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A Note on Simple Criteria for Optimal Portfolio
Selection

C. SHERMAN CHEUNG and CLARENCE C. Y. KWAN*

USING SHARPE’S [7] SINGLE-INDEX model, Elton, Gruber, and Padberg (EGP)
[4, 5] have established some simple ranking criteria for optimal portfolio selec-
tion. A further extension has been made by Chen and Brown [2] and Alexander
and Resnick [1] to incorporate the risk associated with the estimation of input
parameters. This note explores the economic rationale underlying the portfolio
formation process based on the single-index model. In so doing, we seek to
enhance the intuitive appeal of the simplified portfolio criteria developed in the
above studies to practitioners.
To this end, we restate the EGP solution with short sales allowed as

Zi = %(u - ¢>a for i= 1a27' U (1)
a\ B
where ¢ = 02, 271 8;Z; and Z, = X,(R, — R;)/c?. Here, §; is the beta coefficient
of security i, ¢% is the residual variance of security i, R; is the expected return on
security i, R; is the risk-free rate, o2 is the variance of the index I,,, X; is the
fraction of funds invested in security i, R, is the expected return on the optimal
portfolio, and ¢2 is the variance of returns of the optimal portfolio.

In the case where short sales are disallowed, EGP have shown that the Kuhn-
Tucker conditions are necessary and sufficient for optimality. The first Kuhn-
Tucker condition differs from equation (1) by an additive term »;/¢% on the right-
hand side, v; being a Lagrange multiplier. The complementarity conditions require
that »; = 0 for Z; > 0 and »; = 0 for Z; = 0. To reach the optimal portfolio
disallowing short sales, EGP rank securities according to their excess-return-to-
beta ratios. The optimal portfolio is formed by adding securities successively to
feasible portfolios following the ranking hierarchy. The procedure stops when
the excess-return-to-beta ratio of a security falls beiow the corresponding cutoff
rate ¢.

The lack of an explicit role for the index in selecting securities for the optimal
portfolio in the above procedure is somewhat counter-intuitive since the index is
the driving force underlying security returns and hence underlying the returns
on the optimal portfolio. It will be shown below that the cutoff rate used in the
EGP approach is indeed related to the index. This relationship enables us to see
intuitively that securities are accepted because of their ability to capture the
driving force in the optimization of the risk-return tradeoff. Further, when and
why the above iterative procedure is terminated will become more obvious.

* Both authors from the Faculty of Business, McMaster University. Financial support for this
research was provided by the Social Sciences and Humanities Research Council of Canada.
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To establish exactly what role the index plays, let us first rank and label
securities following the EGP convention. Specifically, for a portfolio prob-
lem involving only positive beta securities, they are labeled in such a way
that (R; — R;)/B: = (Riz1 — R;)/Bi+1 for all i. Now a portfolio k allowing short
sales based on securities 1, 2, - .-, k is formed using equation (1). The covari-
ance between the portfolio return R, and I, is oxn = Bros. It follows from
B =Xk X; B = X)=1 Z; B/ X}=1 Z; and X1 Z; = (R, — Ry)/o% that

o (k)

s 0k)’ (2)

p(R) =

where p(k) = opm/(010m) is the correlation between Rj and I, 0(k) = (R, —
R;)/o, measures the portfolio performance, and ¢ (k) = o2 X5 Z; 8 = o2 Y51
[8; (R, — R;)/a%]/[1 + o7 Xk-1 B7/0%] provides the cutoff rate for the portfolio
based on the k highest ranking securities.

As demonstrated in Kwan [6] and Cheung, Kwan, and Yip [3], the function
¢(k), where k=1, ..., n, reaches its single maximum, which corresponds to the
cutoff rate for the solution where short sales are disallowed. It is shown in the
Appendix that p (k) displays the same functional behavior. In other words, if one
forms portfolios by adding securities successively from the highest rank to the
lowest rank, the optimal portfolio is reached when the correlation of the portfolio
returns and the index is at its maximum. Since the expected return on the index
must be positive if the investor is to invest in stocks, an objective of the investor
using the single-index model to establish the risk-return tradeoff is to pick
securities that benefit the most from a market upswing. Here the role of the
index in the selection of securities is made explicit.

Given that p (k) = 0/ (010m), 0km = BroZ, and o7 = Bic2, + o, we also have

p(R) = VBioZ/oi = N1 — (a%/c}), (3)

indicating that p(k) measures directly the systematic risk of the portfolio as a
fraction of its total risk. Therefore, the maximization of p(k), which captures the
market momentum suggested above, actually corresponds to minimizing the
idiosyncrasies of individual securities. This rendition of the simple criteria for
optimal portfolio selection is consistent with the practice of some practitioners
to search for the market leadership.

