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Ordering Uncertain Options under Inflation:
A Note

HAIM LEVY and AZRIEL LEVY*

ABSTRACT

Stochastic dominance rules (SD) have been extended to the case where investors are
allowed to borrow and lend at the riskless interest rate. Stochastic dominance rules with
a riskless asset (SDR) are much more effective than SD rules. However, it seems that
this benefit is eliminated by an uncertain inflation, since riskless assets become risky
once uncertain inflation is considered.

We prove in this paper that SDR criteria are valid also in the face of uncertain (and
independent) inflation. Moreover, while the mean-variance (MV) efficient set increases
with uncertain inflation, the stochastic dominance efficient sets decrease.

STOCHASTIC DOMINANCE CRITERIA (SD) for ordering risky assets were developed
mainly in the late sixties, following the development of the mean-variance rule
(MV) and the capital asset pricing model (CAPM). By analogy to the extension
of Sharpe and Lintner of the MV criterion, Levy and Kroll [10] have extended
the SD rules by allowing borrowing and lending at the riskless interest rate. This
extension sharply decreases the size of the efficient set, and in some cases an
“empirical separation” is obtained (or almost a separation) where the efficient
set of risky assets includes only one or two risky portfolios (see Levy and Kroll
[11]). Note, however, that these important economic results rely on the assump-
tion that a riskless asset indeed exists, an assumption which cannot be defended
in a period of uncertain inflation.

Chen and Boness [2], Roll [17], and Friend et al. [5] investigate the impact of
inflation on the CAPM. Chen and Boness assume a quadratic utility function
and also make the assumption that the real rate of return is given by the nominal
rate of return less the inflation, hence ignoring the cross-product of inflation and
rates of return, which greatly simplifies the mathematical analysis. Roll also
assumes a quadratic utility function and further makes the assumption that a
riskless asset in real terms exists. Friend et al. assume that returns are generated
by a Wiener process, the investment horizon is infinitesimal, and that investors
are characterized by constant proportional risk aversion. Under these assump-
tions they derive a formula which is analogous to the CAPM, where inflation (a
random variable) is incorporated in the formula. It should be noted that by an
infinitesimal investment horizon, they do away with the cross-product of inflation
and the rates of return, which is equal to zero in this specific case.

The relationship between the inflation rate and stock prices has been a subject
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of several studies. Lintner [13] observes that over a long period of time there is
no significant correlation between the annual percentage change in stock prices
and the annual change in the wholesale price index (Lintner [13], p. 32). Fama
and Schwert [3] find that common stock returns are negatively related to the
expected inflation rate. However, although common stocks are also found to be
negatively related to the unexpected inflation rate, this result is not very conclu-
sive since the regression coefficient of the unexpected inflation is not always
significantly different from zero (see Fama and Schwert [3], Table 8, p. 140).
Bodie [1] also finds the return on common stocks to be negatively correlated
with the inflation rate.

In this paper, we assume that inflation is a random variable which is inde-
pendent of the return on a portfolio of risky assets. In some cases, however, this
assumption can be relaxed to account for possible dependency between inflation
and the return on various assets. We neither assume a quadratic utility function,
nor an infinitesimal investment horizon. Namely, the planned investment horizon
can be a month, a year, etc. Hence, the cross-product term does not vanish and
we do not utilize any approximations that do away with this term.

We investigate conditions under which the various decision rules are valid in
the face of uncertain inflation. Section I provides a brief review of the rules
discussed in this paper. Section II analyses the SD criteria, while Section III is
devoted to the MV criterion. Concluding remarks are given in Section IV.

1. Review of Various Decision Rules

We deal in this paper with different classes of utility functions Uy, k=1, 2, ---.
We denote by u(x) a utility function and by u®”(x) the i*" order derivative of u(x),

ud(x) = agg) . u(x) € Uy if u®(x) = 0 for odd numbered i and u?(x) < 0 for
even numbered i,i=1,2, ... k.

The decision rules appropriate for the different classes of utility functions U,
are known as stochastic dominance rules (SD). The decision rules pertaining to
the classes U;, U,, and U; are known as first degree, second degree, and third
degree stochastic dominance, respectively (denoted as FSD, SSD, and TSD). (See
Quirk and Saposnik [16], Fishburn [4], Hadar and Russell [6], Hanoch and Levy
[7], Rothschild and Stiglitz [19], and Whitmore [22].)

