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A Multiperiod Asset-Pricing Model with 
Unobservable Market Portfolio: A Note 

HOSSEIN B. KAZEMI* 

THIS PAPER DEVELOPS A multiperiod general equilibrium theory of asset prices 
that is simple and yet can be empirically tested without observing the market 
portfolio or aggregate consumption. We demonstrate that the systematic risk of 
an asset can be measured through the conditional covariance of its rate of return 
with the next-period risk-free rate of interest. The theory is developed using the 
minimum set of assumptions needed to produce the Intertemporal Sharpe- 
Lintner (ISL) model. (See Constantinides [5, 6].) Thus, if the present model 
holds, then the ISL model will also hold. However, to test or apply our results, 
the market portfolio does not have to be observed, and, thus, the empirical 
problems discussed in Roll [17] can be avoided. 

Several authors have developed multiperiod asset-pricing models (e.g., Fama 
[8], Merton [16], Long [14], Rubinstein [20], Stapleton and Subrahmanyam [21], 
Lucas [15], Breeden [2], Constantinides [5, 6], Bhattacharya [1], Grossman and 
Shiller [11], and Cox, Ingersoll, and Ross [7]).1 Some of these studies present 
risk-return relationships that measure riskiness of securities through covariances 
of asset returns with the rate of return on the market portfolio (e.g., Merton [16], 
Long [14], Stapleton and Subrahmanyam [21], and Constantinides [5, 6]). On 
the other hand, other studies use covariances of asset returns with changes in 
aggregate consumption to measure systematic risk of securities.2 

The market portfolio and aggregate consumption are, however, not readily 
observable. Therefore, empirical tests of asset-pricing models have been rather 
inconclusive.3 The market portfolio includes some assets with unobservable 
returns; therefore, the return on the true market portfolio must be estimated 
using the return on only a subset of assets. Aggregate consumption, on the other 
hand, must include aggregate consumption expenditures on nondurable goods as 
well as aggregate consumption flows derived from durable goods. Presently, no 

* School of Management, University of Massachusetts at Amherst. I am grateful to H. Varian, L. 
Senbet, seminar participants at the University of Massachusetts, the University of Wisconsin- 
Madison, and the University of Houston, and two anonymous referees for their many helpful 
comments, and to the School of Management, the University of Massachusetts for summer research 
support. I remain responsible for any errors. 

' We have ignored the APT because it is not directly comparable to models that are based on 
expected utility maximization. 

2 The most general measure of risk is the covariance of an asset's return with changes in the 
representative investor's marginal utility of wealth. Only under certain assumptions will changes in 
aggregate wealth or aggregate consumption be perfectly correlated with changes in the marginal 
utility of wealth; e.g., see Breeden [2]. 

'E.g., see Roll [17], Wheately [23], Breeden, Gibbons, and Litzenberger [3], and Grossman, 
Melino, and Shiller [12]. 
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data on the latter are available, and this component of aggregate consumption 
must somehow be estimated. 

This paper shows that expected excess returns on risky assets are proportional 
to their covariances with the next-period riskless rate of interest. This equilibrium 
relationship can be interpreted as follows. The fundamental result of the ISL 
model is that the market portfolio is mean-variance efficient, and, thus, changes 
in the value of the market portfolio provide the same amount of information 
about the aggregate risk of an economy that changes in investors' marginal 
utilities of wealth provide. Hence, the systematic risk of a security can be 
measured through the covariance of its return with changes in the value of 
aggregate wealth. If we can find an observable economic variable the intertem- 
poral random behavior of which is completely explained by changes in aggregate 
wealth, then the market portfolio will no longer have to be observed, and, instead, 
this variable can be used to measure riskiness of securities. This paper shows 
that the one-period risk-free rate of interest is indeed such a variable. 

The implications of the model are interesting because it can be applied to the 
same problems that the ISL model has been applied to, while it avoids the type 
of empirical difficulties that are discussed in Roll [17]. 

The plan of the paper is as follows. Section I will discuss the paper's assump- 
tions and definitions. Section II obtains the pricing equation, Section III discusses 
the equilibrium relationship, and Section IV offers some concluding comments. 

I. Assumptions and Definitions 

We use the following notation: t = time subscript; 4t = state of the economy; 
Ri (4t+, ) = one plus the rate of return on asset i = 1, . . ., Nt over (t, t + 1); Rf ('t ) 
= one plus the riskless rate of interest available at time t; W(40) = investor's 
wealth at time t prior to consumption at time t. 

