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THE JOURNAL OF FINANCE * VOL. XXXIX, NO. 4 * SEPTEMBER 1984 

Continuous Maturity Diversification of Default- 
Free Bond Portfolios and a Generalization of 

Efficient Diversification 

W. JOHN HEANEY and PAO L. CHENG* 

ABSTRACT 

This paper presents a method for solving the mean-variance portfolio selection problem 
that is applicable to the case where the number of securities is nondenumerably infinite. 
Necessary conditions for the existence of an optimal portfolio density are obtained and 
an expression for the efficient frontier is derived. The conditions for the existence of an 
optimal portfolio of continuously maturing bonds when their covariance matrix is 
singular are used to derive an arbitrage-free bond pricing equation. A method for 
estimating the covariance matrix and the associated efficient frontier is presented. 

THE CONSTRUCTION OF an optimal bond portfolio comprising bonds of all 
possible maturities requires the concept of a portfolio density defined on the 
continuous maturity of bonds. Obviously, the familiar paradigm of the discrete 
efficient set, e.g., Merton [5], needs to be extended to handle the continuous 
maturity problem. However, it turns out that we need, rather than an extension, 
a generalized approach to portfolio selections. We shall show that the generalized 
paradigm we are seeking will not only solve the problem of bond diversification 
with continuous maturities, but also the standard problem of diversification 
involving any finite set of risky assets. Moreover, the paradigm to be proposed 
in this paper also will solve the problem where the variance-covariance matrix of 
returns is singular. Therefore, in Section I, we generalize the traditional discrete 
paradigm, using the default-free discount bonds as a vehicle to illustrate the new 
approach. The generalization is equally valid for any finite set of risky assets, for 
instance, equity issues. In Section II, we expand the generalization for the discrete 
case to the case where the set of bonds have all possible maturities, i.e., the case 
of continuous maturity. We shall demonstrate the existence of optimal bond 
portfolio densities and the associated frontier. The reader will note in that section 
that the paradigm developed for the continuous case parallels the development 
of the discrete case in the section that precedes it. In Section III, we consider the 
case where the structure of the continuous maturity problem is "incomplete" or 
"degenerate," the analog of the discrete case when the variance-covariance matrix 
is singular. Given the tendency of bond yields of proximate maturities to move 

* Heaney at Simon Fraser University since August 1983, and at University of British Columbia 
prior to August 1983, during which time some of the results in this paper were obtained. Cheng at 
Simon Fraser University. The research began under a leave fellowship grant by the Social Sciences 
and Humanities Research Council of Canada. The research benefitted from the second author's 
association with the Robert Anderson School of Management, the University of New Mexico, where 
he developed the research idea in a graduate course on bank management. 
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together, we anticipate that a degenerate variance-covariance matrix is the 
normal situation to be considered in a bond portfolio selection problem, although 
ultimately this is an empirical issue. In Section IV, we show how our results may 
be applied in a world with continuous trading opportunities and suggest a method 
for solving the bond portfolio selection problem in practice. 

I. A Generalization of the Discrete Mean-Variance Efficient 
Diversification 

We begin by using a finite set of default-free discount bonds to generalize the 
traditional paradigm of portfolio diversification, although the results are equally 
valid for any finite set of risky assets. 

A dollar invested today in a default-free discount bond maturing in j periods, 
j = 1, ** , N, with a yield to maturity roj will generate a cash flow of eiroi in j 
periods. The value of this cash flow at the end of the first period is 

eiroj-(j-1)rlj, j 2 (1) 

where P1j, j - 2, is the random default-free bond yield, with a maturity of j - 1 
periods as of the end of period one. The expression in (1) may be viewed either 
as the random final wealth at the end of period one by investigating one dollar 
today in a j-period bond, or as the random rate of return plus one. For j = 1, (1) 
reduces to erol, which is just the one period risk-free rate plus one. 