The mean-variance criterion (MV) is better known; option F dominates option
G if Er(X) = E¢(X) and 6% < o% (with at least one strict inequality). If u(x) €
U, (u'(x) = 0, u”(x) < 0) and F(x) and G(x) are normally distributed, then F
dominates G by the MV criterion if and only if there is dominance by the SSD
rule (see Hanoch and Levy [7], p. 343).

Levy and Kroll [10] showed that even if F does not dominate G by one of the
above SD rules, dominance may exist if one creates new random variables {F,}
={aX + (1 — a)r} and {Gs} = {BY + (1 — B)r}, where r stands for the riskless
interest rate and «, B are nonnegative investment proportions representing
diversification strategies between the riskless and risky assets; respectively. A
necessary and sufficient condition for dominance of the (infinite) set {F,} over
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the (infinite) set {Gs} is that one can find at least one diversification strategy F,
= aX + (1 — a)r which dominates the unlevered risky option G.

We turn now to the analysis of stochastic dominance rules in the face of
uncertain inflation.

II. Stochastic Dominance with Uncertain Inflation

For convenience only and without loss of generality, assume that X and Y stand
for the return (terminal wealth) on investments F and G, respectively. We denote
the general price index (a random variable) by P, where, for simplicity, in the
base period P = 1 and where II stands for the reciprocal of P, namely II = 1/P.
Hence, the real returns on F and G are given by Xz = X.II and Yz = Y.II,
respectively, where Xr and Yr stand for the real returns.

We prove below that under certain assumptions if X dominates Y by one of
the SD rules then also X dominates Yg by the same rule.

THEOREM 1. If the random variable P is independent of X and Y and II > 0, then
dominance of X over Y in nominal terms implies dominance in real terms. In
short, XD, Y — Xz D, Yr, where D, denotes stochastic dominance of the k' order.
Using the notation D,, we are able to prove FSD, SSD, and TSD and, in fact, any
kt™? order stochastic dominance rule in one theorem.

Proof: The joint density functions of X and II and Y and II are given by f(X,
IT) and g (Y, IT), respectively, where f(X) and g(Y) are the marginal densities of
X and Y. Furthermore, m(II) denotes the marginal density function of II. By the
theorem’s assumption it is given that FD,G, namely Eru(X) = Equ(Y) for all u
€ U, (k=1, 2, ---). By definition, the expected utility of the real return on
option F is given by

Epu(XII) = J; J; w(XI)f(X, ) dX dII (1)

Using the independence assumption of X and II we have, f(X, II) = f(X)m(II).
Hence

Epu(XII) = fo J; w(XII) f(X)m(II) dX dII

which can be written as

Epu(XII)=J; m(H)[J; u(XIf(X) dX | dII (2)

Similarly, for option G we have

Equ(YID) =J; m(l'[)[J; u(YI)g(Y) dY | dI1 (3)

We have to prove that, forallu € U, (k= 1, 2, - --), Eupg(XII) = Egu(YII).
To show this claim, recall that by the theorem’s assumption FD,G (for k = 1,
2, ---). Thus, forallu € U, (k=1,2, ---), Eru(X) = Egu(Y).
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Define V(X) = w(XII). Thus, V?(X) = dVi(X)/0X' = I'u?(XII), namely
the sign of V®?(X), the i*" derivative of V(X), is identical to the sign of u®(X),
since I = 0. Hence, ifu € U, (k=1,2, --.) also V(X) € Uy and V(Y) € U, (k
=1, 2, --.). Since by the theorem’s assumption XD,Y (or FD,G), (k = 1,
2, ---), we have (for every II > 0)

J; uw(XII) f(X) dX = j; V(X)f(X) dX = j; V(Y)g(Y)dY

=J; u(YImg(Y) dY

The density m(II) is common to Equations (2) and (3) which implies by the last
inequality that

Eru(XIl) = Egu(YNl) forall uelU,(k=1,2, -.-.)
which completes the proof.

Note that by Theorem 1, XD,Y is a sufficient but not a necessary condition
for XgDYRg. To prove this claim, we present below an example for which Xz D, Yz
in spite of the fact that XD, Y. We shall demonstrate this for FSD, namely k =
1. Let X and Y have the following distributions: X = 2 and X = 10, both with
probability ¥2; Y = 1 with probability % and Y = 4 with probability 3. Assume
that II has the following distribution: 1 and 2 with equal probabilities of . It
can easily be verified that neither X dominates Y nor Y dominates X by the FSD
rule (i.e., the distributions intersect). However, assuming independence of the
returns and inflation, it can be verified that the real return XII dominates the
real return YII by FSD.

