-V y) t 
'Yo- 'YuJ 

IYS = k2{(k1 - p) + [(k1 - p)2 + (1 _ p2)]1/2- 

^YU = k2 (k - p) -[ (hi _p)2 + (l-_p2)]1/2), 

allb 1/2 (bB )1/2 

AI- B /B1/2 S k2 A1 



798 The Journal of Finance 

and 

D 
P (bB) 1/2- 

(b) This steady state value is a bounded concave function of the instantaneous 
correlation D/(bB)1/2. A sufficient condition for a zero steady state value of the 
estimation error is perfect local correlation between Ot and {, and similar signs of 
the two covariance sources. That is, D2/bB = 1 and sign[D] = sign[Au]. Under 
local perfect correlation but with covariance sources of different signs, the steady 
state estimation error vanishes for an identifiable, non-trivial parameter set. 

Proof: See Appendix. 

The behavior of -yt over time is as follows. -yt is decreasing (stationary, 
increasing) if its initial value 'yo is lower than (equal to, higher than) its steady 
state value -ys. Proposition 3 further characterizes the best case of the steady 
state hedging ability; this occurs when there is perfect local correlation between 
the factor and realized outputs with both sources of covariance having the same 
sign. In this case, the precision of the estimate continuously increases (assuming 
a finite initial precision), and the estimation error vanishes asymptotically. The 
rate of convergence of the estimation error is an increasing function of the 
distance from its steady state value; hence, most of the improvement in the 
precision is achieved early. In fact, under perfect local correlation and similar 
signs of covariance sources, investors learn as fast as they would learn if the 
factor were constant over time. In both cases, an infinitely long time interval is 
needed to reduce the uncertainty about the factor's realizations to zero. (Williams 
(1977) demonstrates the case of the unknown constant parameter.) 

A. The Path of the Instantaneous Variance of the Spot Rate 

PROPOSITION 3: The instantaneous variance of the interest rate a 2 has the 
following characteristics: 

(a) It is a quadratic convex function of the estimation error -/t. 
(b) It depends on time, only through its dependence on the estimation error. 
(c) It is an increasing, decreasing, or decreasing-increasing, function of time. 

In particular, 

r2 
Al 

_Y()/-)m)2 ^/--/1 
Ur -(-Yt - -m -/l 

B 

Proof: See Appendix. 

PROPOSITION 4: 

(a) Except for the degenerate case where -yo = -y,, and, therefore, U2 is constant 
over time, a sufficient condition for a monotonic (in time) instantaneous variance 
of the interest rate U2 is a non-negative instantaneous covariance coefficient D. 
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(b) If D - 0 and if yt is increasing (decreasing), then a' is monotonic increasing 
(decreasing). 

(c) A negative instantaneous correlation coefficient D is a necessary condition 
for the instantaneous variance of the interest rate to be a decreasing-increasing 
function of time. 

(d) If D < 0, then the value of the estimation error that gives rise to the 
minimum variance is ym = -D/A1 and the value of this minimum variance is zero, 
i.e., or (,Ym) = 0. 

(e) Except for the degenerate case where 'yo = yss and a2 is constant over time, 
a necessary and sufficient condition for a decreasing-increasing instantaneous 
variance of the spot rate is D < 0 and -y)m is between the initial value and the steady 
state value of yt: -ymE[min(yo, yss), max(-yo, yss)]. 

(f ) If D < 0 but the asymptotic total covariance between the unobservable factor 
and the rates of return on realized outputs is positive, aJ2is a decreasing function 
of time if yo > yss, an increasing function if yn < yo < yss, or decreasing-increasing 
if Yo < 'Yi. 

(g) If D and the asymptotic total covariance are negative (i.e., the effect of the 
local covariance D is strong enough to dictate the sign of the asymptotic total 
covariance) then (2 is a decreasing, increasing, or decreasing-increasing function 
of time if yo < zYssg zYss < Yo < hYm, or ^ym < ^yog respectively. 

Proof: See Appendix. 

The behavior of the instantaneous variance of the spot rate can be explained 
as follows. Changes in realizations of the productivity factor cause changes in 
both the spot rate and the investment opportunity set. In a fully observable 
economy, the variance of the interest rate is a sure linear function of the factor's 
variance. This would have been the result here if at were observable, and it is the 
result in Cox, Ingersoll, and Ross (1985a, b). By contrast, in a partially observable 
economy where the factor is unobservable, investors do not have the privilege of 
setting the equilibrium interest rate to duplicate the changes in the investment 
opportunity set. Instead, they use realized outputs to make inferences. Now the 
stochastic changes of the spot rate are based on changes in the unobservable 
productivity factor as seen through the changes in realized outputs. 

Moreover, the covariance between realized outputs and that factor takes over 
the role played by the factor's variance in a fully observable economy. This 
covariance is an average of two sources of covariance, the systematic and 
nonsystematic, which are dynamically weighted by the quality of information. 
The systematic source of covariance is that of the unobservable factor and the 
instantaneous expected return on realized outputs. (The sign of this covariance 
is the sign of A1.) The nonsystematic source of covariance is the instantaneous 
covariance of the unobservable factor and realized outputs (D). A necessary 
condition for a nonmonotonic variance of the spot rate is that the sources of 
covariance are of different signs, i.e., sign[D/A1] = -1. 

