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THE JOURNAL OF FINANCE ¢ VOL. XXXIX, NO. 2 « JUNE 1984

Conditions for Myopic Valuation and Serial
Independence of the Market Excess Return in
Discrete Time Models

GUNTER FRANKE*

ABSTRACT

In a multiperiod pure exchange world with investors displaying HARA-preferences,
conditions for period-by-period application of one-period asset pricing models are
derived first. The future investment opportunity set may be uncertain, provided that in
every period a specific market portfolio variable depending on preferences is known as
of the preceding date. This variable need not be completely deterministic.

Second, conditions for a serially independent market excess return are derived. These
conditions render serial independence very unlikely. Hence estimation methods assum-
ing serial independence are likely to yield biased results.

WHILE MULTIPERIOD capital asset pricing models generally involve intertemporal
interdependencies in the pricing of assets, there exist conditions under which the
multiperiod model becomes indistinguishable from a sequence of one-period
models. If these conditions are met, then the price of an asset with cash flows at
various dates can be derived by applying the one-period pricing model recursively
period by period. The valuation process then is called quasi-myopic at every date.

The quasi-myopic valuation problem has been addressed by various authors in
both continuous and discrete time contexts (see Bhattacharya [1], Constantinides
[5], [6] and the references cited therein). Since this paper is confined to discrete
time models, we shall mention explicitly only those previous analyses which are
cast in discrete time. Stapleton and Subrahmanyam [19] derived an equilibrium
model in which investors have constant absolute risk aversion, risk-free interest
rates are completely deterministic, and all asset cash flows are multivariate
normally distributed. The authors proved that the market price of risk in any
period is completely deterministic so that myopic valuation obtains.

From an investor’s point of view, the assumptions of Stapleton and Subrah-
manyam are sufficient for the future investment opportunity set to be completely
deterministic. Stapleton and Subrahmanyam considered a pure exchange model
while Constantinides [5], [6] analyzed a model with endogenous production. He
proved that quasi-myopic valuation can obtain even if the future investment
opportunity set facing the individual investor is random. He assumed that the
capital market is Pareto-efficient and that at every date the joint probability
distribution of returns on all assets is exogenously given and independent of
preceding events. Despite these strong assumptions, the market return distribu-

* Universitat Konstanz. The valuable comments of Michael Brennan, Helmut Laux, Mark Ru-
binstein, Richard Stapleton, and unknown referees are gratefully acknowledged. Any errors are mine,
of course.
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tion does depend on preceding events, as does investment in different productive
technologies. Moreover the risk-free interest rate may evolve stochastically over
time.

The first purpose of this paper is to derive necessary and sufficient conditions
for quasi-myopic valuation in a discrete time, pure exchange model without any
assumptions about the distribution of asset returns. In order to keep the analysis
tractable, conditions for aggregation are assumed to hold. More precisely, all
investors are assumed to share the same beliefs and to have sufficiently similar
time-additive or time-multiplicative HARA-preferences so that the market is
Pareto-efficient. Thus the investigation of quasi-myopic valuation in this paper
represents a considerable generalization of Stapleton and Subrahmanyam’s work.

This paper derives the constraint imposed by quasi-myopic valuation on the
future investment opportunity set. From an investor’s point of view, this set may
be summarized by a single variable which depends on preferences and on the
market portfolio return. Constraints on returns of individual assets are irrelevant
as every investor always buys a fraction of the market portfolio. Quasi-myopic
valuation obtains at date (¢ — 1) if the future investment opportunity set-variable
of date t is known as of date (¢ — 1). However, this variable need not be completely
deterministic, i.e., known as of date 0.

The precise nature of the constraint on the future investment opportunity set
depends on preferences. If utility is time-additive, the constraint can be expressed
in terms of aggregate wealth and consumption. With constant proportional risk
aversion, quasi-myopic valuation at date (¢ — 1) obtains if the ratio of aggregate
consumption over aggregate wealth of date ¢ is known as of date (¢t — 1). With
constant absolute risk aversion, quasi-myopic valuation obtains if the ex-dividend
market value of the market portfolio of date ¢ is known as of date (¢t — 1). No
constraint is needed in the case of logarithmic utility because the logarithmic
investor is a myopic investor.

The empirical application of a quasi-myopic valuation model is simplified if
the distribution of the market excess return can be estimated easily. Serial
independence of the market excess return facilitates this estimate considerably
and is, in fact, usually assumed in empirical work. Therefore, the paper derives
also the conditions for a serially independent market excess return. Rosenberg
and Ohlson [13] have shown that a fundamental degeneracy obtains if the returns
of all individual assets and of the market portfolio are required to be serially
independent and stationary. This paper shows that even serial independence of
the market excess return, disregarding other conditions, is very unlikely to be
encountered in empirical tests. If, in addition, other conditions are imposed,
then, a fortiori, there is hardly any hope of all conditions being fulfilled.

Serial independence of the market excess return obtains

—for constant proportional risk aversion only if the risk-free interest rates are
completely deterministic,

—for constant absolute risk aversion only if the ex-dividend values of the
market portfolio are completely deterministic,

—otherwise only if the risk-free interest rate is serially dependent and if,
simultaneously, a certain function of risk-free interest rates is serially
independent.
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Therefore serial independence of the market excess return is very unlikely to
exist.

Finally it will be shown that serial independence of the market excess return
implies quasi-myopic valuation under constant proportional and constant abso-
lute risk aversion and under logarithmic utility. Otherwise both are mutually
exclusive. This points to the danger of making assumptions about both prefer-
ences and the properties of asset returns since the assumptions may be incon-
sistent.!

