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Orthogonal Frontiers and Alternative Mean- 
Variance Efficiency Tests 

BRUCE N. LEHMANN* 

ABSTRACT 

This paper catalogues properties of minimum norm orthogonal portfolios: portfolios 
which minimize a quadratic objective function and have returns uncorrelated with those 
of a candidate portfolio that is not mean-variance efficient. The analysis shows that the 
dollar versions of these portfolios correspond to estimators of zero beta rates based on 
alternative statistical criteria and grouping procedures while costless orthogonal port- 
folios represent candidate mean-variance efficiency tests. It also develops inference 
procedures for zero and unit net investment portfolios of individual securities (instead 
of grouped portfolios) that have zero expected betas. The resulting mean-variance 
efficiency tests are reasonably insensitive to the underlying statistical assumptions. 

I. Introduction 

MOST MEAN-VARIANCE efficiency tests follow from the following simple intuition. 
If a given portfolio p is mean-variance efficient, all portfolios that cost a dollar 
and have returns uncorrelated with those of p (i.e., zero beta portfolios) have 
identical expected returns. Hence, all costless zero beta portfolios have expected 
returns of zero when p is mean-variance efficient. However, the situation is 
altered considerably when p is not a mean-variance efficient portfolio. In this 
case, Roll (1980) has shown that there are portfolios that cost a dollar and have 
returns uncorrelated with those ofp at all levels of mean return. As a consequence, 
there are costless zero beta portfolios at all levels of expected return as well when 
p is inefficient. Mean-variance efficiency tests typically involve asking whether 
particular costless zero beta portfolios have zero expected returns. 

The translation of this intuition into operational test statistics is a problem in 
sampling theory. For example, when tests are based on costless portfolios with 
zero sample betas, appropriate allowance must be made for the impact of sampling 
error (in the sample betas) on the distribution of its mean return. Such analysis 
is extremely complicated when the number of assets included in such portfolios 
exceeds the number of time series observations on asset returns. Hence, previous 
investigations have restricted their attention to the special case where the number 
of assets is taken to be smaller than the number of time series observations. 

An enormous amount has been learned about both the statistical properties 
and economic interpretation of two such tests in these circumstances: Shanken's 
(1985) CSR test and the related likelihood ratio test of Kandel (1984). A partial 
list of relevant papers includes Roll (1979, 1985), Gibbons (1982), Stambaugh 

* Department of Economics and Graduate School of Business, Columbia University and National 
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(1982), Jobson and Korkie (1982), Ross (1983), Kandel (1984), Shanken (1985, 
1986), Amsler and Schmidt (1985), Gibbons, Ross, and Shanken (1986), and 
MacKinlay (1986). These papers provide both Monte Carlo evidence and analyt- 
ical bounds on the finite sample distributions of these test statistics as well as 
economic interpretations of their magnitudes in terms of the geometry of the 
mean-variance efficient set. For a given set of assets, these methods have the 
desirable property that they provide uniformly most powerful tests (at least, 
asymptotically) against the unspecified alternative hypothesis of inefficiency. 

The practical implementation of these asymptotically equivalent tests requires 
the selection of an asset menu that is short relative to the available number of 
time series observations. The most commonly employed solution is to group the 
available assets into a smaller number of portfolios. For example, since Black, 
Jensen, and Scholes (1972) and Fama and MacBeth (1973), it has been common 
practice to form between ten and forty portfolios from the universe available on 
the CRSP tapes, often using the sample beta from a previous period as the 
sorting criterion to improve the precision of the estimated zero beta rate. 

As Roll (1979) has emphasized, this strategy is likely to drastically reduce the 
power of the resulting test unless the grouping variable happens to be related to 
a relevant alternative hypothesis. "Measurement errors are the problem in testing 
a portfolio's efficiency via the linearity relation" and the usual "portfolio grouping 
procedure not only tends to remove sampling error but it also tends to remove a, 
the only measure of portfolio p's inefficiency" (pp. 141, 143). Securities can be 
grouped by beta to enhance the efficiency of estimated risk premia and mitigate 
measurement error in sample betas but the resulting intercepts would tend to be 
the same across groups unless they happened to be related to the magnitudes of 
the betas. Of course, if securities could be grouped both to retain estimation 
efficiency under the null hypothesis and power under the alternative, grouping 
need not be pernicious but such an outcome would require either remarkable 
prescience or good fortune. 

This paper provides some analytical tools which are useful for the development 
of alternative mean-variance efficiency tests and procedures for estimating risk 
premia which do not require grouping the available universe of securities into a 
much smaller number of portfolios. It is well-known that the mean-variance 
efficient frontier and the locus of minimum variance portfolios with returns 
uncorrelated with those of an inefficient portfolio are both parabolas in mean- 
variance space. It is not as widely appreciated that the solution of arbitrary 
quadratic programming portfolio problems typically yield solutions that are 
parabolas in mean-variance space as well. The tools developed below involve the 
characterization of different parabolas in mean-variance space. In addition, 
inference procedures are provided for sample versions of some of these parabolas. 

The layout of the paper is as follows. The next section discusses a number of 
population orthogonal (i.e., zero beta) frontiers in mean-variance space and 
describes their relations to commonly employed statistical procedures. The 
emphasis is on characterization so that more questions are raised than are 
resolved. The subsequent section provides the relevant sampling theory for a 
class of asymptotically orthogonal frontiers. The final section contains concluding 
remarks. 
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II. Alternative Orthogonal Frontiers 

Roll (1980) provided a detailed characterization of the locus of minimum variance 
portfolios with returns uncorrelated with those of a given inefficient portfolio p. 
He showed that this frontier is a parabola in mean-variance space which inherits 
many of the mathematical properties of the mean-variance efficient set. The 
relations among these orthogonal portfolios simplify several aspects of mean- 
variance analysis: the interpretation of alternative estimators of zero beta rates, 
the geometry of mean-variance analysis, the relations between the minimum 
variance orthogonal and efficient frontiers, and the characterization of deviations 
from the security market line. 

This section provides a mathematical characterization of the location in mean- 
variance space of particular parabolas that, in general, lie inside the minimum 
variance orthogonal frontier. In particular, these parabolas correspond to port- 
folios whose returns are uncorrelated with those of a given inefficient portfolio p 
that solve arbitrary quadratic programming problems and so these are termed 
minimum norm orthogonal portfolios. The relations among these portfolios are 
not nearly so nice and useful as those of the minimum variance orthogonal 
frontier. In fact, minimum norm orthogonal portfolios appear to be useful only 
for characterizing alternative estimators of zero beta portfolios and for suggesting 
corresponding mean-variance efficiency tests. Hence, the discussion will involve 
two kinds of minimum norm orthogonal portfolios: those that cost a dollar and 
those that are costless. 

