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Tax Arbitrage and the Existence of Equilibrium 
Prices for Financial Assets 

ROBERT M. DAMMON and RICHARD C. GREEN* 

ABSTRACT 

In models where both investors and securities are subject to differential taxation, there 
may be no set of prices that rule out infinite gains to trade, or "tax arbitrage." This 
paper characterizes the joint restrictions on financial-asset returns and investors' tax 
schedules that preclude tax arbitrage in the absence of short-sale constraints. The 
authors show that, if there exists any configuration of marginal tax rates on investors' 
tax schedules that rule out infinite gains to trade, then "no-tax-arbitrage" prices will 
exist. They also show that the existence of "no-tax-arbitrage" prices ensures the 
existence of equilibrium prices. 

THE EFFECTS OF DIFFERENTIAL taxation on the equilibrium prices of financial 
assets have attracted much attention from financial economists in recent years. 
Otherwise identical securities that contribute to taxable income to different 
degrees will, in general, be valued differently by taxable investors. As a result, 
tax considerations have been useful in helping explain the effect of dividend yield 
on stock returns,' the effect of coupon levels and term to maturity on bond 
prices,2 the timing of investors' portfolio transactions,3 and the observed capital 
structures of firms.4 

While a rich set of observed behaviors can be better understood by reference 
to differential taxation, there are well-known difflculties in dealing with taxes in 
a general-equilibrium setting. To clear markets, relative prices must reflect the 
marginal rates of substitution of all agents simultaneously. When tax rates differ 
across investors, however, this condition can be impossible to achieve. To 
illustrate, consider a world of perfect certainty with two assets: a tax-exempt 
municipal bond and a taxable government bond. To equate marginal rates of 
substitution, the rate of return on the government bond, rg, must equal that on 
the municipal, rm, "grossed up" by one minus the investor's marginal tax rate, ti; 
that is, rg = rm/( 1 - ti). If there are investors in more than one tax bracket, this 
condition will obviously be impossible to satisfy for all of them simultaneously. 

* Both authors from Graduate School of Industrial Administration, Carnegie-Mellon University. 
We wish to thank Scott Richard, Steven Spear, and an anonymous referee for helping us sort through 
the issues considered here. Seminar participants at Columbia, Wharton, the Johnson Symposium on 
Asset Pricing at the University of Wisconsin-Madison, and the 1986 Western Finance Association 
Meeting also provided valuable comments. We are also grateful for the financial support provided by 
the Center for Public Policy Research, Carnegie-Mellon University. All errors are our own responsi- 
bility. 

' See Litzenberger and Ramaswamy [71, Miller and Scholes [111, and Elton and Gruber [5]. 
2 See Litzenberger and Rolfo [9]. 
3 See Constantinides [1] and Constantinides and Ingersoll [2]. 
'See Miller [10], DeAngelo and Masulis [4], and Dammon [3]. 
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Thus, for any set of market prices, there will be infinite gains to trade, or "tax 
arbitrage", for at least one investor. As a result, an equilibrium will fail to exist 
unless short-sale restrictions are imposed that prevent investors from exploiting 
such arbitrage opportunities. 

The purpose of this paper is to delineate those situations where an equilibrium 
will not exist without short-sale constraints. In particular, we characterize the 
joint restrictions on financial-asset returns and investors' tax schedules that are 
necessary and sufficient to preclude tax arbitrage in the absence of short-sale 
constraints. The conditions have the qualitative implications one might expect. 
If "no-tax-arbitrage" prices are to exist, the differences in investors' tax rates 
must get smaller as assets become closer substitutes on a pretax basis. Making 
precise the magnitudes involved yields qualitative insights concerning how these 
factors interact to determine whether a given market structure and tax environ- 
ment are consistent with otherwise frictionless trading. This is important be- 
cause, when short-sale constraints are present, they can have a significant effect 
on equilibrium prices and allocations. For example, Dammon [3] examines a 
model in which investors face progressive taxation but no short-sale constraints 
and finds, unlike Miller [10], that tax considerations alone lead to interior 
optimal capital structures for firms. 

Our results indicate that the environments where tax arbitrage necessitates 
short-sale constraints are not as widespread as one might suspect. We first 
establish the necessary and sufficient conditions for the existence of prices that 
rule out tax arbitrage when tax schedules are linear and tax rates are constant. 
We then generalize these conditions to progressive (i.e., nonlinear) tax schedules 
and show that, if there exists any configuration of marginal tax rates across 
investors that precludes linear tax-arbitrage opportunities, then, by our defini- 
tions, no-tax-arbitrage prices will exist. Furthermore, we are able to show that 
the existence of no-tax-arbitrage prices is precisely what is needed to ensure the 
existence of equilibrium prices. This result holds even in situations where taxable 
income, and hence the set of feasible allocations for the economy, depends upon 
prices (e.g., capital-gains taxation). 

Schaefer [15] studies tax arbitrage in a setting similar to ours and concludes 
that, under "fairly standard assumptions", an equilibrium in which investors 
occupy different tax brackets will not exist without restrictions on short sales. 
Among his "fairly standard assumptions", however, is the existence of differen- 
tially taxed assets that have perfectly correlated pretax (and after-tax) payoffs. 
Under certainty, Schaefer shows that, with frictionless markets, investors either 
will arbitrage to the same marginal tax bracket in equilibrium if they face 
progressive tax schedules or will have opportunities for infinite gains to trade if 
no common tax bracket exists. The restrictions we obtain on asset returns and 
tax schedules include these as special cases but are more general. First, redundant 
assets are not required to generate tax arbitrage if tax schedules differ sufficiently 
across investors. Second, marginal tax rates can differ across investors without 
admitting arbitrage if markets are incomplete. Our characterization of tax arbi- 
trage allows for these considerations. 

The role of incomplete markets in limiting tax arbitrage has also been recog- 
nized by Litzenberger and Rolfo [8] in their analysis of tax effects in the pricing 
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of government bonds. They focus on environments where marginal tax rates are 
fixed and show that investors in different tax brackets may have positive holdings 
of the same securities when markets are incomplete. Incompleteness per se, 
however, does not guarantee the absence of tax arbitrage when tax schedules are 
sufficiently heterogeneous. Our analysis provides a full characterization of the 
joint restrictions on market structure and tax schedules required for no-tax- 
arbitrage and equilibrium prices to exist. 

In a recent paper, Ross [14] examines the duality between arbitrage and 
positive implicit state prices in a model with nonlinear tax schedules. Both the 
structure and, more importantly, the purpose of his model differ from ours, 
however. Ross [14] explores conditions on asset prices that preclude "local" 
arbitrage for a particular investor holding a particular portfolio. Although such 
opportunities must obviously be fully exploited at an equilibrium, the existence 
of "local" arbitrage does not preclude the existence of an equilibrium. Similarly, 
gains to trade in a no-tax economy, while they too must be fully exploited at an 
equilibrium, do not prevent one from ever being achieved. Furthermore, to verify 
whether prices rule out "local" arbitrage, one must know the portfolio position 
and tax status of each investor in the economy. In contrast, the absence of tax 
arbitrage as we describe it is a necessary condition for the existence of an 
equilibrium. It is also a property that can be verified or contradicted with 
knowledge only of tax schedules and asset payoffs, without reference to endow- 
ments, market clearing, or the feasibility of particular allocations. 

It is not obvious, however, that the existence of prices that preclude tax 
arbitrage will ensure the existence of an equilibrium. It may be that market- 
clearing considerations can force individuals to points on their tax schedules that 
render their marginal rates of substitution mutually inconsistent. Therefore, we 
also examine the relationship between the existence of no-tax-arbitrage prices 
and the existence of equilibrium prices. We are able to show that, if there is any 
configuration of marginal tax rates on investors' tax schedules that preclude tax 
arbitrage, then equilibrium prices for financial assets will exist. The complications 
that arise when an asset's contribution to taxable income depends upon prices, 
as with capital-gains taxation, are dealt with by confining our attention to a 
sensible subset of the no-tax-arbitrage prices-those that assign positive prices 
to assets with strictly positive pretax payoffs. Analogous conditions characterize 
the existence of such prices, and, again, their existence is sufficient to ensure the 
existence of equilibrium prices. 