We also make the following assumptions: 

(Al) Perfect markets: Investment opportunities are traded in perfect markets; 
riskless borrowing and lending rates are equal, and short sales of all 
assets are allowed. 

(A2) Aggregation: The aggregation problem is solved, and, hence, equilibrium 
prices are determined as if all investors were identical.4 Alternatively, we 
can assume that there is a composite investor (see Constantinides [6]) 
and use his or her utility of lifetime consumption to obtain our results. 
However, in this case we also must assume that markets are complete. 

4Assume that investor i maximizes Ui(Co) + piEoVi(C1), where -U!'/U' = Ai + BGCo and 
-Vi'lV'! = Ai + BiCl. Rubinstein [19] presents the following conditions for aggregations: (i) All 
individuals are homogeneous; (ii) All individuals have the same beliefs, pi;= p, and Bi = B # 0; (iii) 
All individuals have the same beliefs and Bi = 0; (iv) All individuals have the same beliefs and 
resources and Bi = 0; (v) Markets are complete and Bi = 0; (vi) Markets are complete, pi = p, Ai = 0, 
Bi = 1, and all individuals have the same resources. Because returns on real assets are normally 
distributed, the representative investor's utility function must be defined for normally distributed 
wealth. Also, see Constantinides [5], footnote 8. 
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(A3) State-independent utility: Each investor's utility of lifetime consumption 
does not explicitly depend upon the state of the economy. Because, with 
heterogeneous investors, aggregation requires additive separable util- 
ity functions, we assume that the utility of lifetime consumption, U(CS, 
*.., CT), can be expressed as t=s U(Ct, t). Note that, if investors are 
identical, then the utility function need not be additively separable. 

(A4) Rational expectations: Investors have rational expectations; i.e., when 
making optimal investment-consumption decisions, they take all avail- 
able information into account. In the context of Proposition 1, this 
assumption implies that optimal investments in financial securities are 
zero. 

(A5) Consumption opportunities: Prices of consumption goods are not ran- 
dom through time. 

(A6) Investment opportunities: At time t there are nt competitive value- 
maximizing firms that invest in real assets. The rate of return on the 
equity of firm i over (t, t + 1) is denoted by Ri (0+,), and, conditional on 

t, it is normally distributed with mean Hi(W(Ot), t) and standard 
deviation ai(W(4t), t). In other words, returns on real assets can have 
nonstationary conditional distributions provided that the nonstationarity 
is only a function of aggregate wealth and time. Hence, given W(Ot), 
returns on real assets over (t, t + 1) cannot depend on Ot.5 This situation 
can arise if, for example, production technology of firm i is 

Ki(Ot+J) = Ki((t)(1l.i(W(qt), t) + ?i(W(4t), t) L(t + 1)), 

where Ki (t) - 0 is the amount of capital invested in technology i, ti and 
oi are functions of W(qt) and time, and (i (t + 1) is a stationary, normally 
distributed random variable. There are also Nt - nt financial securities 
(e.g., bonds, options, etc.) that have zero net supply, and their returns 
can have general nonstationary probability distributions. 

Assumption (A6) of this paper is less restrictive than assumption (A4) of 
Constantinides [5] because we allow returns on real assets to follow nonstationary 
random processes.6 

A representative investor will solve the following optimization problem: 

J(W (OS) IUse s) = max E,[T8 U(Ct, t)], 

subject to 

W (t)-t W(tV 1) - Ct } tl Xit [Ri (t -Rf (t) + Rf ((t)[ 

The investor's wealth at the beginning of time, after the state of the economy 
is revealed, is W(Ot); then he or she chooses the optimal values of Ct and Xit. 
This optimization problem has been extensively discussed in the literature. (E.g., 

'Firms issue only equity. 
6 Constantinides (5] assumes that asset returns have joint stationary distributions that belong to 

the family of two-fund separating distributions. (See Ross [181.) Constantinides [6] allows for 
nonstationary returns on real assets but assumes that markets are complete. 
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see Fama [8], Long [13, 14], and Constantinides [5].) Thus, we have presented 
only its essential aspects. 

II. An Interest-Rate-Based Asset-Pricing Model 

The first-order conditions for the representative investor's expected-utility- 
maximization problem are 

J'(W(kt), 'kt, t) - Rf(0t)Et[J'(W(0t+1), 't+1, t + 1)] = 0, (la) 

Et( J ' (W(4t+D), 4,+1, t + 1)(Ri(40+1) - Rf (0t+l))I = 0, i = 1, *, Nt, (lb) 

where J ' (.) is the marginal utility of wealth. Throughout this paper, derivatives 
are denoted by primes. 