Similar examples can be constructed for the SSD and T'SD criteria. Thus, with
uncertain and independent inflation, the size of the efficient set may decrease,
to the benefit of the individual investor.

In our opinion this result is counterintuitive. It asserts that, while in the
absence of inflation one may not be able to establish dominance between two
risky assets, the introduction of uncertain inflation which is independent of the
returns on the two risky options may yield additional information, and dominance
between the two risky assets can be established. Thus, the efficient set in real
terms is no larger (and may be smaller) than the efficient set in nominal terms.

While in general the conditions of Theorem 1 are sufficient but not necessary,
they are necessary and sufficient in the following two cases:

(a) X, Y, and II are lognormally distributed and u € U,.

(b) The utility function is of the power form (u(x) = x*, with the logarithmic
function as a special case); namely, the function exhibits constant absolute
risk aversion.

Case (b) is trivial. Let us turn to case (a). If X and Y are lognormally distributed,
Levy [8, 9] proved that X dominates Y for all risk averters if and only if E(X) =
E(Y) and ox/E(X) = oy/E(Y) (with at least one inequality). Assuming the
above two conditions hold for XII and YII (real returns), it can easily be shown
that they hold for X and Y as well (nominal returns).
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Theorem 1 can be applied to several economic issues. In particular, the
stochastic dominance criteria with a riskless asset (which we denote by SDR to
distinguish from SD) developed by Levy and Kroll [10] are valid even though a
riskless asset in real terms does not exist. Thus, the drastic reduction in the
stochastic dominance efficient set, due to the inclusion of a nominal riskless
asset, holds in real terms as well. This conclusion is summarized in the following
corollary.

COROLLARY. Let F and G be as in Theorem 1. Suppose that FDG and GDF, by
the stochastic dominance criterion of order k (k = 1, 2, -..). However, there is
some a > 0 such that F,D,.G (k= 1, 2, --.) where F, stands for the cumulative
distribution of aX + (1 — a)r and r is the riskless interest rate. Then {F,}gDr{Gs}r
(=1, 2, ---) where the subscript R denotes the return expressed in real terms,
when the inflation (a random variable) is independent of the nominal returns. This
dominance exists even though r in real terms is no longer riskless.

The proof of this corollary is by a straight application of Theorem 1.

So far we have assumed that inflation is independent of the nominal returns.
However, Theorem 1 (and the corollary) can be extended to the case of depend-
ency between the return on stock prices and inflation (as found in many of the
empirical studies). In this case, the sufficiency conditions of Theorem 1 are
stated in terms of the conditional distributions of X and Y, given every possible
value of P (denoted by X/P and Y/P). The proof of the theorem is completely
analogous to the progf of Theorem 1. The theorem obtained in the case of
dependency can be applied to the following situation. Suppose that the stock
market changes in some systematic way in relationship to the general price index
(e.g., stock prices are a bad hedge against inflation and are negatively correlated
with inflation, see Fama and Schwert [3]) but there is no change in the relative
location of the distribution of stock prices with a change in the inflation rate
(e.g., with low inflation all distributions of the rates of return are shifted to the
right by some constant and the opposite occurs with high inflation). In this case,
dominance of X over Y, implies also dominance of X/II over Y/II (for all II)
which by the theorem implies that XTI dominates YII.

III. The Mean-Variance Rule and Inflation

Suppose that X dominates Y by the mean-variance rule, when returns are
expressed in nominal terms. Namely, in the absence of inflation, we have EX =
EY and ¢% < ¢%. We shall use the notation 1/P = II as in the previous section
and assume that returns are stated in terms of terminal wealth (i.e., one plus the
rate of return). Assuming inflation is independent of the nominal returns we
obtain EXz = E(XI1) = EXEIIl and EYz = E(YII) = EYEII where the subscript
R denotes real returns. It is obvious that EX = EY — EXp = EYp as long as EIl
= 0. Since IT = 1/P where P is the general price index, it is safe to assume that
ETI > 0. With regards to the variance, we have

Var(Xg) = Var(XII) = E(XII)? — (E(XII))?
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Using the independence assumption, we get
Var(Xz) = E(X?)E(I1%) — (EX)*(EN1)?