Let T = j - 1 and define (1) as 

- (T+l)ro,T+l T1,T+1 T =1,* ,T (2) 

where T is the maturity as of the end of period one. Denote by r the random 
vector with elements PT, T = 1, ***, T, with a mean vector ,u and a variance- 
covariance matrix z = I r, T, T = 1, * ., T. Note, for example, PT's will have 
a joint lognormal distribution if the yields 1,T+1, T = 1, ***, T, have a joint 
normal distribution. Thus, let ZT N(4T IJ2(iT)), where 

Z (r + 1)ro,T+l -Tr,7+i, T = 1, ...* T 

(- + 1) ro,T+l - Tr1,T+1 

a 2(Z) _r2UT20(r1,T+1) 

It follows that 

U T= eZ7+(1/2) (7 

oUT = e2Z+a T(z)(ea72(Z) - 1) 

o = eZ+(1/2)ff2(i7)+Zi,+(1/2)(2(i,)(eCov( 
( ) - 1) 

where 

COV(ZT, ZT') = TT' COV(P1,T+1, r1,T +1), T, = 1, ...* T 

Given ,u and I, the customary paradigm is to minimize' x'2;x, subject to x',u = 
1 A prime to a vector or a matrix denotes transpose. Vectors without primes are taken to be column 

vectors. 
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E and x't = 1, where E is any desired expected portfolio return, x is the vector 
of discrete portfolio weights x,, r = 1, * * *, T, and t is the vector of one's. The 
well-known first-order condition for the problem is 

2X = ?12(Wl1 + W2t) (3) 

where w1 and w2 are the- Lagrangian multipliers corresponding to the two 
constraints. Assuming z is not singular, it is usual to premultiply (3) by 1-1 to 
obtain x, and then impose the two constraints to determine w1 and w2. An 
expression analogous to (3) also occurs as the first-order condition to the 
continuous portfolio selection problem (see Section II), but in this latter case the 
meaning of '-1 is far from obvious. We can avoid explicit consideration of '-' 
and solve the portfolio selection problem by introducing the eigenvectors and 
eigenvalues of I, namely, those vectors YT and numbers X, such that 

XYT = TYT 9 T =~_1, * * X T (4 ) 

Assuming nonsingular z (the case of singular z is treated below in Section III), 
the eigenvectors of z are independent and complete, i.e., any T by one vector can 
be expressed as a linear combination of the YT. Thus, we can write 

X = 1 XTYT (5) 

and 

f -12(w11 + W20) = ST-= fTYT (6) 

where XT and fT are appropriate scalars. In addition, the eigenvectors of z are 
orthogonal,2 i.e., 

YT,YT7 S T=T', TI' = 1,* ,T, 

and normalized, i.e., 

YyTlYT 1,. ST 

Thus 

X= YT X 

and 

fT = /2?W1YT A + 1/2W2YT t (7) 

Substituting (5) and (6) into (3) and using (4), we obtain 

ST=1 (XTXAT fT)YT (8) 

Since the YT's are independent, we have 

XT = ?T'fT (9) 

2 Since '' is a real symmetric matrix of full rank, its eigenvectors may be chosen to form an 
orthonormal set (see Mirsky [7]). 
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and 

X = 11 fTYT - /2W1 XT(YT )y + ?w2 ET=1 X;1(yTt)y7 (10) 

Using the following definitions, which are equivalent to those of Merton's [5], x 
may be expressed in familiar form:3 

a _t(=iX 1YT HYT) = X AT(YT H)(YT J) 

b u (X= 7T ATy(YTyH 

C - F(E X1YT LYT) TT(T 

xp (1/a)Z,XAT(YT u)y, 
Xq- (l/C)ETXf (YT )Y 

Thus, we can express (10) as 

x = ?2waxp + 1/2W2CXq (11) 

We have followed a circuitous route to obtain (11) from (3), but the payoff is 
that the method may be generalized in a straightforward fashion to handle the 
continuous portfolio selection problem. In addition, the same approach is appli- 
cable when 2 is singular. 