The paper is organized as follows. Section I describes the basic model and 
outlines our major assumptions. In Section II, some simple examples are used to 
help illustrate the basic concepts developed in the paper. Section III formally 
defines tax arbitrage and no-tax-arbitrage prices, first under linear taxation, and 
then generalizes these definitions and the associated results to progressive tax 
schedules. In Section IV, we show that the absence of tax arbitrage, along with 
our other standard general-equilibrium assumptions, is sufficient to ensure the 
existence of an equilibrium. In Section V, we modify the model to allow an asset's 
contribution to taxable income to depend upon its initial price. This modification 
accommodates situations in which assets are subject to capital-gains taxation or 
in which distinctions between "principal" and "interest" depend upon prices. 
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Section VI offers some concluding remarks. All proofs appear in the Appendix. 

I. The Model 

Consider an economy with two dates, where all trading takes place at time 0 and 
all uncertainty is resolved at time 1. There are m mutually exclusive states of 
nature, indexed by s, that may occur at time 1. Investors trade n financial assets, 
indexed by j, which are characterized by their state-contingent, pretax payoffs 
Xir, s = 1, - - *, m. We assume that these payoffs are in units of a single, numeraire 
commodity and that there are at least as many states as assets, m - n. The 
financial assets have prices Pj, j = 1, *.., n, which are determined through 
trading in frictionless markets at time 0. The n-vector of these prices is denoted 
P, and the (n x m)-matrix of asset payoffs in the m different states is denoted 
X, with column vectors X, and row vectors Xj. 

Under "differential taxation", different assets contribute to taxable income to 
different degrees. Initially, we assume that these differences take a particularly 
simple form. We assume that the jth asset contributes a positive fraction, Yj9, 

o c yjs C 1, of its gross payments in state s to taxable income.5 This formulation 
captures the basic idea that different securities contribute differently to taxable 
income and, since yjs is state dependent, that these differences may be contingent 
on events unknown when the assets are purchased. Nevertheless, it abstracts 
from the actual tax code in two important respects. First, it does not accommodate 
situations where the contribution to taxable income depends upon prices. A 
capital-gains tax clearly has this property. So does the taxation of bonds selling 
at a premium or discount. While these situations can be dealt with through 
alternative assumptions, they complicate the arguments sufficiently that we have 
chosen to pursue them separately in Section V as an extension to our basic 
model. Second, the tax treatment of a particular asset is not allowed to depend 
in nonlinear ways on the investor's portfolio composition. This rules out, for 
example, limitations on interest deductions that depend upon the particular set 
of assets held in one's portfolio. Modeling this would require that taxes be 
described as some general function of the investor's portfolio holdings. If the tax 
function remains convex, much of the mathematical structure of our analysis 
would survive, but at considerable cost in intuition. Since the tax function would 
no longer be defined over a single argument, the whole idea of a marginal tax 
rate would not be well defined. Clearly, however, these additional features would 
work to further limit opportunities for tax arbitrage, affecting the necessity but 
not the sufficiency of the conditions we provide that rule out tax arbitrage. 

There are I consumers in the economy, indexed by i. Their utility functions 
are denoted ui and are defined over non-negative consumption vectors 

= (ci, * c, ), where cl : 0 is individual i's consumption in state s. Let us be 
the derivative of ui with respect to c'. We assume that these derivatives exist 
and that ui is concave and strictly increasing. Consumer i's endowment consists 

'The -model is general enough to allow yj, to differ across investors as well. This would be an 
important consideration, for example, if investors had different tax bases for the same asset. Such a 
situation is difficult to motivate here, however, because of the single-period nature of the model. 



Tax Arbitrage 1147 

of initial security holdings, wi' E R I which yield difP in initial wealth.6 This 
initial wealth is used to purchase a final portfolio, w E R , which yields a pretax 
income of X' w' in state s at time 1. Taxable income in state s is given by 

w i, where X' is the n-vector of asset contributions to taxable income in state 
s, with typical element yjmXjp. Given the security holdings, wi, the m-vector of 
consumer i's taxable income across states is X'w', where X' is an (m x n) - 
matrix of asset contributions to taxable income in the m different states. 

Once taxable income in state s has been determined, consumer i's total tax 
liability is computed according to the tax schedule Ti ( * ). This schedule need not 
be linear or the same across consumers. We will, however, assume the following. 

(Al) Ti( ( ) is a nondecreasing, continuous, convex, and differentiable function 
of taxable income, with Ti (0) = 0. 

The convexity of the tax schedule implies nondecreasing marginal tax rates. 
The assumption of differentiability is made simply for expository convenience.7 
The marginal rates are assumed to satisfy the following. 

(A2) t limy -+- T/T (y) exists and is bounded away from unity. ti 
limy,_. T (y) exists and is greater than or equal to zero. 

These bounds on the marginal rates, along with the fact that they are nonde- 
creasing, imply that the government can never expropriate all of or more than 
the last dollar of taxable income. Similarly, greater losses cannot lead to higher 
taxes. Along with the assumption that Ti (0) = 0, this implies that positive taxable 
income always leads to non-negative taxes and that losses yield tax rebates or 
tax forgiveness. To allow for the feasibility of autarky, we will assume the 
following. 

(A3) The initial endowments of asset holdings, il ', i = 1, * , 1, provide positive 
payoffs in every state that are larger than taxable income. That is, X'w 
>> 0and X'Cv'> X'&wfor all i =1, *- -, 1. 

Since ti < 1, assumption (A3) implies that wiv will also provide positive after- 
tax income in every state for any marginal rate on the consumer's tax schedule. 
That is, (X - Xti)'ii >> 0 for all ti E [ti, tj. Finally, we need to ensure that the 
absence of arbitrage rules out a zero price for at least one asset. This is 
accomplished through the following assumption. 

(A4) There exists at least one asset with strictly positive pretax payoffs in 
every state. 

6 Opportunities to consume at the initial date, or state-contingent endowments that are not related 
to security holdings, could be incorporatd into the model with only notational complications. 

'Since any continuous, convex function is subdifferentiable (see Rockafellar [12, Chapter 23]), 
one could replace all of our subsequent statements about the marginal rates with statements about 
the right- or left-hand derivatives, or "elements of the subdifferential". While this would formally 
allow for piecewise linear tax schedules, it would not change the intuitive content of the results. 



1148 The Journal of Finance 

II. Some Examples 

The purpose of this section is to use some particularly simple examples to 
illustrate the basic concepts that are subsequently presented in more generality. 
In these examples, the relationship between tax arbitrage and the existence of 
equilibrium prices can be depicted graphically with a simple Edgeworth box. 
Most of the mathematical structure that ensures the paper's results can be 
illustrated in this setting. Specifically, the examples help to clarify the following: 

(i) the motivation for our definition of "tax arbitrage" and the difference 
between it and the concept of "local tax arbitrage" as defined by Ross 
[14], 

(ii) why tax arbitrage, as we define it, precludes the existence of an equilibrium 
while "local tax arbitrage" does not, 

(iii) the role of progressive tax schedules in dramatically reducing the oppor- 
tunities for tax arbitrage, 

(iv) that characterizations of tax arbitrage with linear tax rates can be gener- 
alized in a simple way to situations where tax schedules are progressive 
and marginal rates are endogenous, and 

(v) that, if there is any configuration of marginal tax rates across investors 
at which arbitrage is impossible, then equilibrium prices will exist. 