The variance of the spot rate reflects the weight that consumers put on the 
new information contained in the observed realized outputs. If the estimation 



800 The Journal of Finance 

error decreases (increases) the covariance between the factor and realized outputs, 
then the variance of the spot rate is set to be lower (higher). Therefore, this 
variance vanishes in two different equilibria. The first equilibrium occurs when 
all future realizations of the factor are known with certainty. Future equilibrium 
spot rates can be determined in advance as a nonstochastic function of time. In 
this case, no weight is put on future information since all is known in advance. 
The second equilibrium, the relevant one, is a partially observable economy with 
a "good" ("bad") factor and a negative (positive) instantaneous covariance 
coefficient. In this case, the two sources of covariance-the systematic and the 
nonsystematic-counteract. Changes in the estimation error might weigh the 
sources of the covariance in a way that makes the overall covariance vanish 
temporarily or, in special cases, permanently. When this covariance vanishes, 
changes in the observed realized outputs do not contain information about 
changes in the unobservable factor. Therefore, individuals do not use these 
stochastic changes to update their estimates. The weight they put on new 
information is zero, and they set the variance of the -spot rate to zero as well. 
Typically, the variance vanishes for an instant; it vanishes for a finite period 
only when Yss = Ym 

The interplay between the two sources of covariance determines the behavior 
of the variance of interest rates. An interesting complex behavior arises when 
the two sources have opposite impact and the changes in the estimation error 
shift the weight from one source of covariance to another. In addition, if -y0 < Ym 

< -y5, the instantaneous variance will decrease from its initial value of r (-ye) to 
O2(ym) = 0 and then increase to o2 (-y"). In this case, the estimation error 
increases monotonically from -yo to -ys, and the variance is a decreasing-increasing 
function of the estimation error and a decreasing-increasing function of time. On 
the other hand, if Yss < X/n < -y0, the estimation error decreases monotonically, 
and the variance is an increasing-decreasing function of the estimation error but 
a decreasing-increasing function of time. The first case occurs if the "systematic 
source" of covariance, positive by assumption, dominates the sign of the asymp- 
totic total covariance and hence yXm < y/S. The second case occurs when the 
"diffusion source of covariance," negative by assumption, dominates the total 
asymptotic covariance and hence yss < yin. 

In a fully observable economy, the term structure of interest rates is determined 
by the expectations regarding future spot rates, the market risk premium, and 
the Jensen's inequality bias. In a partially observable economy, an additional 
component is involved: the path of investors' quality of information. As estab- 
lished earlier, the variance coefficient of the spot rate 2 ( Y,) is a quadratic 
function of the estimation error of the unobservable factor. The market risk 
parameter u'B 11/2 Or(Yt) is also a function of the filtering error. The market risk 
parameter and the variance of the spot rate can be increasing, decreasing, 
increasing-decreasing, or decreasing-increasing functions of the estimation error, 
depending on the covariance coefficients between the outputs and the factor. In 
addition, depending on the initial value of the estimation error, the market risk 
parameter and the variance of the spot rate will be increasing, decreasing, or 
decreasing-increasing functions of time. 
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B. The Term Structure Function 

A transformation of the equation describing the value of a default-free discount 
bond (given in Proposition 1) yields the term structure function, 

R(r, r) = --In f(r, r) 

=-?+ (r+ e) )(-alT al ao\t_lN- 

B1/2 (T 
+ - Ur(,yt)(1 -ealt) dt 

a1r o 

- 2 tr I a2 (y)t(1 - ealt )2 dt. 

This function can be expressed as 

R(r, r) = AER(r, r) + MRPB(r) + JEB(r), 

where 

* R (r, -r) is the yield to maturity of a default-free discount bond expressed 
as a function of the bond's term to maturity r, and a function of 
the instantaneous spot rate of interest. 

* AER (r, t) is the expected value of the average instantaneous future spot rate 
of interest, averaged over X- time units, 

dt ao a't 
AER(r,-T)=E r(t) dt= + r+ 11 )(1-ealT). 

a, al -alr 

AER (r, t) is determined from the distribution of r (see, for example, 
Vasicek (1977)). In addition, 

at0 
lim AER (r, X-) = r, lim AER (r, X-) - - 
T -3. 0 Tr --- >00 a, 

and 

(dT . (a, 

That is, the average expected rates curve starts at the spot rate and 
approaches monotonically the asymptotic value of the spot rate. 

*MRPB (r) is the market risk premium bias on the yield to maturity, for 
maturity of T time units, 

B1/2 r 
MRPB(r) = J Ur(yt)(l -ealt) dt. 

ai 0o 
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Hence, 

lim MRPB(X) = 0, and lim MRPB&(r) = B1as 
T ---* 0 -T ---3. 00 al 

Generally MRPB will be a function of r as well as of r. Here there 
is a single output, so MRPB is a function of r only. This does not 
qualitatively affect the behavior of the yield curve because the 
dependency on r would have changed the size of the MRPB (r) by 
the same proportion for different terms to maturity. 