To complete the analysis of this section, we use the two constraints E = u'x 
and 1 = 'x to obtain from (11) two linear equations 

E = 1?2w1b + 1/2w2a 

1 = ?12w1a + ?/2W2C 

with solutions 

(cE-a\ 
= kbc - a2! 

w2=2 (bc-aE) (12) 

Thus, the optimal portfolio weights for the T maturities are the vector 

x = acEc 
- a xp + (bc-ai Xq (13) 

The expression for the efficient frontier follows by using (3), (12), and (13): 

2cE-bc - a2 ( b) (14) 

Note that (12), (13), and (14) are familiar results (see Merton [5]). 

3 xP and xq below are, respectively, the familiar "tangent portfolio" and the absolute minimum 
variance portfolio (see Merton [5]). 
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II. Continuous Maturity and the Optimal Bond Portfolio Density 

The reformulation of the bond portfolio problem with discrete maturities in the 
preceding section essentially carries over to the case of continuous maturities. 
However, a slight modification of the preliminaries is necessary. 

A dollar invested today in a default free-discount bond maturing beyond the 
current period with a yield to maturity ro (t) will generate a cash flow of etro(t) at 
time t. The value of this cash flow at the end of the current period with length 
At as a unit of time is 

r(t) _etro(t"-t-1);l(t), t >1 

where r (t) is the random bond yield with a maturity of t - At = t - 1 as of the 
end of the current period. Let ,u(t) be the mean of r(t), and u(t, t') be the 
variance-covariance function of r(t) and r(t'), t, t' > 1. If t = t', a(t, t') is the 
variance of r(t), otherwise it is the covariance of r(t) and r(t'). Of course, the so- 
called current period can be made as short as desired. Given ,u(t) and a(t, t'), 
the bond portfolio problem may be stated as 

rT rT 
MinL= J dt J dt'x(t) a(t, t' )x(t') 
x(t) 

+ wi(E- f x(t')1u(t') dt') 

T 

+ w2(1 x-f ) dt') (15) 

where T is the maximum maturity entertained and x(t) is the bond portfolio 
density, a function we seek to minimize L. 

The existence of a solution to the problem calls for several restrictions on the 
functions entering (15):4 

(a) x(t) and ,u(t) must be square integrable,5 i.e., 

rT rT 

f x2(t) dt <oo and Is2(t) dt <00 

(b) fT dt' fT dt a(t, t') < oo. 

For the ensuing exposition, it will be convenient to adopt the following simple 
notations when confusion does not arise. 

'See Mikhlin [6]. We use the word function to mean square integrable functions. 
'The fact that x(t) must be square integrable rules out the possibility of choosing a finite set of 

bonds from the available continuum of maturities. In that case, the density would be located at a 
finite number of points and would have to be infinite at each point so that f T x(t) dt = 1. For example, 
if only one bond of maturity t* were chosen, x(t) = b(t*- t) where b(t* - t) is the Dirac Delta 
function fT b(t* - t) dt = 1, but fT 2(t* - t) dt = mo. 
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(a) If any two functions h(t) and g (t) are square integrable, their "inner 
product" is denoted by 

rT 

(h, g) = (g, h)-f dt h(t)g (t) 

This is analogous to the inner product of two vectors. 
(b) The multiplication of a "matrix," e.g., a(t, t') with any "vector" h(t) is 

denoted by 
rT 

ah fT dt' a(t, t')h(t') 

which may in turn be viewed as a "vector" as in the discrete case. It follows 
that the "inner product" of ah and any function g can be written as 

rT rT 
(g, ah) f dt dt' g (t) a(t, t' )h(t') 

If g = h, for example, it is analogous to the "quadratic form" in the discrete 
case. 