To begin, suppose that there are two riskless securities available for trade. 
Asset 1 pays one tax-exempt "dollar", and asset 2 pays one taxable "dollar". Each 
is outstanding in unit supply. There are two consumers, h and i, who we assume 
have identical endowments. Since all taxable income is due to holdings of the 
second asset, the taxes paid by h and i are Th (Wh) and Ti (wD), respectively. 

Figure 1 illustrates three different tax scenarios for the two consumers. In Case 
A, both consumers have linear tax schedules and, therefore, constant marginal 
rates. Figure 2 illustrates the well-known result that, in this situation, the tax 
rates must be equal for an equilibrium to exist without short-sale constraints. 
The Edgeworth box is drawn as the unit cube, but the reader should keep in 
mind that, with the opportunity to sell short, any point in the plane is feasible. 
At points outside the boundaries of the box, one agent or the other has a short 
position in one or both of the assets. 

The point wZ represents the traders' endowments. For each unit of the tax- 
exempt security that consumer h surrenders, he or she requires 1/(1 - th) 

additional units of the taxable security to maintain the same after-tax income. 
Thus, the line through iw with slope 1/(1 - th) represents combinations of the 
two securities that hold consumer h's after-tax income constant. Since the two 
securities are perfect substitutes on an after-tax basis, this line can be interpreted 
as an indifference curve. At points in the half-plane to the northeast of this line, 
consumer h is better off. Similarly, at points to the southwest of the line with 
slope 1/(1 - ti), consumer i is better off. The intersection between these two 
half-planes will be a cone, and, as long as the tax rates are not equal, this cone 
will have an interior consisting of net trade vectors, such as w, that make both 
consumers better off. Furthermore, any such vector can be extended arbitrarily 
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Case A Marginal rote 

Th, ,th 

Taxable income 
0 

Case B Marginal rote 

X f =5~~~~~h- th 

__ _ ___ .I T't~ 

o w2 Taxable income 

Case C Marginal rate 

T, tI 
-h 

o w2 Taxable income 

Figure 1. Three Different Tax Scenarios for Consumers h and i 

far in the plane.8 In the parlance of convex analysis, these are "directions of 
recession". As the tax rates for the two consumers approach each other, the cone 
of arbitrage trades shrinks. However, as long as the preferred-to sets have an 
open intersection, no price line can separate them and no equilibrium will exist. 
Thus, the only case that admits an equilibrium is the one in which all consumers 
have identical marginal tax rates so that the cone of arbitrage trades has no 
interior. Then relative prices for the securities of 1/(1 - t), where t = t, = th, will 
rule out arbitrage for both agents. Note also that these prices support autarky as 
an equilibrium. The condition that the cone containing w have an empty interior 
is necessary for no-tax-arbitrage prices to exist. It is also sufficient to ensure the 
existence of equilibrium prices. 

These properties generalize to more complex environments. With linear tax 
schedules, the set of "arbitrage trades" is always a cone, and this cone shrinks as 
tax rates get closer together. The condition that the cone have no interior points 
can be characterized using linear duality theory (i.e., Farkas' Lemma), which is 
also used to characterize the absence of arbitrage in a world without taxes. Ruling 
out tax-arbitrage trades in this way is necessary for equilibrium prices to exist, 
and, with other standard assumptions, it is also sufficient. 

'Note that, while the wealth of both consumers is increasing along any arbitrage trade vector, 
such as w, the size of the Edgeworth box remains fixed because the net aggregate supply of securities 
is fixed. 



1150 The Journal of Finance 

Cone o 
arbitragel 
tradesI 

Asset 2~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
2 \. |ih ib b tter off 

in this half plane n 

w 

h |Asset 

w~~~~~~~~ 

Figure 2. Arbitrage Trades with Linear Tax Schedules and Perfectly Correlated, Differentially 
Taxed Assets 

When assets are less than perfect substitutes, tax rates need not be identical 
across consumers to rule out arbitrage. Figure 3 illustrates such a case with two 
investors, two assets, and two states of the world. The first asset pays one tax- 
exempt dollar in each state. The second is fully taxable and pays one dollar in 
the first state and two dollars in the second. Assume that investor h has a 
constant tax rate of zero. The striped cone in each panel of Figure 3 shows the 
vectors of net trades that have non-negative payoffs for investor h in both states. 
These vectors solve the system of inequalities: Wd + w2 - 0 and WA + 2wA2 2 0. 
The net trades that are feasible and generate positive payoffs for the taxable 
investor, i, taking the origin to be the lower left-hand corner, solve the system: 

Wl- (1 - ti) 0 and -zA - 2(1- ti)A2 0. Panels A, B, and C show these 
vectors of net trades for tax rates of ti = 0.25, 0.5, and 0.75, respectively, as the 
lightly shaded cones. In Panel A, investors' tax rates are not identical, but they 
are also not far enough apart for the two cones to intersect and generate arbitrage. 
At ti = 0.5 (Panel B), the cone of arbitrage trades consists of a single vector, w'. 
Trades along this vector pay exactly zero to each investor in one of the two 
states, but w makes positive payments to consumer h in state 2 and positive 
payments to consumer i in state 1. Fifty percent is the lowest tax rate for which 
the tax-exempt asset dominates the taxed asset for investor i. Any equilibrium, 
therefore, would require P1 > P2 in this case. However, for the tax-exempt 
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investor, h, asset 2 strictly dominates asset 1, implying that P2 > P1 in equilib- 
rium. Obviously these restrictions are mutually inconsistent, and, therefore, no 
equilibrium will exist. When the tax rates differ sufficiently, the cone of arbitrage 
trades will have an interior, as shown in Panel C, for a tax rate of t, = 0.75. 

When tax schedules are linear, any gains to trade due to differential taxation 
will provide infinite tax-arbitrage opportunities. When they are present, equilib- 
rium prices will fail to exist. In the presence of nonlinear tax schedules, however, 
gains to trade can be one of two types. There will typically be gains to trade that, 
because marginal tax rates adjust as they are exploited, cannot be extended to 
arbitrary magnitudes. Ross [14] refers to these as "local-tax-arbitrage" opportu- 
nities. As later sections will show, "local tax arbitrage" does not preclude the 
existence of an equilibrium. There may also be gains to trade that would keep 
the economy from attaining an equilibrium (in the absence of short-sale con- 
straints) because they lead to infinite demands at all prices. One of the most 
fundamental results in convex analysis is that convex sets can be unbounded 
only in directions that form its "recession cone". Thus, the vectors of net trades 
that provide infinite gains to trade in the nonlinear case also form a cone, just 
as in the linear tax case. Because of this, differential taxation will cause the 
economy to "blow up" only in situations that can be characterized analytically 
(or graphically) through the types of duality arguments that were employed in 
the linear case. 

The paper's main result shows that, if there is any set of marginal tax rates 
across investors for which the cone of arbitrage trades is empty, then equilibrium 

Asset 2 bbewore I 

Panel A: 
ti =.25 
th Q 

I bettor O" J Asset I 

Asset 2 

Panel B: 
ti .5 
thO / 

h ~ ~~~~~~ As"t I 

con; of 

arbitrage f rodes 

Panel C: 
ti .75- 

thO0 

h As ti I 

Figure 3. Arbitrage Trades with Linear Tax Schedules and Differentially Taxed Assets That Are 
Less Than Perfectly Correlated 
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prices will exist. In the context of the certainty example, this condition is 
particularly simple. From Figure 2, we know that, with constant marginal rates, 
the cone of arbitrage trades is empty only if all consumers have identical tax 
rates. Thus, to preclude tax arbitrage in the nonlinear case, investors' tax 
schedules must simply have some marginal tax rate in common, as in Case B of 
Figure 1. Figure 4 shows that, in this situation, there are gains to trade, or "local 
tax arbitrage", but no infinite tax-arbitrage opportunities. At the endowment 
point, i's marginal tax rate is aoove h's, so i's indifference curve is steeper. As 
i's holdings of asset 2 decrease, his or her tax rate falls, and, at the point where 
the marginal rates intersect, i's indifference curve will be parallel to h's. At lower 
taxable incomes, i's indifference curve is less steep than h's, and, since the tax 
rates are monotonic, the curves must eventually intersect again. Accordingly, any 
vector of net trades, such as w, that makes both consumers better off cannot be 
infinitely extended without eventually crossing i's indifference curve. Thus, there 
are no infinite tax-arbitrage opportunities, and, furthermore, an equilibrium 
clearly exists. Here, h's indifference curve serves as an equilibrium price line, 
and all the gains to trade, at the equilibrium allocation, accrue to consumer i. 