To make matters concrete, let E denote the vector of expected returns on N 
given assets, let V be their associated covariance matrix (assumed to be nonsin- 
gular), and let ,Bp be their vector of (population) regression coefficients on the 
returns of the given inefficient portfolio p (i.e., Op = cov(Rt, Rpt)/var(Rpt)). 
Similarly, let EP denote the expected return of p and let ap denote the correspond- 
ing variance of its returns. In addition, notation is required to take account of 
the common practice of grouping individual security returns into a smaller 
number of portfolios.' Hence, WM is a given N x M matrix of portfolio weights 
(i.e. WVI = L) of full column rank used to group individual securities into a 
smaller number of portfolios. When grouping is not employed, the number of 
portfolios M is set equal to the number of securities N and the matrix of 'portfolio 
weights' WM is simply an identity matrix. Finally, the vectors L and 0 will always 
denote (suitably conformable) vectors of ones and zeros, respectively, while the 
vector ei will always denote a (suitably conformable) vector of zeros except for a 
one in the ith position. 

1 Another common practice in applied work is to include measured security characteristics such as 
dividend yield or the logarithm of market capitalization in the model for expected returns. The 
inclusion of a given N x K matrix A (A = (&62 * 6K)) of individual firm characteristics (that might 
help explain expected security returns when p is not efficient) that is of full column rank (that is 
linearly independent of the vectors of expected returns, betas, and ones) involves a straightforward 
extension of the analysis presented below. The two amendments are that all costless and dollar zero 
beta portfolios need to be interpreted as having weights orthogonal to A and that alternative mean- 
variance efficiency tests can be based on the costless zero beta portfolios that have weights orthogonal 
to all but the ith characteristic. The relevant details are omitted to conserve space. 
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The following proposition characterizes the linear zero beta portfolios that 
have typically been employed in applied work. 

PROPOSITION 1. Let A be a given N x N symmetric matrix chosen so that the 
W?1AWM is nonsingular. Then the means and variances of the dollar zero beta 
portfolios which are solutions to the quadratic programming problem: 

min WZAAWZA s.t. WZA l = ; WZAE= EZA; 

WzA = WMWZM; and WZ'Ap = 0 (1) 

lie on a parabola in mean-variance space. Any property of mean-variance efficient 
portfolios which depends only upon their means, variances, and covariances is also 
true for these orthogonal portfolios. 

Proof. The dollar minimum norm frontier is the solution to: 

min WZMAMWZM s.t. WZ'M YM = YzM 

where AM = WMIAWM, YM = W?(ELfip), and Y1M= (EZM1O). The corresponding 
Lagrangean is: 

9 = (1/2)wz'AMwzM + (WZ'M YM - YZ'M) 

with solution: 

WzM = A-iYM 

Since the solution must satisfy the constraints: 

YzM = Y?IwzM = YM A/lYML = (YMfAMj YM) 1yZM 
so that the solution is: 

WzM = AMiYM(Y?IAKIYM)"1YZM 

Consequently, letting VM denote WMIVWM, the variance of portfolio zM is 
simply: 

M= y(YMAKj YM)1 Y?MA VMAI YM(YIAKI YM)-lYZM 

which is clearly quadratic in its mean (i.e., YZ'M = (EZM1O)) so that the locus 
of minimum norm portfolios is a parabola in mean-variance space. Let GM 
be the upper left-hand 2 x 2 submatrix of 

(YM(A MI YM)1 Y?MAM 1VMAA 1 YM(YY?AAI Ym)-1 

Then the covariance of any two minimum norm orthogonal portfolios is: 

azz = (EZM1)GM(EZ'M1Y) 

This is the same structure as the relations among efficient portfolios with 
GM replacing the inverse of the efficient set 'information matrix' (E )' V- (EL ) 
so that the means, variances, and covariances of the minimum norm orthog- 
onal frontier are related by identical functions (but with different param- 
eters). Q.E.D. 
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It is worth emphasizing that the mathematical relations among minimum norm 
orthogonal portfolios are considerably less useful than the corresponding relations 
among mean-variance efficient or minimum variance orthogonal portfolios. The 
reason is that the portfolios along the minimum norm orthogonal frontier cannot 
be readily identified with particular solutions to the quadratic programming 
problem (1). For example, the minimum norm orthogonal portfolio is not the 
minimum variance portfolio on the minimum norm orthogonal frontier in general. 
Only when A bears some obvious relation to V can the link between the 
programming problem and the minimum norm orthogonal frontier be determined 
explicitly. 

When sample moments replace the population moments p, E, and V, different 
choices of A and Wm correspond to alternative linear estimators of zero beta 
portfolios that have been employed in the literature. When individual securities 
are employed (i.e., WM is an N x N identity matrix), various choices of the 
matrix A correspond to the common weighted least squares estimators. For 
example, when A is taken to be the identity matrix, the dollar minimum norm 
orthogonal portfolio provides the ordinary least squares estimator of the zero 
beta rate. Similarly, A is often taken to be the diagonal matrix D of market model 
residual variances (D = Diag(2); V = flpfpa' + 2) yielding the weighted least 
squares zero beta rate. Finally, when the sample covariance matrix of security 
returns is nonsingular, the full generalized least squares estimator is the minimum 
variance zero beta portfolio. In this case, the dollar minimum norm orthogonal 
frontier is the minimum variance orthogonal frontier studied by Roll (1980). 