Equation (la) states that, when optimal policies are followed, one plus the 
expected rate of decline in the marginal utility of wealth is equal to one plus the 
riskless rate of interest; equation (lb) is the most basic equilibrium relationship 
that holds for returns on securities, and it will play a crucial role in the derivation 
of our results. Using the definition of covariance, this equation can be expressed 
as follows (J'(ot) represents J'(W(ot), tat, t)): 

Et Ri (01 ) = Rf (0t) -[Et J ' (Jt+1)f1covt [ J ' (t+1 ), Ri (kt+ )] (2) 

We now present a proposition that is central to the results of this paper. 

PROPOSITION 1: Assume that conditions specified in (Al) through (A6) hold. 
Then, the representative investor's derived utility of lifetime consumption will be 
state independent. 

Proof: See Fama [8] and Constantinides [5]. 

Two important implications of Proposition 1 are 

(i) J ' (W(qt5), t), the current marginal utility of wealth, is only a function of 
current aggregate wealth and time; 

(ii) Et[J'(W((0t+i) , t+i, t + 1)] = g( W(qt), t), the conditional expected value 
of the next-period marginal utility of wealth, is only a function of current 
aggregate wealth and time. 

The following two properties of normally distributed random variables will be 
used throughout the paper. Assume that, conditional on y, random variables i 
and i are bivariate normally distributed. Also assume that h(i) is a continuous 
real function with continuous first derivative such that Ey l h' (i) I ] < 0. 

LEMMA 1: 

covy[h(X), Z] = Ey[h' (X)]covy[X, Z]. (3) 

Proof: See Stein [22] and Rubinstein [20]. 

LEMMA 2: 

a Ey[h(i)] = ti'Ey[h'( i)] + Ey[hh'(i)(.i - i)], (4) 
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where, conditional on y, i - N(pt, a2) and pt' and a' are, respectively, partial 
derivatives of ,t and a with respect to y. Because y and x may not be bivariate 
normal random variables, both ti and a may be functions of y. 

Proof: Set x = gt(y) = a(y)i, where e - N(O, 1). The proof follows directly 
from differentiating the left-hand side of equation (4).7 

Because the aggregation problem is solved, equilibrium prices are determined 
as if investors were identical. The representative investor's wealth, therefore, 
includes only assets that have positive aggregate supplies. (I.e., no financial 
securities are held by identical investors.) Since, conditional on the state of the 
economy at t, returns on real assets and hence the next-period level of aggregate 
wealth are normally distributed, we can apply Lemma 1 to the conditional 
covariance between the marginal utility of wealth and return on real asset i.8 The 
result is 

covt[J'(W(40t+1), t + 1), Ri(kt+i)] = Et[J"(.)]covt[W(Ot+1), Ri(kt+i)]. 

Substituting the above expression into equation (2), we will have 

EtRi (k+1) = Rf (0t) + X (t)covt [ W(0t+), Ri (0+1)], (5) 

where 

X(t) = [EtJ"(VW(it+1), t + 1)][EtJ'(VW(it+l), t + 1)]-1. 

Equation (5) is, of course, the multiperiod version of the Sharpe-Lintner model. 
As was discussed before, the main difficulty in any empirical testing of equation 
(5) is that the market portfolio, W(ot+1), is not observable. The objective of this 
paper is to present the last term on the right-hand side of equation (5) in terms 
of the riskless rate of interest. 

We use equation (la) to characterize the intertemporal behavior of the riskless 
rate of interest. The current riskless rate of interest is 

EtJ ' (W((t+t), t) = Rf (14(kt), t), 

where results of Proposition 1 are used to obtain the last term of this expression. 
Hence, the current riskless rate of interest is a function of current wealth and 
time. Given all available information, the next-period riskless rate is a random 
variable that can be expressed as follows: 

-ll'(W(kt+A) t + 1) 
Rf (kt+1) - E J'(W()) t + 2) - R f(W(t+l), t + 1). (7) 

The next-period riskless rate is not known at time t only because the next-period 
value of aggregate wealth is not known. In this economy, random variations in 

7I wish to thank the referee for suggesting this short proof. 
We need to assume that E, I J"(.) I < o. 
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the value of aggregate wealth represent the aggregate risk of the economy. Hence, 
random behavior of all endogenous aggregate economic variables (e.g., the riskless 
rate, returns on default-free bonds, and the market price of risk) is driven by 
changes in the value of aggregate wealth. 

