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THE JOURNAL OF FINANCE e VOL. XXXVI, NO. 5 « DECEMBER 1981

The Effect of Taxation on Immunization Rules and
Duration Estimation

CHRISTOPHER A. HESSEL and LUCY HUFFMAN

ABSTRACT

Investments in default-free bonds can be insulated from financial loss due to interest
rate changes (via additive shock) by a process known as immunization. The literature
on this process ignores taxes. This manuscript focuses on three issues. The first is the
development of the tax-adjusted immunization process with a comparison to the existing
literature. The second issue is the microeconomic effect of a shift in only the individual’s
tax rates on immunization and investment behavior. The third issue is the macroecon-
omic effect of an across-the-board shift in tax rates on immunization and investment
behavior.

THERE IS GENERAL RECOGNITION among investors that a portfolio of default-free
bonds is not entirely riskless. The owner of such a portfolio is subject to risk of
financial loss due to interest rate changes occurring over the investment holding
period. To attenuate these financial losses the bond holder can hedge or immunize
his investment by adjusting the average duration of the aggregate bond portfolio,
including reinvested interest and principal payments, to equal exactly the re-
maining length of his investment holding period. The bond duration equation
utilized in the immunization process depends on the nature of the stochastic
process generating the changes in interest rates. Therefore, if an investor is to
successfully immunize his portfolio, that is, earn income at the end of the period
no less than the income promised by the market at the beginning of the period,
the investor must correctly identify the stochastic process and then employ the
appropriate duration measure to obtain the average duration of his aggregate
bond portfolio.

Since in reality each investor’s income is subject to taxes, the immunization
process should preserve his desired after-tax income. Furthermore, not all inves-
tors in the United States are subject to the same tax regulations. Interest and
capital gain income earned by institutions with corporate or mutual forms of
ownership, such as insurance companies and banks, are taxed at a common fixed
rate. However, interest and capital gain income earned by trust institutions, such
as investment funds and trusts, are taxed separately with capital gain income
taxed at a lower rate than that applied to interest. Further complicating the tax
treatment of investment income is the ability of the investor to amortize or not
to amortize any tax liabilities or tax shields arising from purchasing a bond at a
discount or a premium.

Because of the variable nature of the United States tax structure, several
questions arise which are addressed in this paper. How are both the immunization
process and the duration estimation altered by the presence of different tax rates
applied to interest and capital gains income? Further, how are both duration
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estimation and investment behavior of an individual altered if his tax rates were
the only rates changed? Lastly, how are both duration estimation and investment
behavior altered if every investor’s tax rates were changed?

The paper is divided into three analytical sections. The first section focuses on
the derivation of the duration equation, proof of immunization, and a contrast of
the findings with existing literature. The second section addresses the microeco-
nomic issue of the effects of a shift in only the individual’s tax rates on his
duration estimation and investment behavior. The third section attends to the
macroeconomic issue of the effects of an across-the-board shift in tax rates on
duration estimation and investment behavior. The findings of these three sections
are then summarized and conclusions are drawn.

I. Immunization and Uncertainty

The investigation is centered on the investment decisions of an individual who
desires an income stream at the end of a fixed investment period of length “m.”
The securities comprising his portfolio are default free and therefore all uncer-
tainty arises from a fluctuation in future interest rates. At the time the individual
purchases his portfolio of bonds the prevailing structure of interest rate is g (0).
Immediately after the acquisition of bonds, the whole structure of future interest
rates is disturbed by a small random additive shock, A, causing the structure of
interest rates to be g(¢) + A for ¢ > 0.

To insulate his investment from this interest rate disturbance, the individual
purchases a coupon bearing bond maturing at 7' > m and reinvests the interest
payments in a way which yields the desired income at m. The investment is
successfully immunized if its income is at least as much as the income derived
from purchasing a zero coupon bond yielding the desired income at maturity.