JEB (t) is the Jensen's inequality bias on the yield to maturity, for maturity 
of X- time units, 

JEB(I-) =-2a2 I a2 (t )(1-ealt )2 dt. 

The JEB(T) is the difference between the yield to maturity R(r, r) and the 
average expected rates AER (r, r) when the market risk premium is zero. 

lim JEB (T-) = 0, and lim JEB (T) = - ass, r-~~~~~~~~~~~~~~O ~ ~ ~ ~ ~ ~ ~ t2ci Tr ---) T -- al 

Like MRPB (r), JEB (r) evolves monotonically from its initial value to its 
asymptotic steady state when the common factor is observable. Moreover, because 
of the convexity of the negative logarithm function, Jensen's inequality says that 
JEB is nonpositive. (See the analysis and discussion of this phenomenon in Cox, 
Ingersoll, and Ross (1981).) 

If the common factor is observable, the instantaneous variance of the interest 
rate 2(t) does not change in time. Vasicek (1977) and Ulman and Wood (1982) 
analyze this case. The following two propositions, developed from their work, are 
cited for comparison with the results of this more generalized model. Proposition 
5F summarizes the behavior of the components of the term structure in a fully 
observable economy. 

PROPOSITION 5F (Fully observable economy): If the common factor is observable, 
then the average expected rates curve AER (r) is monotonic and bounded, and both 
the market risk premium bias MRPB (-r) and the Jensen's inequality bias JEB ( r) 
are increasing and bounded. 

A qualitatively similar behavior will be displayed when the common factor is 
unobservable and the initial value of the filtering error is identical to its steady 
state value. In this case, y, does not change in time, and therefore (t) is 
constant. Combining the effects of the term structure's components when the 
common factor is observable leads to the following proposition. 

PROPOSITION 6F (Fully observable economy): If the common factor is observable, 
then the term structure of interest rates can be monotonic increasing, monotonic 
decreasing, or single humped. 

Vasicek (1977) identified two spot rates, rL and rH, rL < rH. In this case, the 
yield curve rises for spot rates lower than rL; the yield curve falls for spot rates 
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higher than rH; and the yield curve is humped for spot rates between rL and rH. 

Cox, Ingersoll, and Ross (1985b) demonstrate an equivalent phenomenon for 
different interest rate dynamics. In their model, the instantaneous variance of 
the interest rate is proportional to its value. 

The monotonic or humped yield curve results from the behavior of the market 
risk premium bias, the Jensen's inequality bias, and the average expected rates 
curve. The term structure of interest rates, when the common factor is observable, 
was explained in Section I. Now, however, one can see that the slope of the yield 
curve is determined by the relative sizes and signs of the AER adjustment, the 
MRPB adjustment, and the JEB adjustment. Clearly, a sufficient condition for 
a monotonic yield curve is that all adjustments are of the same sign; a necessary 
condition for a nonmonotonic yield curve is that the adjustments are not all of 
the same sign; a sufficient condition for a nonmonotonic yield curve is that the 
adjustments are of different signs and that their relative sizes change. 

When the common factor is unobservable, different term structure curves arise 
as a function of the different paths of the filtering error. The fully observable 
economy, representing an observable common factor, is equivalent now to only 
one particular path, the path where the value of the filtering error is zero at all 
times. In addition, any particular path of the estimation error will characterize a 
family of yield curves parameterized by different spot rates. Anticipating the 
complexity of reporting the different qualitative behaviors of the various term 
structure families, the following proposition introduces the characteristic func- 
tion of the term structure and describes it for a fully observable economy. 

C. The Characteristic Function of the Term Structure 

PROPOSITION 7F (Fully observable economy): There exists a (characteristic) 
function r = CFTS (i-) such that the term structure is increasing (flat, decreasing) 
at a point (r, r) if and only if r is less than (equal to, greater than) CFTS(r). If 
the common factor is observable, then the characteristic function is bounded and 
decreasing. This function will be referred to as the characteristic function of the 
term structure CFTS. 

Because of the additive separability of the term structure function and the 
monotonicity of its components, one can see that for humped yield curves, the 
term to maturity at which the peak of the hump is reached is a decreasing 
function of the spot rate. That is, if rL < r1 < r2 < rH then r* (rl) > r* (r2), where 
X * (r) is the term to maturity at which a humped yield curve, starting at r, attains 
its peak. 

Therefore, for all X- > 0, all points (r, -r) r > rH lie above the characteristic 
function, and all points (r, -r), r < rL lie below the characteristic function. In 
addition, all points (r, -r), rL < r < rH lie below the characteristic function for all 
, X < 7r*(r)-representing the ascending part of the hump. They cross the 

characteristic function at X- = -r*(r)-representing the peak of the hump, and 
they lie above the characteristic function for all -, X- > -r*(r)-representing the 
descending part of the hump. Since ir * (r) is decreasing in r, so is the characteristic 
function. The resulting characteristic function, therefore, exhibits the following 
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properties: CFTS(0) = rH, CFTS'(r) < 0, and lim,,. CFTS(r) = rL. In fact, 
CFTS 1 (r) = X * (r). 