The paper is organized as follows. In Section I, the economic setting and some
basic implications for equilibrium are presented. Section II discusses the condi-
tions for quasi-myopic valuation, Section III those for serial independence of the
market excess return, and Section IV the conditions for both.

I. The Economic Setting

A. Assumptions

The economic setting is described by the following assumptions.

(A1) The capital market is perfect and competitive; there are no taxes, no
transaction and information costs, securities are infinitely divisible, short selling
is not restricted, and investors act as price takers. All assets are traded in the
capital market.

(A2) Every investor optimizes his investment consumption decisions at dates
0,1,2,---,¢t, ---,T— 1. His utility depends on his real consumption at dates
0,1, ---, T. His utility function is state-independent. Relative commodity prices
do not change over time.?

This assumption allows us to define all prices, consumption, dividends, and
wealth in real terms. Let o, 83:, v, and p; denote parameters of an investor’s
utility function and c; denote his consumption at datet (t=0,1, --., T).

(A3) The investor’s utility is either

1-v

time-additive U=3L, U,

or

. e 1-
time-multiplicative® = —7—7 e U

y
and U, belongs to the HARA-class U, =,pt(at + lﬁtct ) . The parameters are
-

specified without loss of generality in footnote 4.

! This corresponds to Brennan’s finding [3] that in discrete time models under certain distributional
assumptions a risk-neutral valuation relationship for a contingent claim can be assumed to exist only
if risk aversion is constant proportional.

2In general, this is not sufficient to justify a state-independent utility function. See Laux and
Schneeweiss [11].

3 Time-multiplicative utility has been used by Grauer et al. [9], for example.

4 For time-additive utility with

—finite y, 0 #y#1:p,=1,8>0,8=1;
—+ = 0 (logarithmic utility): p: >0, po = 8: = 1;
—+ = — (exponential utility): p, > 0, po = a; = 1, 3; > 0.

Footnote 4 continues on following page.
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(A4) Investors share the same beliefs and have sufficiently similar preferences
so that a representative investor exists. The representative investor’s initial
wealth and his consumption and wealth in every state at every date equal (1/I)
times the corresponding aggregate figure. I denotes the number of investors in
the market.

This assumption restricts beliefs and parameters of utility functions across
investors. Rubinstein [16] has shown for time-additive HARA-preferences that
the capital market is Pareto-efficient if all investors share the same beliefs, the
same v, and the same @-structure B, : 3, : --- : Br. Then (a) every investor’s
consumption at any date is a completely deterministic function of aggregate
consumption at that date and (b) he buys at date 0 a fraction of the market
portfolio and keeps it until date T (in the case of logarithmic utility this requires
in addition that all investors share the same time preference po: p;: - - - : pr; see
[18, p. 33]). The same can be shown to hold for time-multiplicative utility. Thus
a representative investor exists who buys at date 0 the fraction (1/I) of the
market portfolio (see [4], [15]). This allows us to focus on the market portfolio
return without any distributional assumptions such as the assumption of a
separating distribution [14].

(A5) In every state at every date aggregate consumption equals the exogenous
dividend of the market portfolio, i.e., the net amount of money paid by all firms
together to all investors.

This assumption is important for two reasons. First, since the dividend of the
market portfolio (= aggregate dividend) is assumed to be exogenous, a pure
exchange economy is considered. Second, (A5) rules out lending and borrowing
on the aggregate level.® Thus, the representative investor consumes the fraction
(1/I) of the aggregate dividend. Any other investor, however, may consume the
dividend which he receives and, in addition, part of his wealth.

By (A5), the essential exogenous input of the model is the stochastic process
governing aggregate dividends. No assumption is made with regard to this process
beyond some regularity assumptions. This raises the question of whether an
arbitrary process is consistent with investors’ intertemporal investment con-
sumption optimization. The answer is yes. The investor’s optimal investment
consumption strategy depends on the stochastic processes which govern the
market return and the risk-free interest rate. Both processes are determined by
the equilibrium conditions and by the exogenous dividend process, hence both

Footnote 4 continued from previous page.
For time-multiplicative utility with

—w>y>lor(T+1)7'>y>-0,y#0:p=86=1;
—+ = — (exponential utility): p, =, =1,¢=0,8,=8r (t =0, ---, T— 1), B> 0.}

* The restriction v & [(T + 1)7%, 1] is required by risk aversion. Multiplicative logarithmic utility
(v = 0) is excluded since it violates Proposition 1.

+This utility function induces the same investment strategy as U = —[]L, exp(—B.c;) =
—exp(—X %o B.c:) if B.-1/B: equals the gross risk-free interest rate in period t. This condition is
necessary to rule out profitable lending or borrowing of unlimited amounts. As the risk-free interest
rate is not completely deterministic, 8,-1/8: cannot generally satisfy the condition. Therefore, I assume
terminal wealth maximization U = —exp(—Brcr).

5 The economy considered is either the world economy or an economy with a closed capital market.
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processes are endogenous. If, e.g., investors desire to consume more than the
aggregate dividend in some state, then market returns and risk-free interest rates
adjust until the balance is achieved. This adjustment mechanism does not require
any intertemporal optimality of exogenous aggregate dividends; any stochastic
process of aggregate dividends is feasible. This type of model has been analyzed
previously, especially by Rubinstein [16], [17].