In Case C of Figure 1, the tax schedules do not overlap, and, as Figure 5 shows, 
there is arbitrage at any and all prices when the assets are perfect substitutes on 
an after-tax basis. At the endowment point, h's marginal tax rate, and hence the 
slope of his or her indifference curve, is less steep than i's. It remains less steep 
as h's holdings of the taxable asset increase. This leaves a cone of net trades, 
such as w, that provides more after-tax income to both individuals and that can 
be infinitely extended. The left-hand boundary of this cone is a dashed half-line, 
emanating from the endowment, with a slope of 1/(1 -th), where th is consumer 
h's maximum tax rate. This is the limiting slope of h's indifference curve as well. 
If consumer h had a linear tax schedule with a slope equal to his or her maximum 
rate, then this dashed line would be h's indifference curve and w would be an 
arbitrage trade vector. Indeed, if h had a linear tax schedule with a slope equal 
to any of the marginal rates on his or her schedule, th E [th, thl, w would still 
represent an arbitrage opportunity. However, if the two assets were less-than- 
perfect substitutes on an after-tax basis, the absence of arbitrage opportunities 
would not require tax schedules to overlap (as Figure 3 demonstrates). This 
motivates our general definition of tax arbitrage; there is tax-arbitrage at all 
prices if and only if there is a vector, such as w, that provides infinite gains to 
trade at all possible configurations of marginal tax rates across investors. 

III. Tax Arbitrage 

The purpose of this section is to formally introduce our definition of "tax 
arbitrage" and to characterize the joint restrictions on tax schedules and asset 
payoffs that will guarantee the existence of no-tax-arbitrage prices. The existence 
of prices that rule out tax arbitrage is obviously a necessary condition for the 
existence of equilibrium prices. However, as Section IV will show, the existence 
of no-tax-arbitrage prices, along with our other standard assumptions, is also 
sufficient to guarantee the existence of equilibrium prices. 



Tax Arbitrage 1153 

\\ ~~~Par*Ob 
\ \ /Improving 

Asset 
2 

allocation 

s lope-1 I's indifference ..t s h 
curveX 

h |Asset 
h1 

Figure 4. "Local" Tax Arbitrage with Progressive Tax Schedules and Perfectly Correlated, 
Differentially Taxed Assets 
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Figure 5. Arbitrage Trades with Progressive Tax Schedules and Perfectly Correlated, Differen- 
tially Taxed Assets 

The question of the existence of no-arbitrage prices does not arise in models 
without taxes. In the presence of differing tax schedules across consumers and 
differential taxation of assets, however, infinite gains to trade may exist for some 
consumers at any set of prices. We wish to characterize these situations. The 
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presence of nonlinear tax schedules complicates matters, however, since the 
existence of tax arbitrage at some marginal rates on the investor's tax schedule 
does not necessarily imply the existence of arbitrage at all rates. 

Our strategy, therefore, will be as follows. We first define and characterize tax 
arbitrage, assuming that all tax schedules are linear. This allows us to derive 
characterizations of no-tax arbitrage using the types of duality results (i.e., 
Farkas' Lemma) that are standard in arbitrage theory. We generalize them to 
the case of nonlinear tax schedules in a straightforward way by requiring that 
these conditions hold for all possible configurations of marginal rates. At first, 
this generalization may seem to be an unnecessarily strong notion of tax arbitrage 
(and a weak notion of no-tax arbitrage), but it turns out to be precisely what is 
required. Section IV will show that, if there is any configuration of marginal tax 
rates across investors that rule out tax arbitrage, it is in fact attainable in general 
equilibrium, and, hence, equilibrium prices will exist. 

A. Linear Tax Regimes 

Let ti denote the marginal tax rate for individual i, i = 1, *--, l, which we 
assume for the moment is constant across all taxable incomes. The after-tax 
income generated by asset j in state s, using consumer i's tax rate, will thus be 
(1 - -yjSti)Xj,. Let (X - Xti) denote the (n x m)-matrix of these after-tax, state- 
contingent payoffs. The case where the after-tax payoffs from one asset are 
linearly dependent on the other assets is of some interest. For instance, Schaefer's 
[15] results specifically assume linear dependence, or "spanning", as did the 
illustrative examples of the previous section. Thus, we allow for the possibility 
that (X - Xti) has less than full row rank. 

Definition 1: The price vector P E R' is a "no-tax-arbitrage" price vector for 
investor i if and only if there is no solution, wi E R , to the following system of 
inequalities:' 

(X - Xti)'iZ > 0, (P1) 

P / Wi 0. 

In writing the above system of inequalities, we adopt the convention that, for 
any vector z, z > 0 means that some component of z is positive and all are non- 
negative. We will use z >> 0 to imply strict posivitity. Thus, according to the 
above definition, an arbitrage portfolio, wi , is one that provides non-negative 
after-tax payoffs in all states and positive after-tax payoffs in some, and that has 
a nonpositive cost. It is a well-known result that there is no solution to P1 if and 
only if there are positive implicit state prices that correctly value the after-tax 

'Note that this definition does not explicitly rule out prices that assign a nonzero cost to any 
portfolio with zero after-tax payoffs. Implicitly, however, such prices are ruled out by the existence 
of an asset with strictly positive pretax (and after-tax) payoffs. (See assumption (A4).) To avoid 
arbitrage, such an asset must command a strictly positive price. Consequently, unless all portfolios 
with zero after-tax payoffs have a zero price, there will exist solutions to P1-portfolios that provide 
strictly positive after-tax payoffs and have a nonpositive price. 
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cash flows.'0 That is, the following system is dual to P1: 

P = (X - Xt)p, (Dl) 

P? > 0, 

where pi is a vector in Rm. 
For investor i, the set of price vectors for which there is a solution to D1 is a 

relatively open, convex cone in R'." By assumption (A4), it will not contain the 
origin. If there exists a price vector P E R' such that D1 has a solution for every 
i, i = 1, * * *, 1, then these I cones have a nonempty intersection. We will refer to 
such a price vector as a "no-tax-arbitrage" price vector. Because the after-tax 
payoffs, (X - Xt1), differ across tax rates, however, it may be that no such price 
vector exists. The following theorem shows that the existence of prices that rule 
out tax arbitrage simultaneously for all investors is equivalent to having a cone 
of tax-arbitrage allocations that is empty. 

THEOREM 1: There exist "no-tax-arbitrage" prices for an economy with constant 
marginal tax rates, T/ (.) = t1, i = 1, * *, 1, if and only if there is no set of asset 
holdings di E Rat i = 1, * , 1 solving the following system of inequalities: 

(X-Xti)'1>A 0 i=1, (D2) 

w=1 = 0. 

where, for at least one i, the above inequalities are semipositive. 