To prove immunization and to develop the duration measure required to
achieve immunization in a market wherein investment income is subject to
taxation, the analysis in this paper follows the analysis developed by Bierwag [1].
As in Bierwag’s development, the investor purchases a coupon bond subject to
continuous compounding, and maturing at T > m. However, unlike Bierwag’s no-
tax treatment, in this analysis interest income is taxed at rate y, while capital
gain income is taxed at rate y». Both rates are constant and known with certainty
at the beginning of the investment period.

The analysis considers the two alternative tax treatments of premia and
discounts open to the investor.” Firstly the duration equation necessary for
immunization is derived assuming the investor does not amortize any premia or
discounts. Then the duration equation is presented assuming the investor does
amortize. Lastly, inferences are made as to which tax treatments and duration
equation would be preferred by investors.

! Ingersoll, Skelton, and Weil [6] have shown that an assumption of a noninfinitesimal shift is
inconsistent with market equilibrium. They further note that if the infinitesimal additive shock is the
only mechanism for interest rate changes, an unrealistic bond equation results. However, following
the traditional approach in duration literature, attention will be focused on this type of shock only.

2 Amortization of premium is mandatory where bonds are owned by a corporation but elective
where bonds are owned by a taxpayer other than a corporation. See Regulation Paragraph
21.246E1980.
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At time m, the end of the investment period, the investor’s after-tax income
from reinvested coupon payments is:

Q(}\’ yl) =cA(1 - y1) f eREm m=0+\im—09) dt (1)
0

where the following definitions apply to the notation:
¢ is the coupon rate of interest
A is the face value of the bond at maturity
V is the market value of the bond at time 0
h(t, m) is the tax adjusted holding period yield for time

interval ttom fort=10,1,2, ..., m — 1.

Equation (1) presumes that throughout the investment period the after-tax
income from coupon payments is reinvested in bonds maturing at time m. Since
these investments occur after the disturbance, the yield on reinvested income is
known with certainty. The investor has a choice of reinvestment vehicles. He
may invest in zero coupon bonds, in which case the income at m is taxed at his
capital gain rate or he may invest in coupon bonds in which case the interest
income is taxed as accrued at his income tax rate. Because the two vehicles are
priced by the market, the investor’s tax adjusted holding period yield need not be
the same. Therefore, the investor will select the security with the greater holding
period yield. The holding period yield appears in Equation (1) as A (¢, m).

At m the investor liquidates the holdings of the coupon bonds maturing beyond
m. The after tax income from the sale is®

T
R(}\, Y1, yz) =cA(l - y1) f e——h(m,t)(t—-m)—x(t—m) dt

+ (A + y2(V = A))e MmDI=mAT=m - (g)

At time period m the investor’s total after-tax income from reinvested coupon
payments and sale of bonds is @ (A) + R(A). However, if there were no interest
rate disturbance, total after-tax income, @ (0) + R (0), would equal Ve"®™™ the
total income arising from the original interest rate appropriate for investment
interval (0, m). The effect of the interest rate disturbance on total income
accumulated during the investment period is measured by the ratio G (), where
G(A) is:

QM) + R(\)

GN =00 RO

3

The investor’s portfolio is perfectly immunized if G(A) = 1 for all A and the
minimum occurs at A = 0, which implies the following first and second order

3 Implicit in Equation (2) is the assumption that he sells the bond at a price equal to the discounted
value of his future receipts.
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conditions for minimization:
G\ =0

G"(A)>0
The first order condition is:

cA(1—y1) j e hemE=my ) dt
dG(0) _ 0

dA Ve o

T
CA(]. _ yl) J e—h(t,m)(t—-m)(m _ t) dt

+ Veh(o,m)m
(A + y2(V = A))(T — m)e HmDT-m
- Veh(o,m)m =0 (4)
The second order condition is:
cA (1 - yl) f eh(t,m)(m—t)+)\(m—t)(m _ t)2 dt
GO _ o
d}\2 - Veh(O,m)m
T
cA(1 —y;) J e hmE=m)=NE=m)(y _ 102 ¢
+ = Veh(O,m)m
(T - m)Z(A + sz— A))e—h(m,T)(T—m)—A(T—m)
+ Veh(o,m)m (5)

Examination of Equation (5) reveals the second order condition is satisfied. To
determine the financial mix required for minimization of income, the first order
condition must be solved. Following Bierwag’s proof of immunization, the first
order condition, Equation (4), simplifies to Equation (6).

