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Stochastic Dominance Rules for Truncated Normal
Distributions: A Note

HAIM LEVY*

THE PURPOSE OF THIS paper is to analyze stochastic dominance (SD) rules for
truncated normal distributions, symmetrically truncated at least in the lower tail.
This allows us to use distributions which conform to the limited liability condition
of real life situations. We show that the SD rule reduces to an intuitively appealing
rule that also provides a theoretical rationale for Baumol’s mean-confidence limit
criterion [2].

We analyze the preference between two risky options having truncated normal
distributions. We contrast the results with the preference that would obtain
without truncation, employing in the analysis stochastic dominance (hereafter
SD) decision rules well known in the finance and economic literature. We note
that if two distributions F' and G intersect only once and F crosses G from below,
then second order SD (SSD) is equivalent to the condition Er(x) = Eg(x). Also,
if F and G are normally distributed, then SSD and M-V are equivalent. (For
proof and review of all these rules, see Kroll and Levy [4]).

We turn now to the analysis of the relationship between preference by the
expected utility criterion and by the M-V rule when the normal distributions are
truncated. The truncation is defined in such a way that the density functions f(x)
and g(x) are zero for all values x which deviate more than some fixed number of
standard deviations from the mean. Thus, we have
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where ® stands for the cumulative area under the standardized normal distribu-
tion and A; and B, are the truncation points. For each truncated normal distri-
bution, an area of « is eliminated from the two tails and is shifted to the center.

Such symmetric truncation is not essential for our analysis and the results of this
paper can be generalized to any kind of truncation.
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Define'
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to obtain for the two truncated distributions (see Johnson and Kotz [3], p. 81)
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Thus, the truncated distributions F(x) and G(x) are given by

0 x<A1
F*(z) -
F(x) = F*x) —a/2 A, <x<B
l—«a
1 x> B,
and
0 x <A
* —
G(x) = M Ar<x=<21B,
11—«
1 x> B,

Like the normal distribution, the truncated normal distribution also belongs to
location-scale family of distributions. For more details see Bawa [1].

Theorem: Let F* and G* be two normal distributions with parameters (u, o01)
and (p2, o2) respectively, and F and G the corresponding truncated distributions.
Then:

(1) If py > 2, 01 > 02, F dominates G by FSD iff (u; — u2)/(01 — 062) > §;

(2) If py > po, 01 < 02 F dominates G by FSD iff (u, — p2)/(02 — 01) > 8 (8 is a
function of the truncation point);

(3) If uy > p», 01 < 02 F dominates G by SSD

Proof: Case (1): First note that F* and G* intersect at most once and the
intersection point x is given by (xo — yt1)/01 = (x0 — p2)/02. Since (B, — w1)/o1 =
(B2 — p2)/62 = 9, it is easy to verify that B; > B.. However, for the lower
truncation points we have (4; — u1)/01 = (A2 — p2)/0. = —68. Hence, A, = u; —

TNote that the results of this paper hold also for nonsymmetric truncation. For example, we may
have A, = 1, ~ 8,0, and B, = p, + 820.. Setting 8; = o yields an analysis with only lower truncation,
which does not change our basic results.
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80 1 = Az = u2 — 8200. Nevertheless, the following always holds:
(11— p2)/(o1—02) >0 A1 > Ay

which we shall use below.

In order to prove the sufficiency, recall that since o, > o2, the intersection of
F* and G* is such that the left tail of F'* is above the left tail of G* (see Figure
1, Panels (a) and (b)). However, if the condition of case (1) holds, we must have
for a a/2 lower tail truncation that A; > A., as described by Panel (a) of Figure
1. Thus, if the condition of Case (1) holds, we must have xo < A, < A;. For all
values x < A,, we have G(x) = 0 and F'(x) = 0; for all values A; < x < A, we have
G(x) > 0 and F(x) = 0; hence F(x) < G(x). For the range x > A, we have

F*(x) — a/2 < G*(x) — a/2
11—« l1—«a
which implies that F(x) = G(x) (see the definition of F and G), i.e., F dominates
G by FSD. (Recall that B, > B, and hence G(B;) = 1 while F(B,) < 1, so that
F(B,) < G(By)).
To prove necessity, note that if the condition of Case (1) does not hold, then A,
< Aj; as described in Panel (b) of Figure 1. Thus, in this case xo > A, > A,. Hence,

F*(x) < G*(x) =
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The Cumulative Distributions of Two Distinct Prospects

Figure 1.
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F*(x) — a/2
l—a
G(x) in this range, F does not dominate G by FSD. The proof of Cases (2) and

(3) follows similarly, using Panels (c) and (d) of Figure 1.

for the range A; < x < Ay, F(x) = > 0 but G(x) = 0. Since F(x) >

Conclusions

The result of the theorem has several implications. First note that if the conditions
of the theorem (Case (2)) does not hold, neither F nor G dominates the other by
SSD or by TSD. For the range (—, A,] we have F(x) > 0 and G(x) = 0. Thus,

42 [G(#) — F(t)]dt < 0and [%2 [ [ Y. [G(t) — F(¢)] dt] dv < 0, which implies that
F does not dominate G by SSD or by TSD. Since Er(x) > E¢(x), G does not
dominate F' by SSD or by TSD either, since a necessary condition for dominance
by SSD or by TSD is that the preferred option commands a higher expected
return. Thus, if F* and G* are normally distributed and no option dominates the
other by the M-V rule, it also implies that no option dominates the other by
SSD, let alone FSD. However, the truncation produces new distributions F and
G, and we may find dominance by FSD of one distribution over the other. But if
the truncation condition which guarantees FSD dominance does not hold, there
is no dominance by SSD or by TSD.