B. The Representative Investor’s Optimization

Every investor faces a multiperiod investment consumption optimization prob-
lem. Given an initial endowment of wealth at date 0, he has to decide how much
to consume at date 0, how much to invest in the market portfolio, and how much
to invest in risk-free pure discount bonds of varying maturity. At every subse-
quent date ¢t (t =1, ---, T — 1) he faces the same decision problem, which
depends on the state of nature which has obtained. This multiperiod decision
problem has been solved by standard techniques of dynamic programming (see
(8])-

For notational clarity, small letters denote individual variables and capital
letters denote aggregate variables.

w, = investor’s (random) wealth before consumption at date t,t =0, ---, T}

¢, = investor’s (random) consumption at date t,t =0, --- , T;

v, = (random) amount invested at date ¢ in the market portfolio by the
investor,t =0, ..., T —1;

I = the number of investors;

R, =1 + risk-free interest rate between dates (¢ — 1) and ¢ (= period t), t =
]_, ceey, T;

Ry = 1 + random return of the market portfolio in period ¢;

rue = Ry — 15

Ry, = random market excess return in period ¢, Rg: = Ry — Ry;

C., = aggregate consumption at date t,t =0, ..., T}

D, = dividend of the market portfolio at date t, D, =C;,t =0, ---, T}

W, = cum-dividend market value of the market portfolio at date ¢, t = 0,
..., T, without loss of generality Wy = Cr;

V, = ex-dividend market value of the market portfolio at date ¢, t = 0, 1,

-, T—=1,V,= W,—D,=W,-C;
¢, = information available at date t; it reveals the state of nature which has
obtained at date ¢t,t =0, --., T.

The representative investor’s optimization problem can be stated as follows.
Choose the investment consumption strategy which maximizes E[U(co, ¢, - - ,
cr) | 9o, subject to ¢z = wr, given the initial endowment wl, ¢? =0,t=0, - ..,
T.

The following proposition is not new. Based on the pioneering work of Hak-
ansson [10], Rubinstein [16] has derived the results for time-additive preferences.
As Rubinstein’s paper is not published and his results simplify considerably for
a representative investor, the proof of the proposition is given in Appendix 1.
The proposition can be stated more easily with the following symbols.
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—In the case of non-exponential utility (y > —o):
b, = date t-market value of a risk-free bond which pays
a,(1 —+v)/B,atdater,r=¢, t+1,-.., T, t=0,1, .-- T;
B, =1Ib; af=Ia; B =08

—In the case of exponential utility (y = —):

1—v B:
b, 5, so that btl_7
1—-v Bt
B, = h =1;
p iR so that Bt1_7
a=af =1, BF=4g/L

The intertemporal nature of the investment consumption problem is revealed
by the Future Investment Opportunity Set (FIOS)-variable §,. The solution
assumes an equilibrium in the capital market so that the representative investor
neither lends nor borrows money from other investors.

Proposition 1: (a) In equilibrium the indirect utility function of the represent-
ative investor may be written in the case of time-additive utility as:

1= e 1 - Y
in — Y P:—x(a:—l + Be-1C: 1> + ‘th<bt B + B: w:) £,
Y -y Y -y 1-v

t=1,---,T. (la)

This equation holds also for time-multiplicative, exponential utility with c,_; =
0 fort=1,..-, T. In the case of time-multiplicative, non-exponential utility (g,
=Lt=T—-t+1)

Uin=1‘7<a plo ) (b w ﬁg t=1 T. (1b
t v t—1 1_7 1_7 1_7 ty = 4y 0y . ( )

(b) For all utility functions, optimal investment in the market portfolio re-
quires

i i

(Bt + RmeVior REtft| ﬂt—l =0, t=1, ..., T, (2)
1—-v 1-¥%

with 6 = £ in the case of time-multiplicative, non-exponential utility and § = 1

otherwise.
(c) In the case of time-additive utility, fort=1, ..., T -1,

& is a constant if ¥ = 0 (logarithmic utility), (3a)

and

* -1 * * 1—y
gt§<a¢+1ﬁt_%> (Btlﬁ_—‘yﬁul—ﬁ_‘—ywt) ify#0.  (3b)
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In the case of time-multiplicative utility, fort =1, ..., T —1,
£ = Elexp(—B%ram,es1 Wt)£t+1|¢t] if y = —oo, (3c)
B +R V. (t-1)vy )
&= E[(B _t+(11 _ ;;:11 +t V> Esa| 0| if ¥y > —oo. (3d)
t t t,

In all cases &7 = 1.

This proposition is proved in Appendix 1. The investor’s indirect utility
function and hence his decisions in period ¢ depend on future events only by the
FIOS-variable §. This dependence does not exist in the case of logarithmic
utility, as is well known; the logarithmic investor is myopic.

£ is a dimensionless variable which summarizes the FIOSs of all successive
periods. More precisely, £ determines together with other factors the marginal
utility of wealth at date t, given optimal decisions in the following periods.
Therefore £ summarizes the optimally exploited FIOSs. As the representative
investor holds a fraction of the market portfolio, £ depends on the market
portfolio, but not on individual assets included in the market portfolio. The
dependence of £; on the utility function is easily seen from Equations (3a)-(3d).