This does not exhaust the list of dollar orthogonal frontiers that have been 
employed in the literature, primarily because of the omission of alternative 
grouping procedures. As noted above, the excess of securities over time series 
observations renders commonplace the practice of grouping the N securities into 
a much smaller number of portfolios after sorting on the basis of some charac- 
teristic such as previous period beta, market capitalization, dividend yield, or 
own variance and employ different choices for A. For example, Black, Jensen, 
and Scholes (1972) and Fama and MacBeth (1973) selected WM on the basis of 
previous period beta and employed the ordinary least squares estimator (i.e., 
A = I) while Shanken (1985) grouped on the basis of firm size and employed the 
generalized least squares procedure (i.e., A = V).2 

What can be said about the relative locations of the minimum norm orthogonal 
frontiers corresponding to alternative choices of A and WM? Clearly, the mini- 
mum variance orthogonal frontier of Roll (1980) lies outside all of the other 
frontiers in general. Similarly, for a given portfolio grouping matrix WM, the 
optimal (i.e., minimum variance) choice of the weighting matrix A is V, the 
covariance matrix of security returns, so long as WM1VWM is nonsingular. 
Unfortunately, the relative positions associated with different weighting matrices 

2 Similarly, some investigators have included other characteristics in their expected return models. 
Examples include Litzenberger and Ramaswamy (1979) who employed a weighted least squares 
estimator (with A = D) and set A (defined in footnote 1) to be the vector of associated dividend 
yields and Shanken (1985) employed the generalized least squares estimator on size portfolios and 
set A to be the vector of size portfolio ranks. 
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and grouping procedures cannot be determined analytically in the absence of a 
priori knowledge of the structure of E, V, and Op and their relations to WM and 
A. In particular, nothing can be said about the comparative merits of grouping 
securities into portfolios and the employment of alternative weighting matrices 
A. This would appear to be an important empirical question. 

These frontiers are useful for characterizing alternative minimum norm fron- 
tiers of costless zero beta portfolios. As noted in the introduction, if p is a mean- 
variance efficient portfolio, all dollar zero beta portfolios have the same expected 
return and so all costless zero beta portfolios have zero expected returns. This 
need not be the case when p is inefficient so that these costless orthogonal 
portfolios represent candidate mean-variance efficiency tests. 

PROPOSITION 2. Let A be a given N x N symmetric matrix chosen so that 
WMfA WM is nonsingular. Then the costless zero beta portfolios which are solutions 
to the quadratic programming problem: 

min wXAAwXA s.t. wXA& = 0; WX E = EXA; 
WXA = WMWXM; and wXAOp = 0 (2) 

lie on a parabola in mean-variance space that passes through the origin and on a 
line in the positive quadrant of mean-standard deviation space that also passes 
through the origin. The weights of these costless portfolios are proportional to 
A-'aZOA where 1ZOA(aZOA = E - &EZOA- p (Ep-EOA)) is the vector of deviations 
from the security market line computed with respect to the minimum norm 
orthogonal portfolio. The weights are also proportional to the difference in the 
weights of any two portfolios on the minimum norm orthogonal frontier which 
solves (1). 

Proof. The costless minimum norm frontier is the solution to: 

min WXMAMWXM s.t. WM YM = elExM 

The solution can be computed directly from that given for the dollar minimum 
norm orthogonal frontier with e1ExM replacing YZM SO that: 

WxM = AM YM(YMA MYM)1eOExM 

Consequently, the variance of portfolio xM is simply: 
2 E2 e'(YMAM1 YM)-1 YMAM1 VMAM YM(YMAM YM)lej 

which is proportional to its squared mean so that the locus of costless minimum 
norm portfolios is a parabola passing through the origin. Similarly, its standard 
deviation is proportional by the scale factor: 

[e'(Y'~ A-1 Ym)-1 YMA-1 VmA-1 Ym(YM4A - YM)le e]1/ 

to its mean, establishing its linearity in mean-standard deviation space. The 
relation: 

azOA = YM((YMAM YM)-ele[e (YMAKI YM)-le']-1 
follows directly from the definition of deviations from the security market line 
and the minimum norm orthogonal portfolio. Similarly, the difference of the 
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portfolio weights of any two portfolios on the orthogonal frontier is: 

Wz1M - Wz2M = A MYM(Y?IAFMYM)-1le(Ez1M - EZ2M) 

from the weights given in the proof of Proposition 1 and are identical to the 
weights of portfolio xM for EXM = (EZ1M -EZ2M)- Q.E.D. 

One costless minimum norm orthogonal portfolio has been studied extensively 
in the literature on mean variance efficiency tests. For a given choice of portfolio 
grouping matrix WM, the costless minimum variance orthogonal frontier is a 
straight line in mean-standard deviation space with slope (a ' MVj1azOM)112 where 
azOM is the vector of deviations from the security market line computed with 
respect to the minimum variance zero beta portfolio.3 This establishes that the 
costless zero beta portfolio with weights VMlaZOM has the largest squared Sharpe 
ratio of all costless zero beta portfolios constructed from this set of portfolios. 
Hence, its mean return will have the largest expected t statistic of any such 
portfolio. Shanken's (1985) CSR test involves estimation of the squared Sharpe 
ratio of the sample version of this portfolio and employing finite sample bounds 
or asymptotic distribution theory to ascertain whether this estimate is likely 
under the null hypothesis of mean-variance efficiency. 

Once again, little can be said about the relative locations of alternative costless 
minimum norm frontiers. Of course, alternative minimum norm frontiers will, in 
general, lie inside the costless minimum variance frontier and, as noted above, 
the minimum norm frontier involving the weighting matrix V will yield smaller 
variance portfolios than other choices of the weighting matrix A for a given 
portfolio grouping matrix WM so long as WjMVMWM is nonsingular. Unfortu- 
nately, the relative positions of frontiers based on alternative grouping strategies 
and weighting matrices cannot be determined analytically and, hence, neither 
can the associated power functions of the corresponding test statistics even when 
their sampling distributions are tractable. This, too, would appear to be an 
important empirical question. 

III. Inference for a Class of Sample Frontiers 

The preceding discussion pointed to strategies for constructing dollar and costless 
zero beta portfolios based on alternative programming problems and grouping 
strategies. However, it did not suggest procedures for performing inference based 
on sample versions of these portfolios. Shanken (1983, 1985) provided a detailed 
characterization of the relevant asymptotic theory (and argued convincingly for 

Its portfolio weights WZOM, mean return EZOM, and return variance a,oM are given by: 

WZOM = [aoM/(a2oM - 2pM .)]WPM. - [a pM1(a2oM - 2 pM )]WoM 

EZOM = (EPM.aOM - EoMt72M )/(ti2M - _ 2pM) 

2 =2 2 2- 
azOM = oMlapM/(OpMr PM oMa 

where WpM. (WPm = Vf1,hpM/L' VMi.@PM), EPM., and a2pM are the portfolio weights, mean return, and 
return variance of the portfolio of these N assets with maximum correlation with portfolio p and 
WOM, EOM, and aOM are the corresponding numbers for the minimum variance portfolio of the given 
grouping of these N assets. 
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its relevance in finite samples) for independently and identically distributed 
returns when the number of assets was less than the number of time series 
obervations.4 His analysis covered both the sample dollar and costless minimum 
variance zero beta portfolios as well as the sample dollar minimum norm orthog- 
onal portfolio and can be extended in a straightforward fashion to accommodate 
sample costless minimum norm portfolios. 