PROPOSITION 5P (Partially observable economy): If the common factor is unob- 
servable, then the average expected rates curve AER (i-) is monotonic and bounded. 
The market risk premium bias MRPB (r) and the Jensen's inequality bias JEB ( r) 
are bounded also. However, these biases can be increasing or increasing-decreasing- 
increasing, depending on the path of the filtering error and on the relative signs 
and sizes of the drift source of covariance and the diffusion source of covariance. If 
the instantaneous variance of the interest rate is increasing (decreasing), then the 
biases increase at a higher (lower) rate. If this variance is decreasing-increasing, 
then the biases are increasing-decreasing-increasing. In addition, the rate of change 
of the instantaneous variance of the interest rate is a function of the filtering error's 
rate of change. 

The average expected rates curve is qualitatively unaffected by the estimation 
process. The market risk premium bias and the Jensen's inequality bias are 
monotonic increasing functions of the instantaneous variance of the interest 
rates. This variance in turn is an increasing, or decreasing, or decreasing- 
increasing function of the estimation error. 

PROPOSITION 7P (Partially observable economy): If the common factor is unob- 
servable, then the characteristic function of the term structure is bounded and 
either decreasing or humped, depending on the path of the filtering error and on 
the relative signs and sizes of the drift source of covariance and the diffusion source 
of covariance. 

With an unobservable factor, the shape of the characteristic function is 
determined primarily by the relationship between the initial value of the esti- 
mation error and the covariances of the factor with the outputs. 

IV. The Expectations Hypothesis of the Term Structure of Interest 
Rates 

This section examines the expectations hypothesis of the term structure of 
interest rates and compares it with the analysis of Cox, Ingersoll, and Ross (1981) 
in a fully observable economy. (See also Leroy (1982).) Their analysis demon- 
strates that only one version of the expectations hypothesis is consistent with 
general equilibrium in continuous time. This version states that bonds of all 
maturities have identical expected instantaneous return. It further demonstrates 
that (a) the logarithmic utility function, because of its myopic nature, seems to 
be most strongly related to the expectations hypothesis, and (b) under logarithmic 
preferences, the uncorrelatedness of the returns on wealth with changes in the 
state variables is a sufficient condition for the expectations hypothesis. 

To examine the expectations hypothesis in a partially observable economy, 
one can rearrange the valuation equation to define the instantaneous expected 
return on bonds: 

E df = r + u'B 112Urr(,yt)fr 
ff 
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and substitute for Or (Yt ): 

E df + 1'B'1A u'(D + A Jrt) f. 
f 1'B 1 1 f 

The term -1B1A1 Au'(D + A,1y,) is the covariance of changes between returns on 
1'B-11 

optimally invested wealth and the interest rate. One can assume, without loss of 
generality, that all production processes are active. 

The expectations hypothesis holds if E - = r, hence, if D + A, yt = 0. The 
f 

case where D = 0 is equivalent to the case that Cox, Ingersoll, and Ross (1981) 
found as sufficient for the expectations hypothesis in a fully observable economy. 
However, in a partially observable economy, it is clearly not necessary or 
sufficient. Now the sufficient condition becomes yt = -D/A1. Thus, necessary 
conditions for the expectations hypothesis are that the "sources" of covariance 
are of opposite signs (since D/A1 should be positive) and that the economy is in 
a steady state (since the filtering error must be constant in time). 

Moreover, this condition implies an additional quality: the spot rate of interest 
should become nonstochastic. When D + A,y, = 0, the two sources of covariance 
cancel each other; realized outputs do not contain information about changes in 
the investment opportunity set; and, therefore, the equilibrium spot rate is not 
updated. Quantitatively one can see that if D + Alyt = 0, then u2(t) = 0. 
Therefore, a nonstochastic instantaneous spot rate of interest is necessary for 
the expectations hypothesis to hold when the common factor is unobservable. 

The association of the expectations hypothesis with nonstochastic interest 
rates in a partially observable economy has a straightforward interpretation. 
Recall that, in a fully observable economy, one of the necessary conditions for 
the expectations hypothesis is no correlation between returns on optimally 
invested wealth and changes in the investment opportunity set. However, in a 
partially observable economy, where the changes in the investment opportunity 
set are unobservable, the absence of a similar covariance causes realized returns 
to be ineffective in conveying information about unexpected changes in the 
investment opportunity set. Consequently, the equilibrium interest rate is not 
stochastically updated. 

V. The Model's Assumptions and Some Implications 

Acknowledgement of the existence of unobservable state variables generalizes 
the fully observable economy to a partially observable economy. This generali- 
zation, however, induces a specification of the information structure of the 
economy. The processes that describe the information flow should give rise to a 
compact Markovian nonlinear filter. Only in this case can the induced optimal 
control problem be solved. A sufficient, but not necessary, condition for this is a 
system (0, (t) which is conditionally Gaussian. That is, the probability distri- 
bution of Ot is Gaussian conditional on the observations 45, 0 c s c t. 

Since the square variation of an Ito diffusion process is observable, a situation 
where the instantaneous variance of a state variable is an invertible function of 
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it would enable investors to make a perfect and immediate inference of its 
realizations. (See, for example, Williams (1977).) This, in fact, switches the 
economy from a partially observable to a fully observable economy. 