II. Conditions for Myopic Valuation

This section derives, first, a necessary and sufficient condition for quasi-myopic
valuation and, second, interprets this condition with respect to the admissible
uncertainty in FIOSs. By definition, quasi-myopic valuation exists if a one-period
pricing model can be applied recursively period by period to derive the price of
an asset at date 0. A one-period pricing model is defined as a model which
explains an asset’s price at date (¢ — 1) by its random price (including dividends,
etc.) at date t and the random marginal social utility of wealth at date ¢ with the
latter being a function of aggregate wealth, but not of the FIOSs. Thus, the one-
period pricing model prices assets disregarding any information on the FIOSs.®

Given the assumptions of this paper, the equilibrium excess return, Rg;, and
hence the equilibrium market value of the market portfolio, V;-;, are determined
by Equation (2) which may be rewritten as

B* ﬁ* 6y—1
E|:<Bl d + d Wt) REtEtI ﬂt-1:| = 0, t = 1, sty T. (2+)
11—y 1-y¥«

This equation determines equally the equilibrium excess return R;; of any asset i,
if Rg, is replaced by R;. Since Equation (2*) uses information on the FIOS-
variable, a one-period pricing model is obtained from this equation if and only if
£ is known as of date (t — 1). Then ¢, is irrelevant for the pricing of assets. As &,
is a constant for logarithmic utility, this proves

Proposition 2: Quasi-myopic valuation exists if and only if the FIOS-variable

6 A broader definition of one-period pricing models is that an asset’s price at date (¢t — 1) is
explained by its random price at date ¢t and the random prices of other assets at date t. Under this
definition the FIOSs may affect the pricing of assets provided there exists a one-to-one correspondence
between the FIOS-variable and the asset prices at date ¢.
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£.is known as of date (¢t — 1), Vt =1, ... , T — 1. It always exists with logarithmic
utility.

The important point is that £, need not be completely deterministic, i.e., known
as of date 0. Constantinides [5], [6] arrives at the same conclusion in his model
which is based on quite different assumptions. It suffices that £ be known as of
date (¢t — 1) so that £ may evolve stochastically over time.

Before discussing the implications of this finding, the relation between quasi-
myopic valuation and portfolio choice will be shown. Suppose an investor derives
his optimal investment consumption strategy by dynamic programming as stated
in Proposition 1. Then his decisions are called myopic if £, is a constant (because
of logarithmic utility) or if £ is completely deterministic (because of a special,
preference-dependent stochastic process governing rates of return). The inves-
tor’s decisions are called here quasi-myopic if £ is known as of the preceding
date. Then £ acts as a multiplicative constant in the indirect utility function of
date (¢ — 1) such that this constant may depend on the available information
@._,. Given these definitions, myopic decisions are quasi-myopic, but not vice
versa. Proposition 2 then states that quasi-myopic valuation exists if and only if
the representative investor’s decisions are quasi-myopic.

Proposition 2 will be discussed now. First, consider time-additive utility. As
quasi-myopic valuation does not require £, to be completely deterministic, aggre-
gate consumption is not required to be a completely deterministic function of
aggregate wealth (Equation (3b)). It is not even generally true that the function
relating aggregate consumption and aggregate wealth at date ¢ must be known as
of date (¢ — 1). Suppose £, is known as of date (¢t — 1) so that & | #.—; = £;. Then,
by Equation (3b),

B.+ W, = _tl/(l—y)[af(l - v)/B¥ + C;] fory > —oo, 4)

If social risk aversion is neither constant absolute nor constant proportional,
then B, is the market value of a bond which depends on future risk-free interest
rates. Thus, B; is not known as of date (¢ — 1) if risk-free interest rates are
stochastic. Consequently, given the information @,_,, aggregate consumption C,
is a random function of aggregate wealth W,. The random element disappears if
social risk aversion is constant proportional or constant absolute.

A testable implication of Equation (4) is that the inhomogeneous rate of
consumption [af(1 — v)/8F + C.}/[B: + W,] is independent of the market return
in period t. If social risk aversion is constant proportional, then the consumption
rate C,/W, = D,/W, = D,/(V, + D,) must be known as of date (¢t — 1). Hence, any
information on events at dates ¢, - - - , T which becomes available in period ¢ and
affects the ex-dividend value of the market portfolio at date ¢, must be accom-
panied by a corresponding change in aggregate dividends at date t. This require-
ment is empirically questionable. If, for instance, large oil reserves are discovered
at the end of period t, then V, will increase although the immediate dividend D,
is unlikely to increase.” Possibly these discrepancies between D, and V, tend to
offset each other if the length of the period increases together with the number

7If D, remains the same, the risk-free interest rate will increase so that every investor still achieves
optimal intertemporal consumption.
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of pieces of information which partly increase and partly reduce D, relative to
V..

With constant absolute risk aversion, ¢, = exp(3# V,) is known as of date (¢t —
1) if and only if the ex-dividend value of the market portfolio at date ¢ is. This
condition is highly counterintuitive. Therefore empirical evidence rules out quasi-
myopic valuation under time-additive, exponential utility.

This result seems to contradict the findings of Stapleton and Subrahmanyam
[19]. The difference is explained, however, by different assumptions. Stapleton
and Subrahmanyam do not require that aggregate consumption equal aggregate
dividend; in their model, money can be borrowed or lent from outside. Hence V,
need not be known as of the preceding date in their model.

Second, consider time-multiplicative utility. The recursive form of Equations
(3c) and (3d) suggests an autocorrelation test to find out if £; is known as of date
(t = 1). Define g;+1 = exp(—B%ru,.+1 W,) if utility is exponential and g;+, = [B.+,
+ Ry Vi "0[B, — (1 — y)a¥ + V,]~97 if utility is non-exponential. Hence,
Gr+1 = R4SV if risk aversion is constant proportional.