T
cA(1—y1) f e MO m — t) dt
0

dG(0) _
dA \%
(A + y2(V—=A)(T — m)Te DT
- v (6)
For Equation (6) to equal zero, m must equal
T
m = cA(1 — y1) J o0t gy 4 A+y(V-A) Te~hOT)T 0
\ % o \%

or, more simply, m must equal the duration of the portfolio. Therefore, immuni-
zation is achieved by selecting securities such that the length of the investment
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period m exactly equals the tax-adjusted duration of the bond portfolio, Equation
(8).

T
D= f tw, dt + Twr (8)
0

where weights w; and wr are:

- CA(]- _yl) e_h(o,t)t
14

A+y(V—-A) Lonr
— ¢

Since immunization requires the equating of the portfolio’s duration with the
length of the investment holding period, the process of immunization is identical
for markets wherein investment income is taxed and capital gains or losses are
not amortized, and the traditionally assumed market wherein investment income
is exempt from taxes. However, the equations used to estimate duration in these
two markets differ. If the market permits tax exempt status for investment
income, as traditionally assumed, each weight in the duration estimation equation
is the ratio of the present value of the income received in that period (discounted
at the investor’s holding period yield) to the market value of the security.
However, if the market attaches a tax liability to investment income, as assumed
in this paper, the weights are more complex. The weight attached to each period
in which a coupon payment is received, w, is the ratio of the present value of the
after-tax income received in that period (discounted at the investor’s tax adjusted
holding period yield) to the market value of the security. The weight attached to
the period in which the principal payment is received, wr, is the ratio of the
present value of the principal, adjusted for any tax liability or shield,* to the
market value of the security.’ Furthermore, examination of Equation (9b) reveals
a strong relationship between the purchase price of the bond and the magnitude
of weight wr. If V> A, the bond is purchased at a premium; a tax shield is created
causing an increase in the after-tax income received in that period and conse-
quently an increase in the magnitude of the weight applied to that time period.
If V < A, the bond is purchased at a discount; a tax liability is created causing the
after-tax income to decrease in that period. If V = A, the bond is purchased at
par; there is no capital gains effect on weight wr.

It is observed that although the immunization process is unaltered by the
taxation of investment income with no amortization, the equation used to estimate
duration differs from the traditional equation in three ways. Firstly, after-tax
income per period replaces coupon income. Secondly, the principal payment is
corrected for tax shields or liabilities caused by the purchase of bonds at a
premium or discount. Lastly, the discount rate applied to both income streams is
the tax-adjusted holding period yield.

(9a)

W

Wr= (9b)

*The term “tax shield” is used throughout this paper to describe a negative tax liability, i.e., an
amount to be subtracted from the investor’s tax liability.
® The weight wr also, of course, requires the use of the investor’s tax-adjusted holding period yield.
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If the investor, however, chooses to amortize premia or discounts, weights (9a)
and (9b) change to (9c) and (9d)®
Al —y) +y(V=A)T 0

(9c)

Wy

A
wr =1 e hONT (9d)

Two differences exist between weights (9a), (9b), and weights (9¢), (9d). The
first is that due to the amortization of tax shields and liabilities, the effect of
purchasing a bond at a premium or a discount is shifted to the coupon weights,
w:, and does not appear in the final payment weight, wr. The second difference
is that the amortized premium or discount is applied against coupon income.
Thus the premium or discount is taxed at the income tax rate, yi, rather than the
capital gain tax rate, y,.