Substituting ¢% + (EX)? for E(X?) and ¢} + (EII)? for E(I1?) yields

Var(Xg) = [¢% + (EX)*][¢]: + (EN)’] — (EX)*(EI)
which can be reduced to

Var(Xg) = o%oh + (EX)?ch + (EI1)*0%
Similarly, for the other risky option we obtain

Var(Yg) = o¥od + (EY)?ch + (EII)%6%

Since the real variance is an increasing function of both the nominal expected
return and the nominal variance, ¢% < 0% does not necessarily imply that
0%, < o%,. However, if both X and Y appear in the nominal MV efficient set,
they also both appear in the real MV efficient set. Thus, the MV efficient set in
real terms is larger than the efficient set in nominal terms. This result seems to
contradict the results of the previous section, whereby the SD efficient set
decreases with the introduction of uncertain and independent inflation. However,
this paradox is solved once we bear in mind that SSD and MV yield the same
ordering if the distributions are assumed to be normal and one further assumes
risk aversion. Assuming that X and Y are normally distributed, we indeed obtain
the same ordering of options by the MV and SSD criteria. However, if X and Y
are normally distributed, XII and YII are not normally distributed even if X and
II (and Y and II) are independent and even if they are both normally distributed.
Thus, while normality holds (by assumption) when returns are stated in nominal
terms, this assumption does not hold in real terms. Hence, the fact that the MV
rule is not able to distinguish between XII and YII simply indicates that the MV
rule is not valid (due to the violation of the normality assumption) and not that
such dominance does not exist.

IV. Concluding Remarks

Stochastic dominance criteria as well as the MV rule become significantly more
effective once riskless borrowing and lending are allowed.

Facing uncertain inflation induces the riskless asset to be a risky one, and it
seems that the dominance criteria with borrowing and lending, at least in their
classic form, are invalid.

We prove in this paper the following.

1) Dominance in nominal terms implies dominance in real terms as long as
the uncertain inflation is independent of returns. This assumption is supported
by some of the empirical evidence.

2) If, however, inflation is dependent on returns, then conditional dominance
in nominal terms implies dominance in real terms.

3) Point 1 above implies that the stochastic dominance efficient set is reduced
by the introduction of uncertain inflation, a result which is counterintuitive.
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4) The stochastic dominance rules with riskless borrowing and lending devel-
oped by Levy and Kroll [10] are valid even though riskless borrowing and lending
in real terms do not actually exist.

5) Unlike the stochastic dominance rules, the mean-variance efficient frontier
increases rather than decreases by the introduction of uncertain inflation. This
expansion is a technical one, and no risk averter would select a portfolio taken
from the segment added to the efficient frontier.

REFERENCES

=+ 7. Bodie. “Common Stocks as a Hedge against Inflation.” Journal of Finance 31 (May 1976), 459-
70.

=+ A. H. Chen and J. A. Boness. “Effects of Uncertain Inflation on the Investment and Financing
Decisions of the Firm.” Journal of Finance 30 (May 1975), 469-83.

=+ E. F. Fama and G. W. Schwert. “Asset Returns and Inflation.” Journal of Financial Economics 5
(November 1977), 115-46.

4. P. S. Fishburn. Decision and Value Theory. New York: John Wiley & Son, Inc., 1964.

=+ I. Friend, Y. Landskroner, and E. Losq. “The Demand for the Risky Assets under Uncertain
Inflation.” Journal of Finance 31 (December 1976), 1287-97.

6. J. Hadar and W. R. Russell. “Rule for Ordering Uncertain Prospects.” American Economic Review
59 (1969), 25-34.

=+ G. Hanoch and H. Levy. “The Efficiency Analysis of Choices Involving Risk.” Review of Economic
Studies 36 (1969), 335-46.

8. H. Levy. “Stochastic Dominance among Log-Normal Prospects.” International Economic Review
(December 1973), 601-14.

. “Multiperiod Stochastic Dominance with One Period Parameters, Liquidity Preference

and Equilibrium in the Log-Normal Case.” In A. Blinder and P. Friedman (eds.), Natural

Resources, Uncertainty, Dynamics and Trade: Essays in Honor of Rafael Lus. New York:

Academic Press, 1977, pp. 91-111.

and Y. Kroll. “Ordering Uncertain Options with Borrowing and Lending.” Journal of

Finance 33 (May 1978), 553-74.

and . “Efficiency Analysis with Borrowing and Lending: Criteria and their Effec-
tiveness.” Review of Economics and Statistics 61 (February 1979), 125-30.

=+ J. Lintner. “The Valuation of Risk Assets and the Selection of Risky Investments in Stock
Portfolios and Capital Budgets.” Review of Economics and Statistics 47 (February 1965), 13-

9.