Solutions to D2, if they exist, represent offsetting transfers of securities 
between investors. Because these transfers net out to zero, they cost the financial 
sector nothing. However, because they make at least one person better off without 
making anyone else worse off (except, of course, the government), they are 
"Pareto improving." The resulting allocation is clearly feasible, and, with linear 
taxes, w can be scaled up to arbitrary magnitudes. Thus, a solution to the Pareto 
Planner's problem will not exist and obviously cannot be supported or decen- 
tralized as a competitive equilibrium. Consequently, we will refer to problem D2 
as the tax-arbitrage problem and solutions to it as tax-arbitrage allocations. In the 
presence of such opportunities, any set of asset prices will admit tax arbitrage 
for at least one consumer. 

Tax-arbitrage allocations, if they exist, form a cone as in Figure 2. As assets 
become more alike in terms of their pretax cash flow patterns and/or as tax rates 
become more divergent across investors, the cone of tax-arbitrage allocations 
expands. In the special case where there are two perfectly correlated, differentially 
taxed assets, say j and k, with yj, = Yj > -Yk = -yj, for all s, the tax-arbitrage 
problem D2 will have a solution unless all investors have identical tax rates. This 

10 See Ross [131 for the classic development. If (X - Xti) has less than full row rank, the redundant 
assets can be deleted and priced as a linear combination of the remaining securities. 

'" If (X - Xt) is of less than full rank, there will exist (nonzero) portfolios that generate after-tax 
payoffs of zero in every state. The absence of arbitrage then requires that these portfolios be assigned 
a price of zero. The no-tax-arbitrage prices will then be a cone in the lower dimensional subspace 
orthogonal to these portfolios. This cone will not be open in Rn but will be open relative to the 
subspace in which it is contained. 
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result is essentially that obtained by Schaefer [15]. Under more general condi- 
tions, however, tax arbitrage may exist at any set of prices if tax rates are 
sufficiently far apart. Consequently, an equilibrium may not exist without short- 
sale constraints even in situations where perfectly correlated, differentially taxed 
assets do not exist. 

B. Progressive Tax Regimes 

If tax schedules are not linear, then investors need not occupy the same tax 
bracket ex post under uncertainty even though there may exist differentially 
taxed assets with perfectly correlated pretax returns. As Dammon [3] points out, 
if markets are incomplete, this behavior is also not inconsistent with the existence 
of an equilibrium where investors have unrestricted short-sale opportunities. The 
possibility that marginal tax rates may be state dependent greatly reduces the 
opportunities for infinite gains to trade. As the main result of this section shows, 
if there exists any configuration of marginal tax rates across investors that rules 
out tax-arbitrage allocations, then infinite gains to trade will not exist for the 
financial sector. 

We first extend the notion of no-tax-arbitrage prices to nonlinear (i.e., pro- 
gressive) tax schedules. To be a no-tax-arbitrage price vector, we simply require 
that there exist some tax rate on the interior of the investor's tax schedule that 
precludes arbitrage at those prices. 

Definition 2: The price vector P E R' is a "no-tax-arbitrage" price vector for 
investor i if and only if there is no solution wi E R" to the following system of 
inequalities: 

[X ( X T )' (P2) LX X-i 
w (P2) 

where ti is investor i's highest marginal tax rate and ti is the lowest."2 

If wi solves P2, then it must provide non-negative after-tax payoffs at both ti 
and ti and semipositive after-tax payoffs at at least one of these extreme rates. 
The values [X(X - Xti)' + (1 - X)(X - Xti) I'ii, with X E (0, 1), are the after- 
tax payoffs on wi at tax rates that lie between ti and ti. Therefore, if wi solves 
P2, it serves as an arbitrage portfolio at any rate on the interior of investor i's 
tax schedule. 

Notice that this definition involves a very strong notion of tax arbitrage. To 
be a tax-arbitrage portfolio, wi must generate arbitrage at all of investor i's 
marginal rates. This definition may seem counterintuitive since it is not very 
restrictive. For example, it does not rule out prices that provide an investor with 
arbitrage opportunities along most of his or her tax schedule. Nevertheless, as 
we will show below, the existence of prices that rule out tax arbitrage, as defined 
above, for all investors simultaneously is precisely what is required to ensure the 
existence of equilibrium prices. 

12 The observation made in footnote 9 applies here as well. 
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Solutions to P2, if they exist, can be scaled up to arbitrary magnitudes. That 
is, if wi solves P2, then awf will also solve P2 for any a > 0. In the presence of 
such opportunities, there will obviously be no (bounded) solution to an individual 
consumer's optimization problem as long as more is preferred to less in all states. 
In the parlance of convex analysis, the tax-arbitrage portfolio, wi, is a "direction 
of recession" for consumer i's problem. The investor's demand for securities will 
be unbounded in the direction of wi. More generally, directions of recession for 
consumer i's portfolio problem are the nonzero vectors, vi, with the property 
that, for any feasible set of asset holdings, wi, the position w' + a&v is feasible 
and provides investor i with higher utility than wi for all a > 0. If such a direction 
exists, the investor's portfolio problem will obviously not attain a maximum. 
According to Rockafellar [12] it is also "a remarkable fact.. . that such behavior 
is possible only if a direction of recession exists" (p. 265, emphasis his).'3 The 
next result shows that the directions in which investors' demands become 
unbounded are precisely the solutions to P2. If they exist, they represent 
portfolios that generate tax arbitrage at all of the investor's marginal rates. 

LEMMA 1: A direction of recession for the investor's portfolio problem exists if and 
only if there exists a tax-arbitrage portfolio solving P2. 

Intuitively, the proof of the lemma exploits the fact that, for any direction of 
recession with tax consequences, after-tax payoffs eventually become linear in 
the portfolio weights as the maximum or minimum marginal tax rate is reached. 
The after-tax payoffs generated in this way must remain non-negative in every 
state. Since marginal rates are progressive, the maximum and minimum rates 
are the least favorable to the taxpayer in states where the portfolio generates 
positive and negative taxable income, respectively. Thus, a direction of recession 
must provide semipositive after-tax payoffs, or tax arbitrage, at all interior rates. 
Further, when prices rule out tax arbitrage, no direction of recession will exist, 
and, hence, investors' portfolio-optimization problems will have well-behaved, 
bounded solutions. When, then, will there exist prices that rule out tax arbitrage? 
The arguments leading to Theorem 1 can be adapted very simply to prove the 
following theorem: 

THEOREM 2: There exist "no-tax-arbitrage "prices for an economy with progressive 
taxation if and only if there is no set of asset holdings wi E Rn, i = 1, * , 1, solving 
the following system of inequalities: 

[xi(X - Xti)' + (1 - Xi)(X - Xti)]i > 0, i = 1, -., 1, (D3) 

WI= Ci= 0 

for all Xi E [0, 1], i = 1, * , 1, and where, for at least one i, the above inequalities 
are semipositive at Xi = 1 or Xi = 0. 

Once again, this notion of tax arbitrage is extremely strong. If any combination 
of tax rates across investors precludes tax-arbitrage allocations, then, by our 
definitions, no-tax-arbitrage prices exist. Alternatively stated, there is no set of 

13 Theorem 27.3 of Rockafellar [12] provides the appropriate proof. 
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asset prices that precludes infinite tax arbitrage only if there exists a set of asset 
holdings, wi, i = 1, * *, 1, that solves D3 for all possible combinations of marginal 
tax rates across investors. In fact, the existence of tax-arbitrage allocations at 
each configuration of marginal rates is not enough. Rather, the same reallocation 
of asset holdings must work at all configurations of marginal rates. 

As an example, if there are assets with perfectly correlated pretax payoffs that 
contribute a constant but different fraction of their pretax payoffs to taxable 
income, the existence of no-tax-arbitrage prices requires tax schedules to overlap. 
(See Figure 4). That is, there must be some marginal tax rate that all investors 
have in common on their tax schedules. However, because security returns are 
stochastic, investors need not occupy the same tax bracket ex post, nor does 
Theorem 2 require it. 