Therefore, it is concluded that the immunization process is unaltered by
taxation of income regardless of the tax treatment applied to premia and dis-
counts. However, the appropriate duration measure depends on the tax treatment
selected by the investor. The tax treatment selection is made such that the
individual’s wealth is maximized. Since wealth is maximized by recognizing tax
liabilities in the last possible moment and by recognizing tax shields as soon as
possible, the investor will choose not to amortize tax liabilities from discounts but
will choose to amortize tax shields from premia. Consequently, his measure of
duration depends on whether he purchases a bond at a discount (V< A) or at a
premium (V > A). The appropriate duration equation for a bond purchased at a
discount utilizes the weights given in (9a) and (9b). Conversely, the appropriate
duration equation for a bond purchased at premium utilizes the weights given in
(9¢c) and (9d). Lastly, if the bond is purchased at par, the weights given in (9a)
and (9b) are identical to those given in (9c) and (9d).

II. Impact of a Change in the Individual’s Tax Rates

In this section investigation is made of the impact that a small alteration of the
investor’s tax rate has on both the measure of duration he applies to his portfolio
and the composition of his portfolio. To examine the influence of taxes on
duration, an analysis is made of the derivative of the duration equation in terms
of each of the investor’s tax rates; i.e., the rate applied to interest and the rate
applied to capital gains.

To conduct the analysis, three assumptions are made. Firstly, the capital
market is perfectly competitive; therefore the individual is incapable of influenc-
ing the market price of the bond. Secondly, the investor alone experiences a small
shift in each of his investment income tax rates. Since he is incapable of
influencing market price of bonds, the marginal change in his tax rates forces a

® These weights may be obtained by the same immunization procedure as described in Equations
(3) through (8), but with the substitution into Equations (1) and (2) of the total after-tax income
under the amortization assumption,

cA(l—y) +y(V—A)T
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change in his tax-adjusted holding period yield. Therefore the marginal change in
the investor’s tax rates influences duration in two ways, via the tax liability on
income and via a change in the investor’s holding period yield. Thirdly, as a
wealth maximizer, the investor will not amortize tax liabilities from bonds
purchased at a discount and will amortize tax shields from bonds purchased at a
premium.

A. Change in the Interest Income Tax Rate

The analysis begins by considering a change only in the individual’s interest
income tax rate, y;. The investor is initially assumed to purchase the bond at a
discount or at par. Hence the appropriate duration weights are given in Equations

(9a) and (9b). The derivative of duration with respect to yi, g;q , is the sum of
1

) oD oo . .
two components; the direct effect, P plus the indirect effect on holding period
Y

1
oD oh (0, t)

or(0,t) oy
Substituting Equations (9a) and (9b) into Equation (8) and then taking the
derivative with respect to y, yields:

dD  —cA (T om o AL =3 [T 5 s 0RO, 2)
Zl;;———-v— te dt ———T/:——— \ te —a;—dt

_(V=A)+A o arrdh O T)
v 3

yield,

0

11)

Y1

oh(0, t) oh(0, T)
and

1 33!
must be examined and the entire expression (11) must be simplified. Since the

oh(0, T . .
market value of the bond is constant, % can be obtained by taking the
1

derivative of the market value equation with respect to the tax rate y; and setting
it equal to zero.
The market value can be written as:

To proceed with the analysis, the behavior of the terms

T
V=CcA(l-y) j e MO gt + (y2(V — A) + A)eODT (12)
0

av
As in the analysis of duration, the derivative, Zi;— , is the sum of two components:
1
vV vV dh(0, t)
_+ .
1 ah(O, t) ay 1

T T
i‘_,= = —cA J' e MOt gy — cA(1 — y1) f te
0 0

. Therefore the derivative of Equation (12) is:

—h(0,0)¢t ah (Oa t)
ayl

dt
dyl

oh(0, T)

1

— (y2(V—=A) + A)Te "0DT (13)



1134 The Journal of Finance
By multiplying Equation (13) by T'/V and substituting into Equation (11), the
derivative of duration with respect to y; simplifies to:

T
daD _ ﬁJ' (T - t)<e—h(0,t)t + e — y)) ah (0, t)) dt (14)
0

dyl \% 6y1

. . dab . . . L
Since T exceeds ¢ the sign of v is contingent on the sign of the expression in
Y1

brackets in the integrand,

( e ROt 4 go=hO T _ 5. oh (0, t))
a1

The sign of this expression may be determined using two results from manip-

oh(0, ¢) . .
ulation of Equation (13). Analysis reveals the term (y is negative.” Further-
1
oh (0, t) . . —h(0,0)¢
more, although < 0, the first term in the expression (e ™*"") exceeds the