There is no analysis in the literature of the empirically relevant case where 
the number of securities exceeds the number of available time series observations 
in the absence of a priori restrictions on the structure of V.5 It appears to be 
unlikely that the brute force approach of replacing the relevant population 
moments with the corresponding sample estimates will yield tractable and close 
approximations to the sampling distributions of the sample orthogonal frontiers. 
The basic reason is that the sampling errors of the portfolio weight vectors do 
not vanish as the number of assets grows and their sample moments do not have 
tractable finite sample distributions.6 

This section considers a second strategy: the employment of sample frontiers 
which are, to some extent, purged of the effects of sampling error in the estimates 
of the betas. The portfolios associated with these frontiers solve programming 
problems which are different from those in the previous section in order to 
facilitate statistical inference. It proves natural to compute the portfolio weights 
of such portfolios in one period and their returns in a subsequent period to avoid 
complications in the relevant sampling distributions. This procedure is shown to 
yield simple inference procedures which are robust with respect to the statistical 
assumptions underlying the construction of the portfolio weights.7 Throughout 
the discussion, security returns are assumed to be independently (but not nec- 

'The basic idea can be easily illustrated for the costless minimum variance portfolio. The sample 
version of this portfolio has weights 2:-&..o (where &zO = E-kEo - 0,(E - EAo)) where 2: is the 
sample market model residual covariance matrix, E is the sample mean return vector, ,p is the vector 
of ordinary least squares betas, and Ezo is the generalized least squares estimate of the minimum 
variance zero beta rate derived from these estimates. Since E0o is a consistent estimate, azO 'behaves 
like' a vector of intercepts from simple regressions in large samples with mean vector zero (under the 
null hypothesis of efficiency) and covariance matrix [1 + (Ep - Ezo)2/ra] Z. Hence, Shanken's CSR 
test statistic T&'o2:1&zo[l + (Ep - Ezo)2/;]I1 is asymptotically distributed as T2(N - 1, T - 2). 

See Shanken (1983) for an analysis involving restrictions on the structure of V. 
6Such an analysis can be constructed in principle. For example, let &zOA be any consistent estimator 

of the minimum norm vector of deviations from the security market line associated with a given 
nonstochastic choice of A such that the quantity Va&zOA is asymptotically normally distributed with 
mean vector zero (under the null hypothesis of efficiency) and covariance matrix Q. Let 9 be a fTi; 
consistent estimator for Ql. Then the quantity T[&zOAAlaZoA- trA1S1/.../2trA 2S2 is asymptotically 
(as T grows indefinitely) normally distributed with mean zero and variance one. It may be possible 
to improve on this (probably poor) asymptotic approximation when S is a sample covariance matrix 
with a Wishart distributicn (such as a market model residual covariance matrix under normality) 
because the first two moments of S do not depend on the number of assets N. However, I do not 
think that effective improvements along these lines will be easy to obtain. Moreover, I know of no 
strategy for doing inference for the more relevant case of fixed T and N growing without bound 
without restrictions on the structure of V. 

'Empirical examples in this vein include Litzenberger and Ramaswamy (1979) and Lehmann 
(1986a, 1986b). These papers do not provide the kind of rigorous statistical analysis presented below. 
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essarily normally or identically) distributed over time with finite second moments 
and constant (unconditional) means and betas.8 

The analysis presumes a given set of estimators for the relevant population 
moments. By analogy with the preceding section, let Et denote the vector of 
estimated mean returns on the N given assets, let Vt be the associated covariance 
matrix estimate (which is not assumed to be nonsingular), and let fpt be an 
estimate of the vector of regression coefficients on the returns of the given 
inefficient portfolio p. Similarly, let Ept denote the estimated expected return of 
p and let apt denote the corresponding estimate of the variance of its returns. 
Finally, the sample weighting matrices are denoted as At to indicate their possible 
dependence on parameter estimates. The dependence of all of these parameters 
on t indicates that these estimates are assumed to be based on returns up to time 
t (i.e., on R, and Rps, s c t). The remaining notation is identical to that of Section 
2. 

It is worth emphasizing that no particular estimators for the parameters are 
being postulated a priori. They may be sample moments, the restricted maximum 
likelihood estimates arising from some postulated asset pricing model, or adjusted 
estimates yielded by some measurement error correction or empirical Bayes 
scheme. Similarly, the weighting matrices can depend on parameter estimates 
and sample moments as well. Hence, the results presented below cover a wide 
range of estimation strategies.9 

The following proposition characterizes the class of costless and dollar port- 
folios for which inference procedures are developed. These are, on average, 
orthogonal portfolios in that they have zero expected betas (i.e., averaging over 
repeated, sufficiently independent computations of these weights) and have 
weights that are distributed independently of subsequent returns under the 
independence assumption. 

PROPOSITION 3. Consider the dollar portfolios which are solutions to the quadratic 
programming problem: 

min wzAtAztwzAt s.t. wzAtL = 1; 

WZAtEt = EZA; and Wz'AtJlpt = &zAt (3) 

for given nonsingular symmetric Azt and the corresponding costless portfolios which 
are solutions to the quadratic programming problem: 

mmn WXAtAxtwxAt s.t. w'AtL = 0; WXAtEt = EXA; WL4tlpt = 6xtExA (4) 

8 All of the asymptotic results obtained below can be obtained (under the independence assumption) 
with nonconstant unconditional means and betas and weaker second moment conditions so long as 
the time series averages of these means and betas and normalized sums of squares and cross-products 
of returns converge to finite limits. See White (1984) for alternative combinations of restrictions that 
will yield these results at the expense of unnecessarily complicating the proofs. However, weakening 
the independence assumption (beyond an alternative martingale difference model would substantially 
alter the analysis. 

