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THE JOURNAL OF FINANCE ¢ VOL. XXXIX, NO. 5 « DECEMBER 1984

A Simple Formula for the Expected Rate of Return
of an Option over a Finite Holding Period

MARK RUBINSTEIN*

ABSTRACT

Under conditions consistent with the Black-Scholes formula, a simple formula is
developed for the expected rate of return of an option over a finite holding period
possibly less than the time to expiration of the option. Under these conditions, surpris-
ingly, the expected future value of a European option, even prior to expiration, is shown
equal to the current Black-Scholes value of the option, except that the expected future
value of the stock at the end of the holding period replaces the current stock price in
the Black-Scholes formula and the future value of a riskless invesment of the striking
price replaces the striking price. An extension of this result is used to approximate
moments of the distribution of returns from an option portfolio.

I. Expected Option Returns

Consider a call option with striking price K and time to expiration ¢t on a
particular underlying stock. Assume:!

1. Both an investor and the “market” agree that the annualized discrete
interest rate will remain constant and equal to r — 1.

2. Both the investor and the market agree that the stock rate of return is
lognormal over any holding period.

3. The investor’s estimate of the annualized discrete expected rate of return
and instantaneous volatility of the stock is m — 1 and o, respectively, while
the “market’s” respective estimates are i — 1 and 4.2

4. The market price of the call at all times through expiration is set equal to
the value it would have according to the Black-Scholes formula for European
options, C(S, K, t, r, 6).

* Graduate School of Business Administration, University of California at Berkeley. The author
would like to thank the National Science Foundation for funding.

! We speak here as though the “market” had a mind of its own. This is a fiction for deriving
inferences from security market prices. For example, the “market’s” estimate of stock volatility ¢ can
be inferred, given the Black-Scholes formula, from the implicit volatility contained in the current
market price of an associated option.

% A purist might bring forth the following objection. In the context of the Black-Scholes [1]
derivation, if two investors have different opinions about the volatility of the stock, then at least one
will believe there is a riskless arbitrage opportunity. Even worse, if both investors agree the stock
price follows geometric Brownian motion, they cannot for long disagree about the volatility since
over any finite period an infinite number of observations will be available on a stationary stochastic
process. Therefore, for this argument to be technically viable, we need a context for the Black-Scholes
formula which admits investor disagreement about volatility. Such a context is provided in a discrete-
time development of the Black-Scholes formula in Rubinstein [4].
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These assumptions® isolate a single source of disagreement between an investor
and the market about the relative mispricing of an option—the stock volatility.
In practice there will be other sources of disagreement (interest rates, dividend
yields, and the pricing formula itself), but differences in volatility estimates are
likely to prove the most important.

These assumptions also embody a hypothesis about the nature of market
disequilibrium or inefficiency. If a security is believed to be over- or underpriced,
to measure its expected rate of return over a given time interval, we need some
hypothesis about the speed with which this mispricing disappears. In the case of
an option that is mispriced relative to its underlying stock, we know that any
mispricing must completely disappear on its expiration date if there are to be no
general arbitrage opportunities; all option pricing models and all estimators of
volatility agree about the value of an option relative to the stock on the expiration
date. Therefore, simply to postulate the convergence of an option price to its
equilibrium price on its expiration date is of no assistance.

One possibility is to measure the mispricing by the absolute difference between
value and price and suppose that this difference dwindles as a linear function of
the time remaining to expiration. A more fundamental supposition would be
derived from the variables that affect the price of an option. In our case, we have
assumed that the source of mispricing lies with differences in estimated volatility
of the stock and that both the investor and the market persist in their opinions
about the volatility through the option’s expiration date. To be sure, a more
sophisticated model would allow for the investor to anticipate the market to
revise its estimate closer and closer to the investor’s as the market accumulated
more and more observations of stock price changes through the expiration date.

Under these conditions, we can derive a surprisingly simple formula for the
expected future market price of the call E(C | k) at the end of holding period h <
t, measured as a fraction of a year:

E(C| h) is equal to the Black-Scholes European option value C(S, K, ¢, r,
o) except that C is evaluated at

~ |

C(Sm", Kr*, t, r, Vac® + (1 — a)6?), wherea=

In other words, the expected future market price of an option at the end of
holding period h is equal to the price the option would have today if the current
stock price were Sm”", the striking price Kr”, the time to expiration ¢, and the
market’s estimate of the volatility vas? + (1 — a)5?, where a is the fraction of
the option’s time to expiration taken up by the holding period.

When the holding period is very short relative to t, the volatility in this formula
is almost entirely determined by the market since a =~ 0 and

Vac? + (1 —a)é’=¢
3 An unstated but implicit assumption requires that the investor knows the market and that he

agree about r, knows that the market uses the Black-Scholes formula to price options, and knows the
market’s estimate ¢. However, it is not required that the investor know the market’s estimate .
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On the other hand, if the option is to be held to expiration, then the volatility is
completely determined by the investor since a = 1 and

Vac’+ (1 —a)s’ =«

The call’s annualized expected rate of return is thus

[E(C’l h)]‘/h .
C

where C is its current market price (using o).

Table I shows that the well-known instantaneous approximation* tends to be
adequate when ¢ = 6. However, when the investor believes a call is over- or
undervalued relative to its underlying stock (because o # o), then the call expected
return can be quite sensitive to the holding period. However, Table I also suggests
that if the stock volatility used to calculate the instantaneous approximation is
set equal to the weighted average vas? + (1 — a)é?, then the instantaneous
approximation will be very accurate even for over- or undervalued calls.