1

oh(0, t
second term, (te“”“’""(l - y1) ©.0)

1

) causing the expression in brackets to be

positive.® Therefore the derivative T > 0.
1

Since the derivative of duration with respect to tax rate y, is positive, duration
lengthens as the investor’s interest income tax rate rises. The lengthening of
duration arises from the interaction of three factors: declining after-tax interest
income, declining tax-adjusted holding period yields, and a constant principal
payment. The tax adjusted duration equation is

T
D=f w;t dt + wrT
0

Since the weight applied to the period in which the principal payment is received,
wr, is the product of a constant principal payment and a rising present value
factor, wr rises as the tax rate on interest rises. Conversely, since the weights
applied to periods in which coupon payments are received, w,, are products of a
declining after-tax interest income with rising present value factors, w; falls.
Therefore, this rotation in the values of weights in the duration equation toward
the principal payment period causes the duration measure to lengthen.

Now it is assumed that the investor purchases the bond at a premium,
amortizing the tax shield. In this case the appropriate duration weights are those
given in (9¢) and (9d). Substituting Equations (9¢c) and (9d) into Equation (8) and
then taking the derivative with respect to y, yields the analogue of Equation (11),

dD _[—cA+(V—-A)T] f " oo gy _ LCAQL=31) +71(V = A)T]
Vv
0

dy, Vv

T
. J 12600 gy ah;O’ D gt — TA nomrhOT) -y
0 Y1 4 g

" See Appendix A.
8 See Appendix B.
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The analogue to the market value Equation (12) is:

T
V=[cAd —y) +y:(V—-A)T] f e hONt gt 4 Ae~hODT (12a)
0

By following the preceding manipulation, it may be determined that the sign of

ab . . .
the derivative -(Zy— is greater than zero in the case that the investor purchases the
1

bond at a premium and amortizes the tax shield. The lengthening of duration
arises because the increase in tax shield is insufficient to offset the declining after-
tax income.

Therefore, it can be concluded that a marginal change in the income tax rate
has a direct (positive) effect on duration. This effect is observed when the bond
is purchased at par, when the bond is purchased at a discount (and the tax
liability is not amortized), or when the bond is purchased at a premium (and the
tax shield is amortized).

B. Change in the Capital Gains Tax Rate

The investigation now focuses on the relationship between duration and a
marginal change in the investor’s capital gain tax rate y.. The investor is initially
assumed to purchase the bond at a discount or at par. As in the previous section,
the effect of a change in y. on duration can be written as the sum of two parts,

ap . D oh(0,¢)
dy: on(0,t)  ays

(8) and then taking the derivative with respect to y., Equation (15) is obtained.
T
D _(V-A4A) Te~hO.DT _ _CL;_ 1= y1) f {2 hOD dh (0, t) d

. By substituting Equation (9a) and (9b) into Equation

ﬂyz V ayZ
_»(V-A)+A Te-hODT oh(0, T) . (15)
\% dy2
As before M is obtained by examining the derivative g—‘i where V is
2 Y2

defined by Equation (12).

av = (V= A)e™ODT _ca(1 —y1) —h(Oz)tah(O, t) d

d ye ay2

—h(0,T)T oh (07 T)

2

—(y2(V—-A)+A)Te =0 (16)

Rearrangement of Equation (16) and substitution into Equation (15) yields:

dD cA T oh (0, t)
=5 - T — t)Te P00t 220 gy 17
& ( yl)J; ( )Te e (17)

. . . . . aD
Since T exceeds ¢ the sign of the derivative of duration with respect to y-, -d—y— ,is
2
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. . oh(0, t . .
contingent on the sign of % Analysis of Equation (16)° reveals that the
2

8h (0, t)

2

is the same as the sign of the expression (V — A).

oh (0, t)

2

sign of the expression

Therefore, if the bond is purchased at a discount (V < A),

is negative,

3h (0, t)

2

daD
causing D to be negative. If the bond is purchased at par (V = A),
2

. abD
equals zero causing —(zy— to be zero.
2

The influence of a change in capital gains tax rate y; on duration arises from
the creation or lack of creation of a tax liability occurring in the final period. If
the bond is purchased at a discount, a tax liability directly related to the
magnitude of y; is created in the final period. As tax rate y, rises, the after-tax
principal payment is reduced by the tax liability. Consequently the weight for the
final payment decreases causing duration to shorten. If the bond is purchased at
par no tax shield or liability is created causing duration to be unaffected by a
change in tax rate y-.