9 Some of the results obtained in Propositions 3 and 5 do explicitly require that means, variances, 
and covariances among the parameter estimates exist and are finite. These moment restrictions can 
be replaced by weaker assumptions or by a corresponding analysis of their probability limits. 
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for given nonsingular symmetric A., (where the weighting matrices A,t and A,t 
need not be the same). Then the returns of these portfolios for s > t are distributed 
independently of the estimated portfolio weights so long as the values of 6,At and 
bxt are independent of returns for s > t. When &MAt and bXt are set equal to zero, 
these are simply zero sample beta portfolios. Moreover, when &zAt and &xt reflect the 
sampling error moments: 

El' I 
, ' 

A 

(AA'A )-'(e,EzA+ e2)j 
op t [ - ORp-p) A ' tYA z t Yt('At ) e} t5zAt - 1-El(4, A- 

tAtY 

^ Et (~~pt - p) 'A-t zt( Yt(YA-t Y)-'e3 } 
=t [1-Et E(pt- R)'Ap-' Yt(VY'Att' Yt)'lej} 

[1t I-AEf(g-X- At1- 

Yt= (Ettipt) (5) 

(assumed to exist and be finite) then the portfolios have zero unconditional (i.e., 
expected) betas.10 

Proof. Let Yz't= = (EzA1 and = (ExAet6xtEx A) From the proof of 
Proposition 1, the corresponding portfolio weights are given by: 

WzAt = Azt Yt(kt Azt Yt) yzAt 

WxAt = ( t xt 

which are clearly distributed independently of subsequent security returns due 
to their assumed independence. Their unconditional betas are given by: 

fzAt = covtw' RA, Rp.I/V(Rp8) 
= E wZ'Atg5p = Ewz'At[Rpt A (pt -p)] 

= -zAt -zAt = 0 

= cov{w 
Rt, R. }I/V(Rps) = E{wxtp} = E{wxtI[pt - 

(t8 
pt - 

p) 
] } 

= -xtExA -xtExA = 0 

due to the definition of the measurement error corrections &zAt and .xt Q.E.D. 
There are two aspects of Proposition 3 that are useful for the development of 

sampling theory for this class of portfolios. The first is that their weights are 
independent of subsequent returns which suggests the possibility of constructing 
inference procedures utilizing subsequent returns on such portfolios. The second 
is that their expected betas are zero (given appropriate sampling error corrections) 
so that portfolio returns based on sequences of computed portfolio weights reflect 
(on average) the returns of orthogonal portfolios over sufficiently long time 
periods given sufficient independence in the sequence of portfolio weights. 
Proposition 4 utilizes the first feature and Proposition 5 exploits both insights. 

Suppose that security returns are normally, independently, and identically 
distributed. In addition, suppose that portfolio weights WZAt and WxAt are con- 

10 Both the population and sample frontiers of the costless portfolios lie on parabolas in mean- 
variance space passing through the origin and on lines in the positive quadrant of mean-standard 
deviation space that also pass through the origin, as is clear from the proof. The corresponding dollar 
frontiers do not have this convenient representation. 
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structed along the lines of Proposition 3 and the returns on these portfolios are 
computed over a subsequent sample of T observations. These portfolio returns 
will then be normally, identically, and independently distributed as well with 
means EZAt and EXAt and betas fzAt and f.,At, respectively (i.e., EZAt = wZ'AtE). As 
is well-known, exact finite sample inference procedures are available for the 
sample moments of these portfolio returns in this circumstance. A number of 
these are collected in Proposition 4 for the pair of portfolios zA and xA. 

PROPOSITION 4. Let the values of &zAt and &Xt used to construct the portfolio weights 
WZAt and WXAt be distributed independently of Rs (s > t). Let 1Rs; t < s c T + t + 
11 be a sample of T observations on the security returns which are assumed to be 
normally, independently, and identically distributed. Let ET, VT, MT, IpT, and 
tpT denote the associated sample mean vector, covariance matrix, market model 
residual covariance matrix, ordinary least squares betas, and sample variance of p, 
respectively. Similarly, let EZAT, EXAT, IZUAT, and 'IXAT denote the sample means and 
variance estimates of the returns on WZAt and WXAt. Finally, let lzAT and fXAT denote 
the ordinary least squares betas of these two portfolios and let OrzAT and oXAT be 
their corresponding sample variances (i.e., YZAT = W;tAt 2TWzAt/TeYPT). Then all of 
the following quantities have t distributions: 

T (EZAT - EZAt )/ozAT- t(T - 1) 

iT(ExAT - ExAto)/rxjAT t(T - 1) 

(fzAT - fzAt)/Vo2zAT t(T - 2) 

(fxAT -xAt)/f2xAT t(T - 2) 

and are distributed independently of WZAt and WXAt. If, in addition, f3xAt is zero (i.e., 
conditional on WXAt), EXAt -is equal to zero under the null hypothesis of mean- 
variance efficiency and can be tested with the usual t statistic for the significance 
of EXAT. The joint hypothesis that both EXAt and f3xAt are zero can be tested with 
the usual F test: 

(T - 2) [EXAT + fxATApT]/2WxAt2TWxAt F(2, T - 2) 

so that inferences need not be conditional on the assumption that f3xAt is zero. 
Finally, if f3xAt is nonzero, an asymptotic Shanken (1985) T2 test based on portfolios 
zA and xA can be constructed. Hence, the test statistic: 

V7i[,9fXAT(EZAT EPT) + (1 -zAT)ExATI t(T-2) 

I3XT(UzAT - OTpT) + 2(1 - f3ZAT)O3XAT 'XZAT 

+ (1- f1zAT) OxAT 1 + ] 

under the null hypothesis of efficiency where 
D 

denotes convergence in distribution 
and EZ*T is the GLS estimate of the 0 beta rate. 