Table I provides a numerical example illustrating the above features underlying
the portfolio formation process. In this example, we used a subset of stocks that
make up the Dow Jones Industrial Index. Monthly returns from January 1980 to
December 1984 for both the equally weighted index and twenty Dow Jones stocks
were taken from the CRSP tape to estimate betas, residual risks, and average
returns. Here, the stocks in Table I have been ranked according to excess-return-
to-beta ratios. Notice that the optimal portfolio disallowing short sales occurs
when ¢ (k) reaches its single maximum of 0.01034 at & = 7. The same behavior
can likewise be observed for p(k), which has its maximum of 0.82696 at k = 7.
Also, the residual risk as a fraction of the total risk is minimized when optimality
is reached at k = 7. The above pattern is consistent with our analytical results.
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A further insight can be derived for the case when short sales are allowed. It
follows directly from equation (2) that

A
d £0 ] @)

Ap = 0,0 + A0/2])[p + Ap/2][p T A2 + N
where the symbols have been abbreviated for simplicity, i.e., 0 = 8(k — 1), p =
p(k—1), A0 =0(k) — 0(k — 1), Ap = p(k) — p(k — 1), and Ap = (k) — ¢(k —
1). As shown in the Appendix, 8(k) is an increasing function of k, and thus the
first bracketed term above is always positive. The second bracketed term above
can be thought of as the correlation halfway between the old level and the new
level as an extra security is added; this term is always positive. When a security
beyond the single maximum of ¢ is added to the portfolio, A¢ must be negative,
thereby making the last bracketed term above negative. Since A8/(6 + A6/2)
must be positive, Ap/(p + Ap/2) must be not only negative but also of greater
absolute magnitude. Intuitively, Ap/(p + Ap/2) is nothing more than the reduc-
tion in the systematic risk as a fraction of the total risk as a security is sold
short, whereas A6/(6 + A6/2) represents the corresponding improvement in
portfolio performance. In effect, the major impact of allowing short sales is not
so much to improve portfolio performance as to reduce the systematic risk
content.

What has been said up to this point also holds in the presence of estimation
risk. The cutoff function in the decision rule similar to equation (1), as derived
by Chen and Brown [2] and Alexander and Resnick [1], has the same functional
form as the case without estimation risk. As a result, the economic intuition
derived here applies equally well to the decision rule given in the above two
studies.

Appendix

We will establish below that the function p(k) in equation (2) in the text has a
single maximum and occurs concurrently with the single maximum of ¢ (k). What
needs to be shown is that p, > p,—; whenever ¢, > ¢,—; and p, < pr—; whenever
¢r < ¢r—1, where each subscript represents the portfolio for which the correspond-
ing function is evaluated.

Case 1: ¢ > ¢p—1. Defining Ap? = p? — pi_y, Ap? = ¢2 — ¢%_,, and AG? =
0% — 6%_,, we obtain from equation (2)

2 _ 031497 — 7,00
oh (031 + A0%)0E

Ap (A1)

To SImphfy notation, let A,‘ = U?nﬁ?/afi, t; = (R, - Rf)/ﬁi, Pk = ?:1 Ait,z, Nk =
2{';1 Aiti, and Mk =1+ 2;;1 Ai. From 0% = (Rk - Rf)z/di = 2;;1 (E, - Rf)Zi and
equation (1), we have ¢2,0% = P, — N3/M,, which leads to 6% A0%2 = A,(My_1t, —
Ni—1)?/(My—1M,). Since A, and M, are positive for all k, Af? is always positive;
i.e., 8(k) is an increasing function of k.
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With o = N%/M2, we have

_ Ap(My_1t, — Np1) (Apte My + 2M;_1Np—1 + ApNp_y)
(M- + AL)*Mi, '

Therefore, the numerator on the right-hand side of equation (Al) can be ex-
pressed as

Ag? (A2)

A
OR1 8% = $1aA0% = — ]’[ﬁ (te — o)

X (XL Ast? — T Aitity) Ny + (X5 Ast? — T Aitign-1)Art). (A3)

Given that ¢, > ¢r—1, which implies that t; = to = -.- = t, > ¢r > dr—1 (see
Cheung, Kwan, and Yip [3] and Kwan [6]), 03—, A¢® — ¢3—, AO® must be positive.
It follows from equation (A1) that Ap? > 0 or, equivalently, p, > pr—1, as long as
dr > Pp—1.

Case 2: ¢r < ¢p—1. Defining Ap = pp — pr-1, AP = ¢dp — ¢r—1, and Af =
0, — Ar_1, we obtain from equation (2) Ap = (A¢p — npr-14A0)/(6,0:). Recall
that 6(k) is an increasing function of k. This implies that A6 > 0. Given the
condition ¢, < ¢,—1, Ap is negative or, equivalently, pp < pp—;.
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