If we can apply Lemma 1 to the conditional covariance between the next- 
period riskless rate and the rate of return on asset i, we will be able to show that 
this covariance is proportional to the conditional covariance of the same asset 
with aggregate wealth. That is, 

Covt [Rf (WW(t+1)), Ri (t+)] = A/ (0t)covt [ W(kt+D); Ri (0t+)]' (8) 

where VI (0) = Et [Rf' (W(Ot+1))J and is independent of the risky asset. 
According to Lemma 1, this expression is correct if Et [ AR' (W(kt+l)) ] < oo. 

Using equation (7) and the results of Lemma 2, we have (dependence on W(0,1) 
or W(kt+2) is suppressed) 

R (t+ 1) =-Rf(t+ 1)x IA(t+ 1)- _(t+ )I(t+ 1)- o'(t+ l)(t+ 1) 

X B(t + 1)- 0(t+ 1) D(t + 1) (9) 
o (t + 1) 'J 

A(t + 1) = -[J"(t + 1)]/[J'(t + 1)], a measure of absolute risk aversion at 
(t + 1); 

B (t + 1) = -Et+, [J " (t + 2)]/Et+l [J ' (t + 2)], a measure of the expected value 
of absolute risk aversion at (t + 2); 

D(t + 1) =-Et+,[J " (t + 2) W(t + 2)]/Et+1[J'(t + 2)], a measure of the 
expected value of relative risk aversion at (t + 2); 

,u(t + 1) = Et+, W(t + 2), and ,uA' denotes its derivative with respect to W 
(t + 1); 

o(t + 1) = Stdt+l W(t + 2), and cr' denotes it derivative with respect to W 
(t+ 1). 

The requirement, Et [I Rf' (W(Ot+1)) I ] < o, does not appear to be very restric- 
tive. For example, if W(40+1) and W(Ot+2) are independent, then Rf (W(0t+M)) 

=-Rf ( W(0+ 1)) A (t + 1), or, if they are bivariate normal random variables, then 

Rf ( W(Ot+1)) = -Rf (W(Ot+l)){A (t + 1) 

cov[ W(t+) W(t+2 )] B (t + 1) (10) 

In both instances, the necessary condition is satisfied if the degrees of risk 
aversion of the representative investor are bounded. We will assume that 
Et[ I RI (W(Ot+l)) I ] < 0 and denote this assumption by (A7). 
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PROPOSITION 2: Assume that the conditions specified in (Al) through (A7) are 
satisfied. Then the following equilibrium relationship will hold for all assets the 
returns of which, conditional on W(ot), are normally distributed over (t, t + 1): 

Ethi (0,1) = Rf (W(kt)) + yW(0t)covt[Ri(0t+j9 Rf (W(4t+l))]I (11) 

where y(kt) is defined as X(qtJ)Et[Rf' (W(0t+1))]1. 

Proof: From equation (8), we can solve for the conditional covariance of 
W(ot+1) with Ri(Ot+h). Equation (11) is obtained by substituting this result into 
equation (5). 

In this expression, the market price of risk is denoted by y(ot). To test this 
equilibrium relationship, we do not need to observe it directly. Similar to the 
approach often employed to present the ISL model in a testable form, we can 
write equation (11) for another real risky asset or a portfolio of real assets and 
thereby eliminate y (ot ) 

III. Discussion 

Fama and Schwert [9] and Ferson [10] have provided empirical evidence of a 
negative relationship between expected returns on portfolios of common stocks 
and the short-term riskless rate of interest. Though their studies were not 
concerned with testing the equilibrium relationship of this paper, their results 
are consistent with our theoretical model.9 

If expected excess returns on risky assets are to be positive, then the market 
price of risk, ty (4t), and the measure of risk, covt [Ri, Rf], must have the same 
sign. Hence, if one can show that Et [Rf' ( W(0t+1))] < 0 it follows that both y (tt) 
(see equation (11)) and covt [Ri, Rf ] must be negative. This indicates that, if the 
return on a risky asset is regressed against the short-term risk-free rate, the slope 
coefficient will be negative, and this is what Fama and Schwert [9] and Ferson 
[10] have reported. If Wq(0t+1) and W(Ot+2) are independent, Et[R,' (W(0t+1))] 
will always be negative, while, if W(4t+?) and W(4t+2) are bivariate normal 
random variables, Et [R, (W(0t+1))] will be negative if W(?t+1) and W(qt+2) are 
not perfectly correlated and the investor's measure of absolute risk aversion does 
not increase over time. (See equation (10).) 