Optimally, it would be desirable to analyze diffusion coefficients, which are 
functions of observable state variables (see Cox, Ingersoll, and Ross (1985b)), 
and drifts, which are functions of both observable and unobservable state vari- 
ables. Unfortunately, explicit solutions for problems with more than one state 
variable are tractable only in special cases. Therefore, in order to avoid a perfect 
and instantaneous inference of the state variable and to enjoy the full range of 
analysis available for a single state variable, the model uses a state variable with 
a nonstochastic diffusion coefficient. However, the term structures generated by 
processes with a nonstochastic diffusion coefficient are similar to those generated 
by processes with a stochastic diffusion coefficient. (See Vasicek (1977) and Cox, 
Ingersoll, and Ross (1985b).) The choice of a single state variable is merely for 
notational convenience. The model's structure holds for any finite number of 
unobservable state variables. In this case, the equilibrium rate of interest will be 
a deterministic function of the weighted average of the investors' estimates of 
the unobservable factors. 

For a conditionally Gaussian information structure with parameters that are 
not functions of the observations, the filtering error is nonstochastic though 
dynamic, and it converges to a steady state. Therefore, the deviation of a bond's 
return from that predicted by the expectations hypothesis changes over time as 
a function of the quality of information; then it asymptotically converges to a 
constant. A more plausible and realistic description of the quality of information 
is one that allows stochastic fluctuations. In this case, the market risk premium, 
or the deviation from the expectations hypothesis, will continuously fluctuate as 
well. The current structure makes this possible by allowing parameters that are 
functions of the observations. The identification of a compact Markovian system 
that describes the posterior distribution of the unobservable factor and has 
stochastic higher moments would also result in a stochastic quality of informa- 
tion. These extensions, however, would probably not generate qualitatively dif- 
ferent term structures. 

The closed form solutions for the term structure make it possible to test this 
model using methods like those in Brown and Dybvig (1986), Gibbons and 
Ramaswamy (1986), or Stambaugh (1986). When considering the empirical 
implications of this analysis, one should carefully distinguish between four 
economies, similar in their endowments and preferences. The first economy is a 
fully observable one, where the previously specified conditionally Gaussian sys- 
tem (0,, (t) describes the information flow. The system (Or, (t) describes the 
information flow in the second economy as well. However, O, is unobservable 
here, so it is a partially observable economy. The third economy is endogenously 
derived from the second one. The system (mi, ,, -y,t) describes the information 
flow; and the nonlinear filter specifies the evolution of mt and -y,, the posterior 
moments of the distribution of et given (, 0 c s c t. The fourth economy is a 
fully observable one. The system (m,h, (, -,) describes the information flow, 
where ,tii, t, and jt are exogenously assumed to be identical to mt, t, and yt. 
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While all these economies are qualitatively different, the last three give rise to 
identical demands and prices and therefore are not distinguishable empirically. 
The previously presented analysis of equilibrium in a partially observable econ- 
omy is necessary and sufficient for the endogenous identification of the third 
economy, which, by theorems from Liptser and Shiryayev (1978), is information- 
ally equivalent to the second one. In fact, the identification of this third economy 
is necessary and sufficient for determining equilibrium demands and prices in 
the second economy as well as for identification of the fourth economy. The 
fourth economy is an exogenous fully observable economy. By construction, it is 
informationally equivalent to the second partially observable economy. 

In other words, the analysis of partially observable economies is essential for 
the endogenous selection of the family of economies to be tested empirically; it 
provides a method for endogenously identifying a particular family of fully 
observable economies. For example, one may assume a simple structure, say, a 
productivity factor with a constant instantaneous variance coefficient. This will 
endogenously identify a more complex production function that will induce an 
interest rate with an instantaneous variance coefficient that changes over time 
according to an endogenously specified rule. By contrast, in a fully observable 
economy, one needs to exogenously assume a time-varying instantaneous vari- 
ance coefficient of the productivity factor in order to achieve a similarly varying 
instantaneous variance coefficient of the interest rate. 

Since an equivalent fully observable economy exists for every partially observ- 
able economy, it is quantitatively irrelevant whether one calls the selected 
economy fully observable or partially observable. The equivalent fully observable 
economy, however, is not always identifiable;6 and, as stated earlier, where the 
information structure is conditionally Gaussian, this analysis is necessary and 
sufficient for the identification. Qualitatively, however, fully and partially ob- 
servable economies are easy to distinguish: if investors do not directly observe 
their investment opportunities, they perform within a partially observable econ- 
omy. 

Any incomplete information learning model will be observationally and infor- 
mationally equivalent to a similar complete information model without learning 
where investors are supplied with the inferences outcome. This analysis demon- 
strates that an n factor partially observable economy has an n factor observable 
economy which is observationally and informationally equivalent to it. While the 
introduction of dynamic Bayesian inference clearly does not increase the number 
of state variables (in fact, it decreases the Martingale multiplicity of the economy 
since the estimates and the precision of the unobservable variables are measurable 
with respect to the observations), it does endogenously specify dynamic patterns 
of parameters in the economy, such as the instantaneous variance of the interest 
rate and the market risk parameter. These dynamic patterns could not have been 
otherwise motivated in a fully observable economy. 