From the definition of &, it follows that & = E[qi1&41] 98:] = E[@e+1Ges2 - - -
gr| 8.]. If q has positive autocorrelation, then £, cannot be known as of date (¢t —
1) and thus rules out quasi-myopic valuation. In order to see this, suppose that
gq. turns out to be high, i.e., g;| @, is high. Hence, E[q;+1q:+2 - - - gr| ¥:] = & is high
because of positive autocorrelation. Conversely, £; is low if g;| #; is low. As g, is
not known as of date (¢t — 1), & is not known as of that date, thus ruling out
quasi-myopic valuation. Hence, quasi-myopic valuation is inconsistent with
empirical evidence of positive autocorrelation in q.

III. Conditions for a Serially Independent Market Excess Return

This section derives necessary conditions for serial independence of the market
excess return (SIMR). The market excess return Rz, is defined as the difference
between the return of the market portfolio Ry, and the risk-free interest rate R,.
SIMR exists if and only if the market excess return Rg, is distributed indepen-
dently of the information #,_,, available at the beginning of period ¢t — 1, Vt = 2,
.-, T. The issue of serial independence should not be confused with the issue
of information efficiency (see also Lucas [12, p. 1444]). The assumptions of this
paper are consistent with information efficiency, although the market excess
return is serially dependent in general.

SIMR derives its importance from tests and applications of one-period pricing
models. Although these models do not require SIMR, tests and empirical appli-
cations are greatly simplified by SIMR. Most empirical work, in fact, assumes
SIMR. Therefore, this section analyzes the conditions for SIMR and finds that
they are very unlikely to be satisfied.

Proposition 3: (a) In the case of constant proportional risk aversion (a} =0, v
> —»), SIMR exists if and only if the growth rate of aggregate consumption is
serially independent. A necessary condition is that the risk-free interest rates
and the FIOS-variables be completely deterministic, i.e., known as of date 0.

(b) In the case of constant absolute risk aversion, a necessary condition for
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SIMR is that the ex-dividend values of the market portfolio be completely
deterministic.

(c) In the other cases (af # 0, ¥y > —x), necessary conditions for SIMR are
that the risk-free interest rate be random and serially dependent and that,
simultaneously, aggregate wealth, normalized to zero mean and unit variance,
depend on the stochastic process of risk-free interest rates in subsequent periods
only, such that normalized aggregate wealth is serially independent. The FIOS-
variable £ must not be known as of date (¢ — 1) unless utility is logarithmic.

Proposition 3 is proved in Appendix 2. Proposition 3 reveals that SIMR is very
unlikely to exist. It is well known that in the case of constant proportional risk
aversion, serial independence of the growth rate of aggregate consumption implies
completely deterministic risk-free interest rates. Proposition 3(a) is discomfort-
ing, however, since it shows that completely deterministic risk-free interest rates
are a necessary condition for SIMR. Empirical evidence clearly refutes the
hypothesis that risk-free interest rates are completely deterministic. This evi-
dence suggests that SIMR and constant proportional risk aversion are conflicting
hypotheses.

Proposition 3(b) is even more discouraging. SIMR obtains under exponential
utility only if all future ex-dividend values of the market portfolio are completely
deterministic. This condition is completely unrealistic.®

Proposition 3(c) states necessary conditions for SIMR if risk aversion is neither
constant proportional nor constant absolute. SIMR rules out serial independence
of the risk-free interest rate. A fortiori, SIMR rules out completely deterministic
risk-free interest rates. Uncertainty in all periods is preserved only if risk-free
interest rates are random as can be seen from Appendix 2. At the same time the
normalized wealth variable must be serially independent, although it depends
only on the stochastic process of risk-free interest rates in subsequent periods.
Hence, the possibility of preserving uncertainty in all periods and SIMR appears
to be very limited. In short, there is very little chance of observing SIMR.

IV. Myopic Valuation and Serial Independence of the Market
Excess Return

Since SIMR derives its importance from tests and empirical applications of the
one-period pricing models, it is natural to ask whether the conditions for quasi-
myopic valuation are consistent with those for SIMR. From Propositions 2 and
3, Proposition 4 follows immediately.

8 The following example illustrates this condition for the last period. Consider a single competitive
technology with constant returns to scale, the return being serially independent. The market return
is thus exogenous and serially independent. Equation (2) yields E[exp(—8%RyrVr-1)Rur| fr-1] =
RrE[exp(—B%RyrVr-1) | O7-1]. If Vp_y — 0, Rr — E[Ryr|@7r-1]. The higher Vr_;, the riskier is
terminal wealth and hence the smaller R7. Thus, a change in the investment Vr_; changes the risk-
free interest rate and consequently the market excess return. SIMR, therefore, obtains if and only if
Vr-1is completely deterministic.

?In the case of time-multiplicative, exponential utility a completely deterministic Vr_, rules out
all uncertainty in periods 1, ..., T — 1 since consumption is zero at these dates. Hence the model
essentially collapses to a one-period model.
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Proposition 4: (a) SIMR implies quasi-myopic valuation if utility is logarithmic
or if social risk aversion is constant proportional or constant absolute.
(b) Otherwise, SIMR and quasi-myopic valuation are mutually exclusive.

Proposition 4 shows that SIMR is not always sufficient for quasi-myopic
valuation. If it is not, then SIMR and quasi-myopic valuation cannot exist
simultaneously.

In the following, Proposition 4 will be briefly related to the findings of
Constantinides [5], [6] and Cornell [7]. Constantinides analyzes a model with
competitive production in which the rates of return are exogenous and follow a
state-independent separating distribution. In addition, he assumes that a repre-
sentative investor [5] exists or that the capital market is complete [6]; hence, the
capital market is Pareto-efficient. Constantinides shows that the SLM-model
holds at every date, although the market return and the risk-free interest rate
may be state-dependent. This dependence follows from state-dependent invest-
ments in different technologies (assets). As a consequence, the market price of
risk and the covariance of an asset’s cash flow with the market return are state-
dependent in general. Therefore, it becomes very difficult to apply the SLM-
model recursively period by period. This state-dependence disappears if invest-
ment in different technologies is state-independent. But, as Constantinides [5,
p. 84] notes, state-independent investments occur only under special conditions
such as constant proportional risk aversion.