IV. Existence of Equilibrium Prices 

Given the strong nature of tax arbitrage defined above, it may seem surprising 
that the existence of no-tax-arbitrage prices is sufficient to ensure the existence 
of equilibrium prices. To see that this is the case, consider the set of portfolio 
holdings that satisfy the semipositivity condition in P2 for the ith consumer. 
Call this set K'. It is a convex cone, closed everywhere but along the subspace 
containing vectors that generate zero after-tax payoffs in all states at both the 
maximum and minimum tax rates. Let KI denote its closure. The prices that 
have a strictly positive inner product with every vector in K1 (the negative of the 
price vectors that are interior to the dual cone) and a non-negative inner product 
with every vector in K will be a relatively open, convex cone. Call this cone Ci, 
where C1 = IP C Rn: P'wi > 0, wi C K8 and P'w1 ? 0, wi 8 KI. The prices that 
rule out tax arbitrage simultaneously for all investors will be the intersection of 
these cones. Theorem 2 gives necessary and sufficient conditions for this inter- 
section to be nonempty, and, as long as it is not empty, it too will be a relatively 
open cone. Denote this cone as C, where C = Nf=lC1, and let C be its closure. 
Prices on the relative boundary of C admit tax arbitrage for at least one consumer. 
Thus, equilibrium prices, if they exist, must be in the relative interior of C. The 
next theorem shows that equilibrium prices do exist whenever the conditions of 
Theorem 2 are satisfied. Our proof (see the Appendix) follows that provided by 
Geanakoplos and Polemarchakis [6] for the no-tax case. Where taxes add no 
complications we omit the details of the arguments and refer the interested 
reader to the original. First, however, we define a competitive financial market 
equilibrium. 

Definition 3: A competitive financial market equilibrium is a set of security 
holdings, 1w=i}, and a set of security market prices, P C R , such that (a) wi 
maximizes consumer i's utility subject to the budget constraint Ej Pj (wj - ) 
= 0 and (b) all markets clear, i.e., E (wj - lj) = 0 for all j. 

THEOREM 3: A competitive financial-market equilibrium exists if and only if no- 
tax-arbitrage prices exist. 
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V. Taxation That Depends upon Prices 

The model presented above allows the contribution to taxable income to depend 
upon the state of the world and the asset. It does not, however, allow an asset's 
contribution to taxable income to depend upon its price and so fails to capture 
important features of the tax code that distinguish between "capital gains" and 
"ordinary income" as well as between "interest" and "return of principal". In this 
section, we develop an alternative model that allows an asset's contribution to 
taxable income to depend upon its initial price, and we describe conditions that 
ensure that analogous results to those in the previous two sections will hold. 

We assume, then, that financial assets are of two types: taxable and tax 
exempt. In terms of our previous notation, j,s = 7j = 0 or 1. An asset's end-of- 
period payoff consists of two parts. First, there is a state-contingent payment, 
Y1js, that is fully taxable if yj = 1 and fully tax exempt if yj = 0. Thus, Yj8 can be 
thought of as a dividend or coupon payment. Second, there is a state-dependent 
terminal value of the asset, Pj, that contributes (Pj8 - Pj) to taxable income 
independently of yj. Thus, (Ps - Pj) can be thought of as capital-gain income, 
or interest income on pure discount bonds. Under these assumptions, the state- 
s taxable income associated with asset holdings w' is Ej wj (7j Yj, + Pj1 - PJ). An 
investor with a marginal tax rate of ti in state s would receive after-tax payments 
of Ej w, tYj (I - yj ti) + Pjs(1 - ti) + tiPj], where tiPj is the tax shield generated 
by the basis. Analogous to assumption (A4), we assume that at least one asset, 
which will be denoted asset 1, has strictly positive pretax payoffs in all states. 
That is, Y1s + Pis> O Y8 ?>.0, and Pl >- 0 for all s. 

Investors are assumed to be price takers, so the fact that an asset's price affects 
investors' taxable income does not alter the properties of their portfolio problems. 
For investor i, we say that the price vector P E Rn precludes tax arbitrage if 
tlhere is no solution, wi E R , to the system of inequalities: 

>2 wd[Yj1(1 - yti) + Pjs(1- t) + titP]- 0 Vs, (P1*) 

>2 WJ[YjS(1 - jti) + P((l- t) + tiPj] ' 0 Vs, 

2j W1Pj O, 

with strict positivity in at least one state at either ti or t,14 
Again, Theorem 27.3 of Rockafellar [12] ensures that investors' portfolio 

problems have well-behaved solutions unless a direction of recession exists. 
Analogous to Lemma 1, these directions of recession correspond to tax-arbitrage 
portfolios, wi, solving P1* and providing semipositive after-tax payoffs in every 
state at all of investor i's marginal tax rates. No-tax-arbitrage prices for the 
economy are those price vectors for which there is no solution to P1* for any 
investor. 

When we move from partial- to general-equilibrium results, however, we 
encounter the problem that no-tax-arbitrage prices, if they exist, may not 
constitute a convex set. In particular, what is required for Theorems 2 and 3 is 

1 The observation made in footnote 9 applies here as well. 
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that no-tax-arbitrage prices form a convex cone. This problem is evident from 
examining the system of inequalities given by P1*. Prices enter the first two 
inequalities in a nonproportional way. Thus, they cannot be jointly scaled up or 
down by a positive constant without potentially changing the signs of the 
inequalities. 

The particular type of pathology that needs to be ruled out is the existence of 
an asset with strictly positive pretax payoffs but a negative price. While this 
would appear to represent an arbitrage opportunity, it may not when taxable 
income depends upon prices. For example, if the asset's price is a sufficiently 
large negative number, the after-tax payoffs can be negative (because of the 
adverse effect a negative price has on an investor's basis) even though the pretax 
payoffs are strictly positive. Thus, with capital-gains taxation, positive prices are 
both a bad thing, because they make assets cost more, and a good thing, because 
they shield income from taxes through the basis. For this reason, one cannot be 
sure that positive pretax payoffs will command a positive price even though this 
is the basic premise behind notions of arbitrage and arbitrage pricing. 

One way to deal with this problem is to assume that there is at least one tax- 
exempt iinvestor. The set of no-tax-arbitrage prices for such an investor must lie 
in the half-space that ascribes a positive price to the asset with strictly positive 
pretax payoffs. The intersection between this and the set of prices that rule out 
tax arbitrage for all other investors will have the desired properties, as the results 
below demonstrate, as long as this intersection is not empty. 

More generally, however, the possibility that equilibria may exist in which 
there are negative prices for assets with strictly positive pretax payoffs, or vice 
versa, seems rather far removed from behaviors that one observes or that seem 
intuitively reasonable. Accordingly, we develop results in the remainder of this 
section that focus on the issue of when no-tax-arbitrage and equilibrium prices 
will exist that have the characteristic that the asset with strictly positive pretax 
payoffs has a positive price. The first result shows that, under these circum- 
stances, whenever there is an arbitrage portfolio that adversely affects the 
investor's basis, there is also one that has higher payoffs and leaves the basis 
unchanged. Intuitively, if an arbitrage portfolio has a negative cost and the asset 
with positive payoffs is positively priced, the arbitrageur can increase both his or 
her basis and the other sources of after-tax income by investing the excess time- 
zero funds in the asset with positive payoffs. The second result then shows that 
the no-tax-arbitrage prices that ascribe a positive price to the asset with positive 
pretax payoffs form a relatively open, convex cone. This follows from the fact 
that an arbitrage portfolio does not ever need to contribute negatively to an 
investor's basis, by Lemma 2. Therefore, the prices of the securities can be 
ignored in all but the last inequality in P1*, which is homogeneous in the prices. 

LEMMA 2: If wd is a tax-arbitrage portfolio that solves P1* for some P E Rn, with 
P1 > 0, then there exists a tax-arbitrage portfolio, wi, that solves P1* at those prices 
and that has zero cost, P'di = 0. 