6 Frequently, the posterior distribution of the unobservable state variables is characterized by an 
infinite number of moments. In this case, the economic problem has an infinite number of state 
equations. It is possible, though, to identify an approximately equivalent full information economy 
by considering only a finite number of the posterior moments. 



808 The Journal of Finance 

In other words, an n factor partially observable economy is observationally 
and informationally equivalent to a n factor fully observable economy where the 
economic parameters change over time. Intuitively, the equilibrium of an n factor 
partially observable economy travels over time across equilibria of n factor fully 
observable economies of different parameter sets. 

Finally, for preferences other than logarithmic, the informational effects of the 
term structure will be even more distinguished. This is true because the expres- 
sions for the spot rate of interest and for optimal demands will both have an 
additional term which will explicitly depend on the dynamic quality of informa- 
tion. Under logarithmic preferences, this term vanishes because the cross partials 
of the indirect utility function are zero. 

VI. Conclusion 

In a production and exchange economy with an unobservable source of nondiv- 
ersifiable risk, consumer-investors, while determining equilibrium demands and 
prices, replace unobservable means of asset returns with their estimates, the 
conditional means. The precision path of these estimates is determined by the 
estimation error, and individuals take the current and anticipated changes in 
this path into account while updating their demands. That is, they know that 
their estimates are imperfect, and they modify their policies according to the 
relative level of accuracy of their new estimates. 

The path of the precision with which investors can infer the changes in the 
stochastic investment opportunity set is called the path of investors' quality of 
information. Although the model initially assumes a simple production function, 
the fluctuating quality of information endogenously induces a more complex one 
which, in turn, induces changes in the variance of the equilibrium rate of interest 
and changes in the market risk parameter. These changes are reflected in bond 
prices and give rise to term structure curves that actual market prices imply. 

This paper has introduced and explored the characteristic function of the term 
structure of interest rates. Compared to a fully observable economy, the charac- 
teristic function here exhibits added complexity and generates yield curves 
resembling those implied by market prices. In addition, except when there is a 
unique combination of parameter values that results in a nonstochastic equilib- 
rium rate of interest, the widely investigated expectations hypothesis of the term 
structure does not hold in partially observable economies. 

Appendix 

Proof of Proposition 1: This price is the unique solution of the general valuation 
equation when a = 0 and f (r, 0) = 1. 

Proof of Proposition 2: The filter equations define yt as 

dt (b B)+2(a BD) AB2 
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rearranged to get 

dyt 
A2 

(g(7t - -Y)(-Yt - Yu dt - 

where 

IYs= k2{(k1 -p) + [(k1 _ p)2 + (1 _ p2)]1121, 

,YU = k2l (k - p) - [(ki _ p)2 + (1 _ p2)]1121} 

allb 1/2 (bB )1/2 D 
k 
A1=B1/2 

k2 A 
, and 

p- 

Observe that sign[ dt = sign[- (-yt - Ys) (-Yt - u)j]. Note that p is the instanta- 
[dtJ 

neous correlation coefficient, ys > yu, k2 ' 0, and that k1 c 0 (since A1 > 0 and 
a1 < 0). Recall that, since 1 - p2> 0, y is non-negative. The signs of the time 
derivative of yt reveal that yu is an unstable steady state of -yt, while Ys is a stable 
steady state of -Yt. For an initial condition -yo, the solution of the Riccati equation 
that describes the evolution of -yt iS 

rYs _ YOYs exp[( A))'-tut 
1-7" _Y 

- ' 
exp A2-1) (,y '- y u ) t] 

'Yt = 'Yu 

1 
0 
-Y'Ys exp 

l 4i'( - Y)t 
'Yo 'Yu B U/ 

In addition, define 

Nss lim ^Yt = ^Ys 

and 

ass -lim or(t) = lim Or(,Yt) = r(^Ys). 

These demonstrate (a). 
The functional form of ys implies the concavity in p (distribute the arguments 

of the square root). If p2 = 1, then ys = k2[(k, - p) + I k1-p I ]. For p = 1, ys = 

0 since k, < 0. For p = -1, -Yi = 0 only if ki < -1, i.e., when a, A1 
b1/2 B 1/2 

(Again, remember A1 > 0, a1 < 0.) 

Proof of Proposition 3: From the filter equations, 

U= 
4 (D2 + 2DAI-yt +Al7t 

or 

A24 2 = 1 (,Yt -_ _m)2, Ym D/A1. (1A) ar B y DA.1A 
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This demonstrates (a) and (b). Together with the monotonicity of Yt, established 
in Proposition 2, it demonstrates (c) as well. 

Proof of Proposition 4: Sections (a) through (e) follow directly from (1A). 
Remember that the estimation error assumes the value ym if ym is between its 
initial value and its steady state value. From the proof of Proposition 3, 

a1B [(aiB 2 bB 2 1/2 
y s =A + -Ym + A2+ Ym + 

Therefore, -yss > -ym (y,ss < -yin) if and only if bA1 + D > ? + D < O. Again, 2a, 2a, 
remember a1 < 0, A1 > 0. Feldman (1983) demonstrates that the asymptotic total 

covariance between Ot and (t is positive (negative) if and only if bAl + D > 
2a( 

( bAl D< 
2a1 +D 

REFERENCES 

Ahn, C. M. and H. E. Thompson, 1988, Jump-diffusion processes and the term structure of interest 
rates, Journal of Finance 43, 155-174. 