With this convention, we restate the portfolio problem in (15): 

Min L = [(x, ax) - 2(x, f) + w1E + W2] (16) 
x(t) 

where 

f(t) /2 [W11U(t) + W2] (17) 

(x, x) < oo, (,u, ,u) < oo, and (f, f ) < oo, and a(t, t') is such that: 

(a) it is symmetric, i.e., a(t, t') = a(t', t), 
(b) it is positive definite, i.e., (x, ax) > 0 for any x(t), and 
(c) (g, ah)2/(g, ag)(h, ah) c 1 for any g and h.6 

To show that x(t) exists, we invoke three theorems. 

THEOREM 1. If a is positive definite, the function x(t) which minimizes the 
functional 

F(x) = (x, ax) -2(x, f) 

satisfies 

ax = f 

and conversely, if ax = f has a solution, F(x) assumes its minimum value for the 
solution. 

For a proof of the theorem, see Mikhlin [6]. It follows that the first-order 

6 This is analogous to p2 5 1, where p denotes the correlation coefficient. 
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condition for the portfolio problem in (16) is 
rT 

fI dt' c(t, t')x(t') = f(t) (18) 

Equation (18) is a Fredholm integral equation of the first kind and has been 
exhaustively studied.7 a(t, t') is known as the kernel of the integral equation, 
which is said to be closed if there does not exist a function h(t) such that 

rT 

ch- J; (t, t')h(t') dt' = O 

THEOREM 2. If a is a closed symmetric kernel, there exists a denumerably infinite 
set of eigenfunctions kn (t) and eigenvalues Xn satisfying 

rT 

On-f dt' U(t, t')bn(t') = An(n, n = 1, 2, . 

Moreover, 

(a) the eigenfunctions are orthogonal and normalized, i.e., 
rT 

(On, fn ) dt On(t)4O'(t) = O, n 5 n' 

rT 

(n, fn) T dt /n(t) = 1 

(b) the eigenfunctions are complete, i.e., given a function g (t) there exists a set 
of numbers gn such that 

g(t) = En=l gn4n(t) 
rT 

where gn--(g O)n)- g (t) On (t) dt. 

It follows that 
rT 

f g2(t) dt n= gn <?? 

since g (t) is square integrable, (On, 4n) = 1 and (n , On') = 0. The proof of the 
theorem can be found in [8]. 

THEOREM 3. For a closed symmetric kernel, the Fredholm equation ax = f has a 
solution if and only if 

EX01 f 2/X2 < 00 

where 

fn e (f, (n) 

'See, for example, Pogorzelski [8]. 
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The solution is 

x(t) = nm=l fnvXnXk(t) (19) 

We give the proof as follows, invoking Theorem 2 where necessary. 
Since the eigenfunctions of a are complete, we can write 

x(t) = n= XnOn(t) (20) 
where 

Xn - (x, On ) 

We can write the first-order condition in (18) as 

rT 

f a(t, t') EnXnOn(t') dt' = n/nOn(t) 

which yields 

EnXnnXnn(t) = Znfnfn(t) (21) 

Now (21) implies8 that XnXn = fn and we obtain 

x~=Xn 1f, n=1,2,.*. (22) 

Since by construction x(t) is to be square integrable, then by Theorem 2, 

rT 

f x2(t) dt = n < 00 

Hence, 

EnXn = En nAn <? 
2 < oo ~ X2 0 

Conversely, if Enxn < oo, then x(t) is square integrable, with xn = 

fn X -1. Q.E.D. 

Given these three theorems, the solution to the portfolio problem in (12) 
follows immediately. First, define 

rT 

pn- (t) On(t) dt-(/1s (tn) 

rT 

en O dn(t) dt-(1L Otn)i n = 1, 2, ... 

Since the eigenfunctions are complete, we have that 

AM = 'n=1 AsnOn(t) and 1 = En=l enOn(t) 

From the definition of f (t) in (17) we have 

fn = ?12(W1An + W2en) 

8This is again analogous to the discrete case where y7, r = 1, ..., T are the eigenvectors of I. 
When two linear combinations of y,'s in T space are equal, then they must be identical linear 
combinations, where the y, are independent. 
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Thus, from (19), we obtain the solution x(t) in terms of w1 and w2: 

x(t) = X, 1/2X8(WlUn + W2en)+n(t) 

1/2WZnXn AnOn(t) + 1/2 W2ZnX (23) 

where , -1 and lenO may be viewed as two "linear combina- 
tions" in infinite space, i.e., as two "vectors." 