LEMMA 3: The set of no-tax-arbitrage prices that ascribe a positive price to the 
asset with strictly positive pretax payoffs is a relatively open, convex cone. 
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The arguments leading to Theorems 1 and 2 can now be applied to prove the 
following theorem. 

THEOREM 4: There exist "no-tax-arbitrage"prices (that assign a positive price to 
the asset with strictly positive pretax payoffs) for an economy with progressive 
taxation, and taxable income that depends upon prices, if and only if there is no 
set of asset holdings, w" E Rn, i = 1, *., 1, solving the following system of 
inequalities: 

wi[(Y1s+ P1s)-Xiti( jyjs +Pjs)-(1-Xi)ti(-YjsY,+Pjs)] 'O Vs, (D1*) 

Ej =0, 

for all Xi E [0, 1], i = 1, ** , 1, and where, for at least one i, the above inequalities 
are semipositive at Xi = 1 or Xi = 0. 

Theorem 4 gives the necessary and sufficient conditions for the existence of 
no-tax-arbitrage prices that also assign a positive price to assets with strictly 
positive pretax payoffs. These conditions are equivalent to the absence of offset- 
ting transfers between investors that would make no one worse off, and some 
strictly better off, at all configurations of marginal rates across consumers. By 
Lemma 3, if such prices exist, they will be a relatively open, convex cone. Denote 
this cone as C and let C be its closure. As before, equilibrium prices, if they exist, 
must be in the interior of C since those on the boundary admit arbitrage for at 
least one consumer. Arguments identical to those leading to Theorem 3 will 
imply that equilibrium prices exist whenever the conditions of Theorem 4 are 
met and the interior of C is nonempty. 

THEOREM 5: If "no-tax-arbitrage prices exist that assign a positive price to the 
asset with strictly positive pretax payoffs, then equilibrium prices exist. 

In interpreting this result, two caveats should be kept in mind. As discussed at 
the beginning of the section, it is possible that no-tax-arbitrage prices exist, and 
conceivably equilibrium prices as well, that do not assign a positive price to the 
asset with strictly positive pretax payoffs. Second, our model has a free normal- 
ization of security prices that is exploited in the proofs of both Theorems 3 and 
4. It is the same normalization that leads authors to set the riskless rate of 
interest to zero "without loss of generality". In the present context, however, this 
normalization has real consequences since the overall level of security prices 
affects the aggregate level of taxable income and, thus, taxes paid. This may 
seem arbitrary, but, in the "real world", the overall level of interest rates, as well 
as their relative magnitudes, do affect the aggregate tax liability. In the "real 
world", however, there is consumption "today" and consumption "tomorrow", so 
that this normalization is not free. Similarly, a version of our model that allows 
for initial consumption would tie down the "riskless rate" and, therefore, the 
general level of security prices. The results we have obtained, which involve 
relative prices and rates of return, would still hold in such a model. 
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VI. Concluding Remarks 

We have considered a standard general-equilibrium model of financial markets, 
with the addition of differential taxation. We show that the duality conditions 
that characterize no-arbitrage prices can be easily extended to environments 
where taxable income depends upon prices and tax schedules are nonlinear. In 
this context, a "no-tax-arbitrage" condition can be appended to standard as- 
sumptions to provide both necessary and sufficient conditions for the existence 
of equilibrium prices for financial assets. In particular, we have shown that, if 
there is any set of marginal tax rates on investors' tax schedules that preclude 
infinite gains to trade, then equilibrium prices for financial assets will exist. In 
the special case where there are assets that have perfectly correlated pretax 
payoffs, but are differentially taxed, the "no-tax-arbitrage" condition simply 
requires that investors' tax schedules must overlap. However, if markets are 
incomplete, investors may not occupy the same tax bracket ex post. Similar 
results hold when taxes depend upon prices if attention is restricted to prices 
that rule out arbitrage while assigning a positive price to the asset with strictly 
positive pretax payoffs. These results are not only intuitively appealing, but also 
important in terms of their equilibrium implications for models with differential 
taxation and unrestricted short sales. 

Appendix 

Proof of Theorem 1: For each investor, the set of portfolios that provide 
semipositive after-tax payoffs is a convex cone. It is closed everywhere but along 
the null space of (X - Xti). Let K' denote the cone of such portfolios for investor 
i, and let K' be its closure. Note that K' includes all portfolios that provide zero 
after-tax payoffs. If ULK' is strictly contained in a half-space, then there is no 
solution to >jl di = 0, i' E K' for all i, di E K' for some i. However, there 
does exist a vector, P E Rn, orthogonal to the hyperplane defining the half-space, 
such that, for all i, P'wi > 0 for all i' Ee K' and Pw > 0 for all wi' E K'. This is 
a no-tax-arbitrage price vector. If ULK' is not contained in a half-space, then 
1= di, = 0, di" E KR for all i and i E K' for some i, has a solution. However, 
then there is no vector, P E Rn, such that, for all i, P' W'> 0 for all wi' E K' and 
P'w' - 0 for all wi' E K'. Therefore, a no-tax-arbitrage price vector does not 
exist. Q.E.D. 

Proof of Lemma 1: Any solution to P1 is obviously a direction of recession for 
consumer i's problem since it provides semipositive after-tax payoffs at all 
marginal rates on consumer i's tax schedule and has a nonpositive cost. There- 
fore, it remains for us to show that any direction of recession, vi, for consumer 
i's problem is a tax-arbitrage portfolio, Wii 

Let v' be a direction of recession for consumer i's portfolio problem. The 
budget set for this problem is given by 

cl = X, ('i + av') -Ti(X (w' + av')) , 0, Vs, (Al) 

P'W(i + ov') C Pwi' (A2) 
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If (A2) is to hold as a -o cc, then it must be that P'v' s 0. If (Al) is to hold, then 
ci must remain non-negative as a -o oo, for all s. Using L'Hopital's rule, we have 

limXs'(w' + av') - Ti(X s (w' + av')) a x 

f(XS-X,t)'v, if XX'vO, (A) 
l(XS- Xsti) ' v, if Xs,' vi 0. 

If X,'v'>0, then, for all ti < ti, 

(Xs - Xsti)'vi > (Xs - XSt)vi 0. (A4) 

Similarly, if Xs' v' < 0, then, for all ti > t, 

(Xs - Xsti)'v' > (Xs - Xsti)v v- 0. (A5) 

Therefore, it follows that, for any Xi E [0, 1], we have 

[xi(X - Xtj)' + (1 - Xi)(X - Xtv)'Iv'-> 0? (A6) 

with the inequality strict in some state at all interior tax rates (i.e., Xi E (0, 1)) 
and at least one of the extreme rates ti or ti, unless ti = ti or unless v' is tax 
neutral in all states (i.e., X'v' = 0). If ti = ti or X'v' = 0, then, by (A3), either 
(X - Xt)'vi = (X - Xt )'v' is semipositive and (A6) holds or vi solves (X- 
Xti)Y'i = 0 for all ti E [ti, ti]. In the latter case, however, v' has no effect on 
investor i's utility and thus contradicts the assumption that vi is a direction of 
recession for consumer i's problem. Therefore, vi must be a tax-arbitrage port- 
folio. Q.E.D. 

Proof of Theorem 2: For each Xi, the portfolios generating semipositive after- 
tax payoffs for investor i form a cone in Rn. Those that do so for all Xi E [0, 1] 
will be the intersection of these cones and, hence, a cone. Call this cone K' and 
its closure K'. As in the proof of Theorem 1, if UL=K' is strictly contained in a 
half-space, then (a) there is no solution to _ wi = 0, w' E K' for all i and wi E 
KI for some i, and (b) there exists a vector, P E R', orthogonal to the hyperplane 
defining the half-space, such that, for all i, P'wi > 0 for all wi' E K' and P'wi > 
0 for all wi' E K'. This is a no-tax-arbitrage price vector. If U4=,Ki is not contained 
in a half-space, then (a) there is a solution to l__ wb' = 0, wi E K' for all i and 
wi E8 K' for some i, and (b) there is no vector, P E R', such that, for all i, P'w' 
?0 for all wi' E K' and P' w > 0 for all wi' K'. Q.E.D. 