Proposition 4 derives a similar conclusion. Based on weaker assumptions, it
shows that the empirical application of one-period pricing models can be simpli-
fied by SIMR only under special preferences.

One route to escape this negative result is to replace the wealth based one-
period pricing model (CAPM) by the consumption based CAPM as suggested by
Breeden [2]. In a world where social marginal utility depends on aggregate
consumption only, implicit prices for state-contingent claims depend on aggregate
consumption only. With time-multiplicative, non-exponential utility, however,
implicit prices for claims, due at date ¢, depend on C;, C,,,, - - -, Cr. This rules
out, in general, the consumption based CAPM with implicit prices depending on
C; only. With time-additive preferences and assumptions as stated in this paper,
the consumption based CAPM always holds. Thus, without additional assump-
tions, it can be applied recursively period by period.

As Cornell [7] points out correctly, however, the parameters of the consumption
based CAPM are state-dependent in general, so that empirical estimates are also
hard to obtain. This is also true for the model presented in this paper. Therefore,
additional conditions are needed if the parameters of the consumption based
CAPM are to be estimated by simple methods.

V. Conclusion

This paper has analyzed the conditions for quasi-myopic valuation and serial
independence of the market excess return in a Pareto-efficient capital market
with HARA -preferences. Quasi-myopic valuation requires that the FIOS-variable
be known as of the preceding date. This constraint is counterintuitive in the case
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of exponential utility.

Serial independence of the market excess return imposes very strong conditions
on the ex-dividend value of the market portfolio or on risk-free interest rates.
These conditions are very unlikely to be satisfied by observable data. Quasi-
myopic valuation and serial independence cannot obtain simultaneously unless
utility is logarithmic or risk aversion is constant proportional or constant
absolute.

These findings suggest two avenues for further research. (1) It may prove
fruitful to enlarge the class of one-period pricing models such that all cases are
included where a one-to-one correspondence exists between the asset prices and
the FIOS-variable of the same date. (2) Empirical work should start from weaker
assumptions than SIMR. Econometrics permits us to deal with certain types of
intertemporal interdependencies.

Appendix 1

Proof of Proposition 1

Equations in the Appendix will be denoted by “*” to distinguish them from
those in the text.
The representative investor’s sequential, state-contingent optimization prob-

lem is given by Max E[U(co, c1, - - - , cr) | Bo] subject to er = wr, given the initial
endowment w) = WQ/I,c?=0,t=0, ---, T. Wealth dynamics are given by
w; = (We—1 — €1 — Ve-1)R: + Rapele-1. (1*)

This problem is solved by recursive dynamic programming.

1) First, consider non-exponential utility. Then U,(c;) = p.(a: + Bec./(1 — )"
with 4 > —oo. The solution is considerably simplified if this optimization problem
is transformed into another one which yields the same allocation of consumption
across investors so that the original and the transformed economy are supported
by the same asset prices. Define ¢, by

a,+&=—&—[ﬂ(l—7)+c,]sl_ﬁf7é, t=0,...,T. (2%

1—-v 1-7v|6
Thus, ¢, is defined as consumption ¢, plus the constant amount «,(1 — v)/8..
As wealth w, is the market value of (c;, ¢+, - - - , ¢r), define w, = b, + w, with b,

being the date t-market value of a risk-free bond which pays «.(1 — v)/8, at date
nr=tLt+1,--.,T. As a, = af/I with a} being the sum of a; over all investors
and 8, and v are the same for all investors, aggregation yields with b.I = B,

*(1 —
G = af(l —v) +C, (3%
Bt
Wt = Bt + Wt, (4*)
Vo= W, - C.=B.— af(1 = 1)/ + V., (5%)

since W, - C,=V,.
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The transformed optimization problem of the representative investor is defined
by Max E[U (co, Ci, vy cT) | @] subject to ¢r = wr, given the initial endowment
W= WY/I,é?=0,t=0, ---, T. U(é) = [8:6/(1 — v)]”. Wealth dynamics are
given by

W = (Weey — €1 — Up1)R: + Ranlii—s (6*)
with U, being the investor’s investment in the transformed market portfolio.
éMt = Wt/Vt—l (7*)

is the transformed market portfolio return.
1.1) In the case of time-additive, non-exponential utility

1 —- y h
U= 2;1;0 7 Y P:(lﬁ—t‘y Cc> .
The existence of an indirect utility function for period ¢, as defined in (8*), has
to be shown.

o 1= 161\ 11— w
U = 7pt_1<ﬁt“1)+ 7P<ﬁu>£t, t=1,.--,T. (8"
v 1-—v 0 1

a) wr = ¢r and &7 = 1. Hence, the indirect utility function for period T is
identical with the last two terms of the original utility function. Therefore, it
remains to be shown that the existence of U™ implies the existence of Ui, for
everyt=2,...,T.

b) First, the optimal investment U,_, in the transformed market portfolio will
be derived. Insert (6*) in (8*), take expectations, and obtain