If the investor buys the bond at a premium and amortizes the premium, he
uses weights (9¢) and (9d) to compute the duration of the bond. Since he is
consequently not taxed on any capital gain, a change in y; does not affect his
computation of duration.

Two observations can be made at this point. Firstly, if the investor uses the
traditional duration equation, ignoring taxes, his after-tax portfolio income will
not be immunized against interest rate changes. Immunization of after-tax income
requires the use of the duration equation reflecting taxes.

Secondly, if, as a result of shifts in the tax rate yi, the investor’s tax-adjusted
duration estimations of securities lengthen while his investment period remains
constant, he is forced to purchase shorter-maturity securities to immunize his
portfolio. However, if, as a result of shifts in y,, his duration estimates shorten, he
must purchase longer-maturity securities to maintain immunization over his
holding period.

II1. The Impact of a Change in the Tax Rates on the Market

The marginal analysis developed in Section II also can be applied to a macro-
economic analysis of a change in tax regulations. That is, every investor suffers
an identical small alteration in the income and capital gains tax rates. In this
situation, then (assuming perfect elasticity of supply), the marginal change in
taxes affects the price of bonds rather than the investor’s holding period yields.
Marginal analysis is applied to this situation to examine the macroeconomic
effect of tax rate changes on duration and bond portfolio composition.

A. Changes in the Interest Income Tax Rate

Consider a change in the income tax rate y; of every individual in the market.
Assume that everyone amortizes any premium.

? See Appendix c.
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L . .. dD e
As before, the effect on duration is measured by the derivative — consisting

dyl
of two parts: the direct effect of the change in y,, Z—yq , plus the indirect effect of
1
the change in bond price %/ . gy_‘j
dD 4D 4D oV

T Ay (18)

. . .. dD .
If the bond is purchased at a discount or at par, the derivative — is obtained

Y1
from Equation (8);
dD —cA (" —h(0,0)¢

0

T
(cA(l - y1) f te ?O0t gt 4+ A1 — yz)Te"‘“”T’T>
0 1%

_ - % 19

The influence that a tax rate change has on price is determined by taking the
derivative of bond value Equation (12) with respect to the tax rate y;.

T
—cA f e h0Dt gy
v )

B~ Ty 0

dD
Thus, on substitution of (20) into (19) and rearranging, the derivative E
1

simplifies to:

- T T
ab _ cA%(1 = y5)e DT (TJ' ehODt gy _ j te ot dt) 1)
0 0

dyl - Vz(l _ yze—h(O,T)T)

. dD . . . . .
Since T > t,— > 0. Thus, an increase in the interest income tax rate increases

dyl
the duration of the bond.
If the bond is purchased at a premium, the analogues to Equations (19) and

(20) are:
— T
dD _—cA+ (V-A)T ‘J te-HONt gy
0

dy v
— —_— -1 T
_{[cA(l yl‘i2 AT ]f fo—hOD dt+%£e"“°’T)T}iY (19a)
0

1
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T
. [cA + (V- A)T™] f e hovt gy
a
—= — (20a)
a1 1— le_l j e—hont gy
0

Using the same procedure as that applied to (19) and (20), it can be shown that

dD . . .
T > 0 in the case that all investors purchase the bonds at a premium and
1

amortize the tax shield.