10.

11.

37.

13. . “Inflation and Common Stock Prices in a Cyclical Context.” National Bureau of Economic
Research, Inc., 53rd Annual Report, September, 1973, 23-36.

14. . “Inflation and Security Returns.” Journal of Finance 30 (May 1975), 259-80.

=+ H. M. Markowitz. “Portfolio Selection.” Journal of Finance 7 (March 1952), 77-91.

16. J. P. Quirk and R. Saposnik. “Admissibility and Measurable Utility Functions.” Review of
Economic Studies 21 (1962), 140-46.

17. R. Roll. “Assets, Money and Commodity Price Inflation under Uncertainty.” Journal of Money,
Credit and Banking (November 1973).

. “A Critique of the Asset Pricing Theory’s Tests.” Journal of Financial Economics 4 (1977),
129-76.

=+ M. Rothschild and J. E. Stiglitz. “Increasing Risk: I. A Definition.” Journal of Economic Theory
2 (1970), 225-43.

=+ W. Sharpe. “Capital Asset Prices: A Theory of Market Equilibrium under Conditions of Risk.”
Journal of Finance 19 (September 1964), 425-42.

21. J. Tobin. “Liquidity Preference as Behavior Towards Risk.” Review of Economic Studies 25
(February 1958), 65-87.

22. G. A. Whitmore. “Third Degree Stochastic Dominance.” American Economic Review 60 (1980),
457-59.

18 =+




	Article Contents
	p. 1223
	p. 1224
	p. 1225
	p. 1226
	p. 1227
	p. 1228
	p. 1229

	Issue Table of Contents
	The Journal of Finance, Vol. 39, No. 4 (Sep., 1984), pp. 937-1256
	Front Matter
	Marketmaker Behavior in an Auction Market: An Analysis of Scalpers in Futures Markets [pp.  937 - 953]
	Futures Markets and Informational Efficiency: A Laboratory Examination [pp.  955 - 981]
	Theory and Behavior of Multiple Unit Discriminative Auctions [pp.  983 - 1010]
	Money Market Funds and Shareholder Dilution [pp.  1011 - 1020]
	Some Results in the Theory of Arbitrage Pricing [pp.  1021 - 1039]
	Arbitrage Pricing Theory and Utility Stock Returns [pp.  1041 - 1054]
	The Leasing Puzzle [pp.  1055 - 1065]
	A Further Empirical Investigation of the Bankruptcy Cost Question [pp.  1067 - 1089]
	Earnings and Dividend Announcements: Is There a Corroboration Effect? [pp.  1091 - 1099]
	Continuous Maturity Diversification of Default-Free Bond Portfolios and a Generalization of Efficient Diversification [pp.  1101 - 1117]
	Rational Expectations and the Measurement of a Stock's Elasticity of Demand [pp.  1119 - 1125]
	A Simple Implicit Measure of the Effective Bid-Ask Spread in an Efficient Market [pp.  1127 - 1139]
	The Effect of Interest Rate Changes on the Common Stock Returns of Financial Institutions [pp.  1141 - 1153]
	A Theoretic Framework for the Analysis of Credit Union Decision Making [pp.  1155 - 1168]
	Taxes and the Theory of Trade Debt [pp.  1169 - 1176]
	The Effects of Inflation and Money Supply Announcements on Interest Rates [pp.  1177 - 1188]
	Notes
	Rankings of Finance Departments by Faculty Representation on Editorial Boards of Professional Journals: A Note [pp.  1189 - 1197]
	Bank Income Taxes and Interest Rate Risk Management: A Note [pp.  1199 - 1206]
	Comparing Time-Series and Survey Forecasts of Weekly Changes in Money: A Methodological Note [pp.  1207 - 1213]
	The Effects of Transaction Costs and Different Borrowing and Lending Rates on the Option Pricing Model: A Note [pp.  1215 - 1221]
	Ordering Uncertain Options under Inflation: A Note [pp.  1223 - 1229]

	Comment
	Signaling and the Valuation of Unseasoned New Issues: A Comment [pp.  1231 - 1237]

	Book Reviews
	untitled [pp.  1239 - 1241]
	untitled [pp.  1241 - 1243]
	untitled [pp.  1243 - 1244]
	untitled [pp.  1244 - 1246]

	Miscellanea [pp.  1247 - 1248]
	Back Matter [pp.  1249 - 1256]