. 1- 2.\
E[U?|8.-1] = Y pt—1<L Ct—l)
Y 1-v

1 —- Y
+ == P:< e ) E[([th—1 — €=y — Ut 1R + Ry Ui )& Be-1]
Y 1 -y

Differentiate with respect to U,—; and obtain the optimum condition
E[([lbt—l - ét—l - 5:—1]Rt + R'Mtl;t—l)y_IREtEtl ﬂt—l] =0 (9*)

with Rz, = Ry, — R,. The condition for optimal consumption is
P Bt—l ﬁt—l é L
t—1 1 -y 1 — 5 t—1

- pt<1 - >RtE[([w“ = Ci1 — U1 JR: + Rpnelroy)"™ & B-1]. (10%)

In equilibrium the representative investor neither borrows nor lends at the
risk-free rate so that w,_, — ¢, — U,—, = 0. Therefore, (9*) yields

E[(Ru0r-1)"6| Bi-1] = RO, E[(Rage0e1) 6| Bior]. (11%)
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Insert (11*) in (10*) and obtain for v # 0

Pt—l(lﬂfl‘y ét—l) = Pt gi_:ll ('i"?_%;) E[(RMt‘}t-l)‘yEtl ﬂt—l]- (12*)

Insert (12*) in E[U"| #,-,] and obtain for v # 0

E[Uinl ﬂ ] = 1;‘1 p 1< :Bt—l wt-1>1£t—1
t t—1 v t— 1 -5

B
v \71 X y-1 (a}" + 1 _.t C‘>
= e
-1 = v = 2 = —
! We-1 Wi (Bz B: + B: Wz>7 !
11—y 1-¥%

with

(13*)

as in equilibrium é_; = C,—y/I and ;- = W._./I. Hence, an indirect utility
function exists for vy # 0. This is true also for the logarithmic function (y = 0)
but with £, being a constant (Rubinstein [18]).

1.2) Consider time-multiplicative, non-exponential utility. The indirect utility
function is

i 1—v [ € Y W, o -
U = &, t=1,.---, T, t=T—-t+ 1
y \1—=-v/\1—-%
Insert (6*), take expectations, and obtain again optimum condition (9*) with the
exponent (y — 1) being replaced by (¢y — 1). Optimal consumption is determined
by
E[((wt—l - ét—l - i;t—l)Rt + RMtl}t—l)t_‘yEtI ﬂt—l]
= &R EE[((thmy — &1-1 — Ue-1)Be + Ran0ion) 76| Bia). (14%)

Again in equilibrium -, — é,—; — U;—1 = 0. Insert (11*) with modified exponents
in (14*) and obtain

6:-1 = ?ét—l or u')t_l = (-{+ l)ég_l. (15*)
Insert (15*) in E[U:"| #,_,] and obtain (i, = RaDe-1)
1 - v III (t+1)y
E[U;n| ﬂt—l] = <—i) £i1
vy \l-—v
with
T < Ty "
E1 E[R .| Be1]. (16)

ST+ )T

The constant factor in £, is negligible.
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2) Consider exponential utility. Then
U = —pi-1exp(—fi-1¢:-1) — peexp(-Bw)é, t=1,...,T. (17"
Insert (1*) in (17*), take expectations, and obtain for v;_; the optimum condition
Elexp(—B:[(we-1 — ¢i-1 — ve-1)R: + RmeVm1DREcke| Bia] = 0
which simplifies to
E[exp(—B:Rm:Ve-1)REcée| Bi-1] = 0. (18*)

Hence, the optimal v,-, is independent of w,—,. Moreover, w,—; — ¢;—; — U;-; = 0
in equilibrium so that w; = v,—;Ru,. Consequently, the second term in (17*) is
independent of w,—_, so that it can be neglected in the indirect utility function of
wealth w,_,. Then obtain

E[UP|#:-1] = —pr-16Xp(—Bi-1€-1) = —pi-18XP(—Be-1We-1)Ee1
with
£i-1 = exp(—B-1€:-1)/exp(—Bi-1w;-1) = exp(—BE1C;-1)/exp(—fi1 We-1)
with
Ba = B/
For time-multiplicative utility ¢,—, = 0 and w;—, = v;-;, then
E[U"|@.-1] = —E[exp(—BrRmwi—1)&:| Fi1]

= —exp(—Brw:—1)E[exp(—BrrmeWe-1)&: | -1
= —exp(—Brw:-1)E[exp(—BFruye Wi-1)&:| B:-1]
= —exp(—Brwi-1)§i-1-

3) Finally Equation (2) has to be proved. It follows immediately for exponential
utility from (18*) with 8,v,-; = 8¥ V.—:. For non-exponential utility (9*) yields in
equilibrium

E[R¥ ' Re Vi1 £ -] = 0. (19%)
From (4*), (5*), and (7*) follows
ReViey = B, + W, — R[Bioy — a¥1(l — )/Becr + Vi)
= [W, = RVi,] + [B: — Ri(Bi-y — af1(1 — v)/Be-1)]-

Hence, Rz, V._, is the sum of the random risk premium of the market portfolio
and the random risk premium of the risk-free bond which pays a¥(1 — v)/8, at
date 1, =1t t+ 1, ..., T. Since the capital market is Pareto-efficient,
E[R% trikel ﬂt_l] = 0 for each asset with = begin its random risk premium.
Hence, E[R%'Rg:V.—1£:| #.-1] = 0. Divide by V,_; and multiply by V{*7!. As
RuiVioi=B,+ W,=B, + Ry, Vi1, Equation (2) follows.
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Appendix 2

Proof of Proposition 3

Rewrite Equation (2)

Br | _BF
E[<Bt _t v +— 1— : (REt + Rt)Vt— > REtftl gt-l] =0, (20*)

t=1’...’T'

1) Proof of Proposition 3(a). Assume constant proportional risk aversion (B,
=0,y > -x). For t = T, & = 1. As SIMR requires Rgr to be distributed
independently of #r—;, Rr must be completely deterministic (Equation (20*)).