We now define, using the two "vectors," 

a e (,nAn AnOn(t), 1) 

rT 

- f nTXn1 An4On(t) dt =En ,Anen 

ba(nnwnrAnen(t) ,u(t)) 
rT 

x(t Enn-'/nwnax (t) +t) dt/ = EnWnXq n 

c-(EdnX-'en0n(t), 1) 

rT 

E nXn-'en0)n(t) dt- En n 1n 

xp (t) -(1/a) n X n lnOn(t) 

xq (t) -(1/c)E n X enOn (t) 

and write (23) as 

x(t) = 112w,axp(t) + 112W2CXq(t) (24) 

which is analogous to (11) in Section II. In addition, we have that 

E = ?12w1b + ?/2w2a 

and 

1 = ?12w1a + ?12W2C 

by using the constraints (x, ,) = E and (x, 1) = 1. Analogously, we obtain the 
solutions 

wi 2( ) a and W2 2 b - aE (25) 

and 

x(t) a 
cEb - a2 xp(t) + /b 

- aE 
Xq(t) (26) bc)= c- a2 be -aE2 

The associated efficient frontier follows, since 

(X, ax) = (X, f) = (x, 1?2(Wl1 + W2)) S2 
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and by substituting for x, w1, and w2 from (25) and (26), we obtain 

S2 = b 2 (cE2 - 2aE + b) (27) 

In concluding this section, it is interesting to consider the role played by the 
eigenfunctions n(t). Let a portfolio n have the portfolio density 

rT 

Zn (t) On n(t01 On(t) dt-=n(t)len 

so that 

n = (Zn aJZn) = An/en 

and 

Snn' = (Zn, aZn') = 0 

where Zn' (t) = On (t)/en , n $ n'. Thus we see that portfolios z represent 
independent and complete sources of uncertainty. The analog for the discrete 
case is also easily identified as follows. Define 

ZT YT/L IYT9 T =L ... * T 

where yT is the 7th eigenvector of I. Then it follows that 

XT=1 Z Z = 'R= 2T T = trace of z 

where R is the diagonal matrix of eigenvalues. Note that the trace of z is the 
sum of all the variances of the T risky securities. 

III. Optimal Bond Portfolio Density with Degenerate Kernel 

We now consider the case when the kernel a(t, t') is not closed, often referred 
to as the degenerate kernel. The degeneracy is defined as follows. There exists a 
function h(t) $ 0 such that fT a(t, t' )h(t') dt' = 0, where h(t) is square integrable. 
The consequence of degeneracy is that o(t, t') only has a finite set of eigenfunc- 
tions and eigenvalues. That is to say, the eigenfunctions are incomplete and can 
only span a subspace of finite number of dimensions. 

Suppose the degenerate a(t, t') has N eigenfunctions and eigenvalues, i.e., 

fT cr(t, t')On W(t) dt = Xntn(t), n = 1, .*.., N 

Let O>n (t) span a subspace S of dimension N. Given an arbitrary function g (t), it 
is possible to decompose it into two parts: g. (t) that lies in S and go (t) that is 
orthogonal to S such that 

g(t) = gs(t) + go(t) 
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It follows that 
7' 

(go, (bn) f go(t)40n(t) dt = 0, n = 1, *--, N (28) 

and the result 

(9, ?On) = (g.s + goi ?On) = (gsi ?On) gsn, n = 1, * * , N 

Moreover, we state without proof9 the theorem that a function which is orthog- 
onal to the eigenfunctions of a(t, t') is also orthogonal to a(t, t') itself, i.e., 

rT 

ago fT a(t, t') go(t') dt' = 0 (28') 

Given the above preliminaries, we consider the portfolio density problem with 
the first-order condition as before, i.e., 

ax = f (29) 

but with a having a finite number of N eigenfunctions. 