A second interesting point is that the condition of the theorem (Case (1)) which
is based on the expected utility notion (see [8]), has a very similar structure to
Baumol’s intuitive criterion. Recall that according to Baumol [2], F* dominates
G* if Ep+(x) = Eg-(x) and Er-(x) — kor- > Eg-(x) — kog+, where £ > 0. In our
framework, the distributions are truncated from below simply because the prices
of the assets cannot be negative. This truncation may be considered as an
objective constraint on the distribution which is identical for all investors.
Another distinction is that while Baumol analyzes the original normal distribu-
tions after removing the left tail, we renormalize the density function in the range
A < x < B after removing the two tails (or one tail), namely shift to another
distribution. In spite of these differences, it can easily be verified that for £ = §,
Baumol’s rule coincides with our FSD rule (Case (1)).

Finally, note that if the condition of the theorem (Case 1) holds, F dominates
G by FSD, but not by the M-V rule no matter if we look at the parameters of the
original distributions F'* and G* or at those of the truncated distributions F and
G. This follows from the fact that w1 > p. and o1 > o2 by assumption of the
theorem, and for the truncated distributions Er(x) > E¢(x) and or(x) > ac(x).
Thus, with truncated normal distributions the M-V rule may fail to distinguish
between two options, in spite of the fact that one dominates the other by FSD.

REFERENCES

=+ V. S. Bawa. “Optimal Rules for Ordering Uncertain Prospects.” Journal of Financial Economics
2 (1975) 95-121.

2. W. J. Baumol. “An expected gain confidence limit criterion for portfolio selection.” Management
Science 10 (1963), 174-82.



Stochastic Dominance 1303

3. N. Johnson and S. Kotz. Continuous Univariate Distributions—I1 Boston: Houghton Mifflin,
1970.

4. Y. Kroll and H. Levy. “Stochastic Dominance: A Review and Some New Evidence.” Research in
Finance 2 (1980), 163-227.

5. H. Levy and H. Markowitz. “Approximating expected utility by a function of mean and variance.”
American Economic Review 69 (1979), 308-17.

6. H. Markowitz. Portfolio Selection. Yale University Press, 1959.

=+ J. Tobin. “Liquidity preference as behavior towards risk.” Review of Economic Studies 25 (1958),
65-86.

8. J. von-Neumann and O. Morgenstern. Theory of Games and Economic Behavior. Princeton
University Press, 3rd. edition, 1953.



	Article Contents
	p. 1299
	p. 1300
	p. 1301
	p. 1302
	p. 1303

	Issue Table of Contents
	The Journal of Finance, Vol. 37, No. 5 (Dec., 1982), pp. 1129-1328
	Volume Information [pp.  1325 - 1328]
	Front Matter
	The Arbitrage Pricing Theory: Is it Testable? [pp.  1129 - 1140]
	A Theory of Capital Structure Relevance Under Imperfect Information [pp.  1141 - 1150]
	Managerial Incentives in a Stock Market Economy [pp.  1151 - 1167]
	Sufficient and Necessary Conditions for Information to Have Social Value in Pure Exchange [pp.  1169 - 1181]
	Difference Systems in Financial Futures Markets [pp.  1183 - 1197]
	Rational Expectations and Risk Premia in Forward Markets: Primary Metals at the London Metals Exchange [pp.  1199 - 1207]
	The Impact of Merger Bids on the Participating Firms' Security Holders [pp.  1209 - 1228]
	Tests of Two Models for Valuing Call Options on Stocks with Dividends [pp.  1229 - 1237]
	Municipal Bond Pricing and the New York City Fiscal Crisis [pp.  1239 - 1246]
	Optimum Distribution-Free Tests and Further Evidence of Heteroscedasticity in the Market Model [pp.  1247 - 1257]
	An Analysis of the Impact of Deposit Rate Ceilings on the Market Values of Thrift Institutions [pp.  1259 - 1275]
	A Disequilibrium Model of Savings and Loan Associations [pp.  1277 - 1293]
	Notes
	Additive Insurance Premiums: A Note [pp.  1295 - 1298]
	Stochastic Dominance Rules for Truncated Normal Distributions: A Note [pp.  1299 - 1303]

	Comment
	The Demand for Life Insurance: An Application of the Economics of Uncertainty: A Comment [pp.  1305 - 1309]

	Book Reviews
	untitled [pp.  1311 - 1313]
	untitled [pp.  1313 - 1315]
	untitled [pp.  1315 - 1317]
	untitled [pp.  1317 - 1319]
	untitled [pp.  1319 - 1321]
	untitled [pp.  1321 - 1322]
	untitled [pp.  1322 - 1324]

	Back Matter