Proof. The proof is given only for portfolio zA since the corresponding proof 
for xA is identical. Since ET N(E, VIT) independently of wzAt (by Proposition 



612 The Journal of Finance 

3) the quantity: 

WZAtET- N(WZAtE, WZAt VwzAt/T) 

independently of wzAt as well. Similarly, since w 'At VwzAt is nonzero with prob- 
ability one, the quantity: 

WzAt VTWZAt/Wz'At VWzAt X - 1) 

independently of wzAt. Hence: 

VkT(EZAT - Et)/a72 t(T - 1) 

has an exact t distribution independent of wzAt. Similarly, pT ~ N(p I/T p) 
independently of wzAt, so that: 

WzAt9pT- N(WZ'Aftp, W zAtlWzAt/TlYp) 

independently of wzAt as well. Similarly, since wz'AtlwzAt is nonzero with proba- 
bility one, the market model residual variance of portfolio zA satisfies: 

WzAt Y-TWzAt/Wz2Aty2WzAt -X ( - 2) 

independently of wzAt. Hence: 

(3zAT - f3zAt)/V zAT t(T - 2) 

has an exact t distribution independent of wzAt. 
When fxAt is zero, the expected return EzAt is zero under the null hypothesis of 

efficiency, so that the associated t statistic for EZAT constitutes an appropriate 
mean variance efficiency test. The F statistic for the joint hypothesis that both 
EzAt and fxAt are zero given in the proposition follow from simple algebraic 
manipulation of the usual F statistic that the intercept and slope are both zero 
in the market model regression of the returns on xA on those of p. In this simple 
two asset case, the square root of Shanken's (1985) CSR T2 test statistic is 
proportional to the t statistic for the hypothesis that the mean return on the 
costless portfolio that is long one dollar of zA, short one dollar of p, and levered 
up by the ratio XAT = (1 - fzAT)/f3xAT of xA is zero. Hence, by Shanken's anal- 
ysis: 

iT[ (EZAT - EpT) + XOTExATI A t(T-2) 

2 
226c5ZT TAT] + (Ept Ez*T)1 \[Orz T a ̂ pT + 2 XOT AxzA T + X AT xzA T]I + 2 

asymptotically, after some algebraic manipulation. The statistic given in the 
proposition is obtained by multiplying the numerator and denominator of this 
statistic by fXAT (which is asymptotically valid due to the consistency of fXAT) to 
include the relevant case where /3xAt is equal to zero. Q.E.D. 

The most noteworthy feature of Proposition 4 is the robustness it lends to 
inference procedures regarding the efficiency of portfolio p. If an investigator is 
confident that the procedure used to construct the portfolio weights wxAt yielded 
a zero beta portfolio, inferences can be based on a simple t test. Uncertainty 
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about the validity of this presumption can be accounted for in an F test for the 
joint hypothesis that both the mean and beta of this portfolio are equal to zero. 
Failure to reject this joint hypothesis would constitute evidence in favor of the 
efficiency of p while rejection could follow either from the inefficiency of p or 
when portfolio xA has a nonzero beta. The last two possibilities can be distin- 
guished using a Shanken (1985) CSR T2 test for the efficiency of p where the 
assets underlying the test are portfolios zA and xA. Hence, inferences regarding 
the efficiency of p need not rest on assumptions regarding the statistical prop- 
erties of the estimated portfolio weights. 

Note also that these results allow considerable flexibility in the implementation 
of this sort of mean-variance efficiency test. As emphasized above, a wide variety 
of choices for the expected return and beta estimators as well as sample dependent 
weighting matrices and measurement error corrections 6zAt and 6xt can be accom- 
modated in this framework. Similarly, there was no requirement that portfolio 
zA and xA be derived from similar quadratic programming problems. In fact, 
these results can be adapted in a straightforward fashion to the case of many 
imperfectly correlated dollar and costless portfolios, each associated with possibly 
different quadratic programming problems. 

The portfolio strategy underlying Proposition 4 has both advantages and 
disadvantages. The principal advantage is the availability of simple finite sample 
inference procedures (under the maintained assumption of the normality of 
returns)." The main disadvantage is that it does not exploit the other implication 
of Proposition 3: the expected betas of portfolios constructed along the lines of 
zA and xA are zero (given adequate measurement error corrections). This obser- 
vation can be utilized by altering the portfolio strategy implicit in Proposition 4. 

The basic idea is to revise the portfolio weights wzAt and wxAt as new returns 
arrive. In particular, suppose that, at each time t, the portfolio weights wzAt and 
wxAt are constructed on the basis of returns from the preceding L periods (i.e., 
the estimates Et, Vt, 6pt, Ept, and apt as well as the weighting matrices A,t and 
Axt and measurement error corrections 6zAt and 6xt depend on R, and Rp, for 
t - L ' s ' t). In addition, suppose that the constructed portfolio weights have 
finite, but possibly time varying, first and second moments. These assumptions 
(coupled with the independence of returns) are sufficient to insure that both the 
average portfolio weight vector and normalized sums of squared portfolio weights 
converge to well-defined limits.'2 

Inferences can be based on the returns of this more active portfolio strategy: 

RzAt+1 = W AtRt+1 

RXAt+1 = W XAtRt+1 (6) 

" The proof of Proposition 5 can be adapted in a straightforward fashion to prove Proposition 4 
for the case of independently but not normally or identically distributed returns with all of the t 
distributions obtained in Proposition 4 replaced by asymptotic unit normal distributions while two 
times the F statistic has an asymptotic x2(2) distribution. 

12 Once again, all that is required for the analysis is that normalized sums and sums of squares of 
portfolio weights converge to appropriate finite limits. See White (1984) for alternative assumptions 
that yield these results. 
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because their unconditional means and betas are given by: 

EZA = EtwztRt+I I = wZAE; AZ = E{tlw'tp =wZAp 

EXA = EtwxAtRt+l I = WXAE; = E= wXA P (7) 

where WZA and WxA are the limits of the sums t =12 E WzAt }/T and Z t1= EtWxAt }/ 

T, respectively. Given appropriate estimators of the measurement error correc- 
tions 5zAt and &xt, the betas of these portfolios should converge to their uncondi- 
tional means of zero in large samples. Hence, the mean return on portfolio xA 
should converge to its unconditional mean of zero if portfolio p is mean-variance 
efficient. 

Inference procedures are more complicated here since the returns on these 
portfolios will be both serially correlated and heteroskedastic even if returns are 
independently and identically distributed (an assumption not made below). This 
occurs in this setting for the same reason that it occurs in the analysis of value- 
weighted portfolios. Returns are serially correlated because the evolution of 
weights is, to some extent, predictable and, hence, there is predictable variation 
in mean returns. Fortunately, this serial correlation does not affect inferences 
regarding sample moments such as means and betas in this setting. This occurs 
because deviations from means (and mean betas) are unpredictable given the 
independence of returns and this is what is relevant for inference in large samples. 
The variances of the portfolio returns will not be (conditonally) constant due to 
the variation in portfolio weights so that the problem of heteroskedasticity 
remains. 