THEOREM 4. A necessary condition for a solution to the portfolio problem to exist 
when a(t, t') is degenerate is that there exists a number k such that ,u(t) - k 8 S. 

Proof: Let 

x(t) = Xs(t) + xo(t) 

f(t) = fs(t) + fo(t) 

Then, since 

ax = a(xs + xO) 

= ax" using (28) 

= >2EnXnX8n 

= EnXnXn(>n E= Si 

a necessary condition for a solution to (29) is that f E S. Thus, we require 

fo(t) = f(t) - fs(t) = 0 

or 

1/2[Wl1(t) + W2] - ?nw1 n MnXn(t) + W2 En en0n(t)] = 0 

Rearranging, we obtain 

M(t) -k = N (,n - ken)On(t) E S 
where 

k -w2/w1 Q.E.D. 

9 For a proof, see [8]. 



1112 The Journal of Finance 

Define 

v5(t) - n=l (An - ken)4On (t) = n Vsn On4(t) 

so that , (t) = k + vs(t). Decomposing x(t) = x8(t) + xo(t) and using (28), we now 
reformulate for this "degenerate" case the portfolio problem as expressed in (15): 

rT rT 

Min dt I dt' xs(t)a(t, t')xs(t') 
x(t) 

+ w{ E k fT x8(t')Ps(t') dt' 

+ w2[1 xs(t) dt' - xo ) dt'] (30) 

Noting that fT x8 (t' ) dt' is not restricted, we can reformulate (30) as follows: 
rT rT 

Min J dtJ dt' x8(t)r(t, t')xs(t') 
x(t) 1 1 

+ w E - k - f xW(t')P.(t') dt'] (31) 

THEOREM 5. The solution to the reformulated portfolio problem when a is degen- 
erato is 

xs(t) (E - k) -xp.(t) 
bs 

where 

Xps (t) Wlas)En Xn-lVsn0)n(t) 

aSnn-1 snen 

bs En An s2n 

with 

rT rT 

f xps(t) d(t) = (1/a8) f nAnXvnsn8n(t) dt 
1~~~~~~~ 1 

Pn = )nAn n = 1 

Proof: The theorem follows from using the first-order condition 

rT rT 

f a(t, t')x8(tW) dt' = w i vs(t') dt' 

expanding x8 and vP in terms of the eigenfunction /n as in Theorem 3 and using 
the constraint in (31). Q.E.D. 

If we solve (31) with the constraint fT x8(t) dt = 1, we see, by inspecting (31), 
that the efficient frontier associated with xs(t) is a hyperbola in the E - k 
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standard deviation plane. It follows that the unconstrained choice x8(t) corre- 

sponds to a fraction of wealth (E - k) as invested in the portfolio located on the 

constrained frontier where a tangent drawn to the frontier would intersect the 
origin in the E - k standard deviation plane. 

When the kernel o(t, t') is degenerate, riskless (i.e., zero variance) portfolios 
may be constructed from the assets. Unless all such portfolios yield the same 
return k, infinite profits (riskless) would result by shorting a riskless portfolio 
with low return and investing the proceeds in one with a higher return. That all 
riskless portfolios yield the same return is guaranteed by Theorem 4, i.e., 

kx 8)=k1 _aS (E -k)] 

Thus, the optimal portfolio consists of an amount 1 
a . 

(E - k) in a riskless 

portfolio yielding k, and the rest in the tangent portfolio yielding 

(xp,, A) = k + bs 
a. 

Results analogous to Theorems 4 and 5 may be proven in the case where the 
portfolio selection problem is discrete. Thus, given N assets with mean return 
vector ,i and variance-covariance matrix 2, we state without proof the following 
theorem. 

THEOREM 4'. If 2 is the rank J < N, the eigenvectors of 2 span a subspace S of 
dimension J < N, and a necessary condition for a solution to the mean-variance 
portfolio selection problem is that there exists a number k such that u- kt E S. 