The finding that duration of a bond lengthens as the interest income tax rate
increases for all investors agrees with the previous section’s finding for the case
of a single investor. However, the mechanism in this section is different. The
increase in the tax rate reduces the market value V of the bond. Since V appears
in the denominator of all duration weights, all weights would appear to increase
in value. However, since the after-tax interest income stream from the bond is
being reduced by the marginal change in the tax rate, the weights applied to
periods in which interest is received are reduced relative to the weight applied to
the last period in which the principal is received. Consequently, the duration of
the bond lengthens as the interest income tax rate rises.

B. Changes in the Capital Gains Tax Rate

Now consider a marginal change in only the capital gains tax rate y. for all

. . . dD ,
investors. The measure of this effect on duration, —Jy—, is given as the sum of two
2

aD 98V .
— « —. Assume the investor

effects, the direct effect a—q plus the indirect effect
ayz 3V ayZ

. .. dD, . o
buys a bond at a discount or at par. The derivative —Jy— is obtained by substituting
2

Equations (9a) and (9b) into Equation (8).
dD _ (V-A) Te-hODIT

dy:  V
T
(CA(l = 1) f te PO dt + A(1 - yZ)Te""O»T)T>
° av
B — (22
V2 P (22)
v .
As before the effect on V, poe is calculated from (12):
2
- -hO,T)T
WV _(V-Ale 23

& 1= yze—h(O,T)T

Substitution and rearrangement yield

dD (V- A)eh0DT T J’ T )
&l Al -yl T Ot gy | ge~hOo gp) (24
B~ VI = yse oy ALy | e \ @9
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As before, T > ¢; thus the term in brackets is positive. Thus, if V — A is less than

D
zero, -Z—y— > 0; if V= A, D is unaffected by a change in y,. This result is obtained
2

because, if V < A, the after-tax principal repayment is reduced by the tax liability.
Since V also falls, the effect is to shift the duration weights away from the last
period. If V = A, alteration of y, has no effect on duration.

If the investor purchases the bond at a premium, he uses weights (9¢c) and (9d)
to calculate duration. Since y, does not appear as a variable in these weights,
duration is unaffected by a change in y;.

The conclusion that may be drawn from these results follows from the fact
that, to maintain immunization, the market must readjust its estimation of
duration as the tax rates are altered. If shifts in the tax rates cause durations of
given instruments to lengthen, the market moves toward shorter-maturity in-
vestments to maintain an immunized portfolio over the same holding period.
Thus, a rise in the income tax rate causes the market to shift to shorter-maturity
instruments. Also, a rise in the capital gains tax rate causes the market to move
toward longer maturities in bonds selling at a discount. It should be noted that if
supply is not perfectly elastic, as assumed in this analysis, this movement by the
market toward bonds of a particular maturity will be offset by price changes
which are the consequence of supply and demand equilibration.

IV. Summary and Conclusion

This investigation was focused on the impact of taxes on portfolio immunization
and duration estimation. It has been observed that the immunization process is
unaltered by taxes; i.e., the investor must match the portfolio’s tax-adjusted
duration with the length of his investment holding period. However, the investor
must estimate the duration on an after-tax basis using his after-tax income stream
and his after-tax holding period yield to compute the weights employed in the
duration equation. The weights used in the duration equation depend on the tax
treatment of the premium or discount. Therefore, the investor must select his tax
treatment of premia or discounts prior to calculation of tax-adjusted duration.

The tax-adjusted duration of the security has been shown to be directly related
to a marginal change in the interest income tax rate. This conclusion holds for
changes in the tax rates of both the individual and the market in its entirety.
However, in the case of the individual, the effect on duration arises out of a
change in his holding period yields, whereas in the case of the entire market, the
effect arises out of a change in the security’s current value.