Proof of Theorem 3: The "only if" part is immediate. If {w' 1l-= is an equilibrium 
allocation, then there can be no other allocation that is budget feasible and 
provides higher utility. Therefore, a tax-arbitrage portfolio (which is costless and 
provides semipositive after-tax payoffs at all marginal rates on the investor's tax 
schedule) cannot exist at the equilibrium prices. 

To prove the converse, assume that no-tax-arbitrage prices exist so that the 
interior of C is nonempty. Since C is a pointed cone, it can be cut with a 
hyperplane H. The set S = H n C is a compact, convex set in R' and represents 
a normalization of the price vectors in C that leaves consumers' budget sets 
unchanged. By Lemma 1, and Theorem 27.3 of Rockafellar [12], investors' 
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portfolio problems have well-behaved solutions for P E rel int(S) C rel int(C). 
On the boundary of 3, however, portfolio demands are unbounded in some 
direction of recession for at least one consumer. Therefore, consider a sequence 
of economies where the kth economy constrains the portfolio demands of each 
consumer i, i = 1, ** , 1, to lie within the cube defined by Mk = lw' E Rn: I Wf I 
<k, j = 1, ** , n}. For P GE , define wk(P) = W= w(P) to be the vector of 
aggregate excess demands for the n securities in the kth economy. Because 
demands are bounded and utility functions are continuous, Wk(P) will be upper 
hemicontinuous and convex valued. Therefore, the mapping that maximizes the 
value of excess demand, 

'Jk(P) = argmaxqEg qwk(P), 

and carries 3 into itself will have a fixed point, P*. By Walras' Law, 
Pk*' Wk (P*) = 0. Moreover, for large enough k, Pk* E rel int(3). If it were not, 
then some investor would have a tax-arbitrage opportunity and, as k increases, 
the investor's demands would become increasingly large. By Theorem 2 and the 
fact that the interior of C is nonempty, the cone of portfolio demands that 
simultaneously provide semipositive after-tax payoffs for all consumers is strictly 
contained in a half-space. Therefore, there are no offsetting transfers between 
investors that make no one worse off and some strictly better off and that leave 
aggregate demand unchanged. Consequently, the tax-arbitrage position or posi- 
tions must eventually dominate aggregate excess demand, Wk(Pk*). Since any 
price P E rel int(S) ascribes a positive value to portfolios with strictly positive 
after-tax payoffs, P'wk(Pk*) > Pk' Wk(Pk*) = 0 for large enough k, which contra- 
dicts P* being the price that maximizes the value of excess demand. 

Having established that Pk* E rel int(3), it now follows that, for large enough 
k, Wk(Pk*) = 0 and markets clear. If excess demand were not identically zero, one 
could choose a price, P E 8, close to P* but outside the space orthogonal to 
Wk(Pk*) such that P' W(Pr) > 0 since Pk 8 rel int(3). If the after-tax payoff 
matrix has less than full rank, the cone of no-tax-arbitrage prices will not have 
full dimension. In this case, there may be no price vector, P E 8, such that 
P'Wk(Pk) > 0 whenever Wk (P*) $ 0. However, the directions orthogonal to the 
entire cone of no-tax-arbitrage prices will be precisely those associated with 
portfolios that have zero after-tax payoffs for some investor. Thus, one can 
always offset any excess aggregate demand or supply by adjusting this investor's 
portfolio holdings. These transactions will have zero cost since they involve 
directions orthogonal to Pk and are thus budget feasible for all involved. They 
will not change any agent's after-tax payoffs or utility and so will be individually 
optimal. Thus, markets will clear at Pk. Geanakoplos and Polemarchakis [6] 
provide the arguments that allow k to become unbounded so that investors' 
demands are unrestricted. This completes the proof. Q.E.D. 

Proof of Lemma 2: Suppose that wi solves P1* for some P E R'. If P,iY = 0, 
we are done. If not, then it must be the case that P'wi" < 0. By assumption, the 
asset with strictly positive pretax payoffs (asset 1) has a positive price, P1 > 0, 
and, therefore, this asset has strictly positive after-tax payoffs. Consider now the 
portfolio wi = wi - (P'wi/P1)ei, where e1 is an n-vector with a one in the first 
position and zeros everywhere else. The portfolio wi is simply the portfolio wi 
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augmented to include a positive amount of the asset with strictly positive payoffs. 
The cost of this portfolio is P,wd = P'wi + P'(P'Wi'/P)el = 0. The payoffs on 
this portfolio are higher in every state than those for wi (since asset 1 has strictly 
positive after-tax payoffs). Therefore, wi is an arbitrage portfolio with zero 
cost. Q.E.D. 

Proof of Lemma 3: Assume that no solution exists for P1* for any investor at 
prices Pa E Rn and Pb E Rn. Then, Pa and Pb are no-tax-arbitrage price vectors. 
Let Pc = XaPa + XbPb, where Xa > 0, Xb > 0, and Xa + Xb > 0. If Pc allows arbitrage 
for some investor i, then, by Lemma 2, there is a solution, wi, to P1* with Pc wi 
= 0. That is, wi solves 

EJ diYjs(1 - ?jti) + Pi, (1 - ti)] - 0, Vs, (A7) 

X, dji[Y38(1 - ?jti) + Pis (1 - t -) O, Vs, (A8) 

Pc w = (XaPa + XbPb)'W = 0, (A9) 

with positive after-tax payoffs in at least one state at either 4, or ti. Since Pc wi 
=0, either P9' < 0 or P9' < 0. If P'w= 0 or P/di = 0, then w' solves P1* 
for either Pa or Pb, which contradicts the assumption that they are no-tax- 
arbitrage price vectors. If either Pa w' < 0 or Pb wi' < 0, some amount of the asset 
with strictly positive pretax payoffs (asset 1) can be added to wi to construct a 
portfolio, wi, that satisfies the non-negativity constraints, (A7) and (A8), and 
has zero cost. However, then wi solves P1* for either Pa (if Pa i < 0) or Pb (if 
Pb Wi' < 0), which contradicts the assumption that Pa and Pb are no-tax-arbitrage 
price vectors. Therefore, Pc Wi > 0, and Pc is a no-tax-arbitrage price vector. This 
proves that the set of no-tax-arbitrage price vectors is a convex cone. It is 
relatively open by the earlier arguments of Section IV. Q.E.D. 

Proof of Theorem 4: Consider the cone, K', of portfolios solving (A7) and (A8), 
and let K' be its closure. It will include a portfolio consisting solely of the asset 
with strictly positive pretax payoffs. Following the arguments in Theorem 2, if 
U4=1K' is contained in a half-space, there will clearly be no solution to D1*, but 
there will be a price vector that assigns positive prices to all wi E K'. By Lemma 
2, therefore, there will be no solution to P1* for any investor. If U=LK' is not 
contained in a half-space, then there is a solution to D 1*, and there will also be 
no P E Rn such that, for all i, P'wi > 0 for all wi' E K' and P'w' > 0 for all wi' E 
K'. If the asset with strictly positive pretax payoffs has a positive price, a solution, 
wi, to (A7) and (A8) with P'wi < 0 implies a solution, wi, with P'Wi = 0, and the 
latter will also solve P1*. Q.E.D. 

Proof of Theorem 5: Given Lemma 3, the arguments leading to the proof of 
Theorem 3 can be applied directly to show that no-tax-arbitrage prices ensure 
the existence of equilibrium prices. Q.E.D. 
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