IV. Continuous Trading, Continuous Maturity Diversification, and 
Conclusion 

Theorem 4 or 4' can be used as the basis for formulating arbitrage arguments 
with continuous trading opportunities. In this case, at each calendar time T, the 
trading horizon is at T + dT. By way of example, if there are two assets where 
the price of asset 1 follows the stochastic process 

p1 = a dT + a dz 
Pi 

where dz is the standard normal Wiener process and the price of asset 2 is a 
function of Pi, i.e., P2 = P2 (P, T), then the variance-covariance matrix per unit 
time, 2, is singular. Using Ito's lemma, we have 

/ 2 2 PEl P2 

(P2 aP 

P1 aP2 2(Pl. aP2 ) 2 

P2 aP1 \P2 P1 
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and there is only one eigenvector 

Yi = (Pi 4P2) 

P2 dpi 

According to Theorem 4', for there to be a solution to the portfolio problem 
there must exist a number k such that the instantaneous expected return on the 
two assets in excess of k is a vector parallel to yi. Thus, we have two equations: 

( )- k( = C Pl (P2) 
P2 (Pl 

where c is a constant, t,l = a, and using Ito's lemma, 

1 /dP2 dp2 1 2 2 02p2\ 

P2 
= p- T 

+ 
ap/ ap I 2 1f P- Tp2J 

Substituting ,u2 into the second equation above and eliminating c via the first 
equation, we obtain the Black-Scholes [1] equation for P2, where k is interpreted 
as the riskless rate. 

More generally, suppose that in the case of a portfolio of pure discount bonds 
with continuous maturity, the price of a bond may be written as p(s, t) where s 
is a vector of N state variables following the joint Wiener process 

dsi = ai dT + ai dzi 

E(dzi dzj) = Pij dt, pii = 1 

and t is time to maturity of the bond. The instantaneous variance-covariance 
matrix per unit time for the portfolio is, using Ito's lemma, 

(t, t') = 1iajpij1 1 dp(t) dp(t) (32) 

Note that (32) is degenerate since there are only N eigenfunctions which lie in 
the subspace spanned by the vectorsl1 

1 Op(t) i= 1, . N 
P aS 

Thus, using Theorem 4 and Ito's Lemma, we have 

if-.+ OP + 1/2 Ei d d -kp = ci (33) at Osi 
i 

Osias O9si 

where ci are independent of time to maturity t. 
Results such as (33) are well known11 in the literature but their relationship to 

"' See Theorem 6 below. 
" See, e.g., Brennan and Schwartz [2]. 
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the structure of the variance-covariance matrix and the associated bond portfolio 
problem have not been stressed. 

In practice, the solution to the bond portfolio problem requires that we estimate 
u(t, t') and solve for its eigenfunctions and eigenvalues. We will assume that a 
is degenerate and of rank N and write'2 

i(t, t') = Zi=1 ZJ=1 bifi(t)fj(t') (34) 

where fi(t) are known independent functions of t. For example, if N = 1 and f (t) 
= t, comparison of (32) and (34) may suggest the interpretation of a single state 
variable s, which is the yield to maturity and the same for all bonds, in which 
case, 

bil = al and fA(t) = = t = duration 
p 'as 

In this case the optimal portfolio density for the risky bond portfolio x,(t) is 
linear in t. Analogously, in the one-factor square-root interest rate model of Cox 
et al. [4], where x.,(t) is monotonic and increasing with t,'3 the bonds of long 
maturities predominate the efficient risky bond portfolio. The density asymptot- 
ically approaches an upper limit so that, given the values of the parameters of 
their model, bonds of more than 3 years to maturity would be held in roughly 
equal amounts in the efficient risky bond portfolio. 

In general, bij and N are to be estimated by fitting to the historical data and 
no illuminating interpretation may be possible. Define the matrix F* with 
elements 

F= f dtfi(t)fj(t) 

and solve the eigenvalue problem 

BF*Aj= XjAj (35) 

where B is the matrix 11 bij 11. The solution to the portfolio problem can then be 
constructed with the help of Theorem 6. 