Fortunately, it is possible to take account of conditional heteroskedasticity 
with the methods of Hansen (1982) and White (1984). Let 'ZAT and 'XAT and 
let 3ZAT and IXAT denote the ordinary least squares market model intercepts 
and betas, respectively, of portfolios zA and xA, respectively, computed over a 
sample of T observations. Let XT denote the market model regressor matrix 
whose sth row x equals (1RMp). Finally, let ' 

, and ' , denote the sth market 
model residual for portfolios zA and xA, respectively, and let e', be the vector 
(CzAs CxA Hansen (1982) and White (1984) have shown that the vector 
(YzzA T'YxATfxAT) is then asymptotically normally distributed with covariance 
matrix Q of the form HSH with H equal to [I2 e (XTXT)-1] and S equal to 
[9U=i ( )?(x8x )]. For later reference, let QZAT denote the upper 2 x 2 diagonal 
block (i.e., the asymptotic covariance matrix of (YZATfZAT)) and let QXAT denote 
the corresponding lower 2 x 2 diagonal block (i.e., the asymptotic covariance 
matrix of (Y^xATfxAT)) of Q. These observations make it possible to construct the 
asymptotic inference procedures given in Proposition 5. 

PROPOSITION 5. Let the choices of &ZAT and &xt used to construct the portfolio 
weights WZAt and WXAt both be distributed independently of R8 (s > t). Suppose the 
sequence of portfolio weight vectors satisfy the assumptions given in the text (i.e., 
finite memory and finite, but possibly time varying, first and second moments). 
Let tRt; 1 c t _ Tj be a sample of T observations on the security returns which 
are assumed to be independently distributed over time with constant (uncondi- 
tional) means and betas. Let EZAT, EXAT, TzAT, and IxAT denote the corresponding 
sample means and variances of the returns on portfolio strategies zA and xA over 
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these T observations. Finally, let YzAT and 'YXAT and let f3zAT and f3XAT denote the 
ordinary least squares market model intercepts and betas, respectively, of these two 
portfolios and let 0 z'AT and 03XAT denote their heteroskedastic consistent sample 
variances (i.e., the lower right-hand elements of QzAT and QXAT, respectively) 
computed over these T observations. Then, each of the following random variables 
converges in distribution to unit normal random variables: 

A~~~~ 
VIIT(EZT zA,JVazAT - N(O, 1) 

VT(EXAT - ExA )/1rjxT A N(O, 1) 

(fzAT - fzA)/fZAT > N(0, 1) 

(XAT - fxA)/ AT > N(0, 1) 
DA 

where - denotes convergence in distribution. If, in addition, the choices of &zAt 

and 3Xt used to construct the portfolio weights are unbiased estimates of the 
corresponding population measurement error corrections that are distributed in- 
dependently of the parameter estimates underlying WZAt and WXAt, fXA (as well as 
fzA) is zero and, hence, EXA is equal to zero under the null hypothesis of mean- 
variance efficiency and can be tested with the usual asymptotic t statistic for the 
significance of EXAT. The joint hypothesis that both EXA and f3XA are zero can be 
tested with the asymptotic chi-squared test: 

T( 'XAT#XAT)QxAT(-xAT#xAT)' - x (2) 

so that inferences need not be conditional on the assumption that fXA is zero. 
Finally, if f3XA is nonzero, an asymptotic version of Shanken's (1985) T2 test based 
on portfolios zA and xA can be constructed. Hence, the test statistic: 

'[XATYZAT + (1 - 3zAT) YXAT]/f7 N(0, 1) 

under the null hypothesis of efficiency where the vector 6' equals 

(13XAT -YxAT (1 -3zAT) YzAT). 

Proof. Once again, the proofs will be presented only for portfolio zA since the 
corresponding proofs for portfolio xA are identical. Let rzt = w 'At 1(Rt - E) be 
the deviations from means of the increments to EzAT and let qzt = [w'At-1 (Rt - 

ET) (Rpt - EP)/pT] - fzA where EPT and PT denote the sample mean and variance 
of portfolio p over these T observations. Since security returns are independently 
distributed over time and the portfolio weights are distributed independently of 
subsequent returns, the quantity ST = rzt is a zero mean martingale. 
Similarly, the quantity UT = = qzt converges uniformly to a zero mean 
martingale by Kronecker's lemma (cf. Hall and Heyde (1980)) as apT converges 
to its probability limit (intuitively because q2* = [Wz'At-l(Rt - E)(Rpt - E)/o] 
- fzA is a zero mean martingale increment). Since the portfolio weights and 
security returns were assumed to have finite second moments: 

E IS2 )-'sup r 2- 0 

E{U2 )-1sup q 2 0 
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in probability since any squared observation is bounded with probability one. 
Similarly, the independence of returns and the finite memory and moments of 
portfolio weights implies that: 

EST{ s=1 rzs 1 

ElUT aS=1 qz2s 1 

in probability as well. Hence, by the central limit theorem for martingales (cf. 
Scott (1973) and Hall and Heyde (1980)): 

EST2ST -S N(0, 1) 

ElU 1/2 UT A N(0, 1) 

Finally, the convergence of IZAT to E TS)/T and of tfzAT to ElU T/T establishes 
the unit normal distributions given in the proposition. 

The finite memory and moments of the sequence of portfolio weight vectors 
ensures that fzA and 3XA will converge to their unconditional means of zero (given 
in Proposition 3) when bzAt and blt are unbiased estimates of the corresponding 
population measurement error corrections that are distributed independently of 
YT and subsequent returns. In this case, E,A is equal to zero under the null 
hypothesis of mean-variance efficiency. Finally, the convergence of the two test 
statistics follow from the usual asymptotic properties of quadratic forms in 
asymptotically normal random variables. Q.E.D. 

The econometric setting of Proposition 5 corresponds closely to the environ- 
ments of empirical studies such as Litzenberger and Ramaswamy (1979) and 
Lehmann (1986a, 1986b).13 Like Proposition 4, it suggests that inferences about 
mean-variance efficiency obtained from this econometric practice can be made 
quite robust (at least asymptotically) with respect to the assumptions underlying 
the computation of the weights of the portfolios. The use of unbiased measure- 
ment error corrections 5zAt and 3xt that are distributed independently of the 
corresponding parameter estimates insures that, on average, portfolios zA and 
xA are zero beta portfolios. In these circumstances, inferences about mean- 
variance efficiency can be obtained from a simple asymptotic t test. Of course, 
the adequacy of the measurement error corrections can be tested with an 
asymptotic t test for the beta of portfolio xA. Similarly, the joint hypothesis that 
both the mean and beta of xA are zero can be tested with an asymptotic chi- 
squared test and an asymptotic test which does not require these portfolios to 
have zero betas based on portfolios p, zA, and xA (analogous to Shanken's (1985) 
CSR test) is available as well. Once again, these procedures would appear to 
constitute a rich set of asymptotic diagnostic tests and safeguards. 