In the case of time-additive utility, Equation (10*) yields after aggregation

Pi—1 Be-1 * Bi-1Ci1 i *
Pt 5t<_1+1—7) (217)

_ B B i
= RtE t 1 + (REt + Rt)Vt-l Etl ﬂt—l i)
-y 1l-¥

t=1,---, T

In the case of constant proportional risk aversion, a¥; = B, = 0 and SIMR
requires Rt to be completely deterministic. As Rgr must be distributed indepen-
dently of @#r—,, Equation (21*) implies that Vy_,/Cr-y = Wr_/Cr—y — 1 is
completely deterministic. Then, by Equation (3b), £7—, is completely determin-
istic. Proceeding backwards, the same arguments show that Rt, £-1,and C,_,/
W,-1 must be completely deterministic if SIMR is true, V¢ = ., T.

As Rye= W,/Viey = W[Wey — Cy] 7' = (Wt/ct)[(wt—l/ct—l) = 1]7'C/Ci-,
the foregoing results imply that Ry, = Rg; + R, is distributed independently of
@.-1 only if this is true of the growth rate of aggregate consumption, C,/C,_,.
Rubinstein [17, p. 414] has shown that this condition is sufficient for SIMR
under constant proportional risk aversion and time-additive preferences. The
same results can be proved for constant proportional risk aversion and time-
multiplicative preferences. This proves Proposition 3(a).

2) Proof of Proposition 3(b). Assume constant absolute risk aversion. Then
Equation (20*) yields

Elexp(—B¢Rg: Vi-1)RE:ki| $i-]1 =0, t=1,..., T (22%)

Hence, for t = T with &7 = 1, Rgris distributed independently of @r_, only if Vr_;
is completely deterministic. Therefore, by Equation (3b), £r—; is completely
deterministic in the case of time-additive utility. Then, by (22*), SIMR requires
that Vr_; be completely deterministic and so forth.

In the case of time-multiplicative, exponential utility, consumption at dates
t=0,1, ---, T — 1 is zero so that a completely deterministic Vr_, rules out
uncertainty at all dates t =0, 1, ..., T — 1.

3) Proof of Proposition 3(c). Assume a¥ #0 (t=0,1, ---, T) and y > —oo.
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Rewrite Equation (20%)

B oy—1
E[(V +R + REt) REzstlﬂ,_x} =0, t=1,..-,T.  (23%
t—1

(i) First we show that SIMR requires Vy_,, Cr—1, Wr—1, and £7-;to be functions
of Rr only. Define B,/V,_; + R, = A,. For t = T, £&r = 1. Hence, by (23*), Reris
distributed independently of @r_; only if Ar is completely deterministic. In the
case of time-additive utility, (21*) yields

-1

Pe-1 Bi—1 % Be-1 i

Pt Bt o, + Co
pe B (at ! 1-—+x ‘ 1>

-1
—:;) E[(A; + Re)" &1 8n], t=1,---,T. (24%)

If Aris completely deterministic, then, by definition of Az, Vr_;is a function
of only Rr so that, by (24*), Cr_, is, too. Hence, Wr_, is a function of Ry only so
that, by Equation (3b), £7_, is, too. This can be shown to hold also in the case of
time-multiplicative, non-exponential utility.

(ii) Second we show that SIMR requires Vr_s, Cr—y, Wr_s, Rr_1, and &7, to
be functions of Rr|@#r—; only. Rr| #r—, is the distribution of Ry given the infor-
mation ﬂT_g. From RE,T—I = WT——I/VT—Z - RT_1, it follows that VT_2 = O’(WT_I)/
o(Rgr-1). As, by (i), Wr_; = Wr_,(Rr) and SIMR requires ¢(Rgr-;) to be
completely deterministic, Vr_, depends on Rr|f@#r_, only. Moreover, Rr_; =
E(Wr_1)/Vr—2 — E(Rgr-1) so that SIMR requires Rr_; to depend on Ry|@r-o
only. Br-; = Br-;(R7). Hence, Ar_, depends on Rr| #r—; and the realization of
Rronly so that in the case of time-additive utility Cr_, depends on Ry| #r_; only
(Equation (24*)). Then this must be true for Wr_, and, by Equation (3b), for
£r-s, too. Proceeding backwards, it can be shown that V, C,, W,, R,.,, and &, are
required to be functions of only the stochastic process which governs risk-free
interest rates in subsequent periods, t =0, - .-, T — 1. The same can be shown
in the case of time-multiplicative, non-exponential utility.

(iii) From (ii) it follows that W,, C,, and &, are completely deterministic if the
stochastic process governing risk-free interest rates in subsequent periods is
independent of @,. Hence, uncertainty in periods 1, 2, ---, T — 2 is preserved
only if the stochastic process depends on ;. As R,., depends on this process only,
the risk-free interest rate must be serially dependent. Then, given @,, &.., is not
known as of date ¢ unless utility is logarithmic.

From W, = (Rg,+ R,)V,_,, it follows for the normalized wealth variable that

Wt - E(Wt) = RE‘t - E(REz)
U(Wt) G(REt)

SIMR requires the right-hand side to be serially independent, hence the left-
hand side, too. As W, is a function of only the stochastic process governing risk-
free interest rates in subsequent periods, the same must be true of the normalized
wealth variable. This variable must be serially independent. This ends the proof.
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