THEOREM 6. The eigenvalues of c(t, t') are the eigenvalues of BF*, i.e., Xl, .., 

XN in (35), while the eigenfunctions of c(t, t') are 

j(t) = ZiN=1 aijfj(t), j = 1, *.., N 

where aij are the elements of the eigenfunctions A of BF*.14 

It is interesting at this juncture to compare our work with the research by 

12 A degenerate symmetric kernel can always be expressed in the form (34). See Pogorzelski [8]. 
3 In their model, the state variable is the instantaneous riskless rate and 

f,(t) = 2(e"'-')/[(y + k + X)(eyt-') + 2'y] 

where y, k, and X are constants defined in [4]. 
'4 We omit the proof, which is available on request, in the interest of saving space. 
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Chamberlain and Rothschild [3].15 Both papers are formulated in a Hilbert space, 
both treat an infinite set of assets, and both employ the ideas of zero arbitrage 
and factor structure. However, the Hilbert spaces employed are quite different. 
In Chamberlain and Rothschild's (CR) paper, the elements of the space are 
random variables with a distribution function P defined. The space is L2(P). In 
our work, the elements of the space are functions. The portfolio weights them- 
selves are elements of the space. The space is L2. Regarding the infinite set of 
assets, CR consider a countable, in the limit countably infinite, set of assets. We, 
in the main, are concerned with a noncountably infinite set of assets. The 
connection between these two approaches in this regard is as subtle as that 
between the continuum and the integers."6 With respect to zero arbitrage, CR 
define it in terms of the behavior of a cost function and mean return function. 
Their definition ensures that the cost and mean return are continuous linear 
functionals on L2(P). They exploit this fact to show that the mean-variance 
efficient set is generated by two portfolios. We, however, do not define a cost 
function, and while the mean return on a portfolio is a linear functional in L2, 
no use is made of this fact. We endeavor to construct mean-variance efficient 
portfolios as linear combinations of the eigenfunctions of the kernel r(t, t') and 
show this is possible if the kernel is closed. If the kernel is degenerate, we show 
that this is possible only if the excess expected return vector is a linear combi- 
nation of the eigenfunction of a corresponding to nonzero eigenvalues. When a 
is degenerate there are riskless portfolios. By adopting the condition on the 
excess expected return vector, we ensure the result that the excess return on all 
riskless portfolios is zero, thereby ruling out arbitrage possibilities. Finally, CR 
are concerned with approximate factor structures. We, however, view the eigen- 
functions of the kernel as "factor loadings," in which case the "factor structure" 
would be exact. 

The purpose of this paper has been to generalize the mean-variance approach 
to handle the bond portfolio selection problem with continuous maturities. We 
have demonstrated that the problem is already implicit in continuous trading 
paradigm when bonds are assumed to mature at each point in time and have 
shown that when the instantaneous variance-covariance matrix is singular, the 
instantaneous excess return on bonds over the riskless rate must be a linear 
combination of the eigenfunctions corresponding to the nonzero eigenvalues of 
the covariance matrix to prevent arbitrage. Using Ito's lemma, we observed that 
this latter result leads to pricing equations for bonds. Finally, we have outlined 
a practical approach for estimating the covariance matrix for bonds and shown 
how it may be used to solve the normative problem of choosing the optimal risky 
bond portfolio. 

1 The authors are grateful to an anonymous referee for bringing to our attention the complemen- 
tary work by Chamberlain and Rothschild [3]. 

1 The results of Section I and Theorem 4' can be extended to the case where the assets are 
countably infinite by imposing restrictions on the covariance matrix and vectors x and ,, which are 
analogous to the two restrictions (a) and (b) of Section II. Namely, vectors should be "square 
summable." 

ztl Xtz < X and ztZ51 ztXl oC,tc <co 

This space is 12. 
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