The main disadvantage of these results is their reliance on asymptotic distri- 
bution theory. While appropriate Monte Carlo and sample evidence is required 

13 The main difference is that these investigators did not study N given securities but instead 
permitted securities to enter and exit the sample. The results of Proposition 5 remain valid in these 
circumstances so long as the sample selection rules underlying this practice are well-approximated 
by a random sampling scheme for which the required moments exist and which do not lead to 
correlations between the portfolio weights and subsequent returns. 
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to determine the conformity of finite sample distributions to their asymptotic 
approximations, there is reason for optimism in this application, at least relative 
to the rate of convergence of the multivariate CSR test to its asymptotic chi- 
squared distribution. As Shanken (1985) has emphasized, the main reason for 
the slow convergence of the CSR test (as well as the likelihood ratio test) to its 
asymptotic distribution is that the number of time series observations must be 
appreciably larger than the number of assets for the sampling variation in the 
relevant residual covariance matrix to be negligible. That is not an issue in this 
application since the number of assets in the analysis never exceeded three: 
portfolios p, zA, and xA. 

The primary determinant (besides the number of time series observations) of 
the rate of convergence of the random variables discussed in Proposition 5 to 
their asymptotic distributions (as well as the distance of their finite sample 
distributions from their large sample limits) is the rate at which the sample 
estimate of the asymptotic variance converges to the population variance of the 
random variable."4 In this application, this depends on the rate at which the 
average squared portfolio weight vector implicit in the portfolio returns as well 
as the average population covariance matrix of returns converge to their proba- 
bility limits. It seems reasonable to suppose that the number of time series 
observations need not be appreciably larger than the number of lagged returns 
underlying the computation of the portfolio weights to insure sufficiently rapid 
convergence of these quantities. In the applications cited above, the number of 
time series observations ran from 500 to 700 while the number of lagged returns 
used to compute the portfolio weights was 60, a ratio which suggests confidence 
in the relevance of the asymptotic approximations. Of course, this discussion is 
merely suggestive and more concrete statements require both sample and simu- 
lation evidence. 

IV. Conclusion 

It is now widely appreciated that the locus of minimum variance zero beta 
portfolios associated with a given inefficient portfolio is a parabola in mean- 
variance space as shown by Roll (1980). This observation has provided the basis 
for interpretations of the relations among alternative estimators of zero beta 
rates as well as geometric interpretations of mean-variance efficiency tests. The 
analysis presented above demonstrates that there are numerous parabolas in 
mean-variance space which correspond to orthogonal portfolios that cost a dollar 
and solve different quadratic programming problems. The population versions of 
these minimum norm orthogonal frontiers are not as interesting as the minimum 
variance orthogonal frontier studied extensively by Roll (1980). However, the 
sample versions are more interesting in that they characterize the relations 
among alternative estimators of zero beta rates corresponding to different norms 

14 See Hall and Heyde (1980) for a discussion of the analogues of the Berry-Esseen theorem (their 
Theorems 3.9 and 3.10) and of the law of the iterated logarithm (their Theorem 4.7) for martingales 
of the sort underlying Proposition 5. They verify that these bounds depend in a nonlinear fashion on 
the rate of convergence of the sample asymptotic variance as well as a number of complicated 
constants. 



618 The Journal of Finance 

and grouping schemes. While it is not possible to determine the relative locations 
of these estimators in mean-variance space, the analysis serves as a reminder 
that minimum variance orthogonal portfolios associated with a given grouping 
strategy do not possess obvious optimality properties. 

All costless zero beta portfolios associated with a given portfolio have zero 
expected returns when that portfolio is mean-variance efficient but this will not 
be the case in general when the candidate portfolio is inefficient. This provides 
the motivation for studying another class of orthogonal frontiers: the locus of 
costless zero beta portfolios which minimize a quadratic objective function for 
given mean return. These orthogonal frontiers are parabolas in mean-variance 
space that pass through the origin and, hence, are lines in mean-standard 
deviation space passing through the origin. The costless minimum variance 
orthogonal frontier is the most interesting population frontier since it yields to 
the costless zero beta portfolio with the largest squared Sharpe ratio. The feasible 
sample versions of alternative minimum norm orthogonal frontiers correspond 
to different possible mean-variance efficiency tests because the population slopes 
of the corresponding sample lines in mean-standard deviation space are zero 
under the null hypothesis of efficiency. The inability to determine the relative 
magnitudes of either the sample or population values of these slopes associated 
with different grouping strategies and norms serves as a reminder that the mean- 
variance efficiency tests that examine the costless minimum variance orthogonal 
portfolios associated with a given grouping procedure do not possess obvious 
optimal power properties. The quote from Roll (1979) in the introduction suggests 
that the converse is equally likely. 

In fact, the main advantage of the now ubiquitous multivariate tests based on 
grouped assets is the remarkably detailed analysis of the finite sample properties 
of these procedures that has appeared in the recent literature. Similarly, the 
principal barrier to the implementation of alternative mean-variance efficiency 
tests based on individual assets is the seemingly intractable nature of the 
sampling theory of sample costless minimum norm orthogonal portfolios because 
the number of individual assets available greatly exceeds the number of time 
series observations on their returns. This suggests that the development of 
alternative tests with good finite sample properties based on individual assets is 
not likely to proceed from the analysis of such sample portfolios. 

The analysis in the preceding section pursues a strategy that was introduced 
in Litzenberger and Ramaswamy (1979): constructing the portfolio weights 
associated with a given programming problem in one period and drawing infer- 
ences from their subsequent returns. The analysis provides both finite sample 
and asymptotic theory for the inferences associated with two such strategies. The 
most striking feature of the results is that the diagnostic tests and safeguards 
that follow from the practice of separating portfolio weight construction from 
return measurement greatly reduces the dependence of inference on the statistical 
properties of both returns and the procedures for constructing portfolio weights. 
Hence, the mean-variance efficiency tests developed here constitute a promising 
alternative to the usual multivariate tests which require portfolio grouping, 
although considerable sample and simulation evidence on the finite sample 
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properties of the new procedures as well as on the relative power of the procedures 
is required. This investigation is left for future research. 
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