Proof: Our problem is to integrate

1

—(y—rh)?/20%h
e d
av2rh Y

EC|h) = J: [Se?’N(x) — Kr**N(x — 6Vt — h)]

N is the standard normal distribution function, where y is the natural logarithm
of the return of the stock over holding period h,

and
log(Se?/Kr"™*) + 1
sVt —h 2
Observe that the expression in brackets is the Black-Scholes formula for the
value of a call with time ¢ — h left to expiration, volatility ¢, and stock price Se”.
Since e” is lognormal by assumption, y will be normal, which explains the density
function multiplying the term in brackets and the limits of the integral.
To solve this integral, first write it as the difference between two integrals, one

involving Se? N (%) and the other N(¥ — ovt — h). The first integral can be
shown equal to

® | Y
Smhf N@A + Bz) — e dz
- V2w
and the second integral can be shown equal to
® 1 2/2
Krtt f NA’'+ B;) —e™*  dz
—00 - /

27

4 See Galai and Masulis [3], Equation 13, page 60.
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where A, B, A’, and B’ are constants depending on the nonstochastic parameters
in the original integral. Now, using the fact that

1

- A
f N(A + Bz) — e~ dz = N(—)
- v2r V1 + B?

the result follows.

II. Extensions

If there are to be no general arbitrage opportunities, at all times during their
lives, otherwise identical puts and calls must obey the put-call parity relationship

P=C-S8S+Kr
Thus, at time h into the future:
EP|h) = E(C|h) — Sm" + Kr—¢-®

Since we now know a simple way to compute E(C | k), we also have a simple way
to compute the expected future value of a put or its annualized expected rate of

return
[E(Plh)]l/h 1
P

Since, knowing m — 1, the expected rate of return of a stock, we can calculate
the expected rates of return of its associated options, we clearly have a convenient
way to calculate the annualized expected rate of return of an arbitrary portfolio
of options. Let V;(J) be the value of option j associated with the underlying
stock oJ, so that V; is either the value of a call, a put, or perhaps the underlying
stock itself. If n;(J) represents the number of units of option j associated with
the underlying stock ¢/ in a portfolio, then the annualized portfolio expected rate
of return is

E(Vju)lh)]‘”‘ _;
Vi(J)

The notation j € J means that the interior summation is taken over all items in
the portfolio associated with stock /. Since different options have different lives,
an important limitation of this formula is that A must be less than or equal to
the life of the option with the shortest time to expiration. Otherwise, we would
be forced to prespecify what we intend to do with the proceeds of options on
their expiration dates.

A more interesting extension is motivated by a recent article by Bookstaber
and Clarke [2]. A difficult problem faced by many option investors is to estimate
the probability distribution of portfolio returns. They may construct complex
option positions involving several different underlying stocks and options which
have returns complicated by the unique sensitivity of each option to its underlying
stock price and the time remaining to its expiration. Using our approach for
calculating option expected returns, we may be able to approximate the proba-
bility distribution of returns of possibly complex option portfolios.

[ZJ Zje.l nj(J)
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To see how this might be done, first suppose each underlying stock annualized
discrete rate of return r;, — 1 is related to the corresponding rate of return on the
market portfolio ry — 1 according to:

Inry—Inr=8/Inr,—Inr]+1ne;
where
p(Ines,Inry) =0 and p(n ey, In exey) =0

Furthermore, assume all stocks under examination have returns which are jointly
lognormally distributed with each other and with ry. Technically, except for an
uninteresting degenerate case, this cannot be true for all securities in the
economy, so we must presume we are only looking at a subset of these securities.
Since we assume B8, is a constant, (¢, rpr) must be jointly lognormal, so that
(In ¢, In ry) must be jointly normal. Using the formulas for the conditional
moments of jointly normal random variables and since p(ln ¢, In ry) = 0:

E(lne|lnry) =a+ p(;w;!) (nry—um) =«

Var(In ¢|ln ryy) = (1 — p?)w? = w?
where by definition
a=E(n¢) and w? = Var(ln ¢)

Armed with this analysis, we are prepared to derive the expected future value
of a call after time h conditional on the realized market portfolio rate of return
through time h being ry:

E(C| ru, h) is equal to the Black-Scholes European option value C(S, K, t,
r, o) except that C is evaluated at

- 2 A
C<Sr"‘1 M gahet/Awh Wl Kph ¢ p Jaw? + (1 — a)a"’),

h
where a = 7

Proof: Restating the stock return generating process in multiplicative form,
rs=r'?rfe. As in the previous unconditional case:

o

EC|h) = f _CErhfrh) dry = f _E(C|rh)g(rh) dru

The conditional expected future value of a call at the end of the holding period
is:

BClru, i) = | CSMODrebe ) de
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= f [Sr"“"”rﬁ'feyN(i) — Kr"*N@E — 6Vt — h)]

1
wv2rTh

This integral is formally equivalent to the integral in the unconditional case
except S is replaced by Sr**~#rkf m is replaced by e**/?%*| 5 is replaced by w,
and p is replaced by a.

This result can now be used to approximate the probability distribution of
returns of option portfolios. Armed with E(C | ry, h) and following our previous
discussion, it is a simple matter to calculate conditional expected rates of return
for the portfolio E(Fp|ry, h) after holding period h, where the portfolio P
possibly contains puts and calls on a variety of stocks, as well as the stocks
themselves. The unconditional expected rate of return of the portfolio is exactly

e—(y—ah)2/2w2h dy

E, = J; E(Fp | Fu, h)f(;’M) drum

where f(r)) is the density function describing the lognormal distribution of
returns for ry. Following Bookstaber and Clarke [2], if the portfolio P is
sufficiently “well-diversified” then the variance of rp can be approximated by

J: [E(fp | M, h) — Eh]2f(fM) dru

Other moments of the portfolio return distribution can be calculated in a similar
manner.
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