Beja, A., 1979, State preference and the riskless interest rate-A Markov model of capital markets, 
Review of Economic Studies 46, 435-446. 

Benninga, S. and A. Protopapadakis, 1986, General equilibrium properties of the term structure of 
interest rates, Journal of Financial Economics 16, 389-410. 

Breeden, D. T., 1986, Consumption, production, inflation and interest rates: A synthesis, Journal of 
Financial Economics 16, 3-39. 

Brennan, M. J. and E. S. Schwartz, 1979, Continuous time approach to the pricing of bonds, Journal 
of Banking and Finance 3, 133-155. 

and E. S. Schwartz, 1980, Conditional predictions of bond prices and returns, Journal of 
Finance 35, 405-416. 

Brock, W. A., 1982, Asset prices in a production economy, in J. McCall, ed.: The Economics of 
Information and Uncertainty (University of Chicago Press, Chicago, IL). 

Brown, S. J. and P. H., Dybvig, 1986, The empirical implications of the Cox, Ingersoll, Ross theory 
of the term structure of interest rates, Journal of Finance 41, 617-632. 

Cox, J. C., J. E. Ingersoll, and S. A. Ross, 1981, A reexamination of traditional hypotheses about the 
term structure of interest rates, Journal of Finance 36, 769-799. 

, J. E. Ingersoll, and S. A. Ross, 1985a, An intertemporal general equilibrium model of asset 
prices, Econometrica 53, 363-383. 

, J. E. Ingersoll, and S. A. Ross, 1985b, A theory of the term structure of interest rates, 
Econometrica 53, 385-407. 

Detemple, J., 1986, Asset pricing in a production economy with incomplete information, Journal of 
Finance 41, 383-391. 

and R. E. Kihlstrom, 1987, Information acquisition and valuation in a continuous time model, 
Unpublished manuscript, Graduate School of Business, Columbia University. 

Dothan, M. and D. Feldman, 1986, Equilibrium interest rates and multiperoid bonds in a partially 
observable economy, Journal of Finance 41, 369-382. 

Dothan, U., 1978, On the term structure of interest rates, Journal of Financial Economics 6, 59-70. 
Duffie, D., 1986, Stochastic equilibria: Existence, spanning number, and the 'no expected gain from 

trade' hypothesis, Econometrica 54, 1161-1183. 
and C. F. Huang, 1985a, Implementing Arrow Debreu equilibria by continuous trading of few 

long lived securities, Econometrica 53, 1337-1356. 



Term Structure of Interest Rates 811 

and C. F. Huang, 1985b, Martingales and multiperiod security markets with differential 
information: Martingales and resolution times, Research Paper No. 812, Graduate School of 
Business Administration, Stanford University. 

Dunn, K. B. and K. J. Singleton, 1986, Modeling the term structure of interest rates under 
nonseparable utility and durability of goods, Journal of Financial Economics 17, 27-55. 

Dybvig, P. H., J. E. Ingersoll, and S. A. Ross, 1985, Do interest rates converge?, Unpublished 
manuscript, Yale School of Management, Yale University. 

Fama, E. F., 1984a, The information in the term structure, Journal of Financial Economics 13, 509- 
528. 

, 1984b, Term premiums in bond returns, Journal of Financial Economics 13, 529-546. 
Feldman, D., 1983, A Theory of Asset Prices and the Term Structure of Interest Rates in a Partially 

Observable Economy, Ph.D. Dissertation, Northwestern University. 
, 1989, Logarithmic preferences, myopic decisions, and incomplete information, Working Paper 

No. 17, Office for the Study of Futures and Options, College of Business Administration, 
University of Illinois at Chicago. 

Fleming, W. H. and R. W. Rishel, 1975, Deterministic and Stochastic Optimal Control (Springer- 
Verlag, New York). 

Gennotte, G., 1986, Optimal portfolio choice under incomplete information, Journal of Finance 41, 
733-746. 

Ghysels, E., 1985, Asset prices in an economy with latent technological shocks: Econometric impli- 
cations of a discrete time general equilibrium model, Unpublished manuscript, School of Business 
Administration, University of California, Berkeley. 

Gibbons, M. R. and K. Ramaswamy, 1986, The term structure of interest rates: Empirical evidence, 
Unpublished manuscript, Stanford University. 

Huang, C. F., 1985, Information structure and equilibrium asset prices, Journal of Economic Theory 
35, 33-71. 

Klein, R. W. and V. S. Bawa, 1976, The effect of estimation risk of optimal portfolio choice, Journal 
of Financial Economics 3, 215-231. 

and V. S. Bawa, 1987, The effect of limited information and estimation risk on optimal 
portfolio diversification, Journal of Financial Economics 5, 89-111. 