In developing the pricing equation, we implicitly assumed that covt [Rf, Ri] is 
different from zero. This covariance can be zero under two circumstances: 

(i) Et [Rf' (W(0t+))] $ 0, but the return on the risky asset is uncorrelated 
with the return on aggregate wealth; 

(ii) Et [Rf (W(k0,+))] = 0. 

If condition (i) holds, then the pricing equation will correctly identify zero- 
beta securities or portfolios. Condition (ii) will hold when investors are risk 

9 Fama and Schwert were interested in the relationship between asset returns and expected and 

unexpected inflation. Ferson interprets the results as an indication of the behavior of the conditional 

covariances of asset returns with the marginal utility of wealth. They deal with nominal rates of 

returns, while our results deal with real returns. 
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neutral, but, under this condition, all financial securities will earn the risk-free 
rate of return, and only the firm with the largest expected return will remain 
active. However, condition (ii) can hold under other circumstances. For example, 
assume that the representative investor's measure of absolute risk aversion is 
constant. (I.e., both A (t + 1) and B (t + 1) are constants.) Also, assume that 
W(Ot+,) and W(Ot+2) are bivariate normal random variables and that the beta 
between them is equal to A (t + 1)/B (t + 1). Then, from equation (10), we will 
have Et [k ( W(i0+,))I = 0. This appears to be the only plausible condition under 
which (ii) will hold.10 For instance, if the representative investor does not have 
exponential utility function, then B(t + 1) will be a nonlinear function of wealth. 
If Et [R" (W(Ote+))] = 0 is to hold, the covariance between W(Ot+,) and W(Ot+2) 
must also be a nonlinear function of wealth. It should be noted that, when 
EJ?[R (W(Ot+,))] = 0, covt [Ri, RPf = 0 for all risky assets, and this can be tested 
empirically. 

In contrast to the arbitrage- and consumption-pricing models, and similar to 
the ISL model, the interest-rate-based model is a direct result of the mean- 
variance efficiency of the market portfolio. Hence, from a theoretical point of 
view, both models can be criticized for their rather restrictive assumptions. The 
present model should, therefore, be viewed as an attempt to introduce some new 
insights into the ISL model and to present an alternative equilibrium relationship 
that is in principle testable. We must, however, note that the conditional 
covariances of asset returns with the next-period riskless rate are likely to be 
nonstationary, and this could make any empirical testing of the model rather 
complicated. 

IV. Conclusions 

This paper develops a multiperiod asset-pricing model that does not require any 
estimation of the stochastic properties of the rate of return on the market 
portfolio or the rate of change in aggregate consumption. The results are devel- 
oped using the framework of Fama [8] and Constantinides [5] and consequently 
will hold in capital markets that satisfy the minimum set of assumptions needed 
to produce the multiperiod version of the Sharpe-Lintner model. 

We demonstrate that intertemporal changes in the riskless rate of interest can 
be used to measure the systematic risk of securities. In particular, the covariances 
of assets returns with the return on the market portfolio are shown to be 
proportional to the covariances of the same assets with the next-period riskless 

10 Clearly, if the riskless rate of interest is not a function of aggregate wealth, then E4R,' (0,+ )] = 

0. This can happen if Rf (a) = II (t), which is only a function of time; i.e., 

J'(W(Ot), t) = 11(t) f [J'(W(t,+D), t + 1)f(W(Ot,+)I W(Ot))] d W (4t,,). 

This expression is a homogeneous Fredholm integral equation of the second kind, and it may be 
solved for J '(.) once f ( I* ) is specified. (E.g., see Bronshtein and Semendyayev [4].) The resulting 
solution may not, however, satisfy all the restrictions that we have imposed on J' (.). 



A Multiperiod Asset-Pricing Model 1023 

rate of interest; hence, we can present equilibrium relationships that do not 
require data on the rate of return on the market portfolio. 

Similar to the Sharpe-Lintner model, the pricing model of this paper is 
expressed in real terms; observed data on asset returns and the short-term 
riskless rate are, on the other hand, expressed in nominal terms. Hence, an 
interesting extension of our results is to relax the assumption that prices of 
consumption goods are nonrandom.11 

" As discussed in Fama [8] and Constantinides [5], once this assumption is relaxed, the indirect 
utility function will become state dependent. 
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