Unlike the result for interest income tax rates, the influence of marginal
changes in the capital gain tax rate is contingent on both the tax regulation in
effect and the purchase price of the bond. Under present tax regulations in the
United States, which allow for amortization of tax shields, the influence of a
change in the capital gains tax rate on the tax-adjusted duration estimation
depends on whether the bond is purchased at par or at a discount. If the bond is
purchased at par or at a premium and the premium is amortized, a change in the
capital gain tax rate has no influence on the duration estimate. However, if the
bond is purchased at a discount, the tax-adjusted duration is inversely related to
the change in the capital gain tax rate.
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When a tax rate change occurs, it causes an adjustment of the maturity
composition of portfolios to maintain immunization over a given holding period.
In particular, if interest income tax rates were to rise, either for the individual or
the market, the required adjustment is to choose coupon bonds with after-tax
income such that the duration of the portfolio equals the investment horizon. If
zero coupon bonds are in the portfolio, the adjustment is simply a shortening of
the maturities. If, on the other hand, the capital gain tax rates increase, either for
the individual or the market, the only effect is on the duration of bonds bought
at a discount. The required adjustment is a lengthening of the maturities.

Appendix A
From Equation (13)

T T
= —cA f e~ gt — ca (1 — yy) f te""o’”‘h(o’ t) dt
0 0

Y1

—h(0,T)T oh (0’ T)

—(y2(V—=A) +A)Te >

Rearranging yields

T T
cA J’ e—h(o,t)ldt — _cA (1 _ yl) f te_h(o’t)‘ 3h (0, t) dt
0 0

a1

—h(0,T)T 3h (O) T)
a1

Since the left-hand side is positive, and the terms cA (1 — y1) and (y:(V —A) +

A)Te DT are also positive as well as the expression inside the integral, te ",

R (0, ¢t oh(0, T
the partial derivatives ©6) and ©,7)
a1 1

two derivatives must be of the same sign to maintain the equilibrium relationship
among holding period yields'

hO, ¢V +h(t,t)(t—t)=h(O,t)t.

—(y2A(V=A)+A)Te

must be negative. Note that these

Appendix B
From Equation (13)

T T
0= —cA f e—h(O,t)t dt — CA(]. — yl) J te—h(O,t)t 3h(0) t) dt

0 0 ayl
—h(0,T)T ah (0, T)

—(y2AV—-A) + A)Te o

1% See Bierwag [1].
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Rearrangement and division by V yields

T
cA te—h(O,t)t(l _ yl) oh (0’ t) dt
V 0
T
_ E{l_ 0-hOE g 4 (y2(V—A)+ A) Te_h(o’T)Tah(O, T)
1% o 1% 1
Since 3h;3’ ) <0, ahfay(), 7) < 0 from Appendix A, substitution of the absolute
1 1
values of these terms yields
T T

cA _ oh (0, t) cA -

il Py h(0,2)¢ 1— 4 dt = — h(0,2)¢ dt

vl yl)’ «’M‘ VJ;e

(y2(V—-A)+ A) To-hODT oh(0, T) ’
- e _
\%4 Y1
Then
SéJT te~ON(1 — y,) ’ 0h (0, t) ’ dt<ﬁ fTe—h(O,t)t dt
\% 0 Y1 \% 0

since

(72(V=-A)+A) Teh0.D)T
\%4

oh (0, T) ‘ >0
a1

Since T was an arbitrarily chosen maturity for the bond, this result must hold for
any maturity. Thus the integrands must satisfy

oh (0, ¢t) < oh00
a1

te—h(O,t)t(l — yl)

or
oh(0, t)
a1

e—h(O,t)t + te—h(O,t)t(l —- yl) > O

Appendix C
From Equation (16)

—h(0,t)t ah (O, t)
3y2

T
0=(V—-A)e™0DT _ cA(1 —y,) f te dt

0
oh (0, T)

_ _ + A)Te hODT
(y2(V—-A)+A)Te P
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Rearranging yields

T
cA(1 = y1) J te"“ov‘)‘m dt
Y dy2

= ( V —- A)e—h(O,T)T

oh(0, T
+ (y2(V—A) + A)Te"“O’T)T——gyO’ )

2

Since e *®TT cA (1 — y,) and (y2(V — A) + A)Te DT are positive, as well as
oh (0, t) and oh(0, T)

2 2
on the sign of (V — A). Note that as in Appendix A, the terms

depends entirely

the integrand te ®?", the sign of the terms

3h;2’ f) and ahf?y(), 7 must have the same sign to maintain holding-period-yield
2 2
equilibrium.
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