Kreps, D., 1979, Three essays on capital markets, Technical Report 398, Institute for Mathematical 
Studies in The Social Sciences, Stanford University. 

, 1982, Multiperiod securities and the efficient allocation of risk: A comment on the Black- 
Scholes option pricing model, in J. McCall, ed.: The Economics of Information and Uncertainty 
(University of Chicago Press, Chicago, IL). 

Langetieg, T. C., 1980, A multivariate model of the term structure, Journal of Finance 35, 71-97. 
Leroy, S. F., 1982, Expectatikons models of asset prices: A survey of theory, Journal of Finance 37, 

185-217. 
Levine, S. N., ed., 1975, Financial Analyst's Handbook, Vol. I (Dow Jones-Irvine, Homewood, IL). 
Liptser, R. S. and A. N. Shiryayev, 1977, Statistics of Random Processes I (Springer-Verlag, New 

York). 
, and A. N. Shiryayev, 1977, Statistics of Random Processes II (Springer-Verlag, New York). 

Merton, R. C., 1973, An intertemporal capital asset pricing model, Econometrica 41, 867-887. 
, 1980, On estimating the expected return on the market, Journal of Financial Economics 8, 

323-361. 
, 1981, Optimum consumption and portfolio rules in a continuous time model, Journal of 

Economic Theory 3, 373-413. 
Richard, S. F., 1978, An arbitrage model of the term structure of interest rates, Journal of Financial 

Economics 6, 33-58. 
and M. Sundaresan, 1980, A continuous time equilibrium model of commodity prices in a 

multigood economy, Research Working Paper No. 360A, Graduate School of Industrial Admin- 
istration, Carnegie Mellon University. 

Schaefer, S. M. and E. S. Schwartz, 1984, A two-factor model of the term structure: An approximate 
analytical solution, Journal of Financial and Quantitative Analysis 19, 413-424. 

Stambaugh, R. F., 1986, The information in forward rates: Implications for models of the term 
structure, Journal of Financial Economics 21, 41-70. 



812 The Journal of Finance 

Stulz, R. M., 1986, Interest rates and monetary policy uncertainty, Journal of Monetary Economics 
17, 331-347. 

Sundaresan, M., 1984, Consumption and equilibrium interest rates in stochastic production econo- 
mies, Journal of Finance 39, 77-92. 

Ulman, S. and J. H. Wood, 1982, Expected rates and the yield curve under probabilistic asset values, 
Unpublished manuscript, University of Minnesota. 

Vasicek, O., 1977, An equilibrium characterization of the term structure, Journal of Financial 
Economics 5, 177-188. 

Williams, J. T., 1977, Capital asset prices with heterogeneous beliefs, Journal of Financial Economics 
5, 219-240. 


	Article Contents
	p. 789
	p. 790
	p. 791
	p. 792
	p. 793
	p. 794
	p. 795
	p. 796
	p. 797
	p. 798
	p. 799
	p. 800
	p. 801
	p. 802
	p. 803
	p. 804
	p. 805
	p. 806
	p. 807
	p. 808
	p. 809
	p. 810
	p. 811
	p. 812

	Issue Table of Contents
	The Journal of Finance, Vol. 44, No. 3, Papers and Proceedings of the Forty-Eighth Annual Meeting of the American Finance Association, New York, New York, December 28-30, 1988 (Jul., 1989), pp. 541-825
	Front Matter
	Institutional Markets, Financial Marketing, and Financial Innovation [pp.  541 - 556]
	Market Created Risk [pp.  557 - 569]
	Pricing Contingent Claims under Interest Rate and Asset Price Risk [pp.  571 - 589]
	Arbitrage-Based Estimation of Nonstationary Shifts in the Term Structure of Interest Rates [pp.  591 - 610]
	Management Buyouts: Evidence on Taxes as a Source of Value [pp.  611 - 632]
	Disclosure Decisions by Firms and the Competition for Price Efficiency [pp.  633 - 646]
	Firm Value and the Choice of Offering Method in Initial Public Offerings [pp.  647 - 662]
	Debt-For-Equity Swaps under a Rational Expectations Equilibrium [pp.  663 - 680]
	The Size and Incidence of the Losses from Noise Trading [pp.  681 - 696]
	Asset Pricing in Partially Segmented Markets: Evidence from the Finnish Market [pp.  697 - 718]
	Comovements in Stock Prices and Comovements in Dividends [pp.  719 - 729]
	Information Losses in a Dynamic Model of Credit [pp.  731 - 746]
	An Empirical Investigation of U.S. Firms in Reorganization [pp.  747 - 769]
	Free Cash Flow and Stockholder Gains in Going Private Transactions [pp.  771 - 787]
	The Term Structure of Interest Rates in a Partially Observable Economy [pp.  789 - 812]
	Reports of the American Finance Association
	American Finance Association: Minutes of the Annual Membership Meeting December 29, 1988 [pp.  813 - 814]
	American Finance Association: Report of the Executive Secretary and Treasurer for the Year Ending September 30, 1988 [pp.  815 - 817]
	American Finance Association: Report of the Managing Editor of The Journal of Finance for the Year 1988 [pp.  819 - 825]